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Introduction Power-law non-Newtonian system

Stokes type non-Newtonian system

—-V-.-o+u-Vu+Vp=H (1.1)
V-u=0. (1.2)
BC: u=0 on 9Qx(0,T) (1.3)

o u=(u',u? u®)": unknown velocity
@ p: uinknown pressure

o f given external force

@ o = (o)) shear stress;

oj = W) 2D;(u),  D(u) = L(Du+ (Du)")
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Introduction Review of Incompressible Fluids

Motivation

(a) Shear thickening fluid (oobleck) (b) Shear thinning fluid (whipped cream)

Figure: Movie for non-Newtonian Fluids
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Introduction Review of Incompressible Fluids

Nonsteady Incompressible Fluids

u;+ (u-Viju—dive + Vp =1,

divu =0,
IC: u|—o=a,
BC : U’ag =0.

a : given initial data
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Introduction Review of Incompressible Fluids

Two type of power-law models

o = 2|D|972D, (1.4)

o = (o + p1|D|77?)D, (1.5)

@ For uy = 0 or g = 2, Navier-Stokes equations.
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Introduction Review of Incompressible Fluids

Two type of power-law models

o = 2|D|972D, (1.4)

o = (o + p1|D|77?)D, (1.5)

@ the non-Newtonian fluids: nonlinear relation between the shear
stress and the strain rate
— some fluids such as ketchup, starch, blood
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Introduction Review of Incompressible Fluids

Two type of power-law models

o = 2|D|972D, (1.4)

o = (o + p1|D|77?)D, (1.5)

@ The case g > 2 describes dilatant (shear thickening) fluids whose
viscosity increases with the rate of shear. (movie (a))

H.-O.Bae (Ajou University) Steady Shear Thickening Fluid IBM, Bordeaux, France-Korea 7/63



Introduction Review of Incompressible Fluids

Two type of power-law models

o = 2|D|972D, (1.4)

o = (o + p1|D|77?)D, (1.5)

@ pseudo-plastic (shear thinning) fluids correspond to the case
1 < g < 2, where viscosity decreases with increasing rate of
shear. (movie (b))
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Introduction Review of Incompressible Fluids

Newtonian for up > 0, uy =0,
Rabinowitsch for po, 14 > 0, and g = 4,
Smagorinsky for pg, 1 >0, and g=3,n=3
Ellis for po, 1 >0, and g > 2,
Ostwald-de Waele  for up =0, uq >0, and g > 1,
\Bingham for po, 04 >0, and g = 1.

o paper pulp py = 0.418, g = 1.575
o carboxymethyl cellulose(CMC) in water uq = 0.194, g = 1.566.
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Introduction Review of Incompressible Fluids

Newtonian Fluid

Dilatant Fluid
Shesr Thickening

Shear Rate (s”)

Pseudoplastic Fluid
(Shear Thinning

Bingham Plastic

Shear Stress (1)

Figure: non-Newtonian fluids (From Wikipedia...)
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Introduction

Review of Incompressible Fluids

Non-Newtonian, viscoelastic properties

Kelvin Parallel” li -
. . Material ara’e _|nearstlc . ) ) .
iscoelastic combination of elastic ome lubricants, whipped cream, Silly Putty
Vi last Maxwell binat f elasti S lub ts, whipped Silly Putt
material and viscous effects
Apparent viscosity
Rheopecty increases with printer ink, gypsum paste
Time duration of stress
Yogurt, xanthan gum solutions, aqueous iron oxide gels,
dependent Apparent viscosity gelatin gels, pectin gels, synovial fluid, hydrogenated cas-
viscosity Trixotropic decreases with tor oil, some clays (bentonite, montmorillonite), carbon black
duration of stress suspension in molten tire rubber, some drilling muds, many
paints, many floc suspensions, many colloidal suspensions
shear Apparent viscosity
thickening increases with Suspensions of corn starch in water(oobleck), sand in water
(dilatant) increased stress
Time shear Apparent viscosity nail polish, whipped cream, ketchup, molasses, syrups, paper
independent thinning decreases with pulp in water, latex paint, ice, blood, some silicone oils, some
(pseudoplastic) | increased stress silicone coatings
viscosity R Viscosity is constant.
generalized
Newtonian Stresshdepends_ on normal blood plazma, custard, water
fluids and shear strain (ates alnd
also pressure applied on it

