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Abstract. A model of phenotype evolution incorporating mutation, selection, and
recombination is investigated. The model consists of a partial differential equation
for population density with respect to a continuous variable representing phenotype
diversity. Mutation is modeled by diffusion, selection is modeled by differential
phenotype fitness, and genetic recombination is modeled by an averaging process.
It is proved that if the recombination process is sufficiently weak, then there is a
unique globally asymptotically stable attractor.

1. Introduction. We investigate the following model for the evolution of a popu-
lation with a continuously varying phenotype structure:

ur = a?uyy + [By) — F(w)]u+ 7[H (u) — ],
uy(0,1) = uy(1,t) =0, ¢ >0, (1.1)
u(y,0) = ¢(y),0 <y <1,
where o > 0,7 >0, 8 € L*(0,1), and F € LY (0,1)* is the linear form defined by
F(p) =7 f, ¢(3)dg,Ye € L1(0,1) with v > 0, and

o klyy)ey-y)e(y)d
LAV vy € L) (0,1)) {0,
0,if =0

H(p)(y) =

with
2if0§y§%and0§§§2y
k(y,y) =¢ 2if g<y<land2y—1<y<1
0 elsewhere.

In (1) v = u(y,t) is the density of a population with respect to a phenotype
variable y € (0, 1) at time ¢. The subpopulation of phenotypes at time ¢ in the range
[y1,y2] C [0, 1] is given by fyy12 u(y,t)dy. The population is viewed as evolving over
time due to the three separate processes of mutation, selection, and recombination.
In (1) the mutation process is represented by the diffusion term o uy,, where o
i1s a parameter corresponding to the average rate of movement in y per mutation
per unit time. The boundary conditions at y = 0 and y = 1 in (1) mean that no
individuals are lost through the boundary as a direct result of mutation. In (1)
the selection process for the population depends on the fitness of individuals with
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respect to phenotype represented by the function §(y). Fitness is variable in y and
the sign of B(y) may be positive or negative. In (1) there is also a density dependent
mortality independent of phenotype represented by the crowding term F(u). The
problem (1) also incorporates DNA exchange in phenotype evolution represented
by the term 7(H () —u). The recombination operator H corresponds to the average
rate at which two parent phenotypes y; and y» hybridize to yield offspring with
phenotype % This form of recombination inheritance is an idealization and
other genetic recombination processes could be treated in a similar way. Problem
(1) thus models the evolution of phenotype structure from the initial phenotype
distribution ¢ € X = L(0, 1) at time 0 subject to these processes.

Our analysis of (1) proceeds as follows: In Section 2 we will analyze problem (1)
with mutation (o > 0) and recombination (7 > 0), but without selection (3 = 0)
and crowding (y = 0). We will establish that the recombination operator I is Lip-
schitz continuous in X = L}l_(O, 1), positive homogeneous in X, norm preserving
in X4, and mean preserving in Xy. Further, we will prove that lim,_,.o H"¢ is a
delta function concentrated at the mean of ¢ for each ¢ in X . If only recombina-
tion acts on phenotype evolution (& =0, 8 =0, v = 0, 7 > 0), then the population
would evolve to a delta function. If only mutation acts on phenotype evolution
(¢ > 0,8 =0,y =0, 7 = 0), then the population would evolve to a uniformly
constant phenotype density. Thus, mutation and recombination can be viewed as
having opposite effect; although each can result in increased phenotypic variability.
We will prove that if both mutation and recombination are present and 7 > 0 is
sufficiently small, then all solutions evolve to a nontrivial equilibrium phenotype
distribution dependent on the norm of the initial distribution ¢.

In Section 3 we will analyze problem (1) with mutation (o > 0), selection (8 # 0),
and crowding (v > 0), but without hybridization (7 = 0). In this case we will
establish that the behavior of the solutions depends on the sign of the dominant
eigenvalue Ay of the linear problem (a>0,8£0,y=0,7=0). If Ao < 0 then
the population goes extinct, and if Ao > 0 then the population evolves to a unique
nontrivial equilibrium independent of the initial distribution ¢.

In Section 4 we will analyze the full problem (1) (o > 0, 8 Z 0,y > 0, 7 > 0).
We will use a result of Smith and Waltman [13] to establish that if 7 > 0 is
sufficiently small, then the population evolves to a unique nontrivial equilibrium
phenotype distribution independent of the initial distribution ¢. Thus, the ultimate
fate of phenotype evolution depends on the relative strength of recombination. The
combined effects of mutation, selection, and recombination yield stabilization to
a unique equilibrium independent of the initial phenotype structure if the effect
of recombination is sufficiently weak. We remark that numerical simulations indi-
cate that if the effect of recombination is sufficiently strong, then the phenotype
population again stabilizes to equilibrium, but that the phenotype structure of the
equilibrium depends on the initial population structure.

An example of phenotype evolution in a continuously varying property is the
colonization of Helicobacter pylori, a bacteria inhabiting the human stomach. This
bacteria displays phenotype diversity in its expression of Lewis type antigen, which
varies continuously through a range of optical density measurements. Experiments
in [12] and [15] demonstrate that during the colonization of Helicobacter pylori
the phenotype population migrates and stabilizes through successive generations
subject to selection, mutation, and recombination processes in the host. In future
work model (1) will be used to analyze and interpret these experimental data.
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Mutation and Recombination. In this section we analyze (1) with o >

2.
0,86=0,v=0,and 7> 0:

g (0,8) = uy(1,4) = 0, ¢ > 0, (2.2)
u(y,0) = ¢(y),0 <y < 1.

