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Regular continued fractions (RCF)

A regular continued fraction is an expression of the form as

1
.I':ao—i-il: [ao;al,ag,-'-]

ar + —

where ag € Z, a; € N.
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Regular continued fractions (RCF)

A regular continued fraction is an expression of the form as

1
r=a+—7 = [ap; a1, az, -+ -]
ar + —
where ag € Z, a; € N.
Remarks and Examples
Q@ z € Q < x has a finite RCF. e.g. % = =[0;1,4]

1+
@ [Euler, Lagrange] = quad. irr. <= RCF is eventually periodic.

e.g. Golden ratio 1+‘[ =[1;1,1,1,1,---].

S. Lee (SNU) Odd-odd CF November 27, 2019

2/32



Regular continued fractions (RCF)

A regular continued fraction is an expression of the form as

1
:L':a()—i-il: [ao;al,ag,-"]

ar + —

where ag € Z, a; € N.
Remarks and Examples

Q@ z € Q < x has a finite RCF. e.g. % = Hl_l =[0;1,4]
4
@ [Euler, Lagrange] = quad. irr. <= RCF is eventually periodic.

e.g. Golden ratio 1+T‘/5 =[1;1,1,1,1,---].

- A partial quotient of x : ay(x) := ay,

- A (principal) convergent of x : pn(2) (: Pn

e qj) = [ag; a1, ag, -+, an).
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Gauss map

A continued fraction map (Gauss map) :

G([Oa ai,az,-- ]) = [0;a2aa3a o ])
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Gauss map

A continued fraction map (Gauss map) :
G([0;a1,a2,---]) = [0;a2, a3, -])

Gla) =+ — m for z € (0, 1]

x
1
1
-
/.r
° 2 €[5, 7]
G(:E):;—n

111 1
54 3 2
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Farey map

T H 1
1_790, if % <z<l
1
1
——1
x
1 z/////
2
1
3
0 111 1 1
54 3 2
Figure: Graph of Farey map
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Farey map

T o< 1
F(x):{_’ fo<xz<j;

W~

Cﬂ*»—-
PN

1
/;71

ol
N[
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ay + 1 ar — 1+
az + az +
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Farey map

2 ifo<a<!
F(x): %—i el 2 1 1
Y |f§§.%'<1
’_>
1
] a1 + N a; — 1+
1 az + az +
-1 2 az =+ -- 2 as +
s S
? 1 1
’ 1 ~ 1
14— - -
o OI1 3 +a+ 1 2t T

Fa@)(z) = G(a),

S. Lee (SNU)
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Jump transformation

G is called the jump transformation of F w.r.t. [3,1].

T, T' : transformations, F : a subset of the domain

@ The first return time to E:
ng(z) =min{j > 0: (T")(z) € E}

e Jump transformation of T" w.r.t. E:

T(z) = (I')"# ()
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EICF: Even Integer Continued Fration

EICF: Continued fraction with Even entries
1

For z € (0,1],

€1
ap+ ——

€2
as +

as+ -

where a,, € 2N, ¢, € {1, —1}.

U=
Ll
[SMI
N[

Continued fraction map:

%— 2k, x € [ﬁ, I, (a1,e1)=(2k,+1),
2k — %7 S [iv ﬁ}: (a'lvgl) = (2k7 _1)

==

Teicr(z) = {
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Romik map

1
3
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Romik map

T 1
=g 0=2<3,
_ 1 1 1
Rx)=4q;-2, 3<z<3,
1 1
1 1
1
1 €1
a1 + ar — 2+
€2 €2
ag + —— az +
0 11 1
3 2
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Romik map

x 1
—oz0 0=S7=<3,
1 1 1
Rx)=4q;-2, 3<z<3,
1 1
1 1
1 >
1 €1
a1 + ar — 2+
€2 €2
az + az +
as +--- as +
1 1
H
€1 €2
o 11 : oy gy
3 2 €9 a3+
ag + ——
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Romik — EICF

Tercr is the jump transformation of R w.rt. E = [1,1]:

1

Nf=

ol

1

-

[l
N

. Lee (SNU)
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N[ =
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OOCF: Odd-Odd Continued Fraction

Let £/ = [0, 1].