(from Wikipedia)
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Introduction Review of Incompressible Fluids

COMMENTS

o Similar models:

2 2
Tj = (1o + 11| D) 922y (1.6)

Tj = (uo + 1|D) 72D,
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Introduction Review of Incompressible Fluids

COMMENTS

o Similar models:

2 2
Tj = (1o + 11| D) 922y (1.6)

Tj = (uo + 1|D) 72D,

o p-Laplacian equations
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Introduction Review of Incompressible Fluids

COMMENTS

o Similar models:

2)/2
7-Ij_(ﬂ0+/.l1’D| )(q /D,j

Tj = (uo + 1|D) 72D,

o p-Laplacian equations
o Korns’ inequality
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Introduction Review of Incompressible Fluids

COMMENTS

o Similar models:

2 2
Tj = (1o + 11| D) 922y (1.6)

i = (o + m11D)) 972D,

o p-Laplacian equations
o Korns’ inequality
o asymptotic behaviors forg > 2, g=2and g < 2.
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Introduction Known Facts

Periodic Domain

@ Existence of space-periodic weak solution for g > 1 if n=2 and
qg>¢gifn=a3.
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Introduction Known Facts

Periodic Domain

@ Existence of space-periodic weak solution for g > 1 if n=2 and
qg>¢gifn=a3.

@ Space-periodic weak solution is strong and unique for g > 1 if
n=2andforq> 4 ifn=3.
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Introduction Known Facts

Periodic Domain

@ Existence of space-periodic weak solution for g > 1 if n =2 and
qg>¢gifn=a3.

@ Space-periodic weak solution is strong and unique for g > 1 if
n=2andforq> 4 ifn=3.

@ Existence of space-periodic strong solution for small data is
known for g > 3 if n = 3.
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Introduction Known Facts

No Slip BC

@ With no slip BC, the existence of weak solution forg > 1if n=2
andg>gifn=3
(Wolf 2007, Diening,Ruzicka,Wolf 2010)

There are not many results for the of non-Newtonian fluid of the form
(1.4).

o Short time regularity : Berselli (g < 2), Wolf-B. (g > 2)
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Introduction Known Facts

No Slip BC

@ With no slip BC, the existence of weak solution forg > 1if n=2
andg>gifn=3
(Wolf 2007, Diening,Ruzicka,Wolf 2010)

@ Weak solution is strong for g > % if n= 3 for (1.5).

There are not many results for the of non-Newtonian fluid of the form
(1.4).

o Short time regularity : Berselli (g < 2), Wolf-B. (g > 2)
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Introduction Known Facts

Steady Case

Apushkinskaya, Bildhauer, Fuchs (2005) C'-« regularity for (1.6) when
Q€ R?.
Beirao da Veiga (2009) boundary regularity for (1.5)

Steady Stokes type shear thickening viscosity flow: Wolf-B. (2015),
Boundary Holder regularity
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Main Result Definitions of Weak and Strong Solutions

Co,(9) : the space of all solenoidal smooth vector fields in R3 having
its support in .

L5(Q), W(°(Q) : usual Sobolev spaces

L5(Q) = completion of Cg",(Q2) in L5(Q2),
Wgﬁ(ﬂ) = completion of Cg_,(Q2) in Wé’S(Q) with ||V ul|s
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Main Result Definitions of Weak and Strong Solutions

Definition 2.1

1, , ,
Letf e L'(Q). ue Wy, (Q) a weak solution of (1.1)1.3), if

/lD(u)]qu(u)  D(p)dx — U U: Vi = /f pdx Ve CX(Q).
Q Q

(2.1)

v

Definition 2.2

Weak solution (u, p) € VAVJ) : () x LZ)’C(Q) is called a strong solution if

oj € WS(Q), Dip € L5(Q) for some s > 1.