We first establish some properties of the recombination operator H.

{ up = a?uyy + 7[H (u) — ul,

Theorem 2.1. H is a (nonlinear) operator from X to Xy satisfying the following
properties:

i) H is positive homogeneous, i.e., H(c¢) = cH(¢)V¢ € X4 and ¢ > 0;

i1) H is Lipschitz continuous in X ;

iit) H preserves norm in X4, i.e., fol H(¢)(y)dy = fol d(y)dyve € X4 ;

iv) supp(H (¢)) is contained in the closed conver hull of supp(¢)Veo € X4 ;

v) H preserves mean in Xy, i.e., if ¢ € Xy \ {0} and we define yn(¢) =

Sy o) dy/N16ll, then ym(8) = ym (H(6));
vi) if ¢ € L7(0,1) \ {0}, then

limy oo (H"$)(y) = { 0, ify # ym(9),

oo, if y = ym(¢)

Proof: The proofs of i) - iv) are straightforward. To prove v) let ¢ € X \ {0}.
Then, using iii),

/0 y (HO) () / | H (6)]] dy
_ / u( / k(y.§) 62y — D)6(3) d3) / 18] dy
_ / 8(9) ( / yk(y,3) 620 — §) dy) / 161> di

1 (+1)/2
:/0 ¢<g><//2 y26(2y — §) dy) /16| i

= [z [ e Drduel
:%/ ¢<g></0 z¢>(z)dz+/0 §6(2)) di/||o|l

- %/0 ¢(9) (4m () + 9) dg/ ||9l] = ym (9)-

To prove vi) let ¢ € L3(0,1) \ {0} such that ||¢||x = 1 and extend ¢ to (—oo, c0)
by ¢(y) = 0if y < 0ory > 1. Let u = yn(4) and o? = variance(¢). Then
H(¢)(y) = 2(¢*¢)(2y) and consequently, (H"¢)(y) = 27¢**" (2?y). From the local
central limit theorem [8]
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Thus,

/9on —2™ (y—m)?
e 202

2ro

limn 00 SUPye(—oo,00)| H"(Y) — =0

and vi) follows.

Remark 2.1 The proof of vi) in Theorem 2.1 is due to R. Rudnicki and M. Kimmel.

Our analysis will use the theory of semigroups of linear operators and view (2)
as a semilinear perturbation of a linear problem. Define the unbounded operator
A: D(A) = X by Ap = a?¢", where D(A) = {p € X : ¢/ is absolutely continuous
and ¢'(0) = ¢'(1) = 0}. We state the following results concerning the linear
strongly continuous semigroup {7'(¢)},-, with infinitesimal generator A (see Brezis

[1], Clement et al. [6], Pazy [11], and Wu [16]):
Z) T(t)X+ C X_|_,Vt > 0

fo y)dy = fo y)dy, vVt > 0;

i1%) T(t) is compact for t > 0;
iv) o(A) = Po(A) = {/\n = —(nma)?:n=0,1, } with Apy = Agpo, where ¢y =
1 (¢(A) denotes the spectrum of A and Po(A) denotes the point spectrum of A).
v) X Xo® Xy where Xg = {cpo : c € R}, and X7 = R(I—P;), where Py(¢)(y) =
([ (@) di)po(y), T()Xi C X;,¥¢ > 0,¥i =0, 1,
vi) T(t)Pogo = Py and there exists M > 0 and J € (0, (ra)?) such that
IT(t) Prgll < Me™*"[| P,
where P, =1 — P,.

We note that properties v) and vi) above imply that {7'(¢)},-, has the property
of asynchronous exponential growth, that is, lim;_ e T ()¢ = Pogp Vo € X.
The global existence, uniqueness, and positivity of weak solutions to (2) is a direct
consequence of the properties of {T'(¢)},-, and the fact that H is Lipschitz contin-

uous (see Pazy [11]). To investigate the asymptotic behavior of these solutions we
first prove the following result:

Theorem 2.2. If 7 > 0 is sufficiently small, then for each &€ > 0 there exists a
unique oz € Xy such that [|pel| = &, &/ (y) + T((H(%¢))(y) — pe(y)) = 0, and
?:(0) = (1) = 0. Moreover, Y& > 0, §¢ = £p1.

Proof: Let £ > 0 and consider the fixed point problem
P+ T(H(p) — ) =0 o =1(1] — A) T H(p) = K(p).

Then we have K : S¢ = {¢ € X4 : ||¢|| = ¢} — S, (since 7(7] — A)~! and H are
norm preserving on X, ), and for all 1, ¢2 € S¢, we have

. . M
15 (1) = K(p)ll < 7——1H[|ip,
because (11 — A)7! |x, Pio = f e~ "'T(t)Py¢dt. Thus,

M
p— _1 [
I = 47" Ix, Pl < —lIPiél]
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Choose 7 > 0, sufficiently small such that || K|z, < 1, and then we know that there
exists a unique $¢ € S¢ such that K ($¢) = &¢. To prove that V& > 0, e = £¢1, it is
sufficient to remark that K is homogenous, and the property follows by uniqueness
of the fixed point on the sphere S¢.

