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Landau Equation

Landau equation with unknown f ≡ f (t, v) ≥ 0:

∂t f (t, v)=divv

∫
R3

a(v−w)(∇v−∇w )(f (t, v)f (t,w))dw , v ∈ R3

with the notation:

a(z) := 1
8π∇

2|z | = 1
8π|z|Π(z) , Π(z) := I −

(
z
|z|

)⊗2

Nonconservative form

∂t f (t, v) = (aij ?v f (t, v)) ∂vi∂vj f (t, v) + f (t, v)2

Open question global existence of classical solutions or finite-time
blow-up for the Cauchy problem with f

∣∣
t=0 = fin?
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Semilinear heat equation Finite time blow-up for u ≥ 0 soln of

∂tu = ∆xu + αu2

Hint: Ricatti inequality L̇(t) ≥ −λ0L(t) + αL2(t) satisfied by

L(t) :=

∫
B u(t, x)φ(x)dx∫

B φ(x)dx
with

{
−∆φ = λ0φ , φ > 0 on B

φ
∣∣
∂B

= 0

“Isotropic Landau” global existence of radially symmetric nonin-
creasing soln [Gressman-Krieger-Strain 2012, Gualdani-Guillen 2016]

∂tu = ((−∆)−1u)∆u + αu2

Conditional regularity L∞t Lpk solns with p > 3
2 and k > 5 are L∞t,v

([Silvestre 2017], radial solns [Gualdani-Guillen 2016])
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Villani’s H-Solutions [1RMA1998]

H-solution 0 ≤ f ∈ C ([0,T );D′(R3)) ∩ L1((0,T ); L1
−1(R3)) s.t.∫

R3

 1
v
|v |2

 f (t, v)dv =

∫
R3

 1
v
|v |2

 fin(t, v)dv

∫
R3

f (t, v) ln f (t, v)dv ≤
∫

R3
fin(v) ln fin(v)dv

for a.e. t ≥ 0, and∫
R3

fin(v)φ(0, v)dv +

∫ T

0

∫
R3

f (t, v)∂tφ(t, v)dv

=

∫ T

0

∫
R6

(Φ(t, v)−Φ(t,w))·Π(v−w) (F (∇v−∇w )F ) (t, v ,w)dvdw

with Φ(t, v) := ∇vφ(t, v) , F (t, v ,w) :=
√

f (t,v)f (t,w)
8π|v−w |

Notation ‖g‖p
Lpk

:=

∫
(1+ |v |2)k/2|g(v)|pdv with p ≥ 1 and k ∈ R
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Suitable Solutions

Definition
A (N , q,C ′E )-suitable solution on [0,T )× R3 is an H-solution s.t.

H+(f (t2, ·)|κ) + C ′E

∫ t2

t1

∥∥∥1f (t,v)>κ∇v f (t, v)1/q
∥∥∥2

Lq(R3)
dt

≤ H+(f (t1, ·)|κ) + 2κ
∫ t2

t1

∫
R3

(f (t, v)− κ)+dvdt

for all t1 < t2 ∈ [0,T ) \ N and κ ≥ 1, where

H+(g |κ) :=

∫
R3
κh+

(
g(v)

κ

)
dv , h+(z) := z(ln z)+−(z−1)+
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Partial Regularity in Time

Definition A regular time of f , suitable solution on I ⊂ (0,+∞), is
a time τ ∈ I s.t. f ∈ L∞((τ − ε, τ)× R3) for some ε ∈ (0, τ).
The set of singular (i.e. nonregular) times of f on I is denoted S[f , I ].

Main Thm Let f be a suitable solution to the Landau equation on
[0,T )× R3 for all T > 0 , with initial data fin satisfying∫

R3
(1 + |v |k + | ln fin(v)|)fin(v)dv <∞ for all k > 3

Then
Hausdorff dim S[f , (0,+∞)] ≤ 1

2
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Existence Theory

Prop 1 For all 0 ≤ fin ∈ L1(R3) s.t.∫
R3

(1 + |v |k + | ln fin(v)|)fin(v)dv <∞ for some k > 3

there exists an (N , q,C ′E )-suitable solution f on [0,T ] with initial
data fin and

C ′E ≡ C ′E [T , q, fin] > 0 , q :=
2k

k + 3
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Desvillettes Theorem [JFA2015]

Notation ‖g‖Lpk (RN) :=

(∫
RN

(1 + |v |2)k/2|g(v)|p
)1/p

Thm For each 0 ≤ f ∈ L1
2(R3) s.t. f ln f ∈ L1(R3)∫

R3

|∇
√

f (v)|2dv
(1+|v |2)3/2

≤ CD + CD

∫
R6

|Π(v−w)(∇v−∇w )
√

f (v)f (w)|2
|v−w | dvdw

with

CD ≡ CD

[∫
R3

(1, v , |v |2, | ln f (v)|)f (v)dv

]
> 0

Corollary Let 0 ≤ fin ∈ L1
k(R3)) with k > 2 s.t. fin| ln fin| ∈ L1(R3).

