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Introduction



How to model living tissue? A mechanical point of view

• Tissue: multi-phase fluid
• extra cellular matrix
• proliferating cells
• dead cells
• quiescent cells
• interstitial fluid
• ...

• Notion of pressure:
• drives the cells movement
• controls the proliferation: contact inhibition

V ∇p

Figure 1: Graphical representation of cell division 1



Macroscopic models of tumor growth

Compressible models

∂tn = ∇ · (n∇p)−∇ · (n∇Φ) + nG
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Free boundary problems{
−∆p = G(p), in Ω(t) = {p > 0}
V = −∇p · ν, on ∂Ω(t)

How can we link compressible and geometrical models?
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Incompressible limit



Mechanical tumor growth model with drift and nutrient

∂tn = ∇ · (n∇p)︸ ︷︷ ︸
pressure effect

+ nG(p)︸ ︷︷ ︸
growth term

∂tc = ∆c− nH(c)︸ ︷︷ ︸
consumption

+ K(p, c)︸ ︷︷ ︸
release

• n(x, t) cell population density, x ∈ Rd, t ∈ [0, T]
• p(x, t) internal pressure
• v⃗ = −∇p, Darcy’s law

• Φ(x, t) concentration of a chemo-attractant
• c(x, t) concentration of a nutrient
• pressure law of state:

p = nγ , γ > 1
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Incompressible limit

p = nγ
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Passing to the limit γ → ∞{
p∞ = 0, if n∞ < 1

p∞ ∈ [0,∞) if n∞ = 1
⇒ p∞(1− n∞) = 0

We define Ω(t) := {x; p∞(x, t) > 0} ⊂ {x;n∞(x, t) = 1}
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Complementarity relation

p′ = γnγ−1·

∂tn = ∇ · (n∇p)−∇ · (n∇Φ) + nG(p, c),

∂tp = γp(∆p−∆Φ+ G(p, c)) + |∇p|2 −∇p · ∇Φ

As γ → ∞ we expect: complementarity relation

p∞(∆p∞ −∆Φ+ G(p∞, c∞)) = 0

The Hele-Shaw problem reads{
−∆p∞ = G(p∞, c∞)−∆Φ, in Ω(t) = {x; p∞(x, t) > 0}
p∞ = 0, on ∂Ω(t)

Moreover
V = −∂νp∞ + ∂νΦ, on ∂Ω(t)
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How to prove it rigorously?



Incompressible limit of model with drift and nutrient

Theorem: limit γ → ∞

pγ → p∞, nγ → n∞, cγ → c∞ in Lqx,t for all 1 ≤ q < ∞
∇pγ ⇀ ∇p∞ weakly in L2x,t

{
∂tn∞ = ∇ · (n∞∇p∞)−∇ · (n∞∇Φ) + n∞G(p∞, c∞)

∂tc∞ = ∆c∞ − n∞H(c∞) + K(p∞, c∞)

and p∞(1− n∞) = 0

Theorem: complementarity relation

p∞(∆p∞ −∆Φ+ G(p∞, c∞)) = 0 in D′(Rd × (0,∞))

Complementarity relation⇐⇒ L2-strong compactness of ∇pγ

6



Incompressible limit of model with drift and nutrient

Theorem: limit γ → ∞

pγ → p∞, nγ → n∞, cγ → c∞ in Lqx,t for all 1 ≤ q < ∞
∇pγ ⇀ ∇p∞ weakly in L2x,t{

∂tn∞ = ∇ · (n∞∇p∞)−∇ · (n∞∇Φ) + n∞G(p∞, c∞)

∂tc∞ = ∆c∞ − n∞H(c∞) + K(p∞, c∞)

and p∞(1− n∞) = 0

Theorem: complementarity relation

p∞(∆p∞ −∆Φ+ G(p∞, c∞)) = 0 in D′(Rd × (0,∞))

Complementarity relation⇐⇒ L2-strong compactness of ∇pγ

6



Incompressible limit of model with drift and nutrient

Theorem: limit γ → ∞

pγ → p∞, nγ → n∞, cγ → c∞ in Lqx,t for all 1 ≤ q < ∞
∇pγ ⇀ ∇p∞ weakly in L2x,t{

∂tn∞ = ∇ · (n∞∇p∞)−∇ · (n∞∇Φ) + n∞G(p∞, c∞)

∂tc∞ = ∆c∞ − n∞H(c∞) + K(p∞, c∞)

and p∞(1− n∞) = 0

Theorem: complementarity relation

p∞(∆p∞ −∆Φ+ G(p∞, c∞)) = 0 in D′(Rd × (0,∞))

Complementarity relation⇐⇒ L2-strong compactness of ∇pγ

6



Solutions behavior in 1D
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Strategy

∇pγk → ∇p∞ strongly in L2x,t : two new methods

• an L3-version of the Aronson-Bénilan estimate

|∆pγ + G(pγ , cγ)|− ∈ L3(Rd × (0,∞))

• an optimal L4-bound of ∇pγ

|∇pγ | ∈ L4(Rd × (0,∞))

[1] N.D. and Benoit Perthame, J. Math. Pures Appl., 2021 (nutrient)
[2] N.D. and Markus Schmidtchen, Preprint, 2021 (drift)
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Focusing solution
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Figure 3: Focusing solution: pressure

[3] N.D. and Xinran Ruan, Preprint, 2021
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Gradient blow-up at the focusing time
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Figure 4: Lp-norms of the pressure gradient
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Conclusions and perspectives

Main result

p∞(∆p∞ −∆Φ+ G(p∞, c∞)) = 0 in D′(Rd × (0,∞)).

Perspectives:
∂tn1 = ∇ · (n1∇p) + n1F1(p) + n2G1(p),
∂tn2 = ∇ · (n2∇p) + n1F2(p) + n2G2(p),
p = (n1 + n2)γ , γ > 1

• Incompressible limit?
• Existence?

Thank you!
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Difficulties

∂tn = ∇ · (n∇p) + nG(p)
Aronson-Bénilan estimate:

∆p+ G(p) ≥ − 1

γt

With nutrients:
G(p, c) < 0, for c < c̄
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Figure 2: Density (blue line), pressure (red dashed line), nutrient
(green dashed line), c̄ < 0.6, γ = 80
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