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Abstract. By appealing to the theory of global attractors on complete metric spaces, we obtain
weaker sufficient conditions for the existence of interior global attractors for uniformly persistent
dynamical systems, and hence generalize the earlier results on coexistence steady states. We also
provide examples to show applicability of our interior fixed point theorem in the case of convex
k-contracting maps, and to prove the existence of discrete and continuous-time dynamical systems
that admit global attractors, but no strong global attractors, which gives an affirmative answer to
an open question presented by Sell and You [22] in the case of continuous-time semiflows.
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1. Introduction. Uniform persistence is an important concept in population dy-
namics since it characterizes the long-term survival of some or all interacting species
in an ecosystem. There have been extensive investigations on uniform persistence for
discrete and continuous-time dynamical systems. We refer to [13, 27, 30] for surveys
and reviews. Looked at abstractly, uniform persistence is the notion that a closed
subset of the state space (e.g., the set of extinction for one or more populations) is
repelling for the dynamics on the complementary set. A natural question is about
the existence of “interior” global attractors and “coexistence” steady states for uni-
formly persistent dynamical systems. The existence of interior global attractors was
addressed by Hale and Waltman [10], and the existence of coexistence steady states
under a general setting was investigated by Zhao [29]. In [10, 29] the traditional con-
cept of global attractors was employed: a global attractor is a compact, invariant set
which attracts every bounded set in the phase space (see, e.g., Hale [7], Temam [24]
and Raugel [20]). Recently, a weaker concept of global attractors was introduced by
Hirsch, Smith and Zhao [11] and Sell and You [22]: a global attractor is a compact,
invariant set which attracts some neighborhood of itself and every point in the phase
space. For our convenience, we refer to traditional global attractor as strong global
attractor. With the concept of strong global attractor, [29, Theorem 2.3] assumed
more conditions than necessary for the existence of coexistence fixed point. However,
the proof of [29, Theorem 2.3] only needs the property that the interior attractor
attracts every compact set, and hence, actually implies a general fixed point theorem
that if a continuous and k-condensing map 7' has an interior global attractor, then
it has a coexistence fixed point (see Theorem 4.1). So an important problem is to
obtain sufficient conditions for the existence of interior global attractors for uniformly
persistent dynamical systems. This is a nontrivial problem since the phase space M,
is an open subset of a complete metric space (M, d). The main purpose of this paper
is to establish the existence of the interior global attractor (i.e., the global attractor
for T': (My,d) — (Mo, d) ) and fixed point in Mj.

There is an open question on the weaker concept of global attractor (see page
55-56 of [22]): Does there exist an example of a k-contracting semiflow that is point
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dissipative on a complete metric space W in which the global attractor does not
attract every bounded set in W7 In other words, we expect to find a dynamical system
which has global attractor, but no strong global attractor. In the case of discrete-
time semiflows (i.e., maps), such a question has already been answered positively
by Cholewa and Hale [4](see also Raugel [20]) who developed an original result of
Cooperman [5] and introduced an appropriate x-contraction map on the Hilbert space
of square summable series. As a by-product of our investigations on interior global
attractors, we will provide examples of both discrete and continuous-time semiflows
to give an affirmative answer to Sell and You’s question (see Sections 5.2 and 5.3).
It is worthy to point out that our continuous-time dynamical systems are solution
semiflows associated with a class of evolutionary equations with age-structure.

It is obvious that we should start with the development of the theory of strong
global attractors into that of global attractors on complete metric spaces. Note that
the metric space (M, d) is not complete since My is an open subset of the complete
metric space (M, d). In order to apply the theory of global attractors to T : (Mg, d) —
(Mo, d), we introduce a new metric do(z,y) on My (see equation (3.2) for its definition)
so that (Mg, dy) is a complete metric space. It turns out that the strongly bounded sets
introduced in [10] correspond to the bounded sets in (My, dp). This metric function
do(z,y) is the key tool for both the existence of global attractor for T : (My,d) —
(Mp, d) and four counter examples of dynamical systems on the complete metric space
(Mo, dp). The theory of global attractors was done for continuous-time semiflows
already in the book [22], where the concept of k-contracting maps was introduced (i.e.,
for each bounded set B C M, x(T" (B)) — 0, as n — 400). It seems that this strong
notion may not be applied to T : (My,do) — (My,dp). In fact, if T : (My,dy) —
(Mo, dy) is k-contracting, then T™ (B) is strongly bounded for all sufficiently large
integer n, whenever B is a strongly bounded subset of M. But this property may
not be satisfied in general in the applications (see the first example in Section 5.1). So
we will use the concept of asymptotically smooth maps introduced in [7] to establish
the existence of global attractors.

By using our established theory of global attractor in My, we further investigate
the existence of fixed point of T" in My. We also generalize the aforementioned coex-
istence fixed point theorem for k-condensing maps to convex k-contracting maps (see
Definition 4.3), a new concept motivated by Hale and Lopes fixed point theorem [9]
and the Poincaré maps associated with periodic age-structured population models.
Our fixed point theorem (see Theorem 4.5) in terms of uniform persistence, and its
corollary (see Corollary 4.6) generalize earlier results due to Browder [2], Nussbaum
[18, 19], Zhao [29], and Magal and Arino [15]. Clearly, there are analogs of interior
global attractors and fixed point results for continuous-time semiflows (see Remark
3.10 and Theorem 4.7).

This paper is organized as follows. In section 2, we recall some basic concepts
and results for dissipative dynamical systems based on the book of Hale [7], and
establish sufficient conditions for the existence of global attractors and strong global
attractors. In section 3, we prove the existence of a global attractor for T : (My,d) —
(Mp,d). In section 4, we present the fixed point theorems and their corollaries. In
section 5, we provide four examples to show the existence of discrete and continuous-
time dynamical systems that admit global attractors, but no strong global attractors.
A simple periodic age-structured model is also studied in this section to illustrate
applicability of Theorem 4.5 in the case of convex k-contracting maps.
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2. Preliminaries. Let (M, d) be a complete metric space. Recall that a set U
in M is said to be a neighborhood of another set V provided V is contained in the
interior int(U) of U. For any subsets A, B C M and any € > 0, we define

d(z, A) = erelg d(z,y), 6(B,A):= SlelIE)f d(z, A),

N(Ae):={x e M:dx,A) <et and N(A,e) :={x € M :d(z,A) < €}.
The Kuratowski measure of noncompactness, «, is defined by
k(B) = inf{r : Bhas a finite open cover of diameter < r},

for any bounded set B of M. We set k(B) = +00, whenever B is unbounded.
For various properties of Kuratowski’s measure of noncompactness, we refer to
[17, 6] and [22, Lemma 22.2]. The proof of the following lemma is straightforward.
LEMMA 2.1. The following statements are valid:
(a) Let I C [0,400) be unbounded, let {As},.; be a non-increasing family of non-
empty closed subsets (i.e. t < s implies As C Ay). Assume that k(A) — 0, as
t — +o00. Then As, = [ A¢ is non-empty and compact, and (A, As) — 0,
>
ast — —+oo0. =
(b) For each A C M, and B C M, we have k(B) < k(A) + §(B, A).
Let T : M — M be a continuous map. We consider the discrete-time dynamical
system T™ : M — M, ¥n > 0, where T° = Id and T" = ToT""1,¥n > 1. We denote

for each subset B C M, v* (B) = |J T™(B) the positive orbit of B for T, and
m>0

wB) = U 1(B)

n>0m>n

the omega-limit set of B. A subset A C M is positively invariant for T if
T (A) C A. Aisinvariant for T if T(A) = A. We say that a subset A C M attracts
a subset B C M for T if lim,,_,o, 6(T™(B), A) = 0.

It is easy to see that B is precompact (i.e., B is compact) if and only if x(B) = 0.
A continuous mapping 7' : X — X is said to be compact (completely continuous)
if T maps any bounded set to a precompact set in M.

The theory of attractors is based on the following fundamental result, which is
related to [7, Lemmas 2.1.1 and 2.1.2].