f H-solution s.t. f
∣∣
t=0 = fin =⇒ f ∈ L∞(0,T ; L1

k(R3))
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(Formal) H Theorem

Assuming that f (t, v) > 0 a.e., one has

d

dt

∫
R3

f (t, v) ln f (t, v)dv

= −
∫

R6

f (t,v)f (t,w)
16π|v−w |

∣∣∣Π(v−w)
(
∇v f (t,v)
f (t,v) −

∇w f (t,w)
f (t,w)

)∣∣∣2 dvdw
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(Formal) Truncated H Theorem

One has
d

dt
H+(f (t, ·)|κ)

+

∫
f (t,v)f (t,w)
16π|v−w |

∣∣∣Π(v−w)
(
1f (t,v)>κ∇v f (t,v)

f (t,v) − 1f (t,w)>κ∇w f (t,w)

f (t,w)

)∣∣∣2dvdw︸ ︷︷ ︸
D1

=−
∫
f (t, v)f (t,w)a(v−w):∇v (ln f (t,v)

κ )+⊗∇w (ln f (t,w)
κ )−dvdw

=−
∫
a(v−w) :∇v f (t, v)1f (t,v)≥κ ⊗∇w f (t,w)1f (t,w)<κdvdw

=

∫
− divv (divw a(v−w))︸ ︷︷ ︸
≥0 ( in fact =δ(v−w) )

(f (t, v)−κ)+(κ−(f (t,w)−κ)−)dvdw

≤ κ
∫

(f (t, v)− κ)+dv︸ ︷︷ ︸
depleted NL
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Sketch of the Proof of Prop 1

•Replace a with its truncated variant

an(z) = 1
8π ( 1
|z| ∧ n)Π(z) , satisfying div(div an) ≥ 0

•Use the Desvillettes theorem to bound

1
C ′′D

∫
R3

|∇v

√
f (t,v)|2

(1+|v |)3 1f (t,v)>κdv ≤ D1 +

∫
R3

(f (t,w)− κ)+dw

•Using the Desvillettes corollary with p′ = 2/q (recall q ∈ (1, 2))∥∥∥1f (t,v)>κ∇v f (t, v)1/q
∥∥∥q
Lq(R3)

≤ ( 2
q )q‖f (t, ·)‖Lp3p/2p′ (R3)

(∫
R3

|∇v

√
f (t,v)|21f (t,v)≥κ

(1+|v |2)3/2
dv

)1/p′
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The 1st De Giorgi Type Lemma

Prop 2 Let f be a (N , q,C ′E )–suitable solution to the Landau equa-
tion for t ∈ [0, 1] with C ′E > 0 and q ∈ (6

5 , 2)

Then there exists η0 ≡ η0[q,C ′E ] > 0 s.t.∫ 1

1/8
H+(f (t, ·)|12)dt < η0 =⇒ f (t, v) ≤ 2 a.e. on [1

2 , 1]× R3
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Proof of Prop 2

Set{
tk := 1

2 −
1
4 · 2

−k , κk := (1 + (21/q − 1)(1− 2−k))q

f +
k (t, v) := µ((f (t, v)1/q − κ1/q

k )+) with µ(r) := min(r , r2)

and observe that

chµ(r) ≤ h+(r) ≤ Cι(r − 1)ι+

Consider the quantity

Ak := ess sup
tk≤t≤1

ch
2

∫
R3

f +
k (t, v)qdv

+ 1
4C
′
E

∫ 1

tk

(∫
R3
|∇v f

+
k (t, v)|qdv

)2/q

dt
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De Giorgi Nonlinearization [Mem. Accad. Sci. Torino 1957]

•Observe first that

f +
k+1 > 0 =⇒ f +

k > µ((21/q − 1) · 2−k−1)

so that Ak+1 ≤ Cq,ι4(k+3)q(1+ι)

∫ 1

tk

∫
R3
f +
k (θ, v)q(1+ι)dvdθ

•Using the Hölder inequality + Sobolev embedding with ι = 2
3

Ak+1 ≤ MΛkAβk , β := 8
3 −

2
q > 1 and Λ := 2 · 4

5q
3

with M ≡ M[q,C ′E ] > 0, so that

A0 < M−
1

β−1 Λ
− 1

(β−1)2 =⇒ Ak → 0 as k → +∞

•Control A0 by truncated entropy + conclude by Fatou’s lemma
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The Improved De Giorgi Type Lemma

Prop 3 Let f be a (N , q,C ′E )-suitable solution to the Landau equa-
tion on [0, 1] with q ∈ (4

3 , 2). There exists η1 ≡ η1[q,C ′E ] > 0 and
δ1 ∈ (0, 1) such that

lim
ε→0+

εγ−3
∫ 1

1−εγ

∥∥∥1f (T ,V )>ε−γ∇V f (T ,V )
1
q

∥∥∥2

Lq(R3)
dT < η1

=⇒ f ∈ L∞((1− δ1, 1)× R3)

with γ := 5q−6
2q−2 .
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Proof of Prop 3: (a) Scaling

