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Symplectic and orthogonal bundles

@ We work over C.

@ Let V be a vector bundle of rank 2n over an algebraic curve C.
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Symplectic and orthogonal bundles

o We work over C.
@ Let V be a vector bundle of rank 2n over an algebraic curve C.

e If V admits a nondegenerate anti-symmetric(symmetric) 2-form
w: VeV —=0Oc,

then V is called a symplectic(orthogonal) bundle.
@ From the induced isomorphism V 2 V'V, we have deg(V) = 0.
(In the symplectic case, det(V) = O¢.)
@ Rank 2 case:
—Every vector bundle V' with det(V) = Oc¢ is a symplectic bundle.
—Every orthogonal bundle V' with det(V) = O¢ is isom. to L& LY.
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Moduli spaces

@ Assume 2n >4 and g > 2.
MS¢(2n): moduli of symplectic bundles of rank 2n over C

Insong Choe Minimal rational curves on the moduli spaces| 3/12



Moduli spaces

@ Assume 2n >4 and g > 2.
MS¢(2n): moduli of symplectic bundles of rank 2n over C

MOc¢(2n): the component of the moduli of orthogonal bundles V
with det(V) = O¢ containing [OE?"].
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Moduli spaces

@ Assume 2n >4 and g > 2.
MSc(2n): moduli of symplectic bundles of rank 2n over C

MOc¢(2n): the component of the moduli of orthogonal bundles V
with det(V) = O¢ containing [OE?"].

@ A symplectic/orthogonal bundle V is stable(semistable)

<~ u(E) (<) u(V) for every isotropic subbundle E C V.
<
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Moduli spaces

@ Assume 2n >4 and g > 2.
MSc(2n): moduli of symplectic bundles of rank 2n over C

MO¢(2n): the component of the moduli of orthogonal bundles V
with det(V) = Oc containing [022"].

@ A symplectic/orthogonal bundle V is stable(semistable)

<~ (E) (<) w(V) for every isotropic subbundle E C V.
<

@ A subbundle E C V is called isotropic if w|gge = 0.
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Moduli spaces

@ Assume 2n >4 and g > 2.
MSc(2n): moduli of symplectic bundles of rank 2n over C
MO¢(2n): the component of the moduli of orthogonal bundles V
with det(V) = Oc containing [022"].

@ A symplectic/orthogonal bundle V is stable(semistable)

<~ (E) (<) w(V) for every isotropic subbundle E C V.
<

@ A subbundle E C V is called isotropic if w|gge = 0.

@ There is a (injective) forgetful morphism

MSC(Qn), MOC(2n) — SUC(Qn).
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Vector bundle case

o Let M = SUc(m) be the moduli space of semistable vector bundles
of rank m with trivial determinant. (Assume g > 2).
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Vector bundle case
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of rank m with trivial determinant. (Assume g > 2).

@ For m > 2, M is a Fano variety of Picard number 1 and covered by
rational curves called Hecke curves.
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@ (Xiaotao Sun) Hecke curves have minimal degree among the rational
curves passing through a general point of M.
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Vector bundle case

o Let M = SUc(m) be the moduli space of semistable vector bundles
of rank m with trivial determinant. (Assume g > 2).

@ For m > 2, M is a Fano variety of Picard number 1 and covered by
rational curves called Hecke curves.

@ (Xiaotao Sun) Hecke curves have minimal degree among the rational
curves passing through a general point of M.

@ Many applications of Hecke curves to study the geometry of M:

non-abelian Torelli theorem for M, structure of Aut(M),
deformation rigidity of M, stability of the associated bundles, ...
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Hecke curves on M = SUc(m) [J.-M. Hwang]
@ Given a point [Vp] € M, choose pu € P(V|,)Y 22 P™! and define V# by
0 VF Vo B C,—0
whose restriction to the fiber at x gives the sequence:

0— Hy — V¥|x — V0|Xﬂ>C—>O.
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@ Choose a 2-dim’l subspace v C V#|, containing Hy. Then

v e P((V*])/Ho) = P™ 2 and P(v) = {H}ep.
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@ Given a point [Vp] € M, choose pu € P(V|,)Y 22 P™! and define V# by
0 VF Vo B C,—0
whose restriction to the fiber at x gives the sequence:

0— Hy — V¥|x — V0|Xﬁ>(C—>O.

