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1 Introduction

Let Q be a compact subset of R™ (with n > 1). Denote for simplicity that
C(Q) := C(LR), C(Q?) := C(N%,R) and C () := C(2, [0, +00)). In this arti-
cle we consider the following class of state-dependent delay differential equation:
Vt > 0 and Vz € Q,

O A(t,x) = F(A(t,.), 7(t,.), At — 7(1)(., ) (),
0 0
/ F(A(t +5,.)()ds = / Flo(s, ) (@)ds, (L)

—7(t,x) —7o()

where F : C(Q)2xC(Q?%) = C(Q) and f : C(Q2) — C(Q) and A(t—7(t)) € C(Q?)
is the map defined by

At — 7)) (z,y) == At — 7(t,2),y) (1.2)
with the initial condition

A(t,z) = p(t,x),Vt <0 and 7(0) = 79 € C1 (),



and the initial distribution ¢ belongs to

Lip, := {¢ € C((—00,0],C(Q)) : t = e~ *Itlp(¢,.) is bounded and
Lipschitz continuous from (—o0,0] to C(Q)},a > 0.

Recall that the space Lip,, is a Banach space endowed with the norm
18llLip, = l[#alloc + IPallLip
where ¢, : (—00,0] = C(£2) is defined by
bolt,z) = e Mp(t, x),Vt € (—00,0],Vz € Q. (1.3)

and
[Pallo = sup [[Palt, oo
<0

and for fixed t,
[¢a(t, )]l := sup |pa(t, )]
TEQ

and

[a(t, ) = ¢als,)llso
?allLip == Sup .
H a”L P t,s<0:t#s |t - S|
In the rest of the paper the product space Lip, x C(€) will be endowed with
the usual product norm

(& ")ILip, xco) = I9llLip, + [I7llo, Yo € Lip,, Vr € C(£2).
We will make the following assumptions throughout this paper.

Assumption 1.1 We assume that the map F : C(Q)? x C(Q?) — C(Q) is
Lipschitz continuous on bounded sets, that is to say that for each constant M >
0, there exists a constant L(M) > 0 satisfying

1 (u, v, w) = F(u, v, 0)| o, < LIM) [[Ju = tlloo + [[v = Vf|oo + [ = W]|o]

whenever [|ulloo, [[Ulloos ([0 co; [0llso, lwlloo, |1W]lo0 < M-
We also assume that the map f: C(2) — C(Q) is Lipschitz continuous and
there exists a real number M > 0 such that

0< f(p)(x) < M,Vx € Q and VY € C(Q),
and f is monotone non-increasing, that is to say that
p(x) < (), Vo € Q= f(p)(z) = f()(z),Vz € QL.

Examples of state-dependent delay differential equations of this form have
been considered first by Smith [12, 13, 14, 15]. This idea has been suscessfully
used in [4, 7] (see also the references therein). Our motivation to consider
such a class of state-dependent delay differential equations comes from forest
modelling. In [9, 10] such state-dependent delay differential equations have been
used to model the competition for light between trees.



Example 1.2 (Finite number of species) The m-species case corresponds
to the case n = 1 and the domain Q contains exactly m elements. We can

choose for example
Q={1,2,...,m}

and forx=1,...,m,
F(A(t,.),7(t,.), At = () (., ) (z) = G(z, A(t,.), 7(t,x), A(t — 7(t,x))(.)
where G : Q x R3 — R is a map (see [9] for more details).

Example 1.3 (Spatially structured case) For the spatially structured case,
we can choose
Q= [Oaxmax] X [Ovymax}~

Moreover assume (for simplicity) that we have a single species, then we can
choose

T (t,T,y f(A<t,l‘,y)) —1
F(A(t,.),7(t,.), Ai(t,.))(z,y) :=e ( )m(l— eA) T [BAL(E, )](z,y)

- N’AA(t, z, y)a

where A is the Laplacian operator on the domain ) with periodic boundary
conditions. This model corresponds to the spatially structured model in [9].

Let A € C((—o0,7],C(Q)) (for some r > 0) be given. Then for each t < 7,
we will use the standard notation 4; € C((—o0,0],C(Q2)), which is the map
defined by

A0,.) =A(t+96,.),V0 <0.

For clarity we will specify the notion of a solution.
Definition 1.4 Let r € (0,+00]. A solution of the system (1.1) on [0,7) is a
pair of continuous maps A : (—oo,r) — C(Q) and 7 :[0,7) — C(Q) satisfying
t
(0, 2) +/ FAQ ) r(L,.), A — (D) () (@)dL ¥t € [0,7),Vz € O,
0
o(t,z),Vt < 0,Vx € Q,

Alt,x) =

¢ 0
[ s @ds= [ fels )ads e D). o e 0.
t—7(t,xz) —71o(x)

In this problem the initial distribution is (p, 79). The semiflow generated by

(L.1) is
u(t)(sp(v QC), To(l')) = (At(‘7 1')7 T(tv IE)),

where (A, 7) is the solution of (1.1) with the initial distribution (¢, 79).

In order to clarify the notion of semiflow in this context, we introduce the
following definition.



Definition 1.5 Let (M,d) be a metric space. LetU : Dy C [0,+00) x M — M
be a map defined on the domain

Dy :={(t,x) € [0,400) x M :0< t < Tpy(z)},

where Tpy : M — (0,4+00] is a lower semi-continuous map (the blow-up time).
We will use the notation

U(t)x :=U(t,x),V(t, z) € Dy.

We say that U is a maximal semiflow on M if the following properties are
satisfied:

(i) TeuU(t)z) +t =Tpu(x), Yo € M, Vi € [0, Ty ());

(ii) U(0)z =z, Vo € M;

(iii) UB)U(s)z =U(t + s)z, Vt,s € [0, Ty (z)) with t + s < Ty (x);
(iv) If Tau(z) < +oo, then

lim d(U(t =400
i Ut)z,y)

for somey € M.

We will say that the semiflow U is state variable continuous if for each
t > 0 the map © — U(t)x is continuous around each point where U(t) is de-
fined. We will say that the semiflow U is locally uniformly state variable
continuous if for each r € [0, Ty (z0)),

lim sup d(U(t)z,U(t)xe) =0 (1.4)

T=To [0, 7]

whenever the map U(t) is defined at x and xo and for each t € [0,7].
We will say that the semiflow U is continuous if the map (t,x) — U(t)x is
continuous from Dy into M.

Actually the semiflow of the state-dependent delay differential equation (1.1)
is not always continuous in time. Assume for example that o = 0,Q = {1} and
Vu,v € C(Q),Yw € C(Q2),Vx € Q,

F(u,v,w)(z) =1 and f(u)(z) = 1.

Consider (A(t),7(t)) (we omit the = variable since there is only one element in
Q) the solution of (3.1) with the initial distribution

(¢,70) = (OLip,, , T0)-

This solution can be solved explicitly:

t,Vt > 0,
A(t) = { 0.Vt <0, 7(t) = 10,Vt 2 0



And the semiflow will be defined by U(t)(OLip_,70) = (A¢, 7). Notice that the
map ¢ — A(t) is differentiable almost everywhere and

v [ 1, ift >0,
A(t){ 0, if t <0.

Therefore for each ¢ > 0,

. Rt I n _
1:11%”141: - A?HLip = 112%“14 t+.)—-A(t+ ')HLOO(—oo,O) =1.

Therefore due to the discontinuity of A’(t) at time ¢ = 0, the semiflow is not
continuous in time.
The following theorem is the main result of this section.