H.-O.Bae (Ajou University) Steady Shear Thickening Fluid IBM, Bordeaux, France-Korea 18/63



Main Result Main Theorem
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Main Result Main Theorem

Main Theorem |

Assume 2 < g < 3. Let f € L39/(49-8)(Q) n W9 (Q). Then for every
weak solution u W;:g(ﬂ) to (1.1)—(1.3) there holds

JD17 PPl + DD 72 )ok < o1 + 7). (22
[ (105017 +D5pI + (Dl D)|/2)7) (x5 A 1)k < (1t + [F72),
Q

(2.3)

(a > 1), where

1/9'
1A= (11 o+ 1) -
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Main Result Main Theorem

Main Theorem Il

In addition, we have
Vu el®(Q) V1<s< 5?q, (2.4)
s 29 ..
Dsojj, D3p €L°(Q2) v1<s< 3 (i,j=1,2,3). (2.5)

In particular, we conclude that (u, p) is a strong solution to (1.1)—(1.3)
and Hélder continuous,

— 6
Y < 1- =
UEC(SZ) v 0 v < 5

by Morrey’s inequality.
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Main Result Main Theorem

IDEA of Proof of Main Theorem

Approximate Equation by adding c¢A

_)

Tangential Derivative Estimation

+ Normal Derivative Estimation with Weights near Boundary

+ Weighted Estimate near boundary (Proposition 3.2)
=
Boundary regularity

+ Morrey’s inequality
%
Hélder continuity
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Weighted Sobolev Embedding
Weighted Inequality

Lemma 3.1

Letw € C([0,1]) be a positive function with
w=t e L} ([0,1]) N L5 ,((0,1]).
Then for all f € C'([0,1]) with f(1) = 0, we have

]f(x)|§(/)(1w_1dy>s1'(/)(1ws‘1|f’|sdy); wx e (0,1).  (3.1)

4
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Weighted Sobolev Embedding
Weighted Sobolev space

B/ = B/(Xo) =
Uy == Bl x (.
U = B; x (0,r)

{(x1,%2) € R2| (X1 — X0,1)? + (X2 — X0.2)? < r?}
r

)

WIA(UF5w) = {6 € WEZ(UT U @UY): 119llyr2 ey < o
¢‘8UOR+ - 0}

1

2
16l 20wy = IVl + ([ lenPutaloy)
U+
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Weighted Sobolev Embedding

Proposition 3.2

Letw € C([0,1]) be a weight function such thatw=" € L'(0,1).

Then, the space Wr1’2(U+; w®) Is continuously embedded into
1 2(38—0) ( U+ ) .
In addition,

2—«
/ 2B dy < C( / ‘V’s:!zdy) / [oy P (ya)dy  (3:2)
U+ Ut

U+

for all o € Wh2(Ut;w®).

Later, for the main proof, we take ¢ = |Du|g.
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Weighted Sobolev Embedding
Pressure Estimate

Theorem 3.3 (Wolf-B. 2015)

Let Q C R" be a bounded Lipschitz domain. Letw € Ay. Let
gi,p € LY (w) (i,j=1,...,n), such that

n
ij=1"% &

Then, the following estimate holds true

IP = Palir @) < o9l
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Weighted Sobolev Embedding

For pressure estimates, we need the following lemma.
Lemma 3.4

Let A c LS(UF; RO, f e L5(U;";R%) and p € LS(U;") with Jus PAx =0
(1 < s < o0) such that

U+A:V<p—f-<pdx:/u+pdivcpdx Ve e WIS (Uf).  (3.3)

Then there exists ¢; > 0, such thatVt € [max{1, s%}, s],

/ lp|Sdx < 01/ ]A|de+c1r3+s‘3ts(/ |f|tdx)t. (3.4)
uf (e uf

v
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Weighted Sobolev Embedding

Lemma 3.5

Assume that DyA € LS(U;;R®) for k € {1,2}.
Then Dxp € LS(Uy) forall0 < p <.
Furthermore, there holds

|, °1Dkpio < cz [ (6%IDAIE + S| + ol11%)ce

4ot (/ |f|fdx) t (3.5)
U

V¢ € C°(Uy) suchthat0 < ¢ <1 and|V¢| < cr='inU,.
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Main Proof: Gradient estimates of stress near boundary

Main Proof Starts |

Approximate system

u, p weak solution, Xp € 002

We estimate tangential and normal derivatives of |D(u€)|g of the stress
o and the pressure p.