LEMMA 2.2. Let B be a subset of M, and assume that there exists a compact
subset C' C M, which attracts B for T. Then w(B) is non-empty, compact, invariant
for T, and attracts B.

Proof. Let I = N, the set of all nonnegative integers, and

An = |J T(B),vn >0.

m>n
Since C attracts B, from Lemma 2.1 (b) we deduce that

Kk(Ay) < k(C)+06(4,,C)=056(A4,,C) — 0, as n — +oo.
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So the family {A,}, -, satisfies the conditions of assertion (a) in Lemma 2.1, and
we deduce that w(B) is non-empty, compact, and §(A,,,w(B)) — 0, as n — +00. So
w(B) attracts B for T. Moreover, we have

Tl Jrm®d )= | 177B).vn=0,

m>n m>n+1

and since T' is continuous, we obtain

T(A,) C Apt1, and A, C T(4,),Vn > 0.

Finally, since §(Ay,w(B)) — 0, as n — 400, we have T (w(B)) = w(B). O

DEFINITION 2.3. A continuous mapping T : M — M is said to be point (com-
pact, bounded) dissipative if there is a bounded set By in M such that By attracts
each point (compact set, bounded set) in M; T is k-condensing (k-contraction of
order k, 0 < k < 1) if T takes bounded sets to bounded sets and x(T(B)) < k(B)
(k(T(B)) < kr(B)) for any nonempty closed bounded set B C M with 0 < k(B) <
+o0; T is asymptotically smooth if for any nonempty closed bounded set B C M
for which T(B) C B, there is a compact set J C B such that J attracts B.

Clearly, a compact map is an k-contraction of order 0, and an k-contraction of
order k is k-condensing. It is well known that x-condensing maps are asymptotically
smooth (see, e.g., [7, Lemma 2.3.5]). By Lemma 2.1, it follows that T : M — M is
asymptotically smooth if and only if lim,,_, & (T™(B)) = 0 for any nonempty closed
bounded subset B C M for which T'(B) C B.

A positively invariant subset B C M for T is said to be stable if for any neighbor-
hood V of B, there exists a neighborhood U C V of B such that T™ (U) C V,Vn > 0.
We say that A is globally asymptotically stable for T if, in addition, A attracts
points of M for T.

By the proof that (i) implies (ii) in [7, Theorem 2.2.5], we have the following
result.

LEMMA 2.4. Let B C M be compact, and positively invariant for T. If B attracts
compact subsets of one of its neighborhoods, then B is stable.

DEFINITION 2.5. A nonempty, compact and invariant set A C M is said to be
an attractor for T if A attracts one of its neighborhoods; a global attractors for
T if A is an attractor that attracts every point in M ; a strong global attractor for
T if A attracts every bounded subset of M.

We remark that the notion of attractor and global attractor was used in [11, 22,
30]. The strong global attractor was defined as global attractor in [7, 24, 20]. The
following result is essentially the same as [8, Theorem 3.2]. Note that the proof of
this result was not provided in [8]. For completeness, we state it in terms of global
attractors and give an elementary proof below.

THEOREM 2.6. Let T be a continuous map on a complete metric space (M,d).
Assume that

(a) T is point dissipative and asymptotically smooth;

(b) Positive orbits of compact subsets of M for T are bounded.

Then T has a global attractor A C M. Moreover, for each subset B of M, if there
exists k > 0 such that v+ (T*(B)) is bounded, then A attracts B for T.

Proof. Assume that (a) is satisfied. Since T is point dissipative, we can find

a closed and bounded subset By in (M,d) such that for each x € M, there exists
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k=k(z)>0,T"(x) € By,Vn > k. Define
J(B()) = {y S BO . Tn(y) € Bo,Vn > 0} .

Thus, T'(J(By)) C J(By), and for every x € M, there exists k = k(x) > 0 such that
T* (x) € J(By). Since J(By) is closed and bounded, and T is asymptotically smooth,
Lemma 2.2 implies that w(J(By)) is compact invariant, and attracts points of M.
Assume, in addition, that (b) is satisfied. We claim that there exists an € > 0 such
that 7 (N (w(J(By)),e)) is bounded. Assume, by contradiction, that

vt (N (w(J(BO)), n#“)) is unbounded for each n > 0. Let z € M be fixed. Then we

1

' n+1
that d(z, T™ (z,,)) > n. Since w(J(By)) is compact, we can always assume that x,, —
x € w(J(B)), as n — +oo. Since H := {z,, : n > 0} U{z} is compact, assumption (b)
implies that 4t (H) is bounded, a contradiction. Let D = v+ (N (w(J(By)),€)). Then
D is closed, bounded, and positively invariant for T'. Since w(J(By)) attracts points of
M for T, and w(J(By)) C N (w(J(Bo)),e) C int(D), we deduce that for each z € M,
there exists k = k(z) > 0 such that T*(x) € int(D). It then follows that for each
compact subset C of M, there exists an integer k¥ > 0 such that 7% (C) ¢ D. Thus,
the set A := w(D) attracts every compact subset of M. Fix a bounded neighborhood
V of A. By Lemma 2.4, it follows that A is stable, and hence, there is a neighbor-
hood W of A such that T"(W) C V, ¥n > 0. Clearly, the set U := U,>oT™(W) is a
bounded neighborhood of A, and T'(U) C U. Since T is asymptotically smooth, there
is a compact set J C U such that J attracts U. By Lemma 2.2, w(U) is non-empty,
compact, invariant for T, and attracts U. Since A attracts w(U), then w(U) C A.
Thus, A is a global attractor for T'.

To prove the last part of the theorem, without loss of generality we assume that B
is a bounded subset of M and v+ (B) is bounded. We set K = v+ (B). Then T(K) C
K. Since K is bounded and T is asymptotically smooth, there exists a compact C
which attracts K for T. Note that T% (B) C T* (v*(B)) C T* (K), Vk > 0. Thus,
C attracts B for T. By Lemma 2.2, we deduce that w(B) is non-empty, compact,
invariant for T' and attracts B. Since A is a global attractor for T, it follows that
A attracts compact subsets of M. By the invariance of w(B) for T, we deduce that
w(B) C A, and hence, A attracts B for T. O

REMARK 2.7. From the first part of the proof of Theorem 2.6, it is easy to see that
if T is point dissipative and asymptotically smooth, then there ezists an non-empty,
compact, and invariant subset C of M for T such that C attracts every point in M
forT.

The following lemma provides sufficient conditions for the positive orbit of a
compact set to be bounded.

LEMMA 2.8. Assume that T is point dissipative. If C' is a compact subset of
M with the property that for every bounded sequence {x,},~q in v (C), {zn}, s or
{T (zp)},,>0 has a convergent subsequence, then v+ (C) is bounded in M. -

Proof. Since T is point dissipative, we can choose a bounded and open subset
V of M such that for each © € M there exists ng = no(z) > 0 such that T"(z) €
V, Vn > ng. By the continuity of T' and the compactness of C, it follows that there
exists a positive integer r = r(C) such that for any x € C, there exists an integer
k = k(z) < r such that T*(x) € V. Let 2 € M be fixed. Assume, by contradiction,
that v*(C) is unbounded. Then there exists a sequence {z,} in v (C) such that

can find a sequence z,, € N (w(J(BO)) ), and a sequence of integers m,, > 0 such

zp =T""(2p), 2p € C, and ph—)rgo d(z,zp) = oo
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Since T is continuous and C' is compact, without loss of generality we can assume
that

lim m, =00, and my, >r, 2, ¢ V, Vp > L.

p—00
For each z, € C, there exists an integer k, < r such that T*»(z,) € V. Since
xp =T™?(2p) ¢ V, there exists an integer n, € [kp, m,) such that

yp=T"(2,) €V, and T'(y,) ¢V, V1 <1 <1, =m, —n,.

Clearly, ¥, = T'(y,), ¥p > 1, and {y,} is a bounded sequence in v+ (C).

