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Introduction

Application : Inertial confinement fusion.
Industrial context : Megajoule Laser Project (CEA).
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Motivation : hydrodynamic of the plasma surrounding the target
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Introduction

Out of thermal equilibrium (T # Ti)
Bitemperature Euler system

@ Classical approach
[Coquel, Marmignon,1998.]
[Breil, Galera, Maire, 2011.]

@ New approach
[Aregba, Breil, Brull, Dubroca, Estibals, 2018.]
Underlying kinetic model with electric field
Numerical method by solving a relaxation system
Taking into account magnetic fields ?
Transverse magnetic polarization

E; 0
E=|E|, B=|0
0 Bs;

Xavier Lhebrard Positive and entropic scheme for bifluid MHD model 4/37



Bitemperature Euler system with tranverse magnetic field

Nonconservative hyperbolic system

Oip +6x (pU1 )
Ox(

dt(pu1) X PU1 + pe + pi + B32/2) =0,

(’)t(puz) +(’)X(pu1 U2)

8,% +0x(u1Bs) = 0

01Ee +0x (U1 (Ee + Pe + CeBZ/2)) — 1 (CidxPe — CedxPi) = Seir

HEi +0x(ur (& + pi + €iB2/2)) + ui(Cidxpe — Cadxp;) = —Sais
Two pressure laws and two temperatures :
Po = (Yo = 1)Pata = NuksTo, a =e,i.

Result : This model has been obtained as the hydrodynamic limit of an underlying
conservative kinetic model.
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Problematic

Nonconservative systems :

@ Definition of weak solutions ?
@ Admissibility of weak solutions ? Entropy conditions ?
@ Numerical approximation ?

References :

@ Weak solutions : [Dal Maso, LeFoch, Murat, 1995]. [Berthon, Coquel, Le
Floch, 2012].

@ Numerics : [Coquel, Marmignon, 1998.] [Berthon, 2002.] [Pares, 2006.]
[Abgrall, 2010.] [Castro, Fjordholm, Mishra, Pares, 2013.]

Our result :
@ Robust scheme «— positivity + entropy inequality
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Godunov type scheme

First order hyperbolic system
0tU + dxF(U) + B(U)axU = 0.
Constant by cell discretization

1
U~ o f Ults, X)dx

We denote R(¢, Uy, Uy) an approximate Riemann solver.

N
Ut = —f R(x/At, Ui 1, U)ok + —f R(x/At, Uy, s, 1)ax
AXx Jo Ax/2
t
tn+1
Ui Ui Ui Uit
tn

Xi-1/2 Xi Xit1/2
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Monotemperature solver
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Suliciu solver

Compressible Euler system

Suliciu relaxation system
Pressure term p(p, &).

New variable |

dip + dx(pu) = 0, o + dx(pu) = 0,
drpu + Oy (pu + [p1) = 0. drpu + Oy (pu? + 1) = 0,
AHE+0,(u(E+[p))=0. OE + 0y (u(E+m))=0.
Equation on pp Definition of [x
dfpp + dx(pp u) + p?p’(p) dxu =0, dpr + dx(pp u) + €% 0xu =0,
Complex Riemann problem Easy to solve Riemann problem

u=+Pe) i u+ Pl u-+p2atiu utp? a
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Suliciu solver

Relaxation system

RHS = P—7
E

Transport-projection between t, and 1 :
o Initialize m; = p(p1, &1), 7 = p(pr, &r).
@ Solve homogenenous relaxation system V = (p, pu, E, 7).
@ Keep variables U=(p, pu, E).

Properties of the scheme [Bouchut, 2004]
@ Solver is exact on contact discontinuities,
@ Positive and entropic under the subcharacteristic condition

PP (p.c) < @
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Argument of stability proof

How to prove characteristic conditions are sufficient stability conditions
@ For smooth solutions, by Chapman-Enskog expansion
@ For discontinuous solutions, by Entropy extension
Relaxation framework
Q(f)

oif + OA(f) = .

with equilibrium f = M(U).
Relaxation system admits an entropy extension if there exists (H, G) satisfying

@ Consistency
H(M(U)) = n(U)

G(M(U)) = G(U)

@ Minimization principle [Chen, Levermore, Liu, 1994]

H(M(U)) < H(f), VU= Lf
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Bitemperature solver
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Suliciu relaxation

Bitemperature MHD system Relaxatl(?n system
New nariables e and x;