Theorem 1.6 There exists a mazimal semiflow U : Dy C [0,400) x Lip, X
C+(Q2) — Lip, x C+(Q) and its corresponding blow-up time Tpy : Lip, X
C+(Q) — (0,+400] such that for each initial distribution (p,79) € Lip, X
C4 (), there exists a unique solution A : (—o0,Tpy(p, 7)) — C+(2) and
7:00, Teu (e, m0)) = CL(Q) of (1.1) satisfying

u(t)(WaTO)(‘r) = (At('ax)vT(tax))7Vt € [OaTBU(<)07TO))7vx €.
Moreover if Try (¢, 70) < +00, then

limsup ||A(t,.)|leo = +00.
t/ " Tpu(Wo)

Furthermore the semiflow U has the following properties:

(i) The map Ty is lower semi-continuous and Dy is relatively open in
[0, 4+00) x Lip, x C4(Q).

(ii) The semiflow U is locally uniformly state variable continuous in Lip,, X
C+ ().
In the sequel we will use the notation
BUC, :={¢ € C((—00,0],C(Q)) : ¢4 € BUC((—0,0],C(2)},a >0
where
ba(t,z) := e e (t, z)

and BUC((—00,0],C(€2)) denotes the space of bounded uniformly continuous
maps from (—o0, 0] to C(£2). The space BUC,, is again a Banach space endowed
with the norm

19l srre, = sup l[Pa(t; ) lloo-
t<0

We will also use the notation

BUCL :={¢ € C'((~00,0],C(Q)) : ¢ € BUC((—00,0],C(2))
and 0,(¢a) € BUC((—00,0],C(Q))}



and the space BUC! is again a Banach space endowed with the norm

16llBucy = IPallc + 10:(¢a)lloc = l[Palloc + [|dallLip-

Now we consider the following set D, containing the couple (¢, 79) satisfying a
compatibility condition:

Dy = {(6,70) € BUCL x C(Q) : ,6(0,2) = F(6(0,.), 70(.), d(—70(.), ) (x), Yz € Q} .

One can note that D,, is a closed subset of BUC} x C(Q). Therefore D, is a
complete metric space endowed with the distance

o, ((¢:7), (6,7)) == 6 = Bl + lIro — Folle-

We also have
D, C BUC} x C,(Q) C Lip, x C(Q),

and the topology of BUC! x C,(Q) and Lip, x C4(Q) coincide on D,. We
have the following results.

Theorem 1.7 The sub-domain D, is dense in BUC, x C(Q), namely

DU _ By, x 04(Q).

Moreover we have following properties:

(i) The subdomain D, is positively invariant by the semiflow U, that is to say
that for each (p,70) € D,

U(t) (¢, 10) € Do, Vt € [0, T (@, 10))-

(ii) The semiflow U restricted to D, is a continuous semiflow when D, is
endowed with the metric dp,,.

Particularly, from (ii), we know that we can choose two different state space
for A; (Lip, or BUC}), but only in the case of BUCL can we get a continuous
(in time) semiflow.

In system (1.1), we can see from the second equation that the delay 7(¢, x) is
a solution of an integral equation. In the following (Lemma 3.2) we will see that
the delay 7(t,x) can be seen as the solution of a partial differential equation,
too. In Lemma 3.6, we will see that the delay 7(¢,x) can be also regarded as a
functional of A; and (p, 7p), which shows that it is actually a state-dependent
delay. Specifically speaking, let g € C(Q2) be fixed, then we can define the
map 7 : D(7) C Lip, — [0, +00) as the solution of

0
/ £(6(s,.)) (@)ds = Go(z) (15)



with
D(r) = {¢EL1pa. / flo (x)ds, V:EGQ}

Then we will see that
T(A,z) = 7(t,z),Vt = 0

and the first equation in (1.1) can be rewritten as
O A(t,x) = F(A(Y,.),7(t,.), At — 7(Ay, ), ) (2),¥E = 0

State-dependent delay differential equations have been used in the study of
population dynamics of species [1, 2, 6, 7]. We refer in addition to [3, 5] and
the references therein for a nice survey on this topic. Moreover, the semiflow
properties of a general class of state-dependent delay differential equations have
been recently studied by Walther [16] in D,,.

As an illustration, let us consider for example the following system

O A(t,x) = F(A(t,.))(x), Yt > 0,Vz € Q,
0 0

/ flA(t +s,.))(x)ds = / flo(s, ) (z)ds,Vt = 0,Vz € Q,
—7(t,x) —1o(x)

and the map F : BUC! — R is defined by

F(p) == o(=7(p))

where 7(y) is defined as above in (1.5). Assume in addition that f is continu-
ously differentiable, then by Lemma 3.4, the state-dependent delay 7 : BUC, —
C(Q) is C. Then for ¢y € BUC}, we have

F(y+vo0) — F(po) = (¥4 @0)(=T(% + o)) — wo(—7(¢0))
= P(=7(W + o)) + @o(=T(¥ + ¢0)) — wo(—T(¥0)),

from which we deduce the derivative

F(po)p = ¢(=7(v0)) + 0 (=T(%0)) - DT (w0)¥,

which satisfies the assumption (E) in Walther [16].

In this article, we consider the pair (A, 7(¢,.)) as the state variable, and in
this case we can also apply the result by Walther in [16] to the delay differential
equation

atA(t7 ) ( (t> )7T(t7 ) A(t - T( ))( 7))(33)’
A @) (1.6)
Ort2) =1~ TG 1 (0,.), (@)

Nevertheless the existence of a maximal semiflow as well as the blow-up time
has been considered by Walther [16].




The article is organized as follows. In section 2 we prove that D, is dense in
BUC,, x C(£2). In section 3 we prove some results regarding the delay (¢, x).
In sections 4 and 5 we will investigate the uniqueness and local existence of
solutions, and the properties of semiflows. In the last section of the article,
we will illustrate our results by proving the global existence of solutions for a
spatially structured forest model.

2 Density of the domain

In this preliminary section we will prove the first result of Theorem 1.7, namely
the density of D, in the space BUC, x C4 ().
Proof. Fix 19 € C+(£2). Consider the space

2 = C(Q) x BUC,

which is a Banach space endowed with the usual product norm. Define the
linear operator o : D(&/) C & — 2 by

o <OCS;Q)> :: (—821(5,.)) v (ch;ﬂ)) € D(«7),

with
D() :={0¢(q)} x BUC!.

Then it is not difficult to prove that
D(o7) = {0¢)} x BUC,. (2.1)

Moreover, the linear operator &7 is a Hille-Yosida operator (see [8]). More
precisely, we have (0,00) C p(«/) and for each A € (0, 00),

e () (7)

1 O
< Yb,x) = Xe’\a[a + (0, )] +/9 A0Vl x)dl.

The linear operator .« is Hille-Yosida since we have the following estimation
from [8]

|(AT — o Vn =1,V > 0. (2.2)

“n < 1

) HL(%) = \n?

By using (2.1) and (2.2) and by the fact that
MM — /)P —T=a(N — o)7L,

it follows that for each v € BUC,,

. -1 (0c@)) _ (Oc@ _
o () () e



We define the nonlinear map % : D(&/) — %,

i (0o oo (PRI TS0 i,

@ Osuc,
We observe that
(¢,70) € Da
& (d+.F) (ch)) € D(&/) with (0(,;;9)) € D()

& (I-) g —\F) (OC;Q)) € D(&/) with (OC;()Q)) € D(«),¥A > 0.

