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Plan of the talk

© Introducing the Boltzmann equation and Lanford’s theorem

© The extensions of Lanford's theorem to domains with boundary
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Plan of the talk

© Introducing the Boltzmann equation and Lanford’s theorem
@ The Boltzmann equation
@ From the dynamics of the particles to a statistical description of the
system
@ The observation of Grad: a way to obtain a rigorous derivation
@ The convergence of the solutions

@ Prescribing the boundary conditions
@ The case of the half-space
@ The case of a general convex obstacle
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Statistical mechanics: the description of the matter at a
mesoscopic level

Goal:

To describe the macroscopic by the movement of its elementary,
behaviour of a fluid microscopic components.
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Statistical mechanics: the description of the matter at a
mesoscopic level

Goal:

To describe the macroscopic by the movement of its elementary,
behaviour of a fluid microscopic components.

The fluid will be described by the quantity f(¢,x,v), the density of particles lying
at time ¢ at point = and moving with velocity v.

f is called the one-particle density function in the phase space.
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In 1872, Boltzmann obtained his famous equation:
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In 1872, Boltzmann obtained his famous equation:

8tf+v.V$f:/Rd Sd_lB(v—v*,w)[f(t,x,v’)f(t,:c,v;)

— f(t,z,v)f(t,x, U*)] dw dvy,

For a solution f of the Boltzmann equation, if one considers the entropy:

H(f)(t):/x/vf(t,x,v) In f(t, 2, 0) do da,
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In 1872, Boltzmann obtained his famous equation:

Of +v-Vof = / B(v = v, w) [£(t,2,0) (£, 2,0))

Sdl

— f(t,z,v)f(t,x, ’U*)] dw dvy,

For a solution f of the Boltzmann equation, if one considers the entropy:
HW = [ [ 1,000 f(t,2,0) dvds,
xrJ v
one can prove that, if f is not an equilibrium (i.e. a Maxwellian), then:

=1 / / / / 00 @) (JW) () = ()£ (02))

FEIEDY o dodds
xln(f<v)f( ))d dv, dvdz < 0.
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In 1872, Boltzmann obtained his famous equation:

Of +v-Vof = / B(v — v, w)[f(t, 2, v') f(t, 2, ))

Sdl

— f(t,z,v)f(t,x, ’U*)] dw dvy,

For a solution f of the Boltzmann equation, if one considers the entropy:
HW = [ [ 1,000 f(t,2,0) dvds,
one can prove that, if f is not an equilibrium (i.e. a Maxwellian), then:
d / !/
GHNO =3[ [ [ [ Bo=v.0(0)16) - 10)10.)
« In (f(”)ff(”)) dw do, dvdz < 0.

This is the H-theorem (1872).
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Defining the dynamics of the particles: the hard sphere
model

One assumes that the gas is monoatomic and electrically neutral. The gas is
composed of spherical particles of diameter &, evolving in a domain without

boundary: the Euclidean space R¢ (d > 2), or the torus T<. The position of the
particle 4 at time ¢ will be denoted x;(t), and its velocity at time ¢ v;(t).

Second Newton’s law: far enough from the other particles, each particle i moves
in straight line, with constant velocity.
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Defining the dynamics of the particles: the hard sphere
model

One assumes that the gas is monoatomic and electrically neutral. The gas is
composed of spherical particles of diameter &, evolving in a domain without

boundary: the Euclidean space R¢ (d > 2), or the torus T<. The position of the
particle 4 at time ¢ will be denoted x;(t), and its velocity at time ¢ v;(t).

Second Newton’s law: far enough from the other particles, each particle i moves
in straight line, with constant velocity.

If d(z;(t),z;(t)) > ¢ for j # 14, then %vi(t) =0
(so that locally x;(t) = x;(to) + (t — to)vi(to))-
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Defining the dynamics of the particles: the hard sphere
model

One assumes that the gas is monoatomic and electrically neutral. The gas is
composed of spherical particles of diameter &, evolving in a domain without
boundary: the Euclidean space R¢ (d > 2), or the torus T<. The position of the
particle 4 at time ¢ will be denoted x;(t), and its velocity at time ¢ v;(t).