V-w.ny=0 in U, (4.1a)
~V.-oN 4 Vp.y=—Uy-V(Uy+w.pn)+Ff in Uf,  (41b)

W,y =0 on AU}, (4.1c)

where
0N = 2:D(u. ) + | D(u.n)|92D(u. v), (4.2)

u.n:=Uy+w,p,

IBM, Bordeaux, France-Korea 29/63
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Main Proof: Gradient estimates of stress near boundary

Main Proof Starts Il

Approximate system

Uy mollification of u
1 ~
Un() = s [ 6N - y)dy.

u: zero-extension of u
Uy is zero on the boundary x3 =0

Existence, Uniqueness guaranteed by the monotone operator theory
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Main Proof: Gradient estimates of stress near boundary

Let u. € Wé:j(Q).

cut-off functions:
¢ € CP(Uay): 0 < ¢p<1and|Ve| < cr'in Uy
n e W'>=(0,2r) with n(0) = 0
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Main Proof: Gradient estimates of stress near boundary

Tangential derivative

Test function — Dy (¢Dyu. n), k = 1,2,

2: [ 6(0ID(Deu )0

+ [ SOOI )Pyt )

Z/ Djp(x Dka” (X)DkuEN(x)dx

ij=1
-4-2/+ D;(x) Dk n(X) Dxul y(x)dx
i=1 U2r
+ /U , Outon() - Dot ()

+ /u;,(UN - Ve n(x)) - Dic(é(x) Dy n(x)) dx

=h+hk+h+l,
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Main Proof: Gradient estimates of stress near boundary

Normal derivative

Test function ¢(x)n(x3) D3 Dsu. n(X)

/u (2e + |D(uz )| T 2)(x)n(x3)| D(Dauc )|
2r

2 3
< =33 [, Detnte)Deo M (D5l y(x)dx
= i=1 7Yy
2 3
ZZ/ (D36 (x)n(x3) + (x)n’ (xa)) Dy M (x)Dsu. y(x)ax
2

/ D;¢(x)n(x3)Dap= n(x)Daul. y(x)dx

S [, (Pa(x3n() + 60311 (40)) D WD
i=1 2r

= [ @t} n(x) - oDt n(x)d
Uzr

+/ o(xX)n(x3)(Un - Vu_ n(X)) - D3D3u. n(x)dx
U2r

=l +l+ b+l + 05+ g

(4.3)
.Bae (Ajou University)
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Main Proof: Gradient estimates of stress near boundary Estimation of tangential derivatives

Outline

e Main Proof: Gradient estimates of stress near boundary
@ Estimation of tangential derivatives
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Main Proof: Gradient estimates of stress near boundary Estimation of tangential derivatives

Vo n(x) = |D(u. n)(x)|2

|Dier®N| < 2¢[D(Detic )] + (q = 1)[D(us= )2 D(Diur- ), (44)
2
(DVe)? < - |D(u- )| 2 D(Diurz ) P, (4.5)

4
Dyo=N : D(Dku. ) > 2¢|D(Dyu. n)| + ?(Dk Ven)?

Mnle) = [ (EAT A+ T+ (917 1)
r (Xo
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Main Proof: Gradient estimates of stress near boundary Estimation of tangential derivatives

I < %/ 9|V Dyt n|?dx
U+

2r

1
g ] CD@W )P ID(Deu P -+ oM n(2r)
U2!