We only consider the case where {y,} has a convergent subsequence since the
proof for the case where {T'(y,)} has a convergent subsequence is similar. Thus,
without loss of generality we can assume that lim, .y, =y € V. In the case where
the sequence {l,} is bounded, there exist an integer [ and sequence pr — oo such that
lp, = i, Vk > 1, and hence,

d(z,T(y)) = lim d(z,T'(y,,)) = lim d(z,,,) = oo,
k—o0 k—o00

which is impossible. In the case where the sequence {l,,} is unbounded, there exists a

subsequence [,, — oo as k — oo. Then for each fixed m > 1, there exists an integer

kp, such that m <1, , Vk > k,,, and hence,

T™(yp,) € M\ 'V, Yk > ky,.
Letting kK — oo, we obtain
T (y) e M\'V, ¥Ym > 1,

which contradicts the definition of V. O

The following result on the existence of strong global attractors is implied by |8,
Theorems 3.1 and 3.4]. Since the proof of this result was not provided in [8], we
include a simple proof of it.

THEOREM 2.9. Let T be a continuous map on a complete metric space (M,d).
Assume that T is point dissipative on M, and one of the following conditions holds:

(a) T™ is compact for some integer ng > 1, or

(b) T is asymptotically smooth, and for each bounded set B C M, there exists

k= k(B) > 0 such that v+ (T*(B)) is bounded.

Then there is a strong global attractor A for T.

Proof. The conclusion in case (b) is an immediate consequence of Theorem 2.6.
In the case of (a), since T™ is compact for some integer ng > 1, it suffices to show
that for each compact subset C C M, |J T™ (C) is bounded. By applying Lemma

n>0
2.8 to T = T™, we deduce that for each compact subset C C M, |J T"(C) is
n>0
bounded. So Theorem 2.6 implies that T has a global attractor A C M. We set
B= U T* (A) By the continuity of 7', it then follows that B is compact and

0<k<ng—1
attracts every compact subset of M for T', and hence, the result follows from Theorem
2.6.0

REMARK 2.10. It is easy to see that a metric space (M, d) is complete if and only
if for any subset B of M, k(B) = 0 implies that B is compact. However, we can prove
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that Lemmas 2.2 and 2.4 also hold for non-complete metric spaces by employing the
equivalence between the compactness and the sequential compactness for metric spaces.
It then follows that Theorems 2.6 and 2.9 are still valid for any metric space. We refer
to [3, 20] for the existence of strong global attractors of continuous-time semiflows on
a metric space.

3. Persistence and attractors. Let (M,d) be a complete metric space, and
p: M —[0,+00) a continuous function. We define

My :={x € M : p(x) >0} and OMy :={x € M : p(x) =0}.

A subset B C My is said to be p-strongly bounded if B is bounded in (M, d), and
inf,ecp p(x) > 0. Throughout this section, we always assume that T : M — M is a
continuous map with T (My) C M.

DEFINITION 3.1. T is said to be p-uniformly persistent if there exists € > 0
such that iminf,, - p (T™(x)) > €, Vo € My; weakly p-uniformly persistent if
there exists € > 0 such that lim,_, ;o sup p (T"(x)) > €, Vo € My. The set OMy is
said to be p-ejective for T if there exists € > 0 such that for every x € M with
0 < p(z) <e, there is ng = ng(x) > 0 such that p (T™(z)) > e.

For a given open subset My C M, let OMy := M \ My. Then we can use the
continuous function p : M — [0, 00) defined by p(x) = d (z,0My), Yo € M, to obtain
the traditional definition of persistence.

PROPOSITION 3.2. Assume that there is a compact subset C of M which attracts
every point in M for T. Then the following statements are equivalent:

(1) T is weakly p-uniformly persistent;

(2) T is p-uniformly persistent;

(8) OMy is p-ejective for T.

Proof. The observations (1)<(3) and (2)=-(1) are obvious. Let us prove that
(1)=(2). Let € > 0 be fixed such that

(3.1) lir_~r_1 sup p (T"(z)) > e,V € M.

Then for each z € My, and each n > 0, there exists p > 0 such that p (T""P(z)) >
€/2. Assume that T is not p-uniformly persistent. Then we can find a sequence
{Zm} >0 C Mo such that

lim infp(T"(xm)) < ! Ym > 0.

n—-+oo m+1’

So there exist I,,, > 1 and n,,, > 0 such that

1
T’nm m < Tnm m > 27
AT (@), C) € g p (T () 2 &/
p (T + (@) < /2, ¥k =1,.... L, and
1
Tn7n+lm m < .
p( (2m)) < 22q

Since C'is compact, by taking a subsequence that we denote with the same index, we
can always assume that y,, = 7" (z,,) — y € C. Since p and T are continuous, we
deduce that

p(y) >e/2, and p (T*(y)) <e/2, Yk =1,...,1,
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where | = limy, ;o inf ly,. If I < +00, we have p (T'(y)) = 0, which is impossible
because T (My) C My. If | = 400, we have
lim supp(T"(y)) <e/2 < ¢,
n—-+oo
which contradicts (3.1). O

We note that the concept of general p-persistence was used in [27, 23, 30]. It
was also shown in [27] that the p-uniform persistence implies the weak p-uniform per-
sistence for non-autonomous semiflows under appropriate conditions. The following
result shows that the notion of p-uniform persistence is independent of the choice of
continuous function p.

PROPOSITION 3.3. Let £ : M — [0,400) be a continuous function such that
OMy = {x € M : &(z) = 0}. Assume that there is a compact subset of M which
attracts every point in M. Then T is p-uniformly persistent if and only iof T is &-
uniformly persistent.

Proof. Tt suffices to prove that p-uniform persistence implies £&-uniform persistence
since the problem is symmetric. Let us first remark that T is p-uniformly persistent
if and only if there exists € > 0 such that

inf inf > e,
r€EMo yEw(x) p(y) B

where w(z) is the omega-limit set of the positive orbit of . Define
A, =Ugenpw(z), and V ={y € M : p(y) > ¢}.
Then

Byl PW) = 1 P 2 &

Clearly, A, C C, so A, is compact. Since A, is include in V' C My which is closed,
we deduce that A, C VN C C My. So A, C My is compact, and hence, there exists
n > 0 such that infa:eAT, &(x) > n, which implies that T is {-uniformly persistent. O

Let A be a nonempty subset of M. A is said to be ejective for T if there exists
a neighborhood V' of A such that for every x € (M \ A) NV, there is ng = ng(z) >0
such that 7" (z) € M\ V.

PROPOSITION 3.4. Assume that OMy # 0 and that there is a compact subset
C of M which attracts every point in M for T. Then the following statements are
equivalent:

(1) T is p-uniformly persistent;

(2) OMy is ejective for T.

Proof. Assume first that (1) is true. Let € > 0 be fixed such that

lirf sup p (T"(x)) > &,Ya € M.

Then it is clear that My is ejective for T, with V ={x € M : p(z) < e/2}.

Conversely, assume that M is ejective for T. Let V be a neighborhood of M,
such that for every © € My NV, there is ng = ng(z) > 0 such that 7" (z) € M\ V.
By Proposition 3.3, it is sufficient to prove that T is p-uniformly persistent when
p(x) = d(xz,0Mp). Assume, by contradiction, that T is not p-uniformly persistent.
Then for each n > 1, there exists x, € My, such that

lim supp (T (z,)) <

m——+oo

S|
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By the attractivity of C, it follows that for each n > 1, there exists [,, > 0 such that
each y,, := T'"(z,) € My satisfies

d(Tk (yn)ac) < %

. and d (T* (y,) ,0Mp) < %

,VE > 0.

Since C' is compact and V' is a neighborhood of 0Mj, there exists § > 0 such that
{reM:d(x,C) <6, and d(z,0Mp) < 4§} C V.
Let ng > 2/4 be fixed. Then we have y,, € My, and
d(T* (yny) ,C) < 6, and d (T* (y,) ,0My) < §,Vk > 0.
Thus, we obtain
Yno € Mo NV, and T* (y,,) € V,Vk > 0,

a contradiction. O
Observe that My is an open subset in (M,d). In order to make My become a
complete metric space, we define a new metric function dy on My by

(32) dO(Iay): ‘p(lx)p(ly)‘er(x’y)’ VIayEMo-

LEMMA 3.5. (Mo, do) is a complete metric space.