2

Jump transformation of R w.r.t. E':

=

ol

kx—(k—1) —1 2k—1
T ( ) k—(k+1)x> k Sl’§2k+1,
OOCF\Y k—(k+1)z  2k—1 k
<z < =
kx—(k—1)° 2k+1 — — k+1°
1
/ H ; 1
E' 1 132 1 0 E'1 1323 1
3 2 53 3 2 53 4
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Odd-odd CF :

where
(aiyei) € {(n,1):n>1}U{(n,—1):n > 2}.
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A convergent of OOCF of x :

Pn =1- !
qn " €1
a
! 1
9 _
1
€n—1
an_lﬁ—Q 1
A sub-convergent of OOCF of x : B En
/ ant 5
Pr 1
- =1-
q’n a + 5]_
! 1
9 _
E€n—1
1
9_
Qn
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Farey graph

On the hyperbolic plane H (as an upper half-plane model)

£ : the vertical line whose endpoints are 0 and oo
Mobius transformations

SLy(R) Q H

_(a b\ az—+b 14
T=\e d chz—l—d

(=]

[ L



Farey graph

On the hyperbolic plane H (as an upper half-plane model)

£ : the vertical line whose endpoints are 0 and oo

Mobius transformations

SLy(R) Q H

1
1
. /
a b az—+b 14 zg,>
= e —
v c d i cz+d

=l
ESYLS]
[N
[ L
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Farey graph

Farey graph:

g= U 0

v€SLa(Z)
Vertices of G:

QU {0}

/

p/q is adjacent to p’/q
/

& det <p p,) =41
q q

S. Lee (SNU)
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Farey graph (RCF)

(10_\[1_[07171717' ]

Convergents of RCF:

pi/q1 = 1,p2/q2 = 1/2,p3/q3 = 2/3,ps/qa = 3/5,- -

The corresponding path on Farey graph:

(0. @]

14

0 11 1231 32 34 1

1 54 3 57 2 5 3 45 1
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Farey tree (EICF) [Short-Walker, 2014]

odd even even odd
0= {(even odd) or (odd even) < SLQ(Z)}
Farey tree 7 = |, co7(¢)

oo-rationals: Vertices of F: ©(oo0) = {even/odd or odd/even}

Convergents of EICF are oo-rationals.

e.g.
_Vh—1 1
2 —1
2+ ; i
T
24 —
1 2 5 8 0 1 2 1 52 34
Convergents: —, —, —, — 1 ! 5 2 83 45
gENS: 5 3 % 13
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Farey graph (OOCF)

OOCEF corresponds a path on Farey graph - Farey tree
Convergents of OOCF are 1-rationals
odd

. odd even even odd
1-rationals : @(1):{Odd}, 0= {(even odd> or <odd even) GSLZ(Z)}

_ V51
=g = 1
1- ; 1
B 1
e 1 11 1 93 3
0 Ly 1231 352 34
2-5 1 5135 3 B3 is
Sub-convergents: 1/2,5/8,21/34,---
Convergents: 3/5,13/21,55/89, - -
S. Lee (SNU)
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Finite OOCFs

Theorem 1 [Dong Han Kim - L. - Lingmin Liao]

@ finite OOCF < 1-rational
@ periodic OOCF <= quad. irr. or oco-rational

1
1-— :odd/odd
€1
ay + 1
9 _
1
€n—1
an—1+ 1
2
En
[0 7% + 7

Toock(odd/odd): 1-rational = 3N s.t. T)5p(odd/odd) = 1
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Analogue of Euler-Lagrange Theorem

Theorem 1 [Dong Han Kim - L. - Lingmin Liao]

O finite OOCF <= 1-rational
@ periodic OOCF <= quad. irr. or co-rational

1 (pi — p}) + PiCit1

G ; (G —d) + diGnt




Analogue of Euler-Lagrange Theorem

Theorem 1 [Dong Han Kim - L. - Lingmin Liao]

O finite OOCF <= 1-rational
@ periodic OOCF <= quad. irr. or co-rational

1 (pi — ;) + PiGit1
CZ = 1 — — I = 7 7
& (¢ — i) + q;Gi+a
a; + ; 1
B ) 1 Perodic OOCEF :
€ )+l
az+n + 1’+n :> €Tr = (pl pl) +plm

(¢ —q}) + gz



Analogue of Euler-Lagrange Theorem

Theorem 1 [Dong Han Kim - L. - Lingmin Liao]

O finite OOCF <= 1-rational
@ periodic OOCF <= quad. irr. or co-rational

1 (pi — p}) + PiCit1

G=1-

— I =
(¢ — q)) + ¢iCita

a; +

quad. irr x :

1 Perodic OOCEF :
(pi — p) + i
(¢ —q}) + gz

Ei4+n

Qitn + = =

2+

a12? + b1z +e; =0 = a;¢Z + b +¢; =0



Analogue of Euler-Lagrange Theorem

Theorem 1 [Dong Han Kim - L. - Lingmin Liao]