Applying (3.5) in Lemma 3.5
with A=o°N s=¢, t= 63%’(,, ¢ = ¢91, replacing f by f — Uy - Vu, p,
=

/ <q|kaa,N|q/dX < C/ (<q|Dko.s,N‘q’ + |o.s,N|q’ + |f|q’
ug, ug,
6—g

/ 3g—3
+(qUN-Vu€,N|q)dx+c(/ (|UN||Vu€,N|)63qqu> !
U,
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Main Proof: Gradient estimates of stress near boundary Estimation of tangential derivatives

Holder’s inequality, Sobolev-Poincaré inequality, Young’s inequality
=

I < %/ <q|v0ku5,,v|2dx+j-1/ C9D(u. ) [9-2|D(Dytr. ) 20
u; u;

+
2r

+ C&‘ME,N(ZI’)Z/q + CME7N(2I') + / Cq|UN . VuE,N|‘7' ax

+ C||VUN||Zq(U2+r)HVUE’Nqu(UZ)’

k< / (|Dxu-nl?+ IVF|9)dx < M. n(2r),
+

2r

I < c/ C9|UN|? | Dy n|9 dx + c/ 9|V Un| [Vu. n[Pdx + M. n(2r)
U, U,
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Main Proof: Gradient estimates of stress near boundary Estimation of tangential derivatives

Estimates of 1, b, I3, Iy =

- [ cIvDwndc [ coID(u. )T ?D(Dt ) e
2r 2r
< o(=M. (2?7 + M. n(2r))
c [ CUDUN [Tu-nl? + CTIUNTTunl
2r

+ CHVUN”LQ([ﬁ ”VUE NHLq Uty (4.6)

K.n(2r) = (M. (2?7 + M. n(2r))

+/ IV UN| [Vuen? + ¢ UN| [Vue |7 dx
U+

+ ||VUN||LL7(U+ Hvua N”Lq Uty
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Main Proof: Gradient estimates of stress near boundary Estimation of tangential derivatives

Estimate (4.6) yields

/ CUDV.nRdx < cKon(2r),  (47)
U
/ C9Dko*N|T + (DT Ox < cKon(2r),  (4.8)
U
[, €D+ IDep Vil < oKon(2r)  (49)

2r
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Main Proof: Gradient estimates of stress near boundary Estimation of derivative in normal direction y3

Outline

e Main Proof: Gradient estimates of stress near boundary

@ Estimation of derivative in normal direction y3
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Main Proof: Gradient estimates of stress near boundary Estimation of derivative in normal direction y3

Normal Gradient |

Let r > 1fixed.
Into (4.3) we put ¢ = (9, ¢ € C3°(U>,) cut-off

< / , €000 D(Daut ()
/ CI0x)n(x3) | D(ue ) (X)| 92| D(Dsti, ) (x) 20 + cMs p(27)

(4.9) =

o < c(1+ [[n'] o) Ken(2r)

H.-O.Bae (Ajou University) Steady Shear Thickening Fluid IBM, Bordeaux, France-Korea 41/63



Main Proof: Gradient estimates of stress near boundary Estimation of derivative in normal direction y3

Normal Gradient |l

Third equation of (4.1b) =

2 2
=33 [ a6t (0DG0n(36) D) Datt )

j=1 i=1

2
+3 [ @t 0)DCx)nle) Doy () Dot ()
i=1 2r

2
£ [ ac D) (x)Datt ()
i=1 2r

2
£ [ ac 0DG(n6) Uy - V4 (x)Dat ().
i=1 2r
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Main Proof: Gradient estimates of stress near boundary Estimation of derivative in normal direction y3

Normal Gradient IlI

First term on the right like /s,

Second on the right like I,

Third and Fourth term by Hoélder’s inequality
—

o< 5 [ C00n0) DDu-m(x) e
43 L €O00m0) (U ()72 D(Daut ) 00 + oK. w(20).

Like fl, (4.9) —>

Iy < c(1+ ||n'|| ) Ko n(2r).
IIs < K. n(2r)
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Main Proof: Gradient estimates of stress near boundary Estimation of derivative in normal direction y3

Normal Gradient IV

Finally, like 4, we obtain
lls < (14 ||| ) Kz n(2r).