0tp + u10xp + poxuy =0,

Otp + u10xp + pdxuy =0,
dpur + urdxur +p ' 0x([pe | + [pi + B2/2) =0,  OtUs + U10x Uy +p '0x(7e + @ +BEj2) =0,
Brls + U1dxlp = 0, Otz + U10xlp = 0,

0tB3s + B3dxut + u10xBz = 0,

0Bz + Badxuy + u10xBs = 0,
0t ge + U10xee er: 7e Oxuy =0,

O1 £e + U10x8e + pg' Pe Oxur =0,
Ot & + U10x&; +p,,‘1 pi dxuy = 0. Ot &j + U10xe; +P,71 mi Oxuy =0,
Equations on [ps and | pi Definition of me and 7
0t Pe + U10xPe + YePe Oxui =0, 0| e. + u10xme + %e(az —pBg) dxur =0,
01 pi + u10xpi + ipi Oxuy =0, Wmi + uidxmi + F(@® - pB) dxur = 0.

Complicated to solve Riemann problem Easy to solve system

u,u+ \/P_z(,‘/e/’pe + YipPPi */’Bg%) U U+ }p_z a2

15/37
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Suliciu solver

Relaxation system
RHS = P T« o —ei

>
&

Transport-projection between t, and fn1 :
@ Initialize 7, = Po(p1s €a)s Tar = Pa(Ors Ear), @ = €, 1.
@ Solve homogenenous relaxation system V = (p, pu, Ee, Ej, me, 7j).
@ Keep variables U=(p, pu, Ee, E;).

Properties of the scheme [Brull, Dubroca, L., in revision 2019.]
@ Solver is exact on contact discontinuities,
@ Positive and entropic under the subcharacteristic condition

az > p832 +pmax(a§,ai2), a, =, /ya—pa,
Pa
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Elements of proof
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Implicit proof : monoT Euler case

We use Riemann invariants

o(r,e,n) =n+ a’r
2

2a2
Under subcharcateristic condition, we can define the following change of variable

o) =( apeny ) oo =(37)

We define the I'extended entropy S from the initial entropy s :

S(t,e,7) = s(T(¢(t,&,7),¢(1,&,7)), E(p(r,&,7),¢(1,&,7) )
At equilibrium,

o(t,e,m) =& —

Moreover, we can prove that 7 = p is the unique maximum de S.
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Implicit proof : bitemperature MHD sytem

Bitemperature case

2 2
Monotemperature case ¢e(7. €0, By, 1) = 71+ CoBy /2 + a“cet

T+ ceB2/2)?
o(r,&,7) = 1+ a°r de(7, 0, Ba, 1) = €6 + 7B2/2 - %
5 2(cea)
/e
¢(T~8s”)=8—@ Ye(t,€e, B3, m) = 7B3
Under subcharacteristic condition, we can define ~ Under subcharacteristic condition, we can define
the following change of variables the following change of variables
_ [ #(rep) ¢e(.€. B3, p)
O(re) = ( #(t,€,p) ) O(r, e B3) = [ ¢e(7.&,Bs,p)
(T, B3, p)
-1 _[ (X.Y) _
07'(X,Y) _( #(X.Y) (X,Y,2)
_ . _ o' (X.v.2)=| &X.Y.Z)
Enown result : the fonction S : X - S(X) defined Bs(X.Y.2)
y New result : the fonction S : > — S(X) defined by
S(x) = s(@(e(2).6(x)).8(p(X), 6(%)) -
, , (%) = se (T (#(5).¢(X). u(X)).
with ¥ = (7, &, ) is an extended entropy. Za (6(5). o(2), 6(X))),

avec X = (1, ¢, B3, ) is an extended entropy.
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Numerical results
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Test with smooth solution

Initial conditions

p(x,0) =1,
ui(x,0) = 10,
Te(x,0) = 1 + exp(—200(x — 1/2)?),
Ti(x,0) = 2 — Te(x,0),
Bs(x,0) = exp(=50(x — 1/2)?).
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Test with smooth solution

Variables Te et T;

2 T T ‘
— exact Te
i — - Te N=500 b
-+ TeN=200
— exact Ti
L5 — - TiN=500 N
-+ TiN =200
1
0,5
0 |
0 0,2 0,4 0,6 0,8 1
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Riemann problems