Second Newton'’s law: far enough from the other particles, each particle i moves
in straight line, with constant velocity.

If d(xi(t),z;(t)) > € for j # 1, then %vi(t) =0

(SO that locally Z‘i(t) = $i(t0) + (t - to)’l}i(to)).
Elastic collisions: when two particles
collide, the velocities are modified in order
to transform pre-collisional configurations
into post-collisional configurations,
preserving the momentum and the kinetic
energy.
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Defining the dynamics of the particles: the hard sphere
model

One assumes that the gas is monoatomic and electrically neutral. The gas is
composed of spherical particles of diameter &, evolving in a domain without
boundary: the Euclidean space R¢ (d > 2), or the torus T<. The position of the
particle 4 at time ¢ will be denoted x;(t), and its velocity at time ¢ v;(t).

Second Newton'’s law: far enough from the other particles, each particle i moves
in straight line, with constant velocity.

If d(z;(t),z;(t)) > e for j # 4, then %vi(t) =0

(SO that locally Z‘i(t) = $i(t0) + (t — to)’l}i(to)).

Elastic collisions: when two particles

collide, the velocities are modified in order If d(xi(t)7xj (£)) = &, we define

to transform pre-collisional configurations v = v (@ (v = v2))w,
into post-collisional configurations, vy =2+ (w- (01— m))wx o
preserving the momentum and the kinetic with w = —2—~1.
energy. |22 — 1]
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Defining the dynamics of the particles: the hard sphere
model

One assumes that the gas is monoatomic and electrically neutral. The gas is
composed of spherical particles of diameter &, evolving in a domain without
boundary: the Euclidean space R¢ (d > 2), or the torus T<. The position of the
particle 4 at time ¢ will be denoted x;(t), and its velocity at time ¢ v;(t).

Second Newton'’s law: far enough from the other particles, each particle i moves
in straight line, with constant velocity.

If d(z;(t),z;(t)) > e for j # 14, then %vi(t) =0

(SO that locally l‘i(t) = $i(t0) + (t — to)’l}i(to)).

Elastic collisions: when two particles 0
collide, the velocities are modified in order

to transform pre-collisional configurations e o P2

into post-collisional configurations,
preserving the momentum and the kinetic ‘
energy. v

Figure: Collision between two particles
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Introducing the BBGKY hierarchy

One studies the system of N hard spheres evolving in the Euclidean space R¢

described by the configuration Zy and the evolution of the distribution function
fn of the system in the phase space D.
One denotes:

N = (xl,’Ul,...,l‘N,UN) = (Zl,...,ZN) € RQdN,

with z; = (x;,v;) € R??, and

D5 = {ZN € RN/ Vi £ j, |z — x> 5}.
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Introducing the BBGKY hierarchy

One studies the system of N hard spheres evolving in the Euclidean space R¢

described by the configuration Zy and the evolution of the distribution function
fn of the system in the phase space D.

This distribution satisfies the Liouville equation on the phase space:

N
8th+Zvi vwlfN 207

=1
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Introducing the BBGKY hierarchy

One studies the system of N hard spheres evolving in the Euclidean space R¢

described by the configuration Zy and the evolution of the distribution function
fn of the system in the phase space D.

This distribution satisfies the Liouville equation on the phase space:

N
8th+Zvi vwlfN 207

=1

with the following boundary conditons:
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Introducing the BBGKY hierarchy

One studies the system of N hard spheres evolving in the Euclidean space R¢
described by the configuration Zy and the evolution of the distribution function

fn of the system in the phase space D.
This distribution satisfies the Liouville equation on the

N
8th+Zvi vwlfN 207

=1

with the following boundary conditons:

phase space :

fN(t,IIZl,’Ul,...,ZEi,’Ui,...,IE]',U]',...,Z'N,’UN)

i
= fn(t,z, v, T, 05, T

when |z; —z;| =€ and (z; — z;) - (v; —v;) > 0.