O finite OOCF <= 1-rational
@ periodic OOCF <= quad. irr. or co-rational

1 (pi — p}) + PiGit1

CZ = 1 — — I = 7 7
€ (4 — ¢;) + qiGi+a

a; +
5 1
y 1 Perodic OOCEF :
€ )+l
24 (¢ — ;) + gix
quad. irr 2z : a2’ +biz+c=0= aZ-Cf +bi¢i+c; =0

oo-rational 2 : Toocr (2): oo-rational = 3N s.t. Tdhcr (2) =0
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Analogue of Euler-Lagrange Theorem

Theorem 1 [Dong Han Kim - L. - Lingmin Liao]

© finite OOCF < 1-rational
@ periodic OOCF <= quad. irr. or co-rational
CF RCF EICF OOCF
oo-rationals ! [-rationals
finite rationals (2ven odd) eg. 111 =1-— 1
odd even 2——Lg
1+§
quad. irr ? & _ _
periodic || quad. irr. | 1-rationals ! quad. .|rr. & oo—ratl.onals
odd e.g. in the next slides
(Gaa)

1 [Short - Walker, 2014]
2[Boca— Merriman, 2018]
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Examples

1
0=1-
-1
2+
1
9 _
-1
2+
1
9 _
-1
2+
92 _

S. Lee (SNU) Odd-odd CF November 27, 2019 22/32



Examples

1
0=1-
-1
2+
1
2 —
-1
2+
1
2 —
-1
2+
2 —
1 1 1
—=1- =1- =1-
2 L 1 L 1 5 -1
+2—u—0) oz L +2—(1—0)
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Examples
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Diophantine approximations

A Diophantine question:

For given x ¢ Q and N € Z,
which rational p/q s.t. 0 < ¢ < N minimize |gx — p|?
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Diophantine approximations

A Diophantine question:

For given x ¢ Q and N € Z,
which rational p/q s.t. 0 < ¢ < N minimize |gx — p|?

Definition p/q is a best (rational) approximation of x if

lgx — p| < |bx —a| foranya/b#p/qgst. 0<b<q.

Theorem [Lagrange]

Every best approximation of x is a convergent of RCF of x, and vice versa.J
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Diophantine approximations

A Diophantine question:

For given x ¢ Q and N € Z,
which rational p/q s.t. 0 < ¢ < N minimize |gx — p|?

Definition p/q is a best (rational) approximation of x if
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Best oo-rational approximations

Definition p/q € ©(o0) is a best oo-rational approximation of x if
|gx — p| < |bx —a| for any oo-rational a/b # p/qs.t. 0 < b <gq.

Theorem [Short and Walker, 2014]

Every best oco-rational approximation of x is a convergent of EICF of z,
and vice versa.
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Best 1-rational approximations

Definition p/q € ©(1) is a best 1-rational approximation of x if
lgx — p| < |bx —a| for any l-rational a/b # p/qs.t. 0 <b<q.

Theorem 2. [Dong Han Kim - L. - Lingmin Liao]

Every best 1-rational approximation of x is a convergent of OOCF of z,
and vice versa.
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Ford circles

A Ford circle C’% :

A horocycle based at ¢ € QU {oo} whose radius is 5>

/
det<p p,)’zl
q q

2b%°

e (), tangent to Cpy )y &
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Ry/q() : the Euclidean radius of the horocycle . \//q(z)
based at  which is tangent to C, . T NGy

1
Rp/q(x) = §|qx 7p|2 q
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o R,/,(z) : the Euclidean radius of the horocycle //’/-\\//q(z)
based at  which is tangent to C, . T NGy

1
Rp/q($) = §’ql’ 7p‘2 q

lgr — p| < |bx — a| = Ry, /4(z) < Rypp()
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o R,/,(z) : the Euclidean radius of the horocycle //”—
based at = which is tangent to C, ;. | Q\|

Q|

1
Rp/q(m) = iqu *p‘2 v

lgr — p| < |bx — a| = Ry, /4(z) < Rypp()

Theorem 2. [Dong Han Kim - L. - Lingmin Liao]

A convergent of OOCF of z is a best 1-rational approximation of z, and
vice versa.

Sketch of proof
ez £Q
@ p/q: an OOCF convergent of z.

@ a/b: a l-rational s.t. b <gq. plq =
® ETS: Ry/y(7) < Ry ()




o R,/,(z) : the Euclidean radius of the horocycle //’-\\ (@)
based at = which is tangent to C, ;. STy

1 14
Rp/q(m) = iqu 7p‘2 x q

lgr — p| < |bx — a| = Ry, /4(z) < Rypp()

Theorem 2. [Dong Han Kim - L. - Lingmin Liao]

A convergent of OOCF of z is a best 1-rational approximation of z, and
vice versa.

