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The Bhatnagar-Gross-Krook (BGK, in short) model

Of +v-Vif = @(f) =v(M—1f),

where

) =60 (i) o (" eri”)

with

n(x, t) := /R3 f(x,v,t)dv, U(x,t):= /R vf(x, v, t)dv,

T(x,t): 3knxt/’v U(x, t)[2f(x, v, t)dv.

This model is a good approximation for the Boltzmann equation.
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Conservation of mass, momentum and energy

/ (M—=Ff)(1,v,|v)dv=0 = / f(1,v,|v|?)dvdx : conserved.
R3 RS

Hence BGK model is a reasonable, low-cost approximation to the
Boltzmann equation:

Otf + v - Vif = Q(f,f)
= / (F(wHf(v*) = f(w)f(v))o(w.w — v, |w — v|)||w — v| dwdw,
R3xS?2
where

vVii=Ev4+(w—v) ww, wii=w+((v—w) ww.
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The Boltzmann equation for chemical reaction
Consider the following chemical reaction for molecules A’ (i=1,2,3,4):
Al + A2 = A3+ AN
The Boltzmann equation reads as [Rossani-Spiga (1999)]
Ofi +v - Vifi =i+ J;,

where

4

b= / dw / VI (V, - Q) [fi(vi)fi(wi) — fi(v)fi(w)]dS

=1

and

Ji _/ U(V—en) VIEA(V, QQ’)[(Zz) f(v1)fa(wi)—fi (v) o (w)]dwd <2,
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Given constants

@ m;: the mass for each species with M = my + my = m3 + my

o ujj = ”':;mrqu (i,j =1,2,3,4) denote the reduced mass

@ E;: the energy of chemical bond with AE = — Zj}:l AiEj, where we
denote A\ = Ao = —A\3 = -\ = 1.
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Macroscopic fields

(a) Single component macroscopic fields:
p(i) = m;n(i) =m fidv,
R3
p(i) Ul .= m;/ vfidv,
R3
30T = / v — UDPfdv.
R3

(b) Global macroscopic fields:

4 4 4
. . 1 N
n:Zn(I)’ pzzp(l)7 UZ_ZP(I)U(I)7
i=1 i=1 P
4 1A
- i i i )2 2
nkT_;n()kT()+§;p()(|U()| —[U]?).
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Modeling setup

Consider the BGK-type equation

Ocfi + v - Vifi = Qi := vi(M; — 1)

3/2 2
o (mi _ milv - Uil®
M= ”’(%kT,-) eXp( KT, >

Goal: Define the following terms ‘reasonably:
e nj, Uand T; (i=1,2,3,4)
o v (i=1,234)

with
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Key idea

Consider the Boltzmann equation for the chemical reaction, constructed in
[Rossani-Spiga (1999)]:

O¢fi + v - Vxfi = I; + J; := mechanical 4+ chemical collision operator.

Idea: Define n;, U; and T; (i = 1,2,3,4) so that they satisfy

/Q;dV://;dV+/JidV, /m;vQ;dv:/m;vl;dv+/m;vJ;dv,

P vRrQidv = [ Zhy)2, UAWED
/2|v| Qidv /2|v| l,dv+/ 2|v| Jidv.

This extends the method in [Andries-Aoki-Perthame (2002)], in which a

BGK-type model for a mixture of gases (without chemical reaction) was
derived.
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Exchange relations of the mechanical collision operator

For some given constants x;;, we have
4 .. . - . .
/l,-dv =0, /m,-vl,-dv = 2ZXUMUH(’)H(J)(U(J) — U(’)),

Jj=1

4 ..
miy e W G0 T
/2 v| /,dv_6kj_zlxumi+mjn V(T T()
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Exchange relations of the chemical collision operator
With

2 3 AE myimy \ ¥/?
— 34 S 2 a3 (2 AE/KT _ (1) 5(2)
S = 12\/_|'(2, kT)[n n ( ) 2) e nn\el

we compute
/J,-dv = )\,'S, /m,'VJ,'dV = )\,-Sm,-U,

/ v| Jdv_)\S[ m;|UJ?

