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Landau Equation

Landau equation with unknown f = f(t,v) > 0:

O:f(t, v):divv/ a(v—w)(V, =V )(f(t,v)f(t,w))dw, veER3
R3

with the notation:

Nonconservative form

Ocf(t,v) = (aj »v f(t,v)) Ovia\,jf(t, v) + f(t, v)2

Open question global existence of classical solutions or finite-time
blow-up for the Cauchy problem with f|,_, = fi,?
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Semilinear heat equation Finite time blow-up for v > 0 soln of

Oru = Ayu + au?

Hint: Ricatti inequality L(t) > —\oL(t) + «L?(t) satisfied by

o fB u(t, x)¢(x)dx wi —Ap=Xop, ¢>0o0nB
L(t) := T o(x)dx th {¢|83 )

“Isotropic Landau” global existence of radially symmetric nonin-
creasing soln [Gressman-Krieger-Strain 2012, Gualdani-Guillen 2016]
O = ((—A)ru)Au + au?

Conditional regularity L2°L} solns with p > % and k > 5 are LY,
([Silvestre 2017], radial solns [Gualdani-Guillen 2016])
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Villani's H-Solutions [IRMA1998]

H-solution 0 < f € C([0, T); D'(R%)) N L}((0, T); LL,(RY)) s.t.
1

/R3 (‘:/2) f(t,v)dv = /R3 (\:1/2) fin(t, v)dv

/R3 f(t,v)Inf(t,v)dv < /R3 fin(v) In fin(v)dv

fora.e. t >0, and

.

Notation g7, := /(1+ [v[?)*/2|g(v)|Pdv with p > 1 and k € R
k

.
/ £ (V) (0, v)dv + / F(t, )0 (2, v)dv
R3 0 R3
)
/RG(CD(L‘7 v)—=o(t,w))-NM(v—w) (F(V,—Vu)F)(t, v, w)dvdw

with ¢(t7 V) = Vv¢(t7 V) ) F(i‘7 v, W) = f(t.v)f(tw)

87|v—w]|
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Suitable Solutions

Definition
A (N, q, Cf)-suitable solution on [0, T) x R? is an H-solution s.t.

He(F(t2. ) + Ck / )

< Hy(f(t1,-) +2/~e/ / (t,v) L dvdt
R3

forall ty <t € [0, T)\ N and k > 1, where

Lr(tv)>w Vv f(t, v l/qH dt

Hgle) = [ on (B ) v, i) i= 2nz). (21
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Partial Regularity in Time

Definition A regular time of f, suitable solution on | C (0, +00), is
atimer € /st feL®(r—e7)xR3) for some e € (0,7).
The set of singular (i.e. nonregular) times of f on [ is denoted S|[f, /].

Main Thm Let f be a suitable solution to the Landau equation on
[0, T) x R3 for all T >0, with initial data f;, satisfying

/ 1+ v+ ]Infin(v))fin(v)dv < 0o forall k >3
R3

Then
Hausdorff dim S[f, (0, +00)] < 3
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Existence Theory

Prop 1 For all 0 < f, € L}(R3) s.t.

/ (1 + vk +[Infis(V)])fin(v)dv < 0o for some k > 3
R3

there exists an (N, g, Cg)-suitable solution f on [0, T] with initial
data f;, and

C/EEC,E[T7q7fIn]>Oa q ="
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Desvillettes Theorem [JFA2015]

1/p
Notation [|g|| prn) = (/ (1+ |V|2)k/2|g(v)|p>
k RN

Thm For each 0 < f € L3(R3) s.t. fInf € L}(R3)

/ V/FO)Pdy CD+CD/ IN(v—w)(Vy—Vw)/F(V)F(w)|? dvdw
R3

VP72 = s =

with

Cp=Cp [/R3(1, v, [v]?, [ In f(V))F(v)dv| >0

Corollary Let 0 < f;, € L}(R3?)) with k > 2 s.t. fi| In f;| € LY(R3).

f H-solution s.t. f|,_ = fi, = f € L0, T; Li(R®))
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(Formal) H Theorem

Assuming that f(t,v) > 0 a.e., one has

% o f(t,v)Inf(t,v)dv
_ [ fev)few) V(L) Vuf(tw)) |2
- /R6 167|v—w| ‘n )( f(t,v) f(t,w) )‘ dvdw
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(Formal) Truncated H Theorem

One has
d
H.(f(t,-
S H(F(t)IK)
F(tv)F(tw Liensn Vo (V) L) V(W)Y |2
+/ g.t67r|)v(—tw|)‘n(v_w)( f(’);(tyv) — )?(t,w) ) dvdw

Dy

:_/f(t, VF(E w)a(v—w) Y, (In FEDY . 0w, (In FE9)) gy

K K

:—/a(v—w):vvf(t, V)]-f(t,v)ZH ® wa(t7 W)lf(t,w)</4dVdW

:/— div, (divy a(v—w))(f(t,v)—k)+(k—(f(t,w)—k)_)dvdw
>0 ( in fact =6(v—w))

< Ii/(f(t, v) — k)4 dv
depleted NL
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Sketch of the Proof of Prop 1

eReplace a with its truncated variant

an(z) = & (|Z| AmM(z), satisfying div(diva,) >0

eUse the Desvillettes theorem to bound

[F(tv)[?
Cl,,/ Vv /F(E, V)] l,c(t7v)>,idv < Dy + / (f(t, W) — /4{/)+dW
R3

ATV .

eUsing the Desvillettes corollary with p’ = 2/q (recall g € (1,2))

Hlf t,v >nv f(t, V)l/q

L9(R3)

1/p
VoS F(t,V)[“Lfe,v)>
< QA ) (/ e Rl o d)

3p/2p/
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The 1st De Giorgi Type Lemma

Prop 2 Let f be a (VV, g, Cg)-suitable solution to the Landau equa-
tion for t € [0,1] with C£ >0 and g € (£,2)
Then there exists g = no[q, C£] > 0 s.t.