Théophile Dolmaire Lanford’s theorem

/
7’Uj7"'7xNaUN)
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Introducing the BBGKY hierarchy

One studies the system of N hard spheres evolving in the Euclidean space R¢

described by the configuration Zy and the evolution of the distribution function
fn of the system in the phase space D.

Introducing the marginals f](\f) of the distribution function:

](\f)(ZS) = / fN(t, ZS,ZS+1, ceey ZN)]IDJEV dZ5+1 . .dZN,
R2d(N—s)
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Introducing the BBGKY hierarchy

One studies the system of N hard spheres evolving in the Euclidean space R¢

described by the configuration Zy and the evolution of the distribution function
fn of the system in the phase space D.

Introducing the marginals f](\f) of the distribution function:

](\f) (ZS) = / fN(t, ZS,ZS+1, ceey ZN)]IDJEV dZ5+1 . .dZN,
R2d(N—s)

one can show that each marginal satisfies the equation (for 1 < s < N —1):

S
atfl(\;) + Z v; - Vmi J(\?) _ Ci\;i—lf(SJrl)’
=1
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Introducing the BBGKY hierarchy

One studies the system of N hard spheres evolving in the Euclidean space R¢

described by the configuration Zy and the evolution of the distribution function
fn of the system in the phase space D.

Introducing the marginals f](vs) of the distribution function:

](\f)(Zs) :/ fN(taZS7ZS+13-"7ZN)]1'DZEV dZ5+1 ...dZN,
R2d(N—s)

one can show that each marginal satisfies the equation (for 1 < s < N —1):

(S)+Zvl Ve f(s)* Ss+1f(s+1
i=1

where Cs ar1 s the collision term, which writes:

S
s+1 d 1
s s+1f( /d 1/ Us—i—l - 'Uz)
i:l S&TT/RY
s+1
s+1
X z(v )(t, Zs, i + ew, Vs41) dw dvgiq.
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Introducing the BBGKY hierarchy

One studies the system of N hard spheres evolving in the Euclidean space R¢

described by the configuration Zy and the evolution of the distribution function
fn of the system in the phase space D.

Introducing the marginals f](\f) of the distribution function:

](\f)(Zs) :/ fN(taZS7ZS+13-"7ZN)]1'DZEV dZ5+1 ...dZN,
R2d(N—s)

one can show that each marginal satisfies the equation (for 1 < s < N —1):

(S)+Zvl Va f(s)* Ss+1f(s+1
=1

Those N equations constitute the BBGKY hierarchy.

France-Korea Kinetic Summer School, 08/21
Théophile Dolmaire Lanford’s theorem / 3



The Boltzmann-Grad limit, and the Boltzmann hierarchy

So far, no link was given between the number N of particles of the system, and
the radius /2 of those particles.
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The Boltzmann-Grad limit, and the Boltzmann hierarchy

One will consider the Boltzmann-Grad limit:

Ned=1 =1.
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The Boltzmann-Grad limit, and the Boltzmann hierarchy

One will consider the Boltzmann-Grad limit:
Ned=1 =1.

This means that the mean free path does not depend on the number N of particles
of the system.
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The Boltzmann-Grad limit, and the Boltzmann hierarchy

One will consider the Boltzmann-Grad limit:
Ned=1 =1.
Taking the limit e — 0, Ne9~! = 1, the collision term becomes (formally):

S
(s+1) / /
E /d 1/ [w~(vs+1 —vi)]+ N (txn v, v T, ) dw dvg g
‘ sé-1 JRa
=1 w

Vs+1

_ Z /Sd_l/Rd[OJ . ('Us+1 - Ui>]+ ](VS+1) (t7 Zs7mi7vs+1) dw dUS+1'
=1 w

Vs4+1
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The Boltzmann-Grad limit, and the Boltzmann hierarchy