•2-parameter group of invariance scaling transfo. for the Landau eq.:

fλ,ε(t, v) := λf (λt, εv)

•let f be a (N , q,C ′E )-suitable solution on [0, 1], with λ = εγ

H+(fλ,ε(t, ·)|εγκ) = εγ−3H+(f (εγt, ·)|εγκ)∫ t2

t1

∫
(fλ,ε(t, v)−εγκ)+dvdt =

1
ε3

∫ εγt2

εγt1

∫
f (T ,V )−κ)+dVdT

while γ := 5q−6
2q−2 implies that∫ t2

t1

(∫
|1fλ,ε≥εγκ∇v f

1
q

λ,ε(t, v)|qdv
)2/q

dt

= εγ−3
∫ εγt2

εγt1

(∫
|1f≥κ∇v f

1
q (T ,V )|qdV

)2/q

dT
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•Set

fn(t, v) := εγnf (1 + εγn(t − 1), εnv) with εn := 2−n

Fn(t, v) := µ((fn(t, v)1/q − 1)+) ,

∫
Fn(t, v)dv ≤ εγ−3

n

•Observe that fn is a (Nn, q,C
′
E )-suitable solution of the Landau eq.

on [0, 1] with

Nn := {t ≥ 0 s.t. 1 + εγn(t − 1) ∈ N}

Key point: the constant C ′E is unchanged by the scaling
•There exists N large enough so that

n ≥ N =⇒
∫ 1

0

(∫
|∇vFn(t, v)|qdv

)2/q

dt

≤ 4εγ−3
n

∫ 1

1−εγn

(∫
|1f≥ε−γn

∇V f (T ,V )1/q|qdV
)2/q

dT < 8η1
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Proof of Prop 3: (b) Iteration

•Use the Hölder inequality + Sobolev inequality as in the proof of
Prop 2, isolating the term ‖∇vFn+1‖L2

t L
q
v

= O(η1) shows that

Xm := ess sup
1
2<t<1

∫
FN+m(t, v)qdv

satisfies

Xm+1 < ρ(max(1,Xm)α + max(1,Xm−1)α) , X0,X1 ≤ M

with α := q/3 , ρ := D(q)η
q/2
1 , M :=2(N+3)(3−γ)

•With η1 small so that ρ < 1
2 , an easy induction shows that

X2m,X2m+1 ≤max

(
2ρ, (2ρ)

1−αm
1−α Mαm

)
=⇒ Xm0<2D(q)η

q
2
1 �1

•Hence fN+m0+3 satisfies the assumption in Prop 2, q.e.d.
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Proof of Main Thm

•By Prop 1, fin launches a (N , q,C ′E ) suitable solution with a con-
stant C ′E [T , fin, q] for each q ∈ (1, 2)
•If τ ∈ S[f , [1, 2]], apply Prop 3 to fτ (t, v) := f (t + τ − 1, v); for
each q ∈ (4

3 , 2), there exists ε(τ) ∈ (0, 1
2) s.t.∫ τ

τ−ε(τ)γ

(∫
|∇v (f (t, v)1/q − 1)+|qdv

)2/q

dt ≥ 1
2η1ε(τ)3−γ

•By Vitali’s covering thm, there is a sequence τj ∈ S[f , [1, 2]] s.t.

S[f , [1, 2]] ⊂
⋃
j≥1

(τj − 5ε(τj)γ , τ + 5ε(τj)γ)

(τj − ε(τj)γ , τ + ε(τj)
γ) pairwise disjoint
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•Then

1
2η1

∑
j≥1

ε(τj)
3−γ ≤

∑
j≥1

∫ τj

τj−ε(τj )γ
. . .

≤
∫ 2

0

(∫
|∇v (f (t, v)1/q − 1)+|qdv

)2/q

dt <∞

•Since γ = 5q−6
2q−2 , one has 3−γ

γ = q
5q−6 , and the inequality above

proves that

H
q

5q−6 (S[f , [1, 2]]) <∞ for each q ∈ (4
3 , 2)
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Final Remarks/Perspectives

•The Desvillettes theorem puts the Landau equation in the same
class as 3d Navier-Stokes in terms of Lebesgue exponents — except
for the (1 + |v |)−3 weight

Navier-Stokes u ∈ L∞t L2
x , ∇xu ∈ L2

tL
2
x

Landau
√
f ∈ L∞t L2

v , ∇v

√
f ∩ L2

tL
2
−3

•This suggests that a partial regularity theorem in (t, v) à la Caffarelli-
Kohn-Nirenberg [CPAM 1982]+Vasseur [NoDEA 2007] might be
within reach

•For 3d Navier-Stokes the set of singular times is of H1/2-measure 0;
likewise Caffarelli-Kohn-Nirenberg prove that the the set of singular
(t, x) is of H1-measure 0; for the Landau equation we do not know
whether H1/2(S[f , (0,T )]) <∞
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