Let (06;29)) € {0¢c(q)} x BUC, be fixed. Then for each A > 0, consider

(I — \of — \F) (OC@) = (OC@) with (00“”) € D(o),
©A ( )
which is equivalent to the fixed point problem
(OC“’)) A (AT ) (OC“’)) L) <OC<Q>> .
A ( ©x
Define the map

) (0%”)) =AT (A )T (OCZEQ)) + (W) T (0%9)) :

Then r > 0 being fixed, by using the fact that % is Lipschitz on bounded sets
and < is a Hille-Yosida operator, one can prove that there exists n = n(r) > 0

such that
q))\(B’LL’,T) C Bw,r»V)‘ € (0777]

and ®, is a strict contraction on By ,, where

_ 00(9)) )
Bd’ﬂ‘ : B (< 1/) , T

is the ball with center (OCM(}Q)) and radius 7 in D(«/) = {0¢ (o)} x BUC,. Thus
by the Banach fixed point theorem, YA € (0, 7], there exists (OZ(Q)> € By,
A

()= ()
(2N ©Ox

Finally, since (OCJ)Q)) € D(«7) and by using (2.2) and (2.3), we have

() - ()]
©x P P

satisfying

lim
A—0t




= i oot n () s oo ()|
A—0+ P O o
= O7
which completes the proof. [

3 Properties of the integral equation for 7(t,x)
In this section we will make the following assumption.

Assumption 3.1 Let (p,79) € C((—00,0],C(2))xC(2). Let A € C((—o0,1),C(£2))
(with r € (0,+00]) be given and satisfy

Lemma 3.2 There exists a uniquely determined map 7 : [0,r) — C(Q) satisfy-
mg

¢ 0
/t f(A(s,.))(z)ds = / flo(s,.)(x)ds,Vt € [0,7),Vx € Q. (3.1)

—7(t,x) —71o(x)

Moreover this uniquely determined map t — 7(t, ) is continuously differentiable
and satisfies the following equation

f(AR,))(z)

{ atT(t,m) =1- f(A(t _ T(t7x)’ ))(-T)
7—(0’55) = To(SC).

WVt e [0,r),Va € Q, (3.2)

Conversely if t — 7(t,z) is a C' map satisfying the above ordinary differential
equation (3.2), then it also satisfies the above integral equation (3.1).

Remark 3.3 By using equation (3.2), it is easy to check that
T0(z) > 0= 7(t,z) > 0,Vt € [0,7),Vz € Q,

and
T(z) =0=7(t,z) =0,Vt € [0,7),Vz € Q.

Proof. Step 1 (Existence of T(t,x)): By Assumption 1.1, f is strictly positive, so
t
fixt € [0,7) and 2 € Q, and by considering the function 7 F(A(s, ) (x)ds

t—1
and observing that

—7o(x)

0
/ F(A(s,))()ds > / Flp(s, ) (@)ds,
t—(t+70(x)) —70(x)

10

t 0
/ F(A(s, ))(@)ds = 0 < / Flo(s, ) (@)ds,
t—0



it follows by the intermediate value theorem that there exists a unique 7(¢,z) €
[0,t 4 7o(x)] satisfying (3.1).

Step 2 (The map t — t —7(t,x) is increasing): First we prove that the function
t — t —7(t, z) is increasing. Indeed, assume by contradiction that ¢; < to while
t1 — 7(t1,x) = ta — 7(t2, x), Vo € Q, namely we have

to — 7(ta,x) <t1 — 7(t1,2) < t1 < to.

Then by (3.1) we have

tl t2
[ s @i | AGs, ) @)ds
tl—T(tl,l') tz T tg,w)

tl—‘r(tl,m)
- / F(A(s, ) (x)ds + / 2)ds + / £(A
to—7(t2,r) t1—7(t1, f)

thus
t1—7(t1,2) .
/t, o f(A(s,.)>(17)ds—|—/t F(A(s, ) (x)ds = 0,

which is impossible since the function f is strictly positive.
Step 3 (The continuity of the map x — 7(t,x)): Next we will prove the conti-
nuity of the map = — 7(¢,x). By step 2 we have for each ¢ € [0,7),

t—7(t,z) < —1o(z) © 0 < 7(t,x) <t —719(x),Va € Q.

Now the boundness of the function x +— 7(t, z) follows from the boundedness of
7o(z). Then for any t € [0,r), we know that

T(t) == sggT(m,t) < 4o00.
xT

0

Let {(z) == / flo(s, ) (x)ds, Vo € Q. Then fix 2y € Q, for any = € Q, we
—70()

have ’

0
€(z0) — £(2)] = ‘ / ( ) (@o)ds - / T s

—TO(I) 0
| / ) (wo)ds| + / F(s, ) (o) — Flols, ))(@)lds
T0(x0) —71o(x)

< mo(wo) = 7o(@)[f (ma)(wo) + 75 sup [f(p(s;.))(xo) = flp(s,))(2)];

s€[—75°,0]

where my is the constant function defined with the constant value

mi(z) = €[inf;o 0 lo(s, Iloos YV € Q
se[—7§°,

11



and 75° := sup T9(x). Then the continuity of {(z) in z follows from
e

lim [¢(zo) —£(2)| =0

T—rTo

by the continuity of 79(z) in = and f(¢) in ¢. Now for each ¢ € [0,r) fixed, by
(3.1) we have

t t

F(A(s, ) (zo)ds — / F(A(s,) (x)ds

t—7(t,xz)

éleo) —€2) = [

t—7(t,x0)

t—T1(t,x) t

= / f(A(s, ) (@o)ds +/ (f(A(s, ) (o) — f(A(s,.)(x))ds,
t—7(t,x0) t—7(t,z)

thus

t—7(t,x)
/t F(AGs, )(mo)ds < [6zo) — @) +7(t)  sup  |f(A(s,))(x0)

—7(t,xo) SE[t—T(t),t]
—f(A(s, ) (@)]-

On the other hand, we have

t—7(t,x)
/t f(A(s, ) (@o)ds > |7(t, xo) — 7(t, x)[f (M1)(x0),

—7(t,zo)

where M is the constant function defined by

Mi(2) = sup [|As, )lloc, Ve € 2.
t]

se[—7§°,
Then there exists a constant 7 := n(t, z) such that
|7 (t, z0)—7(t, 2)| <7 (lﬁ(fﬂo) — &)+ B |f(A(s, ) (o) — f(A(s, '))($)|> :
se|t—7°°(1),
Then the continuity of 7(¢,z) in z follows from

Tll)l?(mlo |7(t,20) — T(t, )| =0
by the continuity of {(z) in z and f(A) in A.
Step 4 (Differentiability of the map t — 7(t,x)): By applying the implicit
function theorem to the map ¢ : (0,7) x C(Q2) — C () defined by

t 0

ve@ = [ TG @ds - [ fels s
v(z) —7o(x)
(which is possible since 81{%”(&) (x) = —f(A(y(x),.))(x)¥(x) and by Assump-

tion 1.1, f is strictly positive), we deduce that ¢ — ¢t — 7(¢,z) is continuously

12



differentiable on (0,r). Since the above formula of the derivative is also valid at
t=0and t =r, the map t — ¢t — 7(¢, ) is continuously differentiable on [0, r].
By calculating the time derivative on both sides of (3.1), we get that 7(¢,z) is
a solution of (3.2).

Step 5 ((3.2)=(3.1)): Conversely, assume that 7(¢t,z) is a solution of (3.2).
Then

flA®R, ) (z) = (1 - 87(8tt,x)) fA{ —7(t,x),.)(z), ¥t € [0,7),Vz € Q.

Integrating both sides with respect to ¢, we have

/f ds-/f (s —7(s,2), ))(x)(l—&-(;;x))ds.
Make the change of variable | = s — 7(s, z), we have Vt € [0,r), Vo € Q,
t—7(t,z)
/ F(A(s, ) (2)ds — / FAQ ) (@)l
—7o(x)
t—(t,x) t—7(t,x)
= fAs D@+ [ fas @ = [ s ) @)ds
t—7(t,z) 0 —70(z)
t t—7(t,x) 0
& A= [ A D@+ [ fAs ) @ds
t—7(t,z) —70(x) t—7(t,x)
¢ 0
& A= [ flos )@,
t—7(t,z) —7o(x)
so 7(t,x) also satisfies the equation (3.1). |

In order to see that the delay 7 is also a functional of A; and (¢, 79), we define
the following functional. We define the map 7 : D(7) C BUC, x C(Q2) — C(£2)
as the solution of

0
[ @) @)ds = o) (3.3)
where o(s.2), it 0
— s,x), if s <
(s, ) 1= { #(0,2), if s > 0.
Since by Assumption 1.1 the map f(¢(0,.))(x) > 0, then if §(x) < 0 we have
7(¢,0)(x) <0 and

i =Ji(x T x) = _ @)
[y FO0 D@ =00 & 7(6,0)(@) = o755
We define the domain D(7T) by

D7) = {(¢5)GBUC x C(Q) /f 2)ds if §(z) > }

For clarity we prove the following lemma.