Theorem 2.3. If u is a weak solution of equation (2.2), and ||¢|| = £ > 0, then
[lu(t)|| = &, ¥Vt > 0. Moreover, if ux,(t) is the weak solution of equation (2.2) with
indtial value Ap, then uxe(t) = Auy, (1), ¥t > 0,4 > 0.

Proof: Let us recall that u is a weak solution of equation (2.2) if
1
u(t) =T(t)p —1—/ T(t — s)r[H (u(s)) — u(s)]ds.
0

Now using the property ) for T'(¢), and denoting z*(¢) = fol ¢(y)dy, one deduces
that

" (u(t) = 2" (T(t)e) + ™ (fy T(t = )7[H (u(s)) - u(s)]ds),
=27(p) + [y & (7[H (u(s)) — u(s)])ds = 2™ (p),

since #*(H(p)) = x*(p). The last assertion is a direct consequence of the homo-
geneity of the mapping H.

Theorem 2.4. If 7 > 0 is sufficiently small, v1, 92 € Xy, and ||ps]] = 1,Vi= 1,2,
then limy_ oo ||ug (t) — ua(t)|| = 0.

Proof: Let u;(t) = T(t)p; + fol T(t — s)T[H (ui(s)) — u;(s)]ds and observe that
||U1t(t) —uz(t)]] < (|T(t) Poler — @2)l| + [[T(@) Pr(er — @)l
+7 Jy 1T(t = 8) Po([H (u1(s)) — H(ua(s))] — [ui(s) — uz(s)])||ds

+7 fo9 IT(t = s) Pr([H (ui(s)) = H(uz(s))] = [u1(s) = uz(s)])]|ds.

Thus, [Jus (1) — ws(t)] <
0+ Me™||o1 — ol |+ 0+ /Ot Me=2U=9C|uy (s) — ua(s)||ds,
where C' = 7||H — I||rip. Setting w(t) = |Jui(s) — uz(s)||, one has
eétw(t) <Ci1+CM /t eésw(s)ds,
0
where Cy = M||¢1 — 2| Setting v(t) = e%*w(t), one has
v(t) < Ci+ CM /Otv(s)ds,

so that by Gronwall’s lemma (see lemma 3.1 p:15 in Hale ([9]) v(¢) < C1e“M?. Thus,
w(t) < Crel@M=9t 5o that for 7 > 0 sufficiently small, we have T||H—=1||pipM < 4,
and the result follows.

Theorem 2.5. If 7 > 0 is sufficiently small, then for every ¢ € X4 \ {0} one has
limy cou(t) = @)g), where @)g) is the unique equilibrium solution given by theorem

2.2.

Proof: The result is a direct consequence of theorem 2.2 and theorem 2.4.
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3. Mutation and Selection. In this section we investigate the global asymp-
totic behavior of (1) in the case that mutation and selection determine phenotype
evolution without recombination (o > 0, 3# 0, v > 0, and 7 = 0):

we = gy + [9(5) — F()]u
uy(0,1) = uy(1,¢) =0, ¢ > 0, (3.3)
u(y,0) =¢(y),0<y < 1,

The formulation (3) allows us to use the method developed in [14]. Let g €
L*(0,1) and denote by B : D(B) — X the unbounded linear operator defined by
By = a?¢" + Bp, where D(B) = D(A). Since B is a perturbation of A obtained by
addition of a bounded operator, we know (see Pazy [11] p:76-77) that B generates
a linear semigroup {S(¢)},, which satisfies the variation of constants formula

Sty = Tt)e + /Ot T(t —s)(BS(s)p)ds,t > 0. (3.4)

We also know that for all £ € R, equation (3.4) is equivalent to the following
equation

St)p = e ST (t)p + /Ot e~ =Tt — 5)(8S(s)p + £S(s)p)ds, ¥t > 0. (3.5)

So by taking £ > max(0, —3), where § = inf ess,¢(0,1y8(0), we deduce that i) S(t) X
C X4,¥t > 0. Moreover, we deduce from lemma 1.6 p:42 in Wu [16] that, i¢7) S(¢) is
compact for ¢ > 0. Finally, we remark that by using equation (3.5) one has for
& > max(0, —3),

S(typ > e ST (t)p, ¥t > 0,Yp € X (3.6)
From equation (3.6) and the properties of {7'(¢)},, it is not difficult to deduce
that {S(t)}, is irreducible, that is, Y € X1 \ {0}, Ve~ € Xz \ {0}

Fto =to(p, ") > 0, such that *(S(t)p) > 0,

where X7 = {¢* € X" :¢"(2) > 0,Yz € X, }. From theorem 1 p:158 in Zerner
[17], we know that there exists o € X1 \ {0}, 55 € X3 \ {0}, such that if

Pole)(w) = ( / 55 (D)2 (@5 Fo (v),

then the following hold: di) if X = Xo @ )?1, where X, = {cgo:c € R} and
X = R(I — ﬁo), then S(t))?i C X;,¥t >0,Vi = 0,1; and iv) if o = s(B), the
spectral bound of B, then S(t)ﬁogo = eADtﬁogo and there exists some M > 0 and
3 > 0 such that

1S(t) Pr|| < MePo=9|Py||, where P, = I — P,
Remark 3.1: In the references [2], [3], and [4] sufficient conditions are given to

assure that the dominant eigenvalue Ay of B is strictly positive. We remark that
a sufficient, but not necessary, condition that Ay > 0 is that the average value

fol By)dy of g on (0,1) is positive.