One will consider the Boltzmann-Grad limit:
Ned=1 = 1.
One defines the Boltzmann hierarchy as the infinite sequence of equations:
Vs> 1, 0 f) + Zvi Vo, [ =) FOTY,
i=1
with C¥ | f+1) denoting

S
Z/d ) /d[w‘ (Vg1 —vi)]+(f(5+1)(t,x1,v1,...,xi,vg,...,xi,vgﬂ)
i=17/5 /R

Vs+1

— @ Z,, s, Vs11)) dvgpr dw.
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The Boltzmann-Grad limit, and the Boltzmann hierarchy

What's the link between the Boltzmann hierarchy and the Boltzmann equation?
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The Boltzmann-Grad limit, and the Boltzmann hierarchy

What's the link between the Boltzmann hierarchy and the Boltzmann equation?
Considering the first equation of the Boltzmann hierarchy (s = 1):

O f M + vy - Vg, fO) = / v — U1 ] (Pt 21,07, 1, 05)
st Rd

— [Pt w1, 01,21, v2)) dva dw,
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The Boltzmann-Grad limit, and the Boltzmann hierarchy

What's the link between the Boltzmann hierarchy and the Boltzmann equation?
Considering the first equation of the Boltzmann hierarchy (s = 1):

O fM 4o -V, fO = / (v — 11 ] (fA(t, 21, 0], 21, 05)
sd-1 Rd
— fO(t, 21,01, 21, 02)) dvg dw,
if one assumes in addition that the second marginal is tensorized:
FO(t,z1, 01, 20, 00) = FO (21, 01) fD (8, 29, 02),

the equation writes:
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The Boltzmann-Grad limit, and the Boltzmann hierarchy

What's the link between the Boltzmann hierarchy and the Boltzmann equation?
Considering the first equation of the Boltzmann hierarchy (s = 1):

O f M+ vy - Vo, f = / (v — 11 ] (f(Q)(t,xl,vll,xl,vé)
sd-1 Rd
- f(Z) (ta x1,V1,21, IUQ)) dU2 dwy
if one assumes in addition that the second marginal is tensorized:
FO(t, 21,01, 00,02) = fO(t 21, 010) Ot 22, 00),
the equation writes:
Onf + vy Vg, fV = / / [w (va=v1)] , (FO(t,21,07) FD (8,21, 03)
gd-t R,

- f(l)(t7 Ty, Ul)f(l)(t’ T, 1)2)) d’U2 dw.
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The Boltzmann-Grad limit, and the Boltzmann hierarchy

What's the link between the Boltzmann hierarchy and the Boltzmann equation?
Considering the first equation of the Boltzmann hierarchy (s = 1):

O fM 4o -V, fO = / (v — 11 ] (fA(t, 21, 0], 21, 05)
sd-1 Rd
— fO(t, 21,01, 21, 02)) dvg dw,
if one assumes in addition that the second marginal is tensorized:
FO(t,z1, 01, 20, 00) = FO (21, 01) fD (8, 29, 02),

the first marginal is a solution of the Boltzmann equation.
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The Boltzmann-Grad limit, and the Boltzmann hierarchy

What's the link between the Boltzmann hierarchy and the Boltzmann equation?
Considering the first equation of the Boltzmann hierarchy (s = 1):

O fM vy -V, f = / (v — 11 ] (fA(t, 21, 0], 21, 05)
sd-1 Rd
— FO(t, @y, 01, 21, v2)) dva dw,
if one assumes in addition that the second marginal is tensorized:
FO(t,z1, 01, 20, 00) = FO (21, 01) fD (8, 29, 02),
the first marginal is a solution of the Boltzmann equation.

Goal: proving the convergence of the solutions of the BBGKY hierarchy
towards the solutions of the Boltzmann hierarchy.
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Rewritting the hierarchies...