Proof. Tt is easy to see that dy is a metric function. Let {z,},-, be a Cauchy
sequence in (Mo, dp). Since d(z,y) < do(z,y), Yo,y € My, we deduce that {z,},~,
is a Cauchy sequence in (M, d), and there exists x € M, such that d(z,,z) — 0 as
n — +o00. To prove that do(zn,x) — 0 as n — 400, it is sufficient to show that z €
My. Given € > 0, since {xn}n>0 is a Cauchy sequence in (My, dp), there exists ng > 0
such that do(z,,z,) <€, ¥Yn,p > ng. In particular, we have do(z, Zn,) < &,Vn > ng.
Then

1 1

—— — ——| < &,Vn > no,
p(rn) p(xno)

So there exists r > 0 such that inf,, > p (x,) > 7. Since p is continuous and d(z,, z) —
0 as n — 400, we deduce that p(z) > r, and hence © € My. Thus, (My,dp) is
complete. O

We denote for each couple of subsets A, B C M,

§(B,A) = inf d(z,v),
(B, A) sup inf, (z,y)

and if A, B C Mgy, we denote

do (B, A) = sup inf do(x,y).
zeBYEA

LEMMA 3.6. The following two statements are valid:

(1) Let {Bi},c; be a family of subsets of My, where I is a unbounded subset of
[0,400). If A C My is compact in (M,d) and lim;_,, § (B, A) = 0, then
1imtﬁoo 50 (Bt, A) =0.

(2) If T is asymptotically smooth, then T is asymptotically smooth in (My,dy).



10 P. MAGAL AND X.-Q. ZHAO

Proof. (1) We denote k := %inf,ea p(z) > 0. Assume, by contradiction, that
lim¢— o0 sup do (B, A) > & > 0. Then we can find a sequence {t,} ., C I such that
t, — 400, p — +00, and a sequence {a:tp }p>0 C My such that x;, € By,, dg (xtp, A) >
€,Vp > 0. Since d (xtp, A) — 0, as p — 400, without loss of generality we can assume
that there exists € A such that d(sr:tp,a:) — 0, as p — +o00. Since p is continuous
and p(x) > k, there exists pg > 0 such that p(x;,) > k,Vp > po. Thus, we have

0<e<do(z,,2) <k |p(zy,) — pla)| + d(z,,x) — 0 as p — +oo,

a contradiction.

(2) It is easy to see that T : (My,dy) — (Moy,dp) is continuous. Let B be a
bounded subset in (M, do) such that T'(B) C B. Since T is asymptotically smooth,
there exists a compact subset C C M which attracts B for T. So Co = CN B C
My is compact and attracts B for T. It easily follows that C is also compact in
(My,dp). Since Cy attracts B for T, the statement (1) implies that Cy attracts B for
T : (Mo, do) — (Mo, dp). O

The main result of this section is the following theorem.

THEOREM 3.7. Assume that T is asymptotically smooth and p-uniformly persis-
tent, and that T has a global attractor A. Then T : (My,d) — (Mp,d) has a global
attractor Ag. Moreover, for each subset B of My, if there exists k > 0 such that
vt (Tk (B)) is p-strongly bounded, then Ag attracts B for T.

Proof. We consider the continuous map T : (M, dy) — (Mo, dy). Since T' is point
dissipative and p -uniformly persistent, 7" is point dissipative in (M, dp). Moreover,
Lemma 3.6 implies that T is asymptotically smooth in (Mpy,dy). Let C be a compact
subset in (Mo, dp), and {x,} a bounded sequence in v (C) in (My,do). Then z, =
T (zp), 2, € C,¥p > 1, and the sequence {z,} is p-strongly bounded in (}M,d).
Since C' is also compact in (M, d), we have lim,,_ 6(T™(C),A) = 0. Thus, {z,}
has a convergent subsequence z,, — « in (M,d) as k — oo. By the continuity of p
and the p- strong boundedness of {z,}, it follows that p(z) > 0, i.e., x € My, and
hence, x,, — = in (Mo, dp) as k — oco. Thus, Lemma 2.8 implies that positive orbits
of compact sets are bounded for T : (Mg, dy) — (Mo, dp). Then the conclusion for T :
(My,d) — (My,d) follows from Theorem 2.6, as applied to T : (Mo, dy) — (Mo, dp).
0

THEOREM 3.8. Assume that T is point dissipative on M and p-uniformly persis-
tent, and that one of the following conditions holds:

(a) There exists some integer ng > 1 such that T™ is compact on M, and T™

maps p-strongly bounded subset of My onto p-strongly bounded sets in My, or

(b) T is asymptotically smooth on M, and for every p-strongly bounded subset

B C My, there ezists k = k(B) > 0 such that v+ (T*(B)) is p-strongly
bounded in M.
Then T : (Mo, d) — (Mo, d) has a global attractor Ay, and Ay attracts every p-strongly
bounded subset in My for T.

Proof. Clearly, T : (Mg, do) — (My,dp) is point dissipative. It is easy to see that
condition (a) implies that 7™ : (My,dy) — (Mo, dp) is compact, and that condition
(b) implies that the condition (b) of Theorem 2.9 holds for T : (My,dy) — (Mo, dp).
By Theorem 2.9, there is a strong global attractor Ay for T : (My,dy) — (Mo, dp).
Consequently, Ag is a global attractor for T : (My,d) — (My,d), and Ay attracts
every p-strongly bounded subset in M for T'. O

REMARK 3.9. A result similar to Theorem 3.8 was already presented for discrete
and continuous-time dynamical systems in [29] and [10], respectively. The only dif-
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ference, compare with the earlier results, is that we add a p-boundedness assumption
for the case (a). In fact, this assumption is necessary for the existence of strong global
attractor in My for T' (see two examples in Section 5.1).

REMARK 3.10. A family of mappings ®(t) : M — M, t > 0, is called a
continuous-time semiflow if (x,t) — ®(t)x is continuous, ®(0) = Id and P(t)oP(s) =
®(t + s) fort,s > 0. By similar arguments we can prove the analogs of Theorems
3.7 and 3.8 for a continuous-time semiflow ®(t) on M with ®(t)(My) C My for all
t>0.

4. Coexistence steady states. In this section, we establish the existence of
coexistence steady state (i.e., the fixed point in Mp) for uniformly persistent dynamical
systems.

Throughout this section we always assume that M is a closed and convex subset
of a Banach space (X,|]|), that p : M — [0,400) is a continuous function such
that My = {x € M : p(x) > 0} is nonempty and convex, and that T : M — M is a
continuous map with T'(My) C My. For convenience, we set dMy := M \ M.

Assume that T': My — M has a global attractor Ag. By Definition 2.5, it easily
follows that for every compact set K C M, there exists an open neighborhood of
K which is attracted by Ap. This property of Ag is enough for the arguments in
the proof of [29, Theorem 2.3] (see also [30, Theorem 1.3.6]) instead of the property
that Ay attracts p-strongly bounded sets in My. Thus, the proof of [29, Theorem 2.3]
actually implies the following fixed point theorem.

THEOREM 4.1. Assume that T is k-condensing. If T : My — My has a global
attractor Ay, then T has a fized point xo € Ay.

Note that a fixed point theorem for x-condensing maps in [9] was used in the
proof of [29, Theorem 2.3]. To generalize Theorem 4.1 to another class of maps, we
need the following fixed point theorem, which is a combination of Theorems 3 and 5
in [9] (see also [7, Lemma 2.6.5]).

LEMMA 4.2. (HALE-LOPES FIXED POINT THEOREM) Assume that K C B C S
are convex subsets of a Banach space X, with K compact, S closed and bounded, and
B open in S. If T : S — X is continuous, T"B C S,Yn > 0, and K attracts compact
subsets of B, then there exists a closed bounded and convexr subset C C S such that
C =%t (szlTj (BN C’)) Moreover, if C is compact, then T has a fized point in B.

We should point out that in above fixed point theorem the claim that T has a
fixed point in B follows from the proof of [7, Lemma 2.6.5], where the Horn’s fixed
point theorem [12] was used.