Theorem 3.1. Let Xo > 0, let o € X, \{0}, and denote by {Wo(t)},5 o the strongly
continuous semigroup associated with (3.3). Then N

Wolt)e = u(t) — v = ~otbe _ Ao
F(Pop) F(#o)

, ast — oo.
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Moreover, u™ 1s an exponentially asymptotically stable equilibrium solution.

Proof: Let ¢ € X4\ {0}. Tt is straightforward to verify that the weak solution of
equation (3.3) is given by

S(t)e
L+ [y F(S(s)g)ds

u(t) = Wo(l)e =

QoPoy
=u*

. . . T Pop) .

to prove that u* 1s exponentially asymptotically stable. In order to do this we now

show that

and by using I'Hospital’s rule, we have u(t) — as t — oo. It remains

t Xo P,
S()SD _ 200 —0, ast — o0

14 fo Yo)ds  F(Poy)

exponentially on bounded sets of Xy \ {0} . Consider the following expression:

| ooy _SWe ____ _hSe
L+ [T F(S(s)p)ds  F(Pop) ~— 14 [1 F(S(s)p)ds  eMtF(Pop)

XQS(t)QD _ Xoﬁog@

[ 07
Mt F(Pop)  F(Pop)
S0y
T et T4 [T F(S(s)e)ds  F(Poy)
hy S(t -
T e )
F(Poy)

It remains to prove that | | = 0, ast — co exponentially

1+ TF(S(s)p)ds ]—'(PDLp
on bounded sets of X \ {0}. But

e>\ut /\0 e>\ut /\0

TSl PR e e E B F(Re)

so it only remains to show that |f0t e~ Mt F(S(s)p)ds — ﬂfﬂ“ — 0,ast — oo
exponentially on bounded sets of Xy \ {0} . Since

|/ —)\th )d f(P0g0)|
Ao
Fe _A”tposﬁ)

0

t
<| / et F(5(s))ds — / 208 Byods)]| + | ]
0 0

1t 1s sufficient to consider the term
¢ ¢ _
|/ e_A”t]:(S(s)go)ds — ]-"(/ e_A”sPOgods)|
0 0
¢ ¢ _
= |/ e M F(S(s)p)ds — ]-"(/ e~ 2% Pyods)).
0 0
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Since ft e~ rosds = fot e=t=0dl we have
t t

|/ _A”t}" Yo)ds — ]-"(/ e_A”sPOgods)| = |/ e_A”(t_s)}"(e_A”sS(s)go — Pyp)ds|
0 0

< / e=0(=) F (=205 (s)p — Pup)ds| + | / “Xolt=9) F (=00 () — Pog)ds]
1

—>\u—
< = sup |F(e*S(s)p — Pog)| + -

sup |F(e™**S(s)p — Pog)|

- /\ose[%,t] Xo s€[0, 4]
1 —Xps _AD_ —Xos o)
< = sup |Fle S(s)p — P0g0)| + sup |F(e S(s)p — Pop)|
Ao se[L 1] Xo s€f0,£]
1 —5s1'D e_ADL —5s(| D
< =— sup Me || Pyl + — sup Me™°%||Pry|]
Ao se[L,] 0 s€0,1]
1 st e—Au% ~
S —Me 2||P1§0||+ ~ MHPlQDH,
AO 0

and the result follows.

We recall that the growth bound of the linear semigroup {7'(t)},, is the real
number given by B

w=inf{w € R:3M € Ry such that [|T(t)|| < Me“'Vt >0} .

We now investigate the linearized semigroup of Wy(¢)¢ at u*. In order to define
the linearized semigroup one has to be careful, because Wy(t)¢ is only globally
defined for ¢ in X;. Clearly for each ¢t > 0, the mapping ¢ — Wy(t)p is right
differentiable with respect to the positive cone X} (see Deimling [7] p:225 for the
definition). More precisely, for each ¢ > 0, there exists a bounded linear operator
DyWoy(t) € L(X), such that the limit as [|A|] = 0 with «* + h € X of

Wll—H[Wo(t)(u* +h) = Wo(t)(w") = Da Wo(t)(w")(h)] = 0,

where D,Wy(t) is defined for each ¢ € X by Dy Wo(t)(u*)e

S(t)e t)u* /
1+fgf(5(s)u*)ds 1+f0 (5

. . S(t)u® %
Moreover, since by construction T J}_(S(s)u*)ds = u*, we deduce that

‘o
—u* (s)p)ds
DLWty = 2 fO |
(1+ fo )ds)
Moreover, since u* = ]_.( )goo, and S() = eMly* ¥t > 0, we deduce that
D.Wo(t)(u*)p = e Mo[S —u fo Y)ds]. Tt is not difficult to see that
t— D, Wo(t)(u™ )y is continuous. Then it is possible to prove by a direct computa-
tion (using again the fact that u* = %{50) that D, Wy (t)(u*) o DyWo(s)(u*) =

D, Wy(t+s)(u*), Vt,s > 0. Thus, the family of linear operators { D, Wy (t)(u*)},~,
is a Clp-semigroup. B

Lemma 3.2. Let Xo > 0. The linear Cy-semigroup {Dy Wy(t)(u*)},~, has a
strictly negative growth bound. B



MUTATION, SELECTION, AND RECOMBINATION 229

Proof: Since X is reproducing (i.e., X = {u—wv:u,v € X;}), it is sufficient
to prove that there exists a constant ¢ > 0, such that for all ¢ € X, \ {0},
| D Wo (t) (w*) || < Me™%||¢|], ¥t > 0. Let ¢ € X, \ {0}, be fixed. Thus
" S(t)p—u* PF(S(s)p)ds _ S(t)p—u* PF(S(s)p)ds
DxWO(t)(U )SD — (t)e (5(s)e) — (t)e A(Dt(_iﬁp)
(A+F () (=)

(14F (u*) DteADSds)
_ S(t)Pop—u* [ F(S(s)Poyp)ds 4 S(t)Prp—u* D’]—'(S(s)Plap)ds.