13



Lemma 3.4 For each (¢,0) € D(T) there exists 7(¢,9) € C(2).

Proof. Let (¢,6) € D(T) be fixed.
Step 1 (Existence of T(¢,0)(x)): Let x € Q be fixed. If 6(z) < 0, we have

5(x)
f(8(0,))(x)°

If §(x) > 0, by the definition of the domain D(7) we have

7(¢,0)(x) =

Mw<[7ﬂawmmw

therefore by the intermediate value theorem, we can find 7(¢,0)(z) € R such
that

0
&m=/ F(6(s, ) (@)ds.

—7(¢,6)(z)

Step 2 (Boundedness of T(¢,0)(x) ): Assume by contradiction that  — 7(¢, §)(x)
is unbounded. Since € is compact, we can find a converging sequence x,, — T €
Q as n — 400 such that

lim 7(¢,d)(x,) = +o0.

n—-+4oo

It is sufficient to consider the case §(z,) > 0, since the case d(z,) < 0 is
explicit. By the continuity of the function § we can assume that §(Z) > 0. By
the definition of the domain D(7) we have

0
@) < [ fots. ) @)ds.
So we can find a constant M > 0 such that
0
@) < [ fos, ) @)ds,
-M

and by continuity we can find a neighborhood U of Z such that

0
o(x) < [M f(o(s, ) (x)ds, Vo € U.

It follows that for all integer n large enough,
7(¢,0)(xn) < M

a contradiction.
Step 8 (Continuity of the map x — T($,0)(x)): From the previous part, we
know that
7 = sup |[T(¢, §)(z)] < +o0.
zEQ

14



Fix xg € Q. If 6(xo) < 0 there is nothing to prove. Let us assume that

Let x, — xo be a converging sequence. If §(zg) = 0 and there exists a sub-
sequence {z,,} C {z,} satisfying §(x,,) < 0, Vk € N, then it is clear that
T(p,0)(xn,) = T(¢,0)(xo) = 0. Assume that 6(z,) > 0 for each integer n > 0.
By (3.3) we have

0 N 0 .
5(zo) — 6(z) = / o T D)~ / R COET
-7(¢,0)(z) 0 o
= [ i@ ads+ [ @) s
—7(¢,6)(x0) —7(¢,0)(x)

0
- / F(B(s,.))(x)ds.

—7(6,6)(2)
Assume without loss of generality that 7(¢,d)(xz) > T(¢,d)(x), then we have

—7(¢,0)(x)
/_ £(3(5, ) (wo)ds

7(¢,0) (o)
0

= (6(x0) —d(2)) +/ (f(o(s, ))(x) = f(o(s,.))(w0))ds

—7(¢,0)(x)
< [0(xo) —o(@)| +7 sup [ f(e(s,))(x) — f(e(s,.)) (o),

se[—7°,0]
and
—7(¢.0)(z) N R
/ F((s, ) (@o)ds = |7(¢,0)(x0) = 7(¢,0) ()] f(M1)(x0),
—7(¢,6)(z0)
where M; is the constant function assigned with the single value  sup || ¢(s, )| co-
0]

se[—T°,

Thus there exists a constant 1 := n(zp) such that

7(9,0)(x0)=7(, ) ()] < n <I5($0) = o(z)[ + A £ (é(s, (@) = f(o(s, -))(960)|> :
sE[—T>,

Then the result follows by the continuity of the functions ¢ and f(¢) in z. =

Lemma 3.5 Assume in addition that f is continuously differentiable. Then
the domain D(T) is an open subset of BUC,, x C(Q) and the map 7 : D(T) C
BUC,, x C(2) = C(9) is continuously differentiable.

Proof. Define the map I" : BUC,, x C(2) x C(Q2) — C(£2) by

0

T'(6,6,7)(x) := / F@(s,))(@)ds — 6(z).

—(z)
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Since by Assumption 1.1 the map f is C!, so is the map I'. By (3.3), we have
['(¢,0,7(¢,6))(x) = 0 and

KL(¢,6,7) () (@) = f(d(=v(2),.)3(x).

Since f is strictly positive, it follows that 9,I'(¢,d,~) is invertible. The result
follows by applying the implicit function theorem. ]

Lemma 3.6 Set

0

do(z) = / flo(s, ) (x)ds, Vo € Q.

—7o(x)

Then we have the following equality
T(As, 60)(z) = 7(t,x),Vt € (0,7),

where A is given by Assumption 3.1 and 7(t,x) is the solution of (3.1).
Proof. 1t is sufficient to observe that Vt € [0,7) and z € Q,

0 0
/ ﬂ&@»@@z%m=/’ Fl(s, ) (@)ds

—7(A¢,00) () —7o(x)
0
_ / FOA(t + 5, ) (x)ds
—7(t,x)

|
For simplicity, we will write 7(¢,x) instead of 7(¢, dp)(z) if the function dg
is defined as in Lemma 3.6.

Lemma 3.7 Let gf),g’b\ € BUC,. If ¢ < g’Z;, namely ¢(s,x) < g/g(s,x),Vs <0,z €
Q, then R
T(¢p,x) < 7(¢,x), Vo € Q.

Proof. By (3.3) we have

0 0 N
/' f@@»mm:%w:/'Afw@»mw

—7(¢,x) —7(p,x)

Assume by contradiction that there exists € € such that 7(¢,z) > T(QAS, x),
then

0 0 ~
0:/ ﬂdﬁm@@f/ F(8(s, ) (@)ds

—7(¢,x) 77(:1;,:1:)

—-r(qA&,:c) 0 N
=[ f@@ﬁ@%+/ [F(6(5,2)) — F(@(s,))]()ds.

(¢,x) —7(,x)
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Since by assumption f(¢(s,.))(z) > 0 and 7(¢,z) > 7(¢,x), we have

—7(,@)
/ f(9(s,.))(x)ds > 0.

—7(¢,x)

By assumption we also have f(¢(s,.))(z) > f((}ﬁ\(s, J))(z) when 7(¢, ) > 7(5, x),
then

O —~
[ (s = £ ds > 0.
_T(¢7I)

Then we have

—7(¢,z) 0 R
0= [ s@ls N@ds+ [ [F6ls) - £(@(s Na)ds > 040 =0,
—7(¢,2) —7(¢,x)
which is a contradiction. ]
In the following lemma we obtain some a priori estimates for the delay.

Lemma 3.8 Let Assumption 3.1 be satisfied. Assume that there exists a con-
stant M > 0 such that
sup [|A(t, )loe < M. (3.4)
telo,r)
Then
Tmin < T(A¢, ) < Tmax, VE € [0,7), Vo € Q,

where the constants Tmin and Tmax are defined as follows:

inf [To(x)f(gpmax)(x)] Sup[TO(x)f(_spmax)(m)]
0 < Tin 1= e < Tmax := e .
R ) faf, F00)(e)

with My and pmax being defined as constant functions as follows

M (z) := max{M, Ymax} and Omax(z) := sup |lo(t, )],V € Q2 (3.5)
te[—7§°,0]

and
75° 1= sup 7o(x).
e

Proof. For any = €  and t € [0,r), since by Assumption 1.1, the map f is
decreasing, it follows that

0 0
/ f@@ﬁﬂ@®=/i FAGE + 5,.)(2)ds
—71o(x) —7(A¢,x)

:/t FAQ, ) (@)dl

—7(A¢,x)

g/t f(=My)(x)ds = T7(As, x) sup f(—M7)(x).