Motivated by Lemma 4.2 and the Poincaré maps associated with age-structured
population models, we give the following definition.

DEFINITION 4.3. Let M be a closed and convex subset of a Banach space X, and
T: M — M a continuous map. Define T(B) =¢o(T(B)) for each B C M. T is said
to be convex k-contracting if lim, /f(f"(B)) = 0 for each bounded subset B C M.

Now we are ready to generalize Theorem 4.1 to convex k-contracting maps.

THEOREM 4.4. Assume that T is convex k-contracting. If T : My — My has a
global attractor Ag, then T has a fixed point xo € Ag.

Proof. Since Ay is a global attractor for T': My — My, the proof of [29, Theorem
2.3] (see also [30, Theorem 1.3.6]) implies that there are three convex subsets, K C
B C S C M, such that K C My, B C Mp, and the assumptions of Lemma 4.2 hold
for T. Let C be defined in Lemma 4.2. Define C := U;j>1T7 (BN C). Then we have

@:T(BmC)uT(@) andC’:@(é),
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and hence, C C T (C). Thus, we further obtain
C cT(C)cT?*C)cC..cTC), Vn > 0.

Since T' is convex k-contracting, it follows that x(C) < /{(f”(C)) — 0, as n — oo.
Then £(C) = 0, and hence, C' is compact. Now Lemma 4.2 implies the existence of a
fixed point of T in Ay. O

Combining Theorems 2.6, 2.9, 3.7, 4.1 and 4.4 we have the following result on
the existence of coexistence steady states for uniformly persistent systems, which is a
generalization of [29, Theorem 2.3].

THEOREM 4.5. Assume that

(1) T is point dissipative and p-uniformly persistent;

(2) One of the following two conditions holds:

(2a) T™ is compact for some integer ng > 1, or
(2b) For each compact subset C C M, v (C) is bounded;

(3) Either T is k-condensing or T is convex k-contracting.

Then T : My — My admits a global attractor Ay, and T has a fized point in Ag.

Let AC M and B C M\ A. Aissaid to be ejective for T in B if there exists
a neighborhood V of A such that for each z € V' N B, there exists n = n(x) > 0 such
that T" (z) € M \ V. A is said to be ejective for T if A is ejective for T in M \ A.

The following corollary is a generalization of [15, Theorem 4.1] on semi-ejective
fixed points.

COROLLARY 4.6. Assume that T (0My) C OMy, and there exists Tyg € My, a
fized point of T, which is globally asymptotically stable for T : OMy — OMy. Assume,
in addition, that

(1) T is point dissipative and Ty is ejective for T in My;

(2) One of the following two conditions holds:

(2a) T™ is compact for some integer ng > 1, or
(2b) Positive orbits of compact subsets of M are bounded;

(3) FEither T is k-condensing or convex k-contracting.

Then T : My — My admits a global attractor Ay, and T has a fized point in Ag.

Proof. By [29, Theorem 2.2] (see also [30, Theorem 1.3.1]), we deduce that T' is
p-uniformly persistent with p(z) = d(z,0Mp). Now Theorem 4.5 completes the proof.
|

We remark that when 0My = {Zs} in Corollary 4.6, we obtain a generalization
of the classical Browder [2] ejective fixed point theorem.

A point e € M is said to be an equilibrium of a continuous-time semiflow ()
on M if ®(t)e = e for all £ > 0. As a consequence of Theorems 4.1 and 4.4 and the
proof of [29, Theorem 2.4] (see also [30, Theorem 1.3.7]), we have the following result
on the existence of equilibrium in My for ®(¢).

THEOREM 4.7. Let ®(t) be a continuous-time semiflow on M with ®(t)(My) C
My for allt > 0. Assume that either ®(t) is k-condensing for each t > 0, or ®(t) is
convex k-contracting for each t > 0, and that ®(t) : My — My has a global attractor
Ag. Then ®(t) has an equilibrium xg € Agp.

In the rest of this section, we establish sufficient conditions for T' to be convex
k-contracting.

LEMMA 4.8. Let M be a closed and convex subset of a Banach space X, and
T : M — M a continuous map which takes bounded sets to bounded sets. Assume
that there exists a sequence of bounded linear operators {Py},~; € L(X,X) such that

(1) For each bounded subset B C M, (Id — P,)T(B) is relatively compact;
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(2) One of the following conditions holds:
(2a) There exists ng > 0 such that P, is compact, and if k € {1,...,ng — 1},
C C M, and (Id— P;)C is compact, then (Id — Py41) T(C) is compact.
(2b) There exists ¢ € (0,1) such that || Pr1T(2)| < ¢||Prx| Vo € M, Vk >
1, and if kK > 1, C C M, and (Id — Py)C is compact, then
(Id — Pry1) T(C) is compact.
Then T is conver k-contracting.
Proof. Let B C M be a bounded subset of M. Since (Id — P;)T(B) is relatively
compact and P; is linear, it follows that

(I — P)eo(T(B)) =eo((I — P)T(B)) is compact,

and (Id — Py)co(T(B)) is compact.

Thus, (Id — Py)eo(T(eo(T(B)))) is compact, and, by induction, (Id — Pyy1)T*(B)
is compact for all k € {1,...,n9 — 1} if 2a) holds, and for all & > 1 if 2b) holds.
If 2a) holds, since P,, is compact, we deduce that T™°(B) is compact, and hence,

n(f"(B)) = 0,Vn > ng. If 2b) holds, then the boundedness of linear operator Py
implies that

sup ||Pwy||= sup ||Piz| < csup |z .
ye€co(T(B)) z€T(B) z€B
Similarly, we have
sip [Pyl = swp [Pl <c sup [[Pua
y€T(T(T(B))) €T (T(B)) zeT(B)

< ¢ sup ||z .
reB

By induction, it follows that

sup || Pyl < ¢* sup [z, vk > 1.
yefk(B) zEB

Let 6 = cFsup,cpall. Since (Id — P,)T*(B) is compact, there exists
T1y e Ty € (Id — Py)T*(B) such that

(Id — P)T*(B) C Ujzr,... ey Bar (25, 0%)
where By (z,0,) = {z € M : |z — zj|| < dx}. Thus, we have
(Id — P,)T*(B) + P,T*(B) C Uj=1. () Bt (5, 20%) -
Since T*(B) C (Id — Py)T*(B) + P, T*(B), it follows that
K(TH(B)) < & ((Id — P)T*(B) + Pkfk(B)) <26, — 0, as k — +oo.

Thus, T is convex k-contracting. 0
We complete this section with an example of convex k-contracting maps.
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EXAMPLE 4.9. Consider T : LY (0,¢) — L4 (0,¢), with ¢ € (1, +oc], defined by

T (¢) (a) = { Yol n e

where A > 0, and x : L% (0,¢) — [0,a] (with 0 < «) is a continuous map. We choose
for each integer k > 1, P : L'(0,¢) — L1(0,¢) the operator defined by

Pk(so)(a)z{ p(a), if a € (0,¢) N (k, +00)

0, otherwise

If ¢ < 400, then (2a) holds. If ¢ = 400 and a < 1, then (2b) holds. Thus, Lemma 4.8
implies that T is convex k-contracting. Note that in this example we need to impose
some additional conditions on y to show that T is k-condensing.

5. Five examples. In this section, we first provide four examples of discrete
and continuous-time semiflows which admit global attractors, but no strong global
attractors in the complete metric spaces (My,dy) introduced in section 3. Then
we give an example showing applicability of Theorem 4.5 in the case of convex k-
contracting map. Our examples are highly motivated by age-structured population
models. We refer to Webb [28], Tannelli [14], and Anita [1] for the classical approach,
and Thieme [25], Magal and Thieme [16] (and references therein) for the integrated
semigroup approach to this class of evolutionary equations.