3 M —m; _(AE/kT)32eRE/KT 1 _ X\, M —m;
+ kT + kT - AE]|.
2 M rG.%F 2. M

Here (s, x) := fxoo ts~le~tdt is the upper incomplete gamma function.
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Exchange relations of the BGK operator

Now, from
/Q,-dv = vi(nj — n), /m;vQ;dv = vimi(n;U; — nD U),

M 20.dv = v [ 2 kTs — 2nOkTD 4 Ll U2 — L@ y)2
/2|v| Q,dv_y,[zn,kT, ST D 4 Zmim U2 = S min|U |},

we can define n;, U; and T; (i = 1,2,3,4) so that they satisfy

/QidV:/l,'dV—l—/J,'dv, /m;vQ;dv:/m,-v/,-dv+/m,-vJ,-dv,

M u2Qidv = [ T2, UAWER
/2|v| Qidv /2|v| /,dv+/ 2|v| Jidv.
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Collision frequencies

For given constants vj; > ¥, we define

4
; 2 3 AE
= W)+ (2,22 )030@,
a2 (2’ kT
4
2 3 AE
_ 04 2r(3 25,0
"2 ;”21” T E (2’ KT
4 2
()
y3_2y3jn + I'( ,
= JT kT
4
2 3 AE
— ()
V4_ZV4J" +—r(—,
= v \2' kT
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Problem
Consider the stationary problem in a slab

8f
8x

subject to the boundary data:

(M ) on [0,1] xR3, (i=1,2,3,4) (3)

fi(0,v) = fi(v),on vi >0, f£(1,v)="fir(v),on v <0,

Definition

(A1, f2, 3, fa) is a mild solution for (3) if for each i = 1,2, 3,4, we have

1 X _ 1%,
T|V1|/ e 7'|V1|fy V'(Z)dzl/,'M,'dy)lvl>0
0

1 L B2
T|V1|/ e T\Vl\fx U’(Z)dzl/,'M,'dy)lvl<0.
X

fi = (e_fﬁmfoXVi(Y)d)’ﬁ,L(v)_i_

1 .
N (e—f,lvl, vy e ) 4
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Main theorem
Denote the norm || - ||L% by Hf||L% = Jgs [F (6, V)[(1 + |v[?)dv.

Suppose f; R, ﬁf;,LR € LY(R3). And suppose futher that for j = 2,3

/ f","[_\/jdVQdV3 :/ f;',RdeV2dV3 = 0.
R2 R?

Then there exist two constants €, L > 0, depending only on the boundary
data, such that if e > 133 >0 and 7 > L, then there exists a unique mild

solution (f1, f2, f3, fa) for (3).

The proof uses Banach fixed point argument, with the metric

4
d(F,G) =" sup |Ifi— gills-

i—1 x€[0,1]
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Reactive temperatures can be negative

Proposition

For any given positive constants mj, X, vjj, Vg and AE (i,j = 1,2,3,4),
we can choose macroscopic parameters n() > 0, U() € R3 and T() >0
(i =1,2,3,4) such that the corresponding reactive temperature T3 is
negative.

Sketch of proof: Take
A =p@ =p@ =p® =5>0 vV =yu® =B =y® =y,
TO=TA=T7® =250 and T® =p>0.
Then we have

V3
lim lim —n3T3 —00.
eNO0n\o0 €
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A property of the incomplete gamma function

For any 0 < x < 0o, we have the following inequality:

Vxe 1

r(ivx)

For the left inequality, we employ the identity

MNs+1,x)=sl(s,x)+x°¢>, s>0

to obtain

(o) -

For the right inequality, we use

1 * 1 L/t 1
F(,X) :/ e_tdt</ ie_tdt: F<3,X>.
2 « Vt X x \2
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Modeling setup

Consider the BGK-type equation

Ocfi + v - Vi = Q= 1;(M; — £,)

— ) .\ 3/2 1y (712
M,;:ﬁ'< m’ﬂ) exp(—M)
2wk T 2kT

Goal: Define the following terms ‘reasonably:
o /i (i=1,2,3,4), Uand T
o 7 (i=1,2,3,4)

with
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Conservation laws

The seven conservation laws
/(QI + Qj)dv = 07 (’a./) = (1a3)7 (174)7 (274)a
4 ; 4 1 y
> [ mvGiav o, > [GmivE + E)aidy =0

leads to the seven equations

Z?:l D;m,-n(") U(’)

() /\.é~_(1) =234, (=
n; n‘’/ + ’Di(nl n )7 1 59y Ty Zj}:lﬁimin(i)

T =

Sk iy oinl)
Once iy is determined, the other terms are automatically determined.
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Mass action law

The mass action law

&~ 12
iy _ (B (E
Fisfia (#34> P kf)

yields the following definition. A is the unique root of the equation in x:

3
2

D134 i1x[pn@) + i1 (x — n(D)] o _ ut :
10 [73nB3) — Dy (x — n)][F4n®) — Dy (x — n(D)] o\

(4)
where the function F(x) is defined as
by 50 [Smi(UOR — [01) + 3kTO] + AE (x - ')

F(x) = —
%kZ?:l p;n(7)
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Well-definedness

LHS of (4) is strictly increasing in the domain defined by the constraint of
positivity for Ai; (i =1,2,3,4) and T, i.e.,

x>0, X>n<1>_?n<2>, x<n® B0 a4 B @
141 Vl Vl

3 H
X>n 7 g vin [ U U| )+ 2k7 .

The range of LHS of (4) for the above domain is (0, 00). Hence
(1=1,2,3,4) and T are well-defined, and their positivity are guaranteed.
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Collision frequencies