-l =

[ (2 + 1D w0017 2)01(0) D(Dati- ) ()

< (1 + [|n'[l o ) Ke v (21). (4.10)

In particular,

CI(X)n(x3) (D3 Ven(x))Zax < c(1 + |||l ) Ken(2r).  (4.11)
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Main Proof: Gradient estimates of stress near boundary Higher LP estimate of ¥ u via weighted Sobolev embedding
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Main Proof: Gradient estimates of stress near boundary Higher LP estimate of ¥ u via weighted Sobolev embedding

Tangential derivative estimate (4.7)
=

CI(D' V. n)?dx < cK. n(2r)

+
U2r

Normal derivative estimate (4.11) with n(t) = ¢
=

/ C9(Ds V. n)Pxadx < cKn(2r).
us
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Main Proof: Gradient estimates of stress near boundary Higher LP estimate of ¥ u via weighted Sobolev embedding

/U . ¢39/2V8 ) dx < oK. n(2r)%/2 (4.12)

(4.12), (4.6), (4.8)
=

I+ lly + g < Ko n(20) + 1115 Ke N (20 YT 11CV U 20

< c(1+ |11 5% K- w(2r).

], C0mO)(DaVen(x)Po < ot + [ S)Kon(2r)  (@.13)

for all n € W'3(0,2r) with n(0) = 0 and n > 0'in (0, 2r).
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Main Proof: Gradient estimates of stress near boundary Higher LP estimate of ¥ u via weighted Sobolev embedding

For n(t) = t8/9, V. y € W'2(Uf; x8'°).

Lemma 3.1 (Weighted Inequality) =

[ GO D) ) < Ko(2r)  (444)

[ Ch0IDu ([ "k < o1 ~a) TKen(er) (419

2r
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Main Proof: Gradient estimates of stress near boundary Higher LP estimate of ¥ u via weighted Sobolev embedding

Sobolev-Poincaré inequality and (4.12) implies
q
ot = (U)o ) < Ko@) (4.16)
= CU.n € LYUS;x3®)  Vae(0,1)

Weighted Korn’s inequality, (4.15) and (4.16) =

/ CI0x) V()| 95 2 dlx < Ko y(2r) (4.17)
u;
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Main Proof: Gradient estimates of stress near boundary Higher LP estimate of ¥ u via weighted Sobolev embedding

Estimate on Dxo*N (k =1,2) |

(4.4), Holder’s inequality, Young’s inequality,

2r 2/q )
/ ( CQ(x',x3)|Dkafv’V(x',x3)yQ’dx') dxz < cK. n(2r)?/9
o \Jg,

[ €010 )75 < oK. (2 (4.18)

2r

forallge (0,1 — ), withc >0 depending only on g and gq.
2
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Main Proof: Gradient estimates of stress near boundary Higher LP estimate of ¥ u via weighted Sobolev embedding

Estimate on Dyp=N (k = 1,2) |
Dy to (4.1b), multiply the result by (9 —

3
3 / giDjidx = / (IDkp-ndivpdx Vo € CF(Uy,),
=17 Y v

where
9i(x) = ¢00) Dk (x) = 83TV Un(x) - VUi y(x)

X3
— qby / DC(X', )CI (X, )DyoS (', tyat
0
X3
+ by / DiC(X', )¢ (X', 1) Dy (X', ot
0
X3 .
s / U, D F (X', 1)t
0

X3 .
s /0 DC(X', T (X, DUN(K, 1) - Vil (X', Dot
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Main Proof: Gradient estimates of stress near boundary Higher LP estimate of ¥ u via weighted Sobolev embedding

Estimate on Dyp=N (k = 1,2) Il

(4.18) and (4.6) =

1
[ 1900175 de < oK. (@) + 0l VUG Ke(2r) 7

2r

Theorem 3.3(pressure esitmate), (4.8) =

], €00IDap ()17 o
2r

1
< cK: N(Zr)+c||VUN||Lq(U+) 5/\/(2/’)“’4 (4.19)
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Main Proof: Gradient estimates of stress near boundary Higher LP estimate of ¥ u via weighted Sobolev embedding