(L7 () (25=2)) (147 () (2= ))
Let us consider the first term of the last sum. We have u* = —;Fﬁuj), and

S(t )Pogo —u f F(S Pogo)ds = eADtP o — ”PW fo Ausﬁogo)ds

(
= M Pop — 2BE T (Pog) (<5 >—Poso.

On the other hand, we have by construction ||S(t)P1g0|| < Me(AD_é)tHﬁlgoH, S0

IS )P1¢—U/f 5)Pyp)ds|

S R L
0

Finally we deduce that || D, Wy(?) (v )| <

1Popll (Mo ] fy MeComDds]|| Prg]
(14 F () (=5=1) (14 Fur)(22=0))

The result directly follows from this last inequality.
Lemma 3.3. Let Xo > 0. There exists a constant cg > 0 such that
1Poell > collell Ve € Xyt

Proof: From the definition of ]30 it 1s clear that it is sufficient to prove the existence
of a constant ¢y > 0, such that &f(¢) > col|¢l], V¢ € X4. By using equation (3.6)

we know that for ¢ > max(0,—p), e*'Z5(p) = F5(S(t)p) > F5(e™'T(t)p) =
Fo(e™ ' T(t) Pop) + &5(e'T(t) Pryp), so that

—(Xote)t —(>\0+c)tMe 8t

Polyp) > e o (eo)llell = lIolle el
Thus, for ¢ > 0 large enough we have &5 (o) > [|@5||Me~%, and the result follows.

4. Mutation, Selection, and Recombination. We now turn to the full problem

(1.1) with @« >0, 5 € L*(0,1), 5#£ 0,5 >0, and 7 > 0.

Theorem 4.1. (Existence and Uniqueness) For each ¢ € X4 the problem (1.1)
has a unique global weak solution in X.

Proof: Consider the problem (1.1) with v = 0:
up = o*uyy + Bu+ 7[H(u) — u], a.ey € (0,1),
uy (0,1) = uy(1,) = 0, (4.7)
u(y,0) = ¢(y), a.ey € (0,1)

Since H is a Lipschitzian mapping, we know by using classical arguments that
problem (4.7) has a unique global weak solution (see theorem 1.2 p:184 in Pazy
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[11]). Further, the solution is positive for positive initial values, because the solution
of (4.7) must satisfy

u(t) = e_”S(t)go—l—T/o e~ TSt — s) H (u(s))ds

and H(X;) C X;. Let (s, (t)}¢>0 be the nonlinear semigroup associated with
(4.7). Since H is positive homogeneous, the weak solution of (1.1) is given for every
[¥e) € X_|_ by
_ S(t)e
L+ [y F(S(s)p)ds

t>0. (4.8)

We now investigate the existence of a global attractor for (1.1). Here we use
the definition of global attractor due to Hale [10] p:17, that is; a maximal compact
invariant set which attracts each bounded set in X ;. We restrict ourselves to the
metric space X, because we are only interested in the asymptotic behavior of
nonnegative solutions.

Theorem 4.2. (Boundedness) Denote by u(t) the solution of the problem (1.1).
There are two cases:

) if fo dy > 8 (where B = sup €5S.¢(0,1)0(0)), then there exists to > 0, such
that ) u(t)(y)dy < < ﬁ Wt > t,
it) if fo dy < then fo y)dy < < Vt > 0.
Proof: We start by con81der1ng the follovvmg approximate problem:
up (1) = Axun(t) + Bux(t) + 7(H (ur(t)) — ur(t)) — f(ux(t)) A1)
where Ay = MA(A — A)~! is the Yosida approximation. Let V(¢ fo y)dy,
and we then have V(u) (¢)) = V(Bux(t)) — V(ux(t))F(uxr (1)), Wthh 1mphes
¢
V{ur(t)) = V(ur(0)) = / V{(Bux(s)) = V(ux(s)) F(ux(s))ds.
0

Let A — oo, to obtain

V{u(t)) = V(u(0)) :/0 V(Bu(s)) =V (u(s)) F(u(s))ds,

so that
V() = V(Bu(s)) — V(u(s))F(u(s)),
and thus
V(u(t)) =V (Bu(s)) = vV (u(s))?,
and

V(u(t)) < V(u®)B -~V (ut))]. (4.9)
Assume first that V' (u(0)) > E , then clearly from inequality (4.9) there exists tg > 0,
such that V(u(tg)) < g Assume that V(u(0)) < g, and assume that there exists
t; > 0, such that V(u (t )) > %—I— ¢, for some € > 0. Then there exists t2 € (0,%1),
such that V(u(t2)) > L S+ 5, and V(u(t)) > %—I— 5, for all t € [ta,t1]. By (4.9)

V(u(t)) must be strictly decreasing on [t2, 1], which gives us a contradiction. From

the contradiction, we deduce that we must have V(u(t)) < % + ¢, for each € > 0.
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Theorem 4.3. (Compactness of the Nonlinear Semigroup) Denote by {W;(t)},5,
the nonlinear semigroup in Xy associated with problem (1.1) given by formula (4.8).
Then fort > 0, W-(t) is compact, i.e., maps bounded sets into relatively compact
sets.