One considers the integrated in time versions of the hierarchies.
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Rewritting the hierarchies...

One considers the integrated in time versions of the hierarchies.

1020 = NI 20) + [ R (0 T 2) du,
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Rewritting the hierarchies...

One considers the integrated in time versions of the hierarchies.

O, z,) :f}vﬁ{)(:ﬁif(zs))Jr/ e | 1 (0, T55,(2,)) du,

f(s)(t,Z) fOs —t /Cs s—l—lf S+1 U?Ti Ot(Z )) du.
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Rewritting the hierarchies...

One considers the integrated in time versions of the hierarchies.

IN (4 2:) = fip (175 (22) + / Chndy T (T 22) du,

y Tu—t

fOt, Z0) = £(T50 (2, +/C$8+1f5+1 (u, T2%,(Z5)) du.

For the Boltzmann hierarchy, the hard sphere transport is replaced by the
free transport with boundary conditions 7.

France-Korea Kinetic Summer School, 08/21
Théophile Dolmaire Lanford’s theorem / 34



An explicit expression of the solutions to the hierarchies

Few notations (1)

Let us introduce some notations here.
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An explicit expression of the solutions to the hierarchies

Few notations (1)

Let us introduce some notations here.

Notations for the integrated in time transport-collision operator for the

BBGKY hierarchy. For any positive integers NV and s, and any sequence of
. (s) .

functions ( N )13531\/ belonging to the space X N e will denote the

function

t'-)/ Tsua 55+1TS+1 af(s-l-l ( ) du

as ISN’Sf,(VSH).
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An explicit expression of the solutions to the hierarchies

Few notations (1)

Let us introduce some notations here.

Notations for the integrated in time transport-collision operator for the
BBGKY hierarchy. For any positive integers NV and s, and any sequence of

functions ( ](\f) belonging to the space )~(N o we will denote the

)1gs§N
function .
&N, e p(s+1
b= / ﬁjcs,silﬁ+l Ef](\ls )(U, ) du
0
as ISN’Ef](VSH).
Similarly, for the Boltzmann hierarchy we will denote

t
t— ‘/0 7;«2%02’8_’_1](‘(54-1) (’LL, ) du

0 £(s+1 H s H Y .
as Z; &+ for any sequence of functions (f( ))521 belonging to XO,B,Z'
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An explicit expression of the solutions to the hierarchies

Few notations (II)
The iterations of those operators

t t
v [Tt [T e T
k—1 ke p(s+k
/ TEbeeNe TR R () At dtp Aty

and

s+1 0 s+1 0 s+2, O
t— / T s s+1 / T s+1 s+QT

/ Ts+k M0 ek TR PR (4 ) Aty by dty
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An explicit expression of the solutions to the hierarchies
Few notations (II)

The iterations of those operators

t t1
S,E s+1,e +1,e s+2,e
t— /0 T23.Cs) s—HT / T Cs+1 stoli, -

/ Ts+k ec s—|—k: 1 s+kTs+k€ . (e, ) Aty . .. At dty

and

s+1 0 s+1 0 s+2, 0
t— / T s s+1 / T s+1 s+QT

/ Ts+k ! 0 s+k 1 s+k7-s+k Of(s+k) (tka ) dtk T dt2 dtl

will be respectively denoted as

(s+k) -I—k
Is S+k— N and Igs+k 1f 3
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The detailed expression of the elementary terms
The Duhamel formula (BBGKY version)

It is then possible to prove the following result, giving an explicit
expression of the solutions to the hierarchy in terms of the initial data.
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The detailed expression of the elementary terms
The Duhamel formula (BBGKY version)

It is then possible to prove the following result, giving an explicit
expression of the solutions to the hierarchy in terms of the initial data.