Estimates of Il and I,

A€ (q/; %) arbitrarily chosen

1

Test funtion: ¢(x) = ¢*(x), n = ne(t) := t', t € [0, 2r]
=

I/2 < CKE,N(2r)’
2
Iy < oK p(2) + SV Unl o Ko n(20)’
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Main Proof: Gradient estimates of stress near boundary Higher LP estimate of ¥ u via weighted Sobolev embedding

Bound of Approximation Solution

] €1B(u- ()1 21D Dot ) ()]l

2r

/ C9(Ds Ve n(x))2x0 N ax

2
< K. n(2r) + || VUn | oy Ken(20)7, (4.20)
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Main Proof: Gradient estimates of stress near boundary e—0
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Main Proof: Gradient estimates of stress near boundary e—0

e—=0I

(Wen, p-n) € Wy J(Uj,) x L9 (Ug,): weak solution to (4.1)

By means of reflexivity, Minty-trick,

there exist wy < Wézj(U;,), and a sequence ¢, — 0:
=

wy is a weak solution to

V-wy=0 in Uj, (4.21a)
~V-oN+Vpy=-Uy-Vuy+f in U], (4.21b)
wy=0 on 9dU,,. (4.21c)
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Main Proof: Gradient estimates of stress near boundary e—0

e—0Ill

Testing (4.21b) with wy,

/aN:D(WN)dX:/ Uyo Uy:Vwy +f wydx.  (4.22)
U Ug‘,

Observing
on: D(wy) = [D(wy)| — |D(Un)|7-2D(Up) : D(wp),

Holder’s inequality, Sobolev-Poincaré inequality, Young’s inequality,
(4.22)
=

2q_ ,
/ 1D(wi) b < oI D(UN) a5 IV UN ey P15 )
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Main Proof: Gradient estimates of stress near boundary e—0

e — Ol

Lower semi-continuity, (4.8), (4.7)
=

/ CIID'pn| + ¢ D' an|T + 9D Vy|Pdx < cKy(2r),

U,

/+(Cq!Dsch|q/ + ¢9(D3 Vn)?)x§'dx < cKi(2r)
U2r

for all o > %, where

Vn(x) = [D(un)(x)| 2.
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Main Proof: Gradient estimates of stress near boundary e—0

e—=>01IV

w(t) = 5%, (te[0,1])
CI2V e WB(Us: w(xg)) N L2B=)(UY)

By Proposition 3.2 (Weighted Sobolev inequality),
[ (€2 velax < oki(zn® e,
U,

2
Kn(2r) < cM(2r) + ¢ VUN |30
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Main Proof: Gradient estimates of stress near boundary N — oo
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Main Proof: Gradient estimates of stress near boundary N — oo

(Wn, pn) — (U, p)

My(2r) + | VUNI 7155

> K(@r) = / [Vul? 4 VAT + £ o + [ Vu| 5EY

/ ¢I|Dp|7 +¢Y|D'al9 +¢9D'V|2dx < cK(2r), (4.23)
U,
/ (¢ |D3a |9 + ¢I(D3V)?)x§dx < cK(2r) (4.24)
U,
forall o € (%, 1), where V(x) = |D(u)(x)|9/2.

/ ¢9B=2) |y y|9B=2)dx < cK(2r)3°. (4.25)
U+
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Main Proof: Gradient estimates of stress near boundary Proof of Main Theorem
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Main Proof: Gradient estimates of stress near boundary Proof of Main Theorem

(4.25) and standard covering argument, for all a € (%, 1)

q(3—a) a/ (q 2) 8-
K}vm ox < o(||Vulfoq, + IV ulTo@® + 1£1% 0 )
< (1 + [/ -2,

/q
where ] := (IF15, o + 1l faaa) -
= (2.4), (2.5),

(4.23), (4.24) —
/ ID'p|9 + |D'a|? + |D'V[2dx < c(1 +||f]|9/(9-2)),
Q
/(|D30'N|q/ + (D3V)?) min{x§, 1}dx < c(1 + || f|9/(92))
Q

= (2.2) and (2.3).
This completes the proof of Theorem
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