Proof: The result follows from (4.8) and the fact that S, (t) is compact for ¢ > 0,

because §T (t)¢>0 arises from a Lipschitz perturbation of a compact linear semigroup
(it is a direct consequence of lemma 1.6 p:42 in Wu [16]).

Lemma 4.4. Let ¢1 > ¢g > 0 such that col|p|] < ||§0g0|| < allell, Ve € X4 Let
n> 0 and 7™ > 0 (small enough) such that C' = %co 4+ ¢y — ¢y — e > 0. If
u(t) is a weak solution of equation (1.1) satisfying V(u(t)) < n,¥t € [0,T], then we
have for all 0 <t <17,

V() 2 ¢ 0V (u(0)) + / e

C1

20-9 Sy (u(s))ds, Wt € [0, 7.

C1

Proof: The solution u(t) of equation (1.1) can be expressed as

u(t):e—%”su)wr/o e—%(t—wg(t_s)[%u(s)
- r[H (u(s)) — u(s)] = F(u(s))u(s))ds.
V(Po(u(t)) = e 21V (Po(p)) + / OOV (B u()

+ 7[H (u(s)) — u(s)] = F(u(s))u(s)])ds.
Now using lemma 3.3, we know that there exists 0 < ¢y < ¢7 such that
collell < 1Pogll < enllell, Ve € X4,
where ¢ 1s the norm of the operator P,. From the previous inequalities we have
2o, b, Ao
cre” 2 'V(u(t)) > eoV(u(0)) + e 2 [760
0
+ 1o — 1o — e V(u(s))]V (u(s))ds

and the result follows.

Theorem 4.5. Let 0 <11 < 1n,e>0, let

5
D,z ={rexrimsis S,

and let

B, = Do, 000, 7.0,
Then ¥ € [0,7*], ) Wo(t)B, C B;, ¥Vt > 0;ii) Bx,(0,22) N B, = @ (where

1

Bx,(0,7) ={¢ € Xy :|lo|l < r}); iit) Vo € X1 \{0},3to > 0 such that W, (to)p €
Intx, (B;) (where Intx, (B;) is the interior of B, relative to the metric space X4 );

and ZU) BT C BX+ (Oa % + 6)'
Proof: Weset A; = U»oWs (t)(Dn Bhe

by construction W-(t)A; C A;,Vt > 0, which implies by continuity of ¢ =W, ()¢
that W-(¢t)B; C B;,Vt > 0. The proof of ii) is a direct consequence of lemma

4.4. Indeed, assume that Bx, (0, £2%+) N B, # §, which implies by the definition

). To prove i) it is sufficient to remark that
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of B; that there exists ¢ € Xy such that||g|| = 51, Thus, the solution u(t) of
equation (1.1) satisfies the property that there exists 5 > 0 such that ||u(?)|| <
n1, ¥t € [0,t0], and ||u(to)|| = £ ”1 . But this is impossible because from lemma 4.4,
we know that
lu()ll = 322V ((0) = S > =2 vE € [0,40).
€1 €1 €1

To prove i) it is sufficient to remark that we know from lemma 4.4, and theorem
42if ¢ € X1 \ {0}, and ||| < 1, or ||¢]] > %—I— ¢, then there exists o > 0, such

that 1 < ||u(to)]] < g-l— ¢, which implies that u(to) € Intx (B;). Finally iv) is
direct consequence of theorem 4.2.

We now use a result by Smith and Waltman [13] to analyze the asymptotic
behavior of solutions of (1.1). One problem in applying this result is the fact that
X+ \ {0} has empty interior. This case was also considered by Smith and Waltman
(see [13], remark 2.1 p:449 ) and we will use their approach.

Let U be a subset of a Banach space X, and let A be a metric space with metric
d. We use the notation Bx(¢,s) (Ba(A,s)) for the open ball of radius s about the
point ¢ € X (A € A). The following theorem is theorem 2.2 p:449 in Smith and
Waltman [13] taking into account remark 2.1 p:449.

Theorem 4.6. ([13]) Let U be a subset of a Banach space X and let A be a metric
space with metric d. Let W : U x [0, 400) x A = U be continuous and define a family
of semi-dynamical systems {W;(t)}i>0 (where Wi (t)(¢) = W(o,t,T)) parameter-
ized by A. Let (¢g,70) € U x A. Assume also that for each t > 0 there exists § =
d(t) >0, n=n(t) > 0, such that W;(t)(¢) can be extended to Bx (¢o,0) x Ba(7o,1),
and DyW, (t)(¢) exists and is continuous on that set and Bx (¢0,0) N U is conver.
Suppose that W, (t)(¢0) = ¢o for allt > 0, U(t) = Dy W, (t)(¢0) defines a strongly
continuous linear semigroup with negative growth bound, and W, (t)(¢) — ¢o, as
t — oo for each ¢ € U. In addition, suppose that: (H1) For each 7 € A, there is a
subset By of U such that for each ¢ € U, W, (t)(¢) € B for all large t, and (H2)
= UTeAW—()(T) 18 compact i U for some s > 0. Then there exists g > 0 and
a continuous mapping q/) BA(TQ,EQ) — U such that (/)(7'0) $o, Wr(1 )(E(T) = $(T)
fort >0, and W ()¢ — (/>( )ast — oo, ¢ €U, 7€ By(rg,en).