Iterated Duhamel formula for the solution of the BBGKY hierarchy
Let N be a positive integer and € > 0. In the Boltzmann-Grad limit
Ne?=1 =1, for any strictly real numbers 8y > 0, po, and any sequence of
initial data

Fno = (f](\}g’)())ISSSN € XN e,80,10
the unique solution of the integrated form of the conjugated BBGKY
hierarchy with initial datum Fiy g is

N-—s
Hy =t (f S, u E_: ( ss+k f J\fJork))(t’ '))1§s§N'
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The detailed expression of the elementary terms

The Duhamel formula (Boltzmann version)

We have of course a similar result concerning the Boltzmann hierarchy.
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The detailed expression of the elementary terms

The Duhamel formula (Boltzmann version)

We have of course a similar result concerning the Boltzmann hierarchy.

Iterated Duhamel formula for the solution of the Boltzmann hierarchy

For any strictly real numbers 5y > 0, g, and any sequence of initial data

FO = (féS))szl € XO,BO,MO?

the unique solution of the integrated form of the Boltzmann hierarchy with
initial datum Fy is

—+oo
F=tr (T80 + 3 Toapnma (o ToOAE™) )
k=1 -
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The detailed expression of the elementary terms

Another step forward into the decomposition
Keeping in mind that the collision operator was defined as

S

Cg,s+1f(s+l) = Z [/ |:OJ : (US+1 - vi)]+f(s+1)(t7 <oy Ty ’U;, ceey Ty v;+1)
Sd=1 xR

i=1

— [w- (vsp1 —v5)] _ 1(\}g+1)(t, Zgy @iy Voq1) dw dvgir |
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The detailed expression of the elementary terms
Another step forward into the decomposition
Keeping in mind that the collision operator was defined as

S
Cg,s+1f(s+1) = Z [/Sdlde [w (veg1 — vi)]+f(s+1)(t, e T Uy T, Ul )
i=1

— [w- (vsp1 —v5)] _ 1(\}g+1)(t, Zgy @iy Voq1) dw dvgir |

this suggests the decomposition:

/ T (t)lcger s+1,0 és+1)(t1,~)dt1 _ Z (Ios}_Ios )(t1 N Ts+1 of(s+1))

‘ +.J1 2J1
Ji=1
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The detailed expression of the elementary terms
Another step forward into the decomposition
Keeping in mind that the collision operator was defined as

S

Cg,s+1f(s+l) = Z [/ |:OJ : (US+1 - vi)]+f(s+1)(t7 <oy Ty ’U;, ceey Ty v;+1)
i=1 Sd—1xRd

— [w- (vsp1 —v5)] _ 1(\}g+1)(t, Zgy @iy Voq1) dw dvgir |

this suggests the decomposition:

/ T (t)lcger s+1,0 és+1)(t1,~)dt1 _ Z (Ios}_Ios )(h N Ts+1 of(s+1))

iz +,J1 sJ1

and then

g,s+k—1 = ( Z (il)IO s ) O---0 ( Z (ik)Is+k 1)

1<j:1<s 1<jr<sth—1 E:Jk
B2
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The detailed expression of the elementary terms

The final definition of the elementary terms

The final decomposition of the solution into elementary terms (for
example, of the Boltzmann hierarchy) will be:

+o0o
F= (T8 + 30 3 (1) ()8

s+k,0 p(s+k)
,s+k—1(u =T, o ) o1’
k=1 J, M, Jjo, M, 5=
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The detailed expression of the elementary terms

The final definition of the elementary terms

The final decomposition of the solution into elementary terms (for
example, of the Boltzmann hierarchy) will be:

+o0o
F= (T8 + 30 3 (1) ()8

s+k,0 p(s+k)
,s+k—1(u =T, o ) o1’
k=1 J, M, Jjo, M, 5=

with Jk:(jl,...,jk) and Mk:(il,...,ik),ands§j1§s+l—1.
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The detailed expression of the elementary terms

The final definition of the elementary terms

The final decomposition of the solution into elementary terms (for
example, of the Boltzmann hierarchy) will be:

—+00
F= (728,0]“05) + Z Z (£1) ... (:I