—7(A¢,x) z€e

17



Then Vz € Q, Vt € [0,7),

0
. /_ e Fle(s, ) (@)ds > inf [70(2) f (Pamase) (2)]
T > T T C swp ()

e zeQ

The derivation of the estimation from above for (¢, x) is similar. |

Lemma 3.9 Let (¢, 70), (?,70), A, A satisfy Assumption 3.1. Assume that

M = max{ sup [|A(t, )|l sup ||f~1(t,)||oo} < +o00.
tefo,r) tefo,r)

Then there exists a constant Ly > 0 such that ¥t € [0,7), Va € Q,

[7(At, 00) (x) ~7(A¢, 8o) (x)| < L l sup [ A(s,.) — A(s, lloo + 100 — Solloo] :

sE[=T5°,T)
where 8 and & are defined as in Lemma 3.6 respectively with (@, 7o) and (p, 7o)
and

75 = max {sup To(x), sup %O(x)} .
€N zeQ

Proof. Let t € [0,7) and = € Q. Recall from Lemma 3.6 that

0

do(x) = / f(p(s, ) (x)ds and do(x) = / f(@(s, ) (x)ds,Va € Q.

—7o(x) —7o(x)

Without loss of generality we may assume that 7( Ay, 8o)(z) > 7(Ay, do)(z) > 0.
Then we have

M@—&@=/' ﬂﬂ&ﬁmw—/ F(@(5,))(@)ds

—7o0(z) —7o(x)
t
= / FLA( / (A(s,.))(x)ds
t—T(A¢,00) () 7(As,80)(x
t T(.Zit Sg)(m) t R
-/ FAC w+/ [F(A(s, ) (@) — 1(As, ))()] ds.
t—=7(As,00) () 7(Ay,60)(x)

Since by Assumption 1.1, f is Lipschitz continuous, then

t—7(A¢,80)(z)
/ F(A(s, ))(x)ds

t—7(A¢,00)(x)

= [ (A @) - A @) ds + (Fola) ~ o)
(Ae,00) ()

18



t
< Il / s = A8, eeds + 150 — Bollec
t—7(A¢,00)(x)

< 7ilrnameHLip sSup ||A(57 D)= A(s, )Hoo + |60 — SOHOO

s€[=75%r)

where Tiax := max{Tmax, Tmax } a0d Tmax, Tmax are obtained in Lemma 3.8. On
the other hand, we have

t—7(Ayr,80) () R o~ = .
o s s> (7o) ~ 7B @) inf 100

where M is the constant function defined with the single value max{¢¥max, Pmax, M }
and Ymax, Pmax are defined in (3.5) respectively with ¢, . The result follows.
n

4 Existence and uniqueness of solutions

We start this section with two technical lemmas.

Lemma 4.1 Let a < b be two real numbers. Let x € Lip([a,b],C(Q)). Then
for each ¢ € (a,b) we have the following estimation
X1 Lip(fa.bl.0(2) < [IXI|Lip(ja,a,0@) + IXIILip(e.s],0(2)-

where

Ix(t: ) = x(s, )lloo
XL = sup :
IxllLip(r,c)) peeTn |t — 5]

Proof. Let t, s € [a,b] with ¢t > s. Define the function p: [0,1] — R by
p(h) = [Ix((t = s)h +s,.) = x(s,)lloo; VR € [0,1].

Then we have Vh, h € [0, 1],

lp(h) = p(h)] < {lIx((t = s)h+5,.) = x(5, oo — [IX((t = 8)h +5,.) = X(5,)l|sc
< x((t=s)h+s,.) —X((t—f)ib+87-)||oo
< IXlLip(a,cplt = sllh = Al

thus p is Lipschitz continuous. Denote

Lip(p)(h) := limsup w7

e—0t €

then

. X/ Lip(ja,c,c) |t = s|,if (t = s)h + s € [a, ¢),
Li h) < e .
p(e)(h) { X | Lip(e.p), 0|t — s|,if (t — s)h + s € [c, b].
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Since p is Lipschitz continuous, by using Theorem 8.17 in page 158 of Rudin [11],
we deduce that p is differentiable everywhere on a subset of the form [0,1]\ N
(where N has null Lebesgue measure) and

¢
) =p(0) + [ a1 (0.1
0
By using the definition of Lip(p)(t) we deduce that
#(t) < Lin(p)(t) < O,V € 0,1] \ N,

where C := [HX”Lip([a,C],C(Q)) + ”XHLip([c,b])(j(Q))] |t — s|. Therefore we obtain

1 1
It = x(o: e = (1) = 0) = [ fa1 < [ car
0 0
which completes the proof. ]

Lemma 4.2 Let t > 0. Assume that A € C((—00,t],C(R)) and Ay = ¢.
Define for each (6,x) € (—00,0] x €,

As o8, 7)== e 1A, (0, 2) and o (0,2) == e~ p(8, 2).
Then we have the following estimations

[At,alloo < up 1e* @D A®, oo + e [ Palloos (4.1)

St

1At allLip((—o0,00,c(2)) < I AtallLip(=t.0.c@) + € * lleallLip((—o,0,c)) (4:2)

and

[Alip,, < sup @D A(, ) oo + 1 ArallLip(-co.c) +e  lelLip, - (43)

it

Proof. We have for the supremum norm

[Arallee = sup e At+6,.)]oo = e sup [[e* DAt 46, )|
0<0 0<0

< sup [[e*CTIA(s,)loo + €7 [ @alloo-
s€[0,t]
The result follows by using similar arguments combined with Lemma 4.1 for the
Lipschitz semi-norm. [

Lemma 4.3 (Uniqueness of solutions) Let ¢ € Lip, and 79 € C1(Q) sat-
isfy
||(p||Lipa +[I70llee < Mo.

where Mo > 0 is a given real number. Let r € (0,+00) be given. Then
the equation (1.1) admits at most one solution (A,7) € C((—o0,7],C(2)) X
c([0,7], ().
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Proof. Suppose that there exist (4!, 71),(4%,72) € C((—o0,7],C(2))xC([0,7],C(£2))
two solutions of (1.1) on (—oo,r] with

(45, 7(0,.)) = (A3, 7%(0,.)) = (¢, 70).
Define
to = sup {t € [0,7]: A'(s,x) = A%(s,2), 7 (s,2) = 7%(s,2),Vs € [0,1],Vz € Q}
Assume that tg < r. We first observe that since r is finite, we have

Ky := sup | AL (s, )]|oe + sup ||A2(s,.)||OO < +00.
s€0,r] s€(0,r]

By Lemma 3.8, 71(¢,z) and 72(t, z) are also bounded from above (by ... and
72 . Tespectively) on ¢ € [0,7]. Since by Assumption 1.1, F : C(Q)? x C(Q?) —

max

C(2) is Lipschitz on bounded sets and for each ¢ = 1,2, each ¢ € [0,7] and each
x e,
. t . . . .
A'(t,x) = ¢(0,7) +/0 FAY(1, ), (), A=) (., ) (z)dl,

it follows by using Lemma 3.8 that for each i = 1,2,

sup ||[F(A%(s,.),7'(s,.), A(s = 7'(5))(:,.))]|oc < 00,
s€(0,r]

and
K1 = || AY|Lip(o.r,c9) T 1A% |Lip(o.,c(0)) < +00-

Set )
KO = 2(K0 + SOmax) + Trilax + Tr?’la)(?