@ Choose a 2-dim’l subspace v C V#|, containing Hy. Then

v e P((V*])/Ho) = P™ 2 and P(v) = {H}ep.

@ For each t € P!, define V; by the extension 0 — V* — V; — C, — 0
such that ker[V#|, — V¢|x] = H:.
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Hecke curves on M = SUc(m) [J.-M. Hwang]
@ Given a point [Vp] € M, choose uu € P(V|,)" =2 P™1 and define V* by
0 VF Vo B C,—0
whose restriction to the fiber at x gives the sequence:

0— Hy — V¥|x — V0|Xﬁ>(C—>O.

@ Choose a 2-dim’l subspace v C V#|, containing Hy. Then

v e P((V*])/Ho) = P™ 2 and P(v) = {H}ep.

@ For each t € P!, define V; by the extension 0 — V* — V; — C, — 0
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@ ~ get Hecke curve C* = {V; : t € P(v) 2 P} through V.
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Hecke curves on M = SUc(m) [J.-M. Hwang]
@ Given a point [Vp] € M, choose uu € P(V|,)" =2 P™1 and define V* by
0 VF Vo B C,—0
whose restriction to the fiber at x gives the sequence:

0— Hy — V¥|x — V0|X$(C%0.

@ Choose a 2-dim’l subspace v C V#|, containing Hy. Then

v e P((V*])/Ho) = P™ 2 and P(v) = {H}ep.

For each t € P!, define V; by the extension 0 — V* — V; — C, — 0
such that ker[V#|, — V¢|x] = H:.

@ ~ get Hecke curve C* = {V; : t € P(v) 2 P} through V.

Hecke curves C*¥ through [Vp] are parameterized by v lying over p.
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Overview on the results (with K. Chung and S. Lee)

e Construction of “Hecke curves” on MSc¢(2n) and MO¢(2n).

—The Hecke curves on MSc¢(2n) are special type of C*'s on M.
—But the Hecke curves on MO¢(2n) have degree = 2deg(CH").
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Overview on the results (with K. Chung and S. Lee)

e Construction of “Hecke curves” on MSc¢(2n) and MO¢(2n).

—The Hecke curves on MSc¢(2n) are special type of C*’'s on M.
—But the Hecke curves on MO¢(2n) have degree = 2deg(CH").

@ Hecke curves on MS¢(2n) and MOc¢(2n) have minimal degree
among the rational curves passing through a general point.

@ Applications:

—non-abelian Torelli theorem for MS¢(2n) and MO¢(2n)
—description of Aut(MSc¢(2n)) and Aut(MO¢(2n)).
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Hecke curves on MO¢(2n)
@ Given a point [(Vo,wp)], choose A € IG(2, Vo|x) and define V” by
0— VM= Vo —= (Volx)/At®@Cy = 0
whose restriction to the fiber at x gives the sequence:

0 — Ho(=C?) = VM| — Volx — C* = 0.
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0— VM= Vo —= (Volx)/At®@Cy = 0
whose restriction to the fiber at x gives the sequence:

0 — Ho(=C?) = VM| — Volx — C* = 0.

@ Then V" inherits a symmetric form w” which degenerates at x such that

Ho C ker(w"|x) = C*.
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Hecke curves on MO¢(2n)
@ Given a point [(Vo,wp)], choose A € IG(2, Vo|x) and define V” by
0— VM= Vo —= (Volx)/At®@Cy = 0
whose restriction to the fiber at x gives the sequence:

0 — Ho(=C?) = VM| — Volx — C* = 0.