Sketch of proof

°or¢Q
@ p/q: an OOCF convergent of z.
pla @7
/I\

@ a/b: a l-rational s.t. b< q.
e ETS: Rp/q( ) < Ra/b

oo-rational



o R,/,(z) : the Euclidean radius of the horocycle //’/-\\//q(z)
based at = which is tangent to C, /. I Ny

1 4
Rp/q(x) = iqu 71"2 q

lgr — p| < |bx — a| = Ry, /4(z) < Rypp()

Theorem 2. [Dong Han Kim - L. - Lingmin Liao]

A convergent of OOCF of z is a best 1-rational approximation of z, and
vice versa.

Sketch of proof

oz ¢Q
@ p/q: an OOCF convergent of z.
@ a/b: a l-rational s.t. b <gq.

® ETS: Ry/y(7) < Ry ()

PR
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1-O0CF VS. EICF

Pn/qn: Convergents of OOCF
1 — pn/qn : the form of even/odd.

{even/odd among the convergents of EICF} C {1 — p,./qn}

Example (z = 72 — 9)
1 2 3 4 6 7 20 967 9650
EICF o) o) 9 = = 9 oS! a9’ T110? T1na~’
273 4 5 o8 23 11127 11097
1-0OO0CF:

2 4 6 20 1914 3848 5782 7716 9650
35 7 23 22017 4425 6649 8873 11097

|11122 — 967| = 0.0000940113 - - - < |2201x — 1914| = 0.00071320 - - -

< |23z — 20| = 0.00090122 - - -
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Romik Dynamical system

Theorem Tpocr and Tgicp are conjugate.

1—t¢
More precisely, f o Toocr = Teicr © f where f(t) = s

On Q={(z,y): 2 +y*=1,2> 0,y >0},
- 2—z—2y| [2—22—
Ble.y) - (! r—2y| [2—22 yl)

3—2x—2y’ 3—2x—2y

Dis 1—t2 2t
()= T+t 1+¢2

dx

Theorem [Schweiger, '82] TgcF is ergodic wrt — .
-

) . dx

Corollary Toocr is ergodic wrt —.
T
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Romik Dynamical system

Theorem Tpocr and Tgicp are conjugate.

—1
More precisely, f o Toocr = Teicr © f where f(t) =

On Q={(z,y): 2 +y*=1,2 >0,y > 0},

N 2-0-2y| P-20-y P
B

(z,9) = <3—23}—2y’ 3—20—2y
R=D'oRoD

Dis 1—¢> 2t Dt 2t 1—+¢?
(t)= 1+t2° 1+ ¢2 (t)= 141271+ ¢2

Theorem [Schweiger, ’

82] TgicF is ergodic wrt —

dx
Corollary Toocr is ergodic wrt —.
X



Romik Dynamical system

Theorem Tpocr and Tgicp are conjugate.

—1
More precisely, f o Toocr = Teicr © f where f(t) =

On Q={(z,y): 2 +y*=1,2 >0,y > 0},

N 2-0-2y| P-20-y P
Rla,y) = <3—23}—2y’ 3—20—2y
R=D'0RoD

f(t) = (D')~' o D(t) where

Dis 1—¢> 2t Dt 2t 1—+¢?
(t)= 1+t2° 1+ ¢2 (t)= 141271+ ¢2

dx
Theorem [Schweiger, '82] TgcF is ergodic wrt — .
) . dx
Corollary Toocr is ergodic wrt —.
x
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Romik Dynamical system

Theorem Tpocr and Tgicp are conjugate.

—1
More precisely, f o Toocr = Teicr © f where f(t) =

1 t2 2t)
On Q={(z,y): 22 +y*=1,2> 0,y > 0},

1+t2’ 1+¢2
|2—z—2y| [2—2x—y|
) — ;
3—2x—-2y 3—2zx—2y
f(t) = (D"t o D(t) where

Dt 1—t* 2t D 2t 1—1t2
(t)= 14+t214¢2) (t)= 14+¢2" 1+ ¢2

Theorem [Schweiger, ’

82] TgicF is ergodic wrt 1

— 22
i ) dx

Corollary Tpocr is ergodic wrt —.
X



Romik Dynamical system

Theorem Tpocr and Tgicp are conjugate.

-1
More precisely, f o Toocr = Teicr © f where f(t) = T
(1—152 2t )
On Q= {xvy) $2+y2=1,$20,y20}, (——“\\1-1-152’1—&-1?2
2—z—2y| [2—2z—y|
) — 7 "
3—2x—2y 3—2x—2y
f(t) = (D')~' o D(t) where

t

Dt 1—t* 2t D 2t 1—1t2
(t)= 14+t214¢2) (t)= 14+¢2" 1+ ¢2

Theorem [Schweiger, ’

82] TgicF is ergodic wrt 5

11—z
i ) dx
Corollary Tpocr is ergodic wrt —.
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Thank you for your attention!
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