1
/ Hi(f(t,)|3)dt <mo = f(t,v) <2 ae. on[3 1] xR?
1/8
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Proof of Prop 2

Set
k= (1+ (2Y9 —1)(1—275))¢

1/q) with (r) := min(r, )

RE(Ev) = p((F(E )Y — k%))

and observe that
L

cap(r) < hy(r) < G(r—1)%

Consider the quantity

Ay :=esssup 7 fH(t, v)9dv

th<t<1 R3

1 2/q
+1Cg/k (/ IV (e, v)|qdv> dt
t R3
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De Giorgi Nonlinearization [Mem. Accad. Sci. Torino 1957]

eObserve first that

fii1 >0 = £ > p((2Y9-1). 271

1
so that Ay 1 < Cg 430+ / ) /R ] £ (0, v)93) dvdd
t

eUsing the Holder inequality + Sobolev embedding with « = %

Acs1 SMAAY, fi=8-2>Tand \:=2-4%

with M = M[q, C£] > 0, so that

1 1 _
Ag < M™FTA -2 — A, — 0as k — +o00

eControl A by truncated entropy + conclude by Fatou's lemma
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The Improved De Giorgi Type Lemma

Prop 3 Let f be a (N, g, Cg)-suitable solution to the Landau equa-
tion on [0,1] with g € (5,2). There exists n1 = m[g, Cf] > 0 and
91 € (0,1) such that

2

1
lim 6%3/1 e(r,vyser VVI(T, V)% T <m

e—07T —€eY

d
L9(R3)
— feL>®((1-61,1) xR3)

with v = gg—:g.
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Proof of Prop 3: (a) Scaling

e2-parameter group of invariance scaling transfo. for the Landau eq.:

fre(t, v) := Af(At,ev)

elet f be a (N, q, C¢)-suitable solution on [0, 1], with A = €”
Hy (fae(t, )\67 ) = P HL(F(Et, )€ 7k)

eVt
/ / (fe(t,v)—€'K)fdvdt = / (T,V)—k);dVdT
€Tty

implies that

t2 1 2/q
/ </ llfA,EEEWKVVf):e(L V)’qdv> dt
t1

tr 1 2/‘7
:e”/ </1f2,,vvqu(T, V)yqdv> dT
ety
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eSet
fa(t,v) = elf(14+€l(t —1),epv)  with e, :=27"

Fa(t,v) i= pu((fa(t, V)V = 1)), / Fa(t, v)dv < €173

eObserve that f, is a (N, g, C£)-suitable solution of the Landau eq.
on [0, 1] with

Np={t>0st. 1+€l(t—1)eN}

Key point: the constant C is unchanged by the scaling
eThere exists N large enough so that

2/q
n>N:/</|VF tv)|qdv> dt

2/q
< 443/ (/\1f>“vvf(r V)l/qqdv> dT < 8
1—¢,
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Proof of Prop 3: (b) Iteration

eUse the Holder inequality + Sobolev inequality as in the proof of
Prop 2, isolating the term ||V Foi1l 2.9 = O(n1) shows that

Xm = esssup/ Fnim(t, v)dv

1
§<t<1

satisfies
Xm+1 < p(max(1, Xm)® + max(1, Xm—1)*), Xo,X1 <M
with o :=q/3,  p:= D(q)n?? M :=2(N+3)(3-7)

)

eWith 77 small so that p < % an easy induction shows that

1—a™ m g
Xom Xomi 1 gmax<2p, (2p)F55 Mo ) s X <2D(q)i <1

eHence fym,+3 satisfies the assumption in Prop 2, q.e.d.
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Proof of Main Thm

eBy Prop 1, fi, launches a (N, q, Cf) suitable solution with a con-

stant CL[T, fin, q] for each g € (1,2)

olf 7 € S[f,[1,2]], apply Prop 3 to f.(t,v) := f(t + 7 — 1, v); for
4 . 1

each g € (3,2), there exists (1) € (0, 5) s.t.

’ 2/q
/ () </ IV (F(t,v)Y9 — 1)+!qdv) dt > Lipe(r)*

eBy Vitali's covering thm, there is a sequence 7; € S[f, [1,2]] s.t.

S[f, [1,2]] | J(7j — Be(7;)", 7 + Be(7;))
Jj>1

(1 — €e(13)7, 7 + €(75)7) pairwise disjoint
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eThen

27712 (7)°" ”<Z/ (
—e(7;)7

j>1 j>1
2/q
S/ </ IV (F(t,v)Y9 — 1)+]qdv> dt < oo
0
eSince v = %, one has 3_77 = Tq—& and the inequality above

proves that

7—[5<7q—6(S[f, [1,2]]) < oo for each q € (5,2)
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Final Remarks/Perspectives

eThe Desvillettes theorem puts the Landau equation in the same
class as 3d Navier-Stokes in terms of Lebesgue exponents — except

for the (1 + |v|)~3 weight
Navier-Stokes uelLel?, Vaue 212
Landau Viel®l?, v, /fnl?1?,

e This suggests that a partial regularity theorem in (t, v) a la Caffarelli-
Kohn-Nirenberg [CPAM 1982]+Vasseur [NoDEA 2007] might be

within reach
eFor 3d Navier-Stokes the set of singular times is of H1/2_measure 0:

likewise Caffarelli-Kohn-Nirenberg prove that the the set of singular
(t,x) is of H1-measure 0; for the Landau equation we do not know

whether H/2(S[f, (0, T)]) < oo
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