We apply theorem 4.6 with W (¢, t, 7) = W, (¢)(¢), A = [0,00), and 75 = 0. The
nonlinear strongly continuous semigroup S, (t) associated with equation (4.7)

t>0
satisfies

5, (1)p = S(t)e + / S(t = ) (LH(Sr (5)9) — B (s)pl)ds.  (4.10)

From theorem 3.1 and lemma 3.2 we have that {IW;(t)};>0 satisfies the assumptions
of theorem 4.6. We note that if we set U = X \ {0}, and

Br = Up»oWs (t)(Dm ,§+E)’

then from theorem 4.5, the assumption (H1) of theorem 4.6 is also satisfied. From

assertion iv) of theorem 4.5 we know that V7 € [0, 7], B, C Bx_(0, g + ¢€), so to
verify assumption (H2) of theorem 4.6 it is sufficient to apply the following lemma:

Lemma 4.7. For every bounded set B C Xy and for everyt > 0,
UTE[O,T*]WT (t)(B)
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18 compact.

Proof: Since S, (t) maps Xy into itself, we deduce from (4.8) that for every ¢ € X,

e < b Thes

Urego,r1Wr (0)(B) C 20((Urego,r+1 5+ (1)(B)) U {0}).

So it is sufficient to prove that U,¢[g 7+ T(t)( ) is compact. In order to prove this
we use (4.10). Assuming that ||S(¢ )|| < Me*t which always holds, and denoting
k= ||H||rip, we have

I15- ()l < Me|l]] + /Ot TMe U7 (k 4 1) (|5 (s) el ds.
Thus,
IS ()¢l < Mllell + 7M (k+ 1) /Ot €715 (s)pllds.
By applying Gronwall’s lemma, we obtain
15 (1) o] < M ||i||e(TrMEHD+I0, (4.11)

From this inequality we deduce that for each bounded set B C X, and each ¢ > 0,
Urefo,r+] Uselo, Sr(t)(B) is bounded. We are now in position to apply lemma
1.6 p:42 in Wu [16], and since {S(t)},~, is a compact strongly continuous linear

semigroup, we deduce that UTE[O’T*]SVT (t)(B) is compact, whereby the result follows.
Lemma 4.8. W : U x [0,00) x A = U is continuous.

Proof: We prove that W is continuous with respect to each variable ¢, 7, and . For
the variable ¢ this is immediate, since by construction ¢t — W;(¢)(y) is continuous.
For the continuous dependence with respect to the initial value ¢, in the case
where the nonlinear part is only Lipschitz continuous on bounded sets, we refer
to proposition 4.3.7 p:58 in Cazenave and Haraux [5]. To prove the continuity of
= W (t )( ) we observe from (4.8) that it is sufficient to show that 7 — S, ) ()

and T — fo Sr(s)p)ds are continuous. To prove this we need to obtain some
estimates. We have

(000 = 5000 = J§ 51~ e B 5)9) - Fola))ds
— Jy St = $)(7'[H(S7:(5)¢) — S (s)e])ds,
so assuming ||S(t)|| < Me“!, and k is Lipschitz constant for H, we have
157 () = Srr (pl| < fo MeE=9|7" = 7[(k + 1)|| S5 (s) o] |ds
+ fo Me@=9r(k +1)|15; (s)p — Sr (s)o]| ds.
But from equation (4.11), we know that

15 ()] < M]Jp|el M 41 +1t)

bl

and thus

t
=157 (t)p — S (el < Mllell|7" — 7k + 1)/ (T Mk 1)3) g
0

t
F M4 1) [ S o) - Sl
0]



234 PMAGAL AND G.F. WEBB

So by applying Gronwall’s lemma, we obtain
157 () — Sz ()l < Mljell|7’

- (4.12)
ik + 1)/ (M (k1)) g (M7 (B 41)+u]t)
0

bl

and the result follows.

Lemma 4.9. For each T > 0 there exists 6 = §(T) > 0, n = n(T) > 0, such that
fort € [0,T], Wte can be extended to Bx (u*,8) x [0,7], and Wle is given for each
¢ € Bx(u*,d) and 7 € [0,n] by formula (4.8).