@ Then V" inherits a symmetric form w” which degenerates at x such that

Ho C ker(w"|x) = C*.
@ For each 2-dim'l subspace H C V"|X, we get a vector bundle Vy:
0= VN5 Vy = (C)*2 =0

with H = ker[V, — Vi«
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Hecke curves on MO¢(2n)
@ Given a point [(Vo,wp)], choose A € IG(2, Vo|x) and define V” by
0— VM= Vo —= (Volx)/At®@Cy = 0
whose restriction to the fiber at x gives the sequence:

0 — Ho(2 C?) — VN, — Volx — C* — 0.

@ Then V" inherits a symmetric form w” which degenerates at x such that

Ho C ker(w"|x) = C*.

@ For each 2-dim'l subspace H C VA|X, we get a vector bundle Vy:
0= VN5 Vy = (C)*2 =0
with H = ker[V, — Vi«

@ Lemma Vjy has an orthogonal form < H € IG(2, ker(w"|)).
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Hecke curves on MO¢(2n)

o It is well-known that /G(2, ker(w"|y)) = IG(2,4) = P LU P!,

o = £ DA
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Hecke curves on MO¢(2n)

o It is well-known that /G(2, ker(w"|y)) = IG(2,4) = P LU P!,
@ For each t € IG(2, ker(w'|\)) representing H; C ker(w"|,), define V; by

0= VM= V= (C)¥2 =0

such that ker[V7|, — V;|«] = H:.
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@ For each t € IG(2, ker(w'|\)) representing H; C ker(w"|,), define V; by
0= VM= V= (C)¥2 =0

such that ker[V7|, — V;|] = H;.

@ By the above Lemma, V;'s are orthogonal bundles. In particular for t =0,
we get back Vo € MOc¢(2n).
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Hecke curves on MO¢(2n)

o It is well-known that /G(2, ker(w"|y)) = IG(2,4) = P LU P!,
@ For each t € IG(2, ker(w'|\)) representing H; C ker(w"|,), define V; by
0= VM= V= (C)¥2 =0
such that ker[V7|, — V;|] = H;.

@ By the above Lemma, V;'s are orthogonal bundles. In particular for t =0,
we get back Vo € MOc¢(2n).

@ ~ for the component P! containing 0, we get orthogonal Hecke curve
CN = {(V,w;) : t € Pt C IG(2,4)} passing through Vj.
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Hecke curves on MO¢(2n)

o It is well-known that /G(2, ker(w"|y)) = IG(2,4) = P LU P!,
@ For each t € IG(2, ker(w"|4)) representing H; C ker(w’|;), define V; by

0= VM= V= (C)¥2 =0

such that ker[V7|, — V;|] = H;.

@ By the above Lemma, V;'s are orthogonal bundles. In particular for t =0,
we get back Vo € MOc¢(2n).

@ ~ for the component P! containing 0, we get orthogonal Hecke curve
CN = {(V,w;) : t € Pt C IG(2,4)} passing through Vj.

@ Orthogonal Hecke curves C" through [(Vo,wo)] € MOc¢(2n) are
parameterized by A € IG(2, Vo|x) = IG(2,2n).
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Degree of Hecke curves

For the computation of the degree of P! C MSc(2n) and MO¢(2n),
we basically follow X. Sun's approach for P! ¢ M.
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Degree of Hecke curves

For the computation of the degree of P! C MSc(2n) and MO¢(2n),
we basically follow X. Sun’s approach for P! C M.

A rational curve P! C M gives a vector bundle V — P! x C.
Its degree is computed by using the relative Harder—Narasimhan filtration

0=&CcéE C---CéE=V

which restricts to the H-N filtration of V|p1, (.} for a general x € C.
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Degree of Hecke curves

For the computation of the degree of P! C MSc(2n) and MO¢(2n),
we basically follow X. Sun's approach for P! ¢ M.