5.1. Asymptotically smooth semiflows on (Mj,dy). Let C ([0, 1],R) be en-
dowed with the usual norm [l¢[|,, = sup,ejoqyle(a)l. Let M := C;([0,1],R) be
endowed with the metric d(z,y) = || — y||, and T : M — M be defined by

T5(p)
T(p) = 6L 4
(¢) 1+}-( ) [0,1]»
where 1o 1j(a) = 1,Va € [0 1] and fg fo a)da, Vo € X. We assume that
(A1) 6>1,86eC ([0 fo a-Lﬁ()>0,Va€[0,1),andﬁ()—

Consider the followmg dlscrete tlme system on M:
tUnt1 =T (up),¥n >0, and ug € M.

It is easy to see that the map T' is continuous, and maps bounded sets into compact
sets of M. Note that T'(M) C [0,6]1j0,1) = {al[m] fa € [0,5}} is bounded. So T
compact and point dissipative, and has a strong global attractor in M. Set

OMo = {0}, and My = M\ {0}, and p(z) = =]/,

Clearly, T (My) C My, T(0My) C 0My, and the fixed points of T are 0 and ©w =
(0 — 1) 1j,1- Then it is easy to see that for each v € Mo, T™ () — W, as m — +oo.
So T is p-uniformly persistent. Let @ = (6 —1) and B := {x € M : ||z| =a}.
Since 3(1) = 0, we have F3(B) = (0,a]. Moreover, T(B) = {aljg;: a € (0,a]}, and
T™(B) =T(B), Vn > 1. Thus, there exists no compact subset in M that attracts B
for T. In particular, there is no strong global attractor for T : (Mg, dy) — (Mo, dp),
where dj is defined as in (3.2).

Next we consider the continuous-time semiflow {U(t)},5, on M := L (0,1),
which is generated by the following age-structured model -

au(t) + 8(t) u(a)u(t)(a) —Fr (’Lb(t)) U(t)(a)7 ac (07 1) ;
(5.1) (t 0) = Fs (u(?)),
u(0) =¢p € Li (0,1),
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where for each y € L> (0,1), and each ¢ € L' (0,1), F. fo a)da. We
assume that
(A2) B € (0,+00), p € L} [0,1), p > 0, limey- [} p(r)dr = +oo,

fol Bexp (= [y n(s)ds) da > 1, and T'(a) =

1 /1 /S
exp(— w(r) + Aodr)ds,Va € [0,1],
f exp(— [ u(r) + Xodr)ds ( a ) ) 0.1]

where \g > 0 is the unique solution of fol Bexp (= [y nu(s) + Xods) da = 1.
Let {T'(t)};>, be the Cyp-semigroup of bounded linear operators generated by
A:D(A) c L' (0,1) — L' (0,1) with

Ap = —(Zl—(p — e, for all p € D(A)
a
1
D(A) = {so e WhH(0,1) : pp € L' (0,1), and ¢ (0) = / ﬁw(a)da} :
0
Let P: L' (0,1) — L' (0,1) be the bounded linear operator of projection defined by
1
P(¢)(a) = / Ps)p(s)dsx(a), Yo € L' (0,1),
0
where x(a) = avexp (— [3 p(s) + Aods), and

a= </01 I'(s) exp (— /Oa p(s) + )\Ods> ds)

Then PT(t) = T(t)P = P, Vt > 0, there exist § > 0 and M > 1 such that

—1

|(Id — P)T(t)|| < MePo=9t vt > .
Moreover, we have

T(t)x
14 fot Fr(T(s)x)ds

Ut)z = Yt >0,Vz € M.

It is easy to see that for each ¢ € My, U(t)p — Aox, ast — +o0. Since T'(t) is compact
for t > 2, U(t) is compact for ¢t > 2. So {U(t)},5, has a strong global attractors. Set
OMy = {0}, and Mo = M\ {0}, and p(p) = [l 10,1y, Ve € M.

Since T'(t) is irreducible, we have U(t)(0My) C OMy, and U(t)My C My, Vt > 0.

Since U(t)e — Aox, as t — +oo, we deduce that U(t) is p-uniformly persistent. So
U(t) : (My,d) — (My,d) has a global attractor. Let

B:= {so € L1 (0,1) : el 01y = 1}'

Then B is p-strongly bounded. Since I'(1) = 0, we deduce that there exists ¢ > 0 such
that (0,¢] C Fr (B). We further claim that for each ¢ > 0 and ¢y > 0, there exist
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t1 > to and ¢ € B such that [[U(t1)¢ll11(9,1) < €. Indeed, given € > 0 and tg > 0, we
can choose t; > to such that Me= %% < €/2. Then for every ¢ € B, we have

Fr (@) lIxll

1U(t)ell <
{1 _ fr/\i@)} e—Hot1 4 ft\(w)

+¢/2,

0

and hence, by choosing ¢ € B with Fr (¢) small enough, we obtain ||U(t1)¢] < e.
This claim shows that for each to > 0, Uy>¢,U(t)B is not p-strongly bounded. So
there exists no compact set in My that attracts B for U(t). In particular, there exists
no strong global attractor for the semiflow U(t) : (Mo, do) — (Mo, dp), where dy is
defined as in (3.2).

5.2. k-contracting maps on (My,dp). In this subsection, we construct k-
contracting maps on (M, dp) such that they admits a global attractor, but no strong
global attractor.

We set

X = L' ((0,+00) ,R) x R, X = LL ((0,+00),R) x Ry,

and endow X with the product norm [|(¢,y)|| = |||l + |y|. Define 1jp1; € X by
Lio,y(1) = 1, VI € (0,1), and 1j0,5j(I) = 0, VI € [1,00). Let a,b and c be three real
numbers. Define T : X, — X, by T (p,y) = (T1 (p,y) , T2 (p,y)) with
1 L o(l)dl

Ti(p,y) =ap(- +1) + [a Jo ()l +C% Ljo,1)s

T (py) = ay + by
We assume that

(A3) a€(0,1),6>0,¢>0,/a<a+b<l,anda+c>1.
Consider the discrete time system

Tpe1 =T (x,),Vn >0, and xg € X,

It is easy to see that T™ (0,y) — 0, as n — +o00. Clearly, T is not uniformly persistent
for X4 \ {0}. We will find a closed subset M of X such that it contains 0 and is
positively invariant for T, and show that T is uniformly persistent for M \ {0}.
LEMMA 5.1. There exists a non-decreasing and rigth-continuous function f :
Ry — Ry such that f(0) = 0, f(z) > 0,Vx > 0, lim,_ f(x) = 0, and the set
M :={(¢,y) € X+ :y < f(llell)} is positively invariant for T.
Proof. We define F' : R2 — R2 by

T+ o

F = b—=
(z1,22) (aml,axg—i— [pa——

) , Vo = (21,12) € RY.

Then F is non-decreasing on R%. Set
x(t) = (ta+ (1—1),1), Vt € [0,1].
By induction, we define x : Ry — Ri by

x(t)=F(x(t—-1)), Vt € (n,n+1], ¥n > 1.
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Note that x(1); = F(x(0)); and a < 1. Then the function ¢ — x(t); is strictly
decreasing and continuous. Since F'(1,1) < (a,1), the function ¢ — x(t)2 is non-
increasing and left continuous. Moreover, since a +b < 1, we have lim; ;- x(¢) = 0.
We further set

x(t)=(1—t1), Vt € (—00,0].
Since x(t)1 is strictly decreasing in ¢t € R, we can define

_ x(x(@)7 )2, iz >0,
f(x){ 0, i o 0.

It is easy to see that f has the desired properties.