where @max is defined in (3.5). For each t € [tg, ] and each x € Q we have

t
Alt,z) — A(t,z) = / [F(AY1 ), 7 (1), AV — () (..)) (@)
0
_F(A2(lv ')7 TQ(Za ')a A2(l - Tz(l))('a ))((E)] dlv
thus by using the fact that F' is Lipschitz on bounded sets, we obtain

ANt ) = A%(t )l < (E—to)L(Ko) sup [[[A(s,.) = A%(s, )]l

s€[to,t]
H AN s = 7)) () = A%(5 = 72(5)) (s )l oo
+ 7 (s,) = 72, )leo] -

Define
HAtl — A,%HOO := sup ||A1(t +s,.) — A2(t + 5, ) co-
s<0
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By Lemma 3.9, for each s € [to,t] we have

178 (s, ) =7%(5, Moo = I7(A5, ) =7(AZ, oo < LellAs—Aflloo < L | A —Af oo

Thus
[AY (s =71 (s)) = A%(s = 7°(5))[|oo
< AN (s = 71(s)) = AM(s = 72(8))[loo + 1A (s = 7°(5)) = A%(s = 72(5)) ]| o
< Kplri(s,) =72, o + [ A7 = AZ oo,

1A (s = 71 (s)) = A%(s = 7%(5))lloo < (K Lr + )] A} — AF|oc-
So we obtain for each t € [tg, 7],
147 = Aflloo < (t = to) L(Ko)(Kr + 1)Ly +2)[| A} — AF||.
It follows that we can find € € (0,7 — t¢) such that
14; — Aflloo = 0, ¥t € [to, to + €],
which contradicts with the definition of tg. Thus tg = 7. [

Theorem 4.4 (Local existence of solutions) Let My > 0 be fized. Then
for M > My, there exists a time r = r(My, M) > 0 such that for each (¢, 79) €
Lip, x C4(Q) satisfying

||<)0||Lipa + HTOHOO g M()a

system (1.1) admits a unique solution (A, 1) € C((—o0,r], C(Q))xC([0,7], C(2)).
Moreover,
JA(L, )loo < M, Vt € [0,7].

Proof. Step 1 (Fized point problem): We start by defining the fixed point
problem. Let My > 0 be fixed. Let ¢ € Lip,, and 79 € C(Q) satisty

[ellLip, + ITollec < Mo.
Let M > M, be fixed. Define

By = {A€ C((—00.r).0(Q)): Ay = o and sup (L, )]l < M}
te(0,r]

where r will be determined later on.
Let & : E, = C((—o00,r],C(€2)) be the map defined as follows: for each
te[0,r] and x € Q,

D(A)(t)(x) := (0, ) +/0 F(A(,.),7(A;, ), Al — (A, ), ) (2)dl - (4.4)
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where 7(Ay, x) is the unique solution of the integral equation (3.1), and for ¢ < 0

and = € Q,
(A)(1)(x) := p(t, ).
Set .

M := max{M, omax } (4.5)
where Ymax is defined in (3.5). For any A € E,, and ¢ € [0, 7], we have
[2(A)B)loo < [l0(0, )]loo + / [F (A ), 7(As ), A= 7(As ), ) | dl

< My +/ IF(AQ ), 7(As )y A = (A1), ) — F(0,0,0) sdl

" / 1F(0,0,0) ool
0
< Mo+ r[(2M + Tanax) L(2M + Tinax) + [|F(0,0,0)] o)
Since M > M, we can find r; > 0 such that for each r € (0,7],
Mo + 7[(2M + Tinax) L(2M + Tomax) + || F(0,0,0)||s0] < M,

and it follows that

®(E,) C E,.
Step 2 (Lipschitz estimation): Set
M — M, — —
My, = % > (2M + Tanax) L(2M + Timax) + || F(0,0,0)] - (4.6)

For each t,s € [0,r] with ¢t > s and A € E, we have

|2(A)(£) = D(A)(5) oo / IF(AQ ), m(As ), AU = (A ), ) ool

|t—s| [t — s|

|1E(A,.), 7(As, ), A(l — (A, ), ) — F(0,0,0)| c0dl / | F'(0,0,0)||c0dl

< S S
= L T R

thus
12 (A)Lip(o,r,c) < ML,VA € E,.

Step 3 (Iteration procedure): Consider the sequence {A"},cn C E,, defined by
iteration as follows: for each (¢,z) € (—oo,r] x Q,

0 _ @(071")7 lft € [0770}7
Ab) _{ plt,2), i 1 <0,

and for each integer n > 0,

el O(A™)(t)(x), if t €10,7],
i) = { 2EOL) L0
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From the step 2 and the definition of A°, we know that for each integer n > 0,
A" € Lip(|—7°, 7], C(9)).

and
A" |Lip((—rge r.c()) < max{ My, [|¢llLip(—rse.01.c()) } = ML.

For each integer n,p > 0, the maps A™ and AP coincide for negative time ¢,
therefore we can define

147 = Alloc = sup A" () = AP(E, )loo-

Next, we have Vn € N,

AT = A%lg = sup [ R(A")(0)() — (A" H()]leo

telo,r]

< / IF(A™(L,.), 7(AF, ), A™(I — (A}, ),.))
—F(A" 1( DT (A ), AT =T (AT ), ) llodl
< LM + Tonax) IIA”—A"‘lHoﬁlS%p]IIT( 1) = T(AFY )llso
+ sup ||An(l_T(A?7‘)7')_An_l(l_T(A?717')ﬂ')||OO ’
1€[0,7]
< TL(M + Tanas) [[A" = A" oo + (1 + | A" [uip(—rge wl.c()) -

sup [|7(A7,.) —T(Aflw)”oo] :
1€[0,r]

By Lemma 3.9, for each integer n > 1 we obtain

HAn—H _AnHOO g TC”A” _An—1||OC

with C = (2 + L1+ Z/M\L)) LM + Toax)-
Now we can find 7o € (0,71] such that roC' < 1/2, and for each r € (0, 73]
we have 1
AT — A < 27”’41 — A%,V > 1

It follows that {A"|,} is a Cauchy sequence in the space C([0,r], C(£2)) and
{A"} coincides with ¢ for negative ¢. Define

lim A"(t,x), ift € [0,r],z € Q,

A(t,x) := n—=+oo
o(t,x), if t < 0,2 € Q.

Then we have
lim A" — A, =

n—-+oo
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By using again Lemma 3.9, we have

Sl[.lp] IT(A7, ) —7(Ar, )llee < Ly ||A" — A, V0 > 1.
Lefo,r

Finally by taking the limit on both sides of the equation

t
At ) = (0, ) +/ FAM (1, ), 7(A, ), A"(L — 7(A7..). ) (@)d,
0

we deduce that the couple (A4, 7(A;,.)) is a solution of equation (1.1).
Step 4: (Estimation of the solution) We observe that

A" = A%l < AT = Ao + AT = A oo 4+ AT = A%l

n 1 n
< > (5) 14 -l
k=0

therefore
A" — A% < 2|A" — A%||,

and by taking the limit when n goes to infinity we obtain
A= A% < 24" — A
From the definition of A! and A° we have
1A = A% < /OT 1 (A ), (A7, ), A = (AL, ), ) ledl,
S0
AT = A% < rC,
where C; = sup ||[F(A°(l,.), 7(AY,.), A°(l — 7(AY,.),.)|lco- It follows that for
each t € [0, rlf o
A lloo < NACE,-) = (0, )lloo + 1000, oo < [ A = Ao + Mo,

thus
HA(t, )”oo < MO + 27‘01,

and by choosing r small enough we obtain My + 2rC; < M. The proof is
completed. [

From step 2 in the above proof combined with Lemma 4.2, we have the
following corollary.