A rational curve P! C M gives a vector bundle V — P! x C.
Its degree is computed by using the relative Harder—Narasimhan filtration

0:80C51C"'C5kzv

which restricts to the H-N filtration of V|p1, (.} for a general x € C.

Lemma The above filtration for P! € MSc(2n) and MO¢(2n) is symmetric
about the middle:

0=ECEC--CECE CEL C---EFC&F =V,

where &1,&,, ..., & are isotropic.
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Degree of Hecke curves

For the computation of the degree of P! C MSc(2n) and MO¢(2n),
we basically follow X. Sun's approach for P! ¢ M.

A rational curve P! C M gives a vector bundle V — P! x C.
Its degree is computed by using the relative Harder—Narasimhan filtration

OZSQC(‘:]C"'Cgk:V
which restricts to the H-N filtration of V|p1, (.} for a general x € C.

Lemma The above filtration for P! € MSc(2n) and MO¢(2n) is symmetric
about the middle:

0=ECEC--CECE CEL C---EFC&F =V,

where &1,&,, ..., & are isotropic.

Therefore, we may compute the degree of P! by the degrees of isotropic
subbundles, which are “controllable” in the symplectic/orthogonal setting.
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Non-abelian Torelli theorem

For two applications below, we need further to show:
Lemma The symplectic / orthogonal Hecke curves passing through a

general point [V] of MS¢(2n) / MO¢(2n) are effectively parameterized
by P(V) / /G(2. V) (under a suitable assumption on g(C)).
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Non-abelian Torelli theorem

For two applications below, we need further to show:

Lemma The symplectic / orthogonal Hecke curves passing through a
general point [V] of MS¢(2n) / MO¢(2n) are effectively parameterized
by P(V) / IG(2. V) (under a suitable assumption on g(C)).

Theorem Under the above assumption on g(C),

MOc(2n) 2 MOc(2n) = C= c.

Proof An isom. ¢ of moduli spaces induces an isom. of parameter spaces
of minimal rational curves: P(V) = P(¢(V)) or IG(2,V) = IG(2,¢(V)).
Since these are rational fibrations over C and C’ respectively, C = C'.
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Automorphisms of the moduli spaces

There are two sources of the automorphisms of MS¢(2n) and MO¢(2n):
@ automorphism ¢ € Aut(C)

e 2-torsion point L € Pic%(C): if V € MSc(2n), then sois V @ L,
since
(Vel)=2VvWelV=2VeL.
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Automorphisms of the moduli spaces

There are two sources of the automorphisms of MSc¢(2n) and MO¢(2n):
@ automorphism ¢ € Aut(C)
e 2-torsion point L € Pic%(C): if V € MSc(2n), then sois V @ L,
since

(Vol)V2WelV2Vel

Theorem Under the above assumption on g(C), the automorphism groups
of MSc¢(2n) and MO¢(2n) are generated by these two sources.

Proof An automorphism 7 € Aut(MS¢(2n)) induces an isomorphism
7 :P(V) =2 P(7(V)). By composing with an o € Aut(C), we may assume
that 7 preserves the fibers. Then 7(V) = V ® L for some L € Pic®(C).
Specializing V to the trivial symplectic bundle (’)632”, we get [2 22 Oc.
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More general context

@ For a line bundle L over C, an L-valued symplectic/orthogonal bundle
is a vector bundle V of rank 2n equipped with a
symplectic/orthogonal form w:V ® V — L.

From V = VYV @ L, we get det(V) = n deg(L).

@ An L-valued orthogonal bundle V satisfies (det V)? = [?", but
det V 22 L" in general. Together with the 2nd Stiefel-Whitney class
wa( V), the class ¢ (V) produces several components of MO¢(2n, L).

(Ex: MO¢(2n) is the component of MO¢(2n,O¢) with wo = 0.)

@ We may also consider the orthogonal bundles of odd rank.

The discussions for minimal rational curves on MS¢(2n) and MO¢(2n)
also works for MSc¢(2n, L) and MOc¢(n, L) in general.
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