For given constants v;;s and vi2 e set
ij 34

134\ 32

n =+ (1) e

j=1
p Z < 34) 32 —AE/KT, 12 (1)
2 = sz e U34n 5
3 = Z 1/3jn(j) + V%fn(‘l),

j=1

4
Uy = Z V4J-n(j) + 1/3lfn(3).

j=1
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Problem
Consider the stationary problem in a slab

ofi Ui (o 3 (i
BB () o ®, =125

subject to the boundary data:

fi(0,v) = fi(v),on vi >0, f£i(1,v)="fir(v),on v <0,

Definition

(A, f2, 3, fa) is a mild solution for (5) if for each i = 1,2,3,4, we have

1 xg 1 Xl Xpz)dz .
fi—= (e vl Jo ’(y)dyfi’L(v) AL / e Tlvl fy i I/,'M,'dy) 1v1>0
0

T|V1|

__1rip 1 R A
+ (e .,-|vl|fx ’(y)dyf;-,R(V)—f— / e """l‘fxy i(2)d ﬂiMidy)1v1<O-

T|vs|
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Main theorem

Suppose fi | r, Lf,',/_R € L3(R3). And suppose futher that for j = 2,3

[vi]

/ f;'7[_\/_,'dV2dV3 :/ fi’RdeV2dV3 =0.
R2 R2

Then there exists a constant L > 0, depending only on the boundary data,
such that if T > L, then there exists a unique mild solution (f1, f2, f3, fa)

for (5).

Again, the proof uses Banach fixed point argument.
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Upper and lower bounds for the BGK-parameters

Note that
(2
where
Fxy,um.c8(2) = log M3l;4 + log z + log(pax2 + p11z — n1y1)
— log(m3y3 — 1z + my1) — log(nays — paz + my1)
BAEY

)

4
3% pixi | 3mi(B7) + 3kos| + AE(maz —my)
i=1

and
n= (021234, ¥ = (7i)i=1234, T = (TD)iz123.4,
V= (U0 = 0P)iz1234.
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Upper and lower bounds for the BGK-parameters

For fixed z, the function (x,y, p,n, &, B) — Fxy un.a,8(2) is decreasing
in x;, i, o, |Bil (i =1,2,3,4), and increasing in y;,n; (i = 1,2,3,4).
Hence the function G : (R;)?® x R* — R, defined as

3 112
G(x7y7“7777 7/3) XYIJ"% 7ﬂ< lo <M;4)>

is decreasing in x;, i, o, |Bi| (i =1,2,3,4), and increasing in y;, n;
(i=1,2,3,4). Therefore, we obtain

0< G(M nm oM pm TM VM) < = G(n,n, 0,0, T,V)
< G(I"Im, nM’ Vm’ I/M, Tm’ 0)
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Modeling setup

Consider the BGK-type equation

Ocfi +v - Vi = QM+ QF == MM} -

MmN m
P\ omkTr ) P

with

and

2nkT

fi) + v (MF = 1)

ilv— Uf?

2kT* )

, .\ 3/2 v — (12
ME = ﬁ’( mi ) em(—M)
2kT

Goal: Define the following terms ‘reasonably’:
o Ur, TH,vM (i=1,2,3,4)
o A, U, T, vE (i=1,2,3,4)
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Mechanical collision operator

Given symmetric non-positive matrix L* = (L}) having 0 as a simple
eigenvalue, we set

U= (Uy,...,Us)T :=U+ N1 </ + VLM(L*)T> N(U — U)

1
T =T — —
3nk

2

‘ (/ + ViM(L*)T> N(U — U)

where U = (U, U, U, U)7, U = (UM, ..., U®)T and
N = diag(v/pD, ..., /p®). For vM > ||(L*)T||, we have T* > 0.

2
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Characterization of the mechanical collision operator

Theorem [Brull-Pavan-Schneider (2012)]

(M,M),-:l,2,374 is a unique solution to the minimization problem

4
argmingeK(f) Z/(gi log gi — gi)dv,
i=1

where K(g) is a set of some admissible class of functions f, including the
conservation of mass, momentum and energy.
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Chemical collision operator

We define f;, U, T the same way as in the Groppi-Rjasanow-Spiga model.

For a given constant 3, we set

c 2 |_<3 AE) @

o 2" kT
2 3 AE
c_ 2 (1)
Y2 = a2 r<2 kT) !
3/2
€ 2 M_ / GAE/KT 34F<3 AE) (4)
T or 27 kT ’
3/2
,C_ 2 M_ /eAE/kT 34,—(3 AE) 3)
YV \u 2" kT
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Thank you
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