Five tests about accuracy and robustness

Through rarefaction wave, contact discontinuity and shocks

Test/Variables o u B; Te T
Test 1 left 1 0.75 0.8164966 | 0.3336667 | 0.3336667
Test 1 right 0.125 0 0.2581989 | 0.2669333 | 0.2669333
Test 2 left 1 -2 0.5163978 | 0.1334667 | 0.1334667
Test 2 right 1 2 0.5163978 | 0.1334667 | 0.1334667
Test 3 left 1 0 14.142136 | 100.10000 100.1
Test 3 right 1 0 0.2581989 | 0.0333667 | 0.0333667
Test 4 left 5.9999924 | 19.5975 | 17.528909 | 25.630859 | 25.630860
Test 4 right 5.9999242 | -6.19633 | 5.5434646 | 2.5634264 | 2.5634266
Test 5 left 1 -19.5975 | 8.1649658 | 33.366665 | 33.366667
Test 5 right 1 -19.5975 | 0.2581989 | 0.0333667 | 0.0333667

Xavier Lhebrard

Positive and entropic scheme for bifluid MHD model

23/37



Riemann problems

Two tests about accuracy on isolated contact discontinuities

Test 6 left 14 |0 0.8164966 | 0.2383333 | 0.2383333
Test 6 right | 1 0 0.8164966 | 0.3336667 | 0.3336667
Test 7 left 1.4 | 0.1 | 0.8164966 | 0.2383333 | 0.2383333
Test 7 right | 1 0.1 | 0.8164966 | 0.3336667 | 0.3336667

Référence : E. Toro, Riemann Solvers and Numerical Methods for Fluid Dynamics : A
Practical Introduction, 1997.
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Comparison with an nonconservative HLL scheme

NC term :[—u oo
Fre(U, Ur) = F L (Ui Un)=ur| (¢ — 1)

FP (UL Ur) = Fij (Un U)[=0] (90 - )
Terme NC : 6X¢

Flg"(U/, U) = FELL(U” U’) (¢r =)
F?"(U/, Uy) = FﬁLL(U” U’) (¢r —¢1).
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Numerical results

With ncHLL, test cases 2 and 5 show instabilities which ruin the simulation and fail
to give a result.

ncHLL Suliciu
test case 1 v Vv
test case 2 X v
test case 3 v v
test case 4 Vv v
test case 5 X v
test case 6 Vv vV
test case 7 v Vv
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Test 1 - nonconservative HLL

G 2000 cells
— 10000 cells

026

g | | | I
02 04 06 08 1 02 04 06 08 1

Parameter xo = 0.3 et final time t = 0.2.
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Test 1 - Suliciu

Parameter xo = 0.3 et final time t = 0.2.
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Test 2 - Suliciu

Parameter xo = 0.5 et final time t = 0.15.
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Test 3 - nonconservative HLL

T T 20 T T
G 2000 cells -8 Is
— 10000 cells — 10000 cells
304 4
201 4
10 B
e —sorHogon i
02 04 056 08 1
Te
T T T
= GO 300 7
\ || {58 2000 cetis
\ — 10000 cells
s0f-
ok
| | | | | | | |
02 04 06 08 1 02 04 06 08 1

Parameter xo = 0.5 et final time t = 0.012.
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Test 3 - Suliciu

I IR L I
02 04 06 08 1 02 04 06 0.8 1

Parameter xo = 0.5 et final time t = 0.012.
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Test 4 - nonconservative HLL

I I I
02 04 06 [

Parameter xq = 0.4 et final time t = 0.035.
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Test 4 - Suliciu

I I I I
o 02 04 06 08 1 02 04 06 08 1

Parameter xq = 0.4 et final time t = 0.035.
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Suliciu

L | I L
0.8 02 04 0.6

Parameter xo = 0.8 et final time t = 0.012.
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Tests 6 et 7 : accuracy on contact discontinuities

nonconservative HLL density Suliciu density

16 T T T T 1 T

08 | | | | Y | | | |
0.2 04 06 [ 1 02 04 06 08 1

Parameters for Test 6 : xo = 0.5 et t = 2.0.
Parameters for Test 7 : xo = 0.3 et t = 2.0.
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In preparation : explicit relaxation speeds for bitemperature models

[F. Bouchut, C. Klingenberg, K. Waagan., 2010]
For monotemperature Euler system, we have

(”f - 7l'/)+ )
c=p8+allu—u + ],
p ( ) P18 + PrSr
for ideal gas,
oo Y1
=
Interests :

@ second order extension,
@ derive solver for full MHD.
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