Let D := {(x1,22) € R} : 22 < f(z1)}. Since f is non-decreasing and right-
continuous, it easily follows that D is closed. Now we show that F(D) C D. Let
x = (z1,22) € D, then zo < f(x1). If z; = 0, there is nothing to prove because
F(0) = 0. Assume that z; > 0, then there exists ¢ € R such that x(¢); = 1, and
hence, o < f(x1) = x(t)2. Clearly, x = (z1,22) < x(t), and F(z) < F(x(t)). In the
case where t > 0, we have

X(t+11=F(x(t), =F(z),
and hence,
fF(@)1) = x(t+1)2 = F(x(t)y 2 F (2),,
which implies that F'(z) € D. In the case where ¢ < 0, we have
z1 2 F(x), = F(x(t); =ax(th =a(l —t) 2 a = x(1)1,
and hence, there exists s € [t, 1] such that x(s); = F (z),. It then follows that
f(F(z)1) = x(s)2 = 1> F(x(t)2 > F(x)2,

which implies that F'(z) € D. This proves that F(D) C D.
Finally, we prove that T(M) C M. For any (¢,y) € M, we have (||¢|,y) € D,
and hence, the positive invariance of D for F' implies that F(||¢ll,y)2 < f(F(ell, v)1)-

Note that [|T1(¢,y)| = allell = F(lel,y)1 and Ta(e,y) = F(llelly)2- By the
monotonicity of f, it then follows that

Ta(p,y) = F(llell, )2 < F(E(lell, v)1) < FUT (0, 9)),

which implies that T'(p,y) € M. Thus, M is positively invariant for 7. O
Now we consider T' : M — M, where M is endowed with the usual distance
d(z, %) = ||z — z||. We set

OMo = {0}, Mo =M\{0}, and p(z) = [l

Since T' is the sum of a compact operator and a linear operator with norm being a,
we have & (T(B)) < ak (B) for any bounded set B C M. Thus, T is x-contraction.
Moreover, for each z € M, we have | T'(z)|| < allz| + b+ ¢, and hence

n—1
|77 (@)l] < a” ||z + (Z ) (b+¢), Yn > 1,
=0
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It then follows that B = {m €M : ||| < bt } is positively invariant for T', and

l1-a
attracts every bounded subset of M for T. So T : (M, d) — (M, d) has a strong global
attractor.
Let € > 0 be fixed such that a +

1i5 > 1. We claim that

limsup | T"z| > €, Vo = (¢,y) € M.

n—oo

Assume, by contradiction, that limsup,,_, . ||7"x|| < € for some © = (¢,y) € My. We
set (¢n,yn) = T"x, ¥n > 0. By the definition of M, we have ¢ € L1 ((0,+00),R) \

{0}. Tt then follows that there exists ng > 0 such that fol ©no(1)dl > 0 and

1 1
c
nt1(0)dl > —_— R (D)dl,Yn > ng.
/OQPJFI() <a+1+5>/090() m=ro

Thus, we obtain

1
/ on(l)dl — +00, as n — 400,
0

a contradiction. By Proposition 3.2, we conclude that T is p-uniform persistence.
Since T': (M,d) — (M,d) has a global attractors, it follows from Theorem 3.7 that
T : (My,dy) — (Mo, do) has a global attractor.

To avoid possible confusion, we denote by kg the Kuratowski measure of non-
compactness on the complete metric (Mg, dg). We now consider T : (Mg, dy) —
(Mo, dp). Let € > 0 be fixed such that

<1

b
<d:=
\/a a+1+€

Then for each x € M, we have

[l ] .
1T(@)| = allz] +b > dmin(e, [|z]).
1+ [|l]]
Let B C My be a p-bounded set. We set pg = in}fg p(z). Then for each x € B, we
S
obtain
[l .
1T(x)| = allz] +b > dmin(e, [[z])).
1+ [|l]]

By induction, it follows that
p(T" (z)) > d"min(e,p9), VYn>1, Vo€ B.

Thus, for each =,y € B, we have

0 (P10 = | = gy | 1T )= 0
1 . .
< @rpmay @ -l

3 1 d(T" (), T" (y)),

<t
d?™ min (e, pg)
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and hence,

1
ko(IT"(B)) < | ———— = +1
o (T"(B)) [dQ"min(s,po)Q

1
<a' | +1
d?™ min (57/)0)

# (T7(B))

k(B).

Since d > +/a, we obtain ko (IT™(B)) — 0 as n — +oo. So T : (Mo, do) — (Mo, dp) is
Ko-contracting.

It remains to show that T : (My,dy) — (Mo, do) has no strong global attractor.
Let 6 > 0 be fixed, and consider the p-strongly bounded set

Bs={x e M:p(x)=4}.
For each m > 0, we set 2™ := (¢™,0) with ¢ = 01, ,41], and
an = (et yn) =T (2™), VYn>0.

n -

Then for each m > 1 and each n € {0,...,m — 1}, we have fol e (l)dl = 0, and hence,

yn+1 - yn

{ e () = agl (- + 1) +a [y @ (Ddil ()

Thus, for each m > 1 and each n € {0, ...,mm — 1}, we obtain
|2nka]] < (a+b) [l < (a+b)" 6.

It follows that infyep, p(T" (z)) — 0, as n — +oo. So the kp-contracting map
T : (My,dy) — (My,dp) has a global attractor, but no strong global attractor.

5.3. k-contracting semiflows on (My,dp). In this subsection, we construct
continuous-time k-contracting semiflows on (My, dp) such that they admits a global
attractor, but no strong global attractor.

Let X and X, be defined as in the previous subsection. Consider the following
age-structured model

gu 4 94 — _ju(t,a), t>0,a € (0,00)

_ [ Blayulta)da
(5.2) Z;Efi)o) N h”(“(t)’y(ﬁh)ﬂ(t; y(t)
“a = Y YTty

u(0,.) = ug € LY ((0,400),R), y(0) =yo € Ry.
We assume that

(Ad) p > 0, v € (5,1), B : Ry — Ry is uniformly continuous, bounded,
fooo B(a)e "*da > 1, and there exists a sequence of real numbers {ay},~, C
[0, +00) such that a, < ani1,Yn >0, lim, 4o (@242 — G2nt1) = +00, and

Ba) >0 ac | (amn azni1).
n>0
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For each x € L*™ ((0,+0),R), and each ¢ € L' ((0,+c0),R), we define

+oo
Fylp) = / x(s)p(s)ds.

Let {U(t)},~, be the solution semiflow on X generated by system (5.2), and let
(u(t),y(t)) = U(t)(uo,yo). Then we have the following Volterra formulation of system
(5.2)

| e Hugla—t), ifa>t
ult a) = { e M B(t —a), if a <1,

. Fa(u
with B(t) = %, and for each ¢ Z 0,
dF (u(t)) _ Fp(u(t)
(5.3) { ., (1tu)lt = —nh (U(ft)g ‘(Ft))liféfu(t))ﬂ(t)
A =~y + TR

and

Fp (u(t)) = e [T B(s)uo(s — t)ds

¢ —La Fp(u(t—a))
+ Jo B(s)e ™ i Ty da-

LEMMA 5.2. There exists a continuous and non-decreasing function f : Ry — Ry
such that f(0) =0, f(z) > 0,Vz >0, and the set

M :={(p.y) € X+ 1y < f(llel)}

is positively invariant for {U(t)},~q-
Proof. Let (Z(t), y(t)) be the unique solution on [0, o0) of the following cooperative
system

dx(t) _
= —px(t)
5.4 e e
?iiit — —uy(t) + ’YW}—?—@;U)'

with
(#(0),7(0)) = <Z 1, g T 1> .

Since 2’(0) < 0 and ¥'(0) < 0, (Z(t),y(t)) is non-increasing on some small interval
[0,€]. By the monotonicity of the solution semiflow of system (5.4) on R, it follows

A~

that (Z(t),y(t)) is non-increasing on [0, 00), and (Z(¢),y(¢)) — (0,0) as t — 4o00. Set

Ft) =L +1—t, and y(t):%—kl, Vit € (—00,0].

]
Clearly, Z(t) is strictly decreasing in ¢ € R. Define f : Ry — Ry by

[ 9@ ), ifa>0,
f(o‘)_{ 0, if a = 0.

Then f satisfies the desired properties. Note that the set D := {(z,y) € R% :
y < f(z)} is positively invariant for the solution semiflow of (5.4). By using the
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monotonicity of f and the planar vector field associated with (5.3), one can easily
prove that U(t)M C M, vt > 0. O
Now we consider U(t) : (M,d) — (M, d), where d(x,%) = ||z — Z||. Set

OMy = {0}, Mo = M\ {0}, and p(2) = |je] .