Proof: By using the same arguments as in the proof of lemma 4.7, we have
15 (8)p = S: ()] < M| — /|| ITH DI, (4.13)
We know that

Sy () = e~ TES(t)u* +/0 e~ =St — 5)(rH (S, (s)u”))ds,

and since H maps X4 into itself, we also have S, (u* > e~ TES(t)ur = ePo=T)tyx,

Thus,
¢ v _
/ F(Sy(s)u*)ds > / P78 F(u*)ds — / 157 (t)u* — So(t)u||ds.
0 0
But F(u*) = /\0, so by using equation (4.12), one has

fO d8>Aof (Ao— T)st
— M ||Ju*|||7|(k 4 1)teT(k+D)+e]t)

Thus

bl

fot f(gT(s)u*)ds > 7Tttt — 1)
—M{Jur|||7|(k 4+ 1) [7 selMrkt14els) g,

On the other hand, we have

[y F(S:()g)ds = fg F(S: (s)ur)ds| < [y 155 (s)g = Ses)urlids
s fo Mljp - u ||e o (er el ds,

(4.14)

and by using equation (4.14), we have

Jo F P)ds 2 —M|ju[||7|(k + 1) fy selMrEtitels) g
_MHSD_ u ||f ([mM( k+1)+w]s)d8.

We deduce that for each ¢¢ > 0, there exists § = §(7*,7) > 0 and n = (7)) > 0,
such that for 7 € [0, 7], and ¢ € Bx (u*,d),

/ F(S,(s)@)ds > =1 +e¢ > —1, for t € [0, 7], (4.16)

and the result follows.

Lemma 4.10. For each T > 0, there exists 0 < §' <3 =434(T), 0 < v’ <n=n(T),
(where §(T) and n(T) are defined in lemma 4.9) such that for each t € [0,T],
D, W, (t)y exists and is continuous on Bx (u*,d') x [0, 7].
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Proof: The main difficulty in proving this lemmais due to the fact that the mapping
H is continuously differentiable only on X \ {0}. In order to avoid this difficulty
we prove the following assertion:

Let 0 < v < ||u*|] and T > 0 be fixed. We will show that there exists 0 < ¢’ < J =
(T, 0 < n' <n=n(T), such that for each (¢, 7) € Bx (u*,d") x [0,7], W-(t)p €
Bx (u*,7), fort € [0,7], and as v < ||Ju*||, we will have 0 ¢ Bx (u*,~).

Indeed, since 0 < ¢’ < § = 46(T), 0 < 5’ < = n(T), we have for each (¢, 1) €
Bx (u*,¢") x [0,%'], and from (4.8)

19+ (1) — Il = W+ (000 — W o]
— H §T(t)30 _ ST(t)u*
L+ [ F(S:(s)p)ds 1+ [y F(S:(s)u*)ds
1 1

< ||S-r(t)§0|||1+ fot }"(g.r(s)go)ds B 1_|_f0t }"(g.r(s)u*)ds|

e llI5, (0 = - ().

Denote

(1) = 15Ol 1+ fot}" § (s)p)ds - 1+ fot f(gT(s)u*)ds|

and we have by using equations (4.11) and (4.16)

(I) < M||g||eTM E+D 1+/ F (S, (s)u™)ds) 1+/ F(S ds)|.
Thus, by using (4.15) we have
(1) < M|t et telt f o — | MM UEHT+) 45
<l = wrl|M2 ([Jur]] + ’Y) b M(k“)J’”]ZT&T
On the other hand, denoting
1 o o *
(I11) = | = 1157 () — Sr (t)u”]]

1+ fo F(Sr(s)u*)ds
we have by using (4.13) and (4.16) (/1) < %MHQD — w||eTM KD+ g6 (1T) <
%MHQD - u*||e([’7lM(k+1)+w]T). Finally, we obtain

W (8 — w[| < [l — (| (M2(|[u]] 4 ) el M+ D+12T)
+%M6([n’M(k+1)+w]T))

1
2l (4.17)

and the proof is complete. Using the same arguments, one can also prove that for
each ¢, ¢’ € By (u*,d'), 7€ [0,79], t €[0,7]

W () = Wr ()& ] < llp — /| (M (||u]| + )l M BT o

LA M (1) 7)), (4.18)

Let us now study the differentiability of ¢ — W;(¢)¢ in Bx(u*, ), for each ¢t €
[0, 7], and T € [0,7]. Recall that the weak solution of equation (1.1) is also given
by the following variation constant formula: for each ¢ € Bx (u*,¢'), 7 € [0, 9]t €
0,71,

Wr(t)e =S¢ (4.19)
+ Jo St = $)[F[H (W (5)9) = Wi (s)g] — F(Wy (s)0) Wy (s)e)ds. '
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By formally differentiating equation (4.19), one obtains the following variation of
constants formula for each ¢ € Bx (u*,d’), 7 € [0, 7]:

{ Uro) = S(t)—i— (.20

fo (t — s)[T(D,H(W;(s)¢) — I) — D, G(W,(5)9)|Ur o (s)ds,

where U, , € C([0,T], £(X)) and G(¢) = F(p)yp, for each ¢ € X. From the first
part of the proof we also know that D, H(W;(s)p) exists, since W (s)p # 0,Vs €
[0,7]. Finally to apply theorem 4.6, it remains to remark that Bx(u*,6) N U is
convex for any § > 0. We can summarized the results obtained so far in the following
theorem:

Theorem 4.11. For each ¢ € Xy and each T > 0, problem (1.1) has a unique
global weak solution. Denote by {W-(t) }s>0 the nonlinear semigroup in X1 as-
soctated with this problem. Let /\0 > 0. Then, there exists 5y > 0 and a contin-
uous mapping q/) [0,70] = X4+ \ {0} such that (/)( ) = u*, Wit )q/)( ) = (/)( ) for
7 €[0,m0],t > 0, and for each ¢ € X \{0}, 7 € [0, n0], W- () — (/)( ), ast — oo.
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