Corollary 4.5 With the same notation as in Theorem 4.4, we have
A; € Lip,, Vt € [0, 7],
and there exists M = M\(M, Tmax, @) > M such that

[Ae|lLip, < M, vt € [0,7].
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5 Properties of the semiflow

For each initial distribution Wy = (f) € Lip, x C4(£2), define
0
Ty (Wy) = sup{t > 0: there exists a solution of (3.1) on the interval [0, ¢]
with the initial distribution Wy},

Observe by Theorem 4.4 that we must have Ty (Wy) > 0.

In this section we investigate the semiflow properties of the map W : D(W) C
[0,4+00) x Lip, x C(Q) — Lip,, x C(£2) defined for each initial distribution W}
as

W (t, Wo)(z) = (fgt(,w§§>

where {(A¢, 7(t,.)) befo, 70 (W) 18 the solution of (1.1) with initial distribution
Wy which can be defined up to the maximal time of existence Ty (Wy). The
domain is

D(W) = U [0, Tpu (Wo)) x {Wo}.
Wo€ELip, xCp (Q)
Proof. (First part of Theorem 1.6) Suppose that Wy € Lip, x C1 () satisfies
WollLip, xc(@) < Mo, where My is a positive constant, and define U by

o= (4:7)

where the map ¢ — (A, 7(¢,.)) belongs to C([0, Ty (Wy)), Lip, x C(£2)) is the
maximal solution of (1.1) with the initial value Wy. In this proof, we will verify
that U satisfies the properties (i)-(iv) of Definition 1.5.

The property (ii) of Definition 1.5 is trivially satisfied, since by construction
U)Wy = W
Step 1 ((i) and (iii) of Definition 1.5): By Lemma 3.2, the map ¢t — (A(t,.), 7(t,.))
is the solution of (1.1) if and only if for each ¢ € [0, Ty (Wp)) and each x €
the equations

A(t,z) = ¢(0,2) + ; F(AQ, ), 7(05-), A= 7)) (., ) (@)dl,

f(A())(x)
AT =7D)(;))(x)

are satisfied together with the initial condition

(5.1)

Tw@:mM+ATL_ dl,

(Ao, 7(0,.)) = Wo.
Let s € [0, Tpy(Wy)). Let us prove that

S+ TBU(U(S)W()) < TBU(W())
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and for each ¢ € [0, Ty (U(s)Wh)),
UL+ s)Wo =UE)U(s)Wo. (5.2)

For each t € [0, Ty (U(s)Wp)),

UBU(s)(Wo) = U() ( Té,s.) ) - ( ;(15 )

where ¢ — (A(t,.), 7(t,.)) is the solution of (1.1) with initial condition Wy and
t— (A(t,.),7(t,.)) is the solution of (1.1) with initial condition U(s)(Wy). Then
we have for each ¢ € [0, Ty (U(s)Wh)),

Alt,z) = A(s,z) + / FA®L ), 700, A — 7)) () (@)l

A @)

(5.3)
§ dl
fA( - ?(l))(w))(x)]

7(t,z) = 7(s,x) + /t

0

with initial condition ~
Ay = As,7(0,2) = 7(s, x).

Now by setting

T o (/L_S,'?(tfs,.)), ift € [S,S+TBU(U(S)WQ)),
(A 7(8:)) = { (Ap,7(t,.)), if t € [0, 3],
then by using (5.1) and (5.3) we deduce that t — (A(t,.),7(t,.)) is a solution
of (1.1) on the time interval [0, s + Ty (U(s)Wp)) with initial condition Wy. It
follows that
s+ Tpu(U(s)Wo) < Tsu(Wo).

Now assume that t — (A(t,.), 7(t,.)) is a solution of (1.1) on the time interval
[0, Try (Wy)) with initial condition Wy. Let s € [0, Tpy(Wy)). Then by using
(5.1) it follows that ¢ — (A(t +s,.),7(t +s,.)) defined on [0, Try (Wy) — s) is a
solution of (1.1) with initial condition U (s)Wy. It follows that

TBU(WO) — S < TBU(U(S)W())

and the properties (i) and (iii) of Definition 1.5 follow.

Step 2 ((iv) of Definition 1.5): Assume that Ty (Wy) < 4+00. Suppose that
[U#)WollLip, xc () does not go to +00 when t 7 Tpy(Wp). Then there exists
a constant My > 0 and a sequence {t,,} C [0,Tpy(Wp)) such that ngrfoo t, =

Ty (Ws), and for any n € N,

Ay

() WollLip, xc() = H (T(tn".)> < M.

Lip, xC(Q)
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Let Wy, := (T(/tlt” )) . Then by the local existence Theorem 4.4 and Corollary

—

4.5 we can find a constant M > My and a time r = (Mo, M) > 0 such that for
any n € N,
Ty (Won) = .

Moreover, from the previous part of the proof we have
Tpu(Wo) =tn +Tpu(Won) = tn + 1,
and when n — 400 we obtain
Ty (Wo) = Tpu(Wo) +1
a contradiction since r > 0. Thus we have

1. ol e 5.4
t/’TBlgl(Wo) ” () OHLpoXc(Q) 400 ( )

[
Proof. (Second part of Theorem 1.6) Let us prove that if Tpy(Wy) < 400 then

limsup ||A(t,.)|leo = +00.
t " Tpu (Wo)

Assume that Tpy(Wy) < 400 and assume by contradiction that

limsup [JA(,.)]|cc < +00.
t/ Teuy (Wo)

Since the map t — ¢t — 7(¢, ) is increasing, we have
77’0(1’) <t — T(t,x) <t < TBU(W()),VIL' € Q,

therefore
0<7(tz) < Tru(Wo) + 10(2).

And by assumption Try(Wy) < 400, then

limsup ||7(¢,.)|leo < +00.
t " Tey (Wo)

Moreover, for each t € [0, Ty (Wp)),
At ) = F(A(L,.), 7(t,.), A(t = 7()) (-, ) (=),
and since F' is Lipschitz on bounded sets and by Lemma 4.2 we deduce that

limsup |[le® A(.)||Lip < 00,
t, Tey (Wo)

which contradicts (5.4). |
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Lemma 5.1 We have the following results:
(i) The map Wy — Ty (W) is lower semi-continuous on Lip,, x C4 ().
(ii) For every x € Q, for every Wy € Lip, x C(Q), T € (0, Tsy (Wo)), and
every sequence {Wén)}neN C Lip, x C+(Q) satisfying
lim W™ =Wy in Lip, x C4(),

n—-+oo
we have

=0. (5.5)

N e
im  sup [|U(t)W Ut)Wo Lip, xC()

nFO 10,7

Proof. Step 1 (Fized point problem): Let t — (A(t,.),7(t,.)) be a solution of
system (1.1) which exists up to the maximal time of existence Ty (Wq) with

the initial distribution Wy = (f) € Lip, x C+(92).
0

Let t* € (0, Ty (Wo)) be fixed. By construction the map t — (A, 7(t,.)) is
continuous from [0, Tpy(Wo)) to BUC,, x C1 (). Therefore

sup (| A¢l|suc, + [I7(t, )] < oo,
te(0,t*]

and since A(t,.) satisfies the equation (1.1) for positive time ¢, it follows that

M := sup [AlLip, < +o0.
te(0,t*]

Let to € [0,¢*] and 7 > 0 with to + r < t* where r will be determined later on.

Let € > 0 be fixed. Let Wy = <7<_p> € Lip, x C4(9) satisfy
0

I — Agg llip, < ¢ and 70— 7(to,)]|oc < &
Let M > ¢ be fixed. Define the space

Bpty = 1A € BUCL(=00,,0@): Ao = p and sup AL )~y 1) < M}
tel0,r

Let @ : E, ¢, — C((—o00,7],C(€2)) be the map defined by

B(A)(t)(z) := (0, 2) +/O F(A(l,.),7T(A;, 60), A(l — T(Ay, 60),.))(x)dl  (5.6)

whenever ¢ € [0,7] and x € §, and

whenever t < 0 and z € Q.
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In the formula (5.6) the delay 7(A¢, dp)(z) is the unique solution of
0
/ FA(+ s,.))(x)ds = dp(z)
—7(A¢,80)(z)

where

0

1) = ) ds.