Since 5 : Ry — Ry is uniformly continuous, it follows from [28] that for any bounded
set B C M, we have

k(U(t)B) <e "k (B), Vt=>0.
Let z(t) := F1 (u(t)) + y(¢). Then we obtain

dz(t)
dt

Consequently, U(t) : (M,d) — (M,d) has a strong global attractor.
Let € > 0 be such that

< —pz(t) + (1Ple +7), VE20.

Jy ~ Bla)e™+da
1+e¢

We claim that limsup,_, . [|[U(t)z| > e, V& € My. Assume, by contradiction, that

limsup,_, . [|U(t)z|| < e for some z = (ug,yo) € Mp. Then there exists tyg > 0 such

that ||U(t + to)z|| < &, Vt > 0. By the definition of M, we have ug # 0, and hence,

u(t) # 0, Vt > 0. It follows that u(t + tg) > f(t)u(to),Vt > 0, where {f(t)} . is
t>

the strongly continuous semigroup of bounded linear operators on L' ((0,+c0),R),
which is generated by Ap = —¢’ — pup with

> 1.

+oo
D(4) = {cp € W (0, +00) , B) : 9(0) = 2 51(+)f( )d }

Since u(to) # 0, it follows from [28] that
Jutt + 1)l = || 7 @ uto)|| | — +oo, as t = +ox,

a contradiction. By the continuous-time version of Proposition 3.2, we deduce that
U() : (M,d) — (M,d) is p-uniformly persistent, and hence, U(t) : (My,dy) —
(Mo, dp) has a global attractor (see Theorem 3.7 and Remark 3.10).

We now prove that U(t) : (Mo,do) — (Mo, dp) is ko-contracting. Let € > 0 be
such that p— 12—_:5 < 0. Let B be a p-strongly bounded set of M. We set pg = wlIelg p(x).

For each = € B, if we set z(t) = p (U(t)x),Vt > 0, we then have

dz(t) z(t)
dt 14 2(t)’

> —uz(t) + v vt > 0,

and hence,
p(Ut)z) > e(=11E2)t min (e, p0),Vt > 0.
It then follows that for each x,y € B, we have

do (U (1), U(t)y) < !

() pin (6,P0)2 1| 40 Ulely),
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and hence,
ko (U(t)B) < ! +1|x(U)B)
0 - eQ(—u—‘,—ﬁ)t min (57[)0)2
<e Mt - L +1| k(B).
2=t 7) min (e, po)?
Since p — 17 < 0, we deduce that o (U(t)B) — 0, as t — 4o00. So U(t) : (Mo, do) —

(Mo, dp) 1s /<;0 contracting.
It remains to show that U(t) : (Mo, dy) — (Mo, do) has no strong global attractor.
We fix a real number § > 0 and set

B:={x e M:p(z)=74}.

Let 2™ = (uf,0) with uj =41 1(+), and (u™(t),y"(t)) = U(t)z™, Vt > 0.
Then for each t > 0, we have

l[a2n41,02n41+1

Fp (un (b)) = e [;7 B(s)up (s — t)ds

t - Fp(u™(t—a))
+f0 B(s)e " 1+]—'1(u5(: a))fy ™ (t— a)d

(5.5)

and

[ B(s)ug (s — t)ds = [ B(s + tyug(s)ds
- 6]“2”““ B(s+t)ds = 5ft+a2"“+1 B(s)ds.

agn+1 t+azn+1
Since agy2—a2n4+1 — +00, as n — +00, there exists ny > 0 such that agp2—a2n+1 >
1,¥n > ng. Then we have

+oo
B(s)ug (s —t)ds = 0,Vt € [0,a2n+2 — (azn41 +1)], ¥n > ng.
¢
Since Fp (u"(t)) is a solution of (5. ) we deduce that for each n > ng, and t €
[0, agny2 — (a2n+1 +1)], Fp(u"(t)) = It then follows that z,(t) := [|[U(t)z"|
satisfies z,,(0) = § and

dzn(t)
dt

zn(t)
14 2z,(t)

= —puz,(t) +7 ,Vt € [0, aznt2 — (agnt1 +1)], Vn > ng.

Thus, we have
zn(t) < emHENts it e [0, agnt2 — (agnt1 +1)],

which implies that inf,cp p (U(t)x) — 0, as t — +oo. So U(t) : (Mo, do) — (Mo, do)
has no strong global attractor.
5.4. A periodic age-structured model. In this subsection, we illustrate ap-

plicability of Theorem 4.5 in the case of convex k-contracting maps.
Consider the 1-periodic non-autonomous age structured model

9e 88 = — (e mit, J;7 u(t, Odl)(@)) ult,a), t > 0, a € (0,+00)

5.6 JoFe° B(t,a)u(t,a)da
( ) (t O) 01+f+°0—ta)da

u(0,.) = up € LY ((0,+00),R).

We assume that
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(A5) u > 0 and the following conditions are satisfied:
(a) B:R2 — R, is uniformly continuous, positive, bounded, and t — 3(t, a)
is 1-periodic.
(b) m e C (R2, LY ((0,+00),R)) and the map ¢ — m(t,-) is 1-periodic.
(¢) There exist a bounded and uniformly continuous map B Ry — Ry and
a continuous and bounded map m : Ry — R, such that

ﬂ(tv ) > B()v and m(tv ) < m()’Vt € [07 1} )

and for any a > 0, there exists 7 > a such that B\(r) > (0 and

+oo N ~
(a)e™ Jo ptmdrgg > 1,
0
Let Y = LY ((0,+00),R) and Y, = L% ((0,+00),R), and let {U(t,s)}y<,<, be
the nonautonomous semiflow generated by system (5.6). Set o

M:Y+, (9]\4'0:{0}7 andM0:Y+\{O}.

Then U(t,s)0 =0, and U(t, s)My C My, ¥Vt > s > 0. To look for 1-periodic solution
of system (5.6) in Y \ {0}, it suffices to find a fixed point of T' = U(1,0). By setting
x(t) := F1 (U(t, s)x), we have

dz(t)
dt

x(t)
1 +ax(t)’

< —pa(t) + (|81

which implies that 7" is bounded dissipative on M. Moreover, by using the results in
[28] and assumptions (a) and (b), we obtain

U(t,s) =C(t,s)+ N(t,s),
where C(t, s) is a compact operator, and
IN(E )z < e o] ¥t > s > 0,V € M.

Thus, T is k-contracting in the sense that « (7" (B)) — 0, as n — +oo for any
bounded set B C M. It follows from Theorem 2.9 that T has a strong global attractor
in M. Using assumption (c¢) and comparison arguments, we can further prove that
the fixed point 0 of T is ejective. In order to apply Theorem 4.5, we need to verify
that T is convex k-contracting.

Let V(t,s) = (Vi(t,s),Va(t,s)) be the non-autonomous semiflow on Y, x Y,
which is generated by the following system

Su G — (u (e, [ (w1 + ug) (¢, l)dl)(a)) ui(t,a), a € (0,+00)
Ul(t, 0) = 07
22+ 02 = — (et mlt, [ (w + wa) (K1) (@) ) ua(t, @), a € (0,+0)

_fobe B(t,a) (ur+u2)(t,a)da
uQ(t’ O) - f—&-a f0+°°(u1+u2)(t,a)da
(u1(0,.),u2(0,.)) = (ud,ud) € LY ((0,+00) ,R?).

We define P, : Y — Y by

P, (90) = (pl[n,Jroo)a Vn > 0.
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Then for each n > 0, we have
P T (x) = V1i(1,0) (Pox,(I — Py) ),
and
(I = Puyt) T (2) = Va(1,0) (Puz, (I — P) 7).
Moreover, if B is bounded and (I — P,,) (B) is relatively compact, then
{(I—=Ppt1)T(x): z € B} ={V2(1,0) (Prz,(I — P,)x) : z € B}

is relatively compact. Note that for each x € M, we have

|Par 7@ = Vi (1,0) (Paz, (I — Pa) @) < e | Paall.

By Lemma 4.8, it follows that T is convex x -contracting. Thus, Theorem 4.5 implies
that T has a fixed in My, and hence, system (5.6) admits a nontrivial 1-periodic
solution.

Finally, we remark that the similar approach can be applied to more general
age-structured models.
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