@)= [ el s

For any A€ E 4, t € [0,r] and x € Q, we have
[®(A)(t)(2) — Ay (t, )|

— ’ O J,‘ / F Al,éo) (l —?(Al,(so),))(@dl

Ay (0,1) — / F( A4y (1), 7(Agg 11250), Ay (1~ 7(Agy 11,50, ) (@)l

N

t
e [ IFCAL) P 0, A - 7410, ) @)
0
_F(Ato (l7 ')v ?(AtoJrl? 50)7 Ato (l - ?(At0+l, 50)7 '))(fv)ldl’
where
B 0 B 0
W@ = [ s p@is= [ @
—T(to,x —To(x
By Lemma 3.9, we can find a constant L, > 0 such that
17(Ar, 80) =7 (Ato11,60) oo < L7 l sup [ A(s,.) = Aty (5, ) |loo + 160 — 50|oo]

s€[— max{7§°,75° } 7]

where 75° and 75 are defined as in Lemma 3.8.
By using the definition of §y and dy we have

—7(to,x)
/ F(o(s, ) (@)ds

—7o(x)

160 = dolloc < sup
zeQ

0
/ (s (@) — F(Alto + 5,.)(x)]ds

-+ sup
z€Q |J —F(to,)
< lro() = 7(tos o Slell()l J(—@max) ()
75 fllip sup - [le(s,.) = Alto + 5, )|loo
se[—75°,0]
< = (s - 0)+ 57T sy
e

where @nyax is defined as in Lemma 3.8.
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From the above estimations, it follows that there exists a constant M; > 0
such that B B
I7(Ar,00) — T(Ato11,00) |00 < Mj.

Now, similarly as in step 3 of the proof of Theorem 4.4 to evaluate ||A"+1 —
A"||0o, we deduce that there exists a constant 71 > 0 such that for each r €
(0,71], we have ®(Ey 1,) C Ey -

Step 2 (Lipschitz estimation): Similarly as in step 2 of the proof of Theorem
4.4, we can deduce that there exists a constant My, > 0 such that

12 (A)lLip(o.r],c)) < ML,VA € Ey 4.

Step 3 (Iteration procedure): Consider the sequence {A"},cny C E 4, defined
by iteration as follows: for each (¢,z) € (—o0,r| x £,

At x) = Ay (L, 2),
and for each integer n > 0,

n+1 R (I)(An)(t)(x)a ift € [0,7"],
ATt 2) = { p(t,x), if £t <O0.

From step 2, we deduce that there exists a constant M 1, > 0 such that for each
integer n > 0, .

A" [Lip(—rge.r.c0) < Me-
By using the same argument as in step 3 of the proof of Theorem 4.4, we can
find a constant 7 € (0,71] such that Vr € (0,73],

1
A" = Ao < oA = A%, W0 > 1.

It follows that {A"]j,1} is a Cauchy sequence in the space C([0,7],C(£2)). De-
fine

n—-+oo

At ) lim A"(t,z), if t € [0,7],z € Q,
, ) 1=
p(t,x), if t <0,z € Q.

Then we have
lim |[A" - Al =0,

n—-+oo

and we deduce that (A,7(A;,dp)) is a solution of (1.1) with the initial distribu-
tion (¢, 70).
Step 4 (Estimation of the solution): As in step 4 of the proof of Theorem 4.4,
we also have

A = A0 < 2 A" — A .

Since we have

1A = A%
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t
= sup sup |p(0,z) —l—/ F(A°(1,.),7(AY, 60), A°(1 — T(AD, 60), ) (2)dl — Ay, (t, )
te[0,r] x€Q 0
< sup [H(p(07) _Ato(o")HOO
te[0,r]
t
+ sup Ato (07 ) + / F(Ao(la ')7?("4?760)3 Ao(l - ?(A% 5O)a ))(.ﬁ)dl - Ato(tvx) :l
e 0

and since fl(t,x) is a solution, the last term in the above inequality is null, it
follows that
A = A% <&

Then we obtain
|A(t,.) — Ay (t,)]|oo < 26, Vt € [to, to + 7).

*

t
Step 5 (Convergence result): Fix r = — < ro for some integer n > 1. Choose
n
an initial value satisfying
- € _ €
[l = Aty llLip,, < ont1 and 70 = 7(to,)lloo < oni1
By using the above prove result when ty = 0, we deduce that

n 3
1A, ) = At lloo < g vt € [0,7],

and by induction ty = kr for k = 0, ...,n we obtain

”A(tv ) - A(tv )”OO < €7Vt € [Oat*]a

the result follows. [
The part of of Theorem 1.7: time continuity of the semiflow in BUCY is left
to the reader.

6 Application to the forest model with space

For z €  := [0,1] and ¢t > 0 we consider the forest spatial model with one
species (see [9] for more details)
f(A(L, 2))

O A(t, ) = e o (t:)

POl —r(ayay (T ) padlh o), (6)

where the birth is defined by
B(t,x) == (I - eA) T [BA(, ))(x),

where A is the Laplacian operator on the domain € with periodic boundary
conditions, and the state-dependent delay satisfies

/tt f(A(J,:v))da—/O f(p(o,x))do,

—7(t,x) —71o(x)
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and A(t,z) satisfies the initial condition
A(t,x) = p(t,z),Vt < 0,2 € Q

with
@ € Lip, and ¢ > 0.

Then it is well known that (I —A)~! is a positive operator, i.e.
(I—cA)1CL () € CL(9)
and
(I —eA) Mg = 1.
6.1 DPositivity

Assume that
o(t,z) = 0,Y(t,z) € (—o0,0] x Q.

Assume that the solution starting from this initial distribution exists up to the
time Ty (¢, 70) > 0. Then we have for each ¢ € [0, Ty (v, 70)),

1) —eHat T ! efp,A(tfs)ef,u‘JT(s,x) f(A(S,JZ)) .
Al2) =< 2tg(0,2) + | FA(s — ~(s.2).)
(I —eA) BA(s — 7(s,2),.)](x)ds.

Since the operator (I —eA)~! preserves the positivity of the distribution and by
Assumption 1.1, f is strictly positive, then the positivity of the solution follows
by using fixed point arguments on A(¢,x) in the above integral equation.

6.2 Global existence

Consider the spatial density of juveniles

J(t7) = /t == 8T — cA)Y(A(s, ) (x)ds

—7(t,x)
for each ¢ € [0, Tsu (¢, 70)). It is clear that
J(t,aﬁ) >0,Vt e [O,TBU(Qp,To)). (62)

Moreover we have

. B _ ) f(A(t, ) .
0rJ (t, ) =B(I — eA)TH(A(L, ) (x) — e T FAl—(t.2).2))
B — eA)HA(t = 7(t, ), ) (@) — psd (¢, ).
By summing equation (6.1) and the above equation we obtain

Op[Alt, ) + J(t,2)] = BT — eA)THA(, ) (@) — padlt, @) — py I (t,z). (6.3)
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Set
U(t,x) = A(t,z) + J(t, ),

then we have
0:U(t,2) < B(I —eA)TH(U(t,.)) (@) — pU (¢, @),
where p:= min{ua, ps}. By using a comparison argument we deduce that
U(t,x) < PI==87 =01 (0,.)) (2), ¥t € [0, Tpu (9, 70))-
Therefore by using (6.2), we deduce that
A(t,z) < U STHN U (0, ) (), VE € [0, Tpu (o, 7)),

and by using Theorem 1.6, we must have Ty (p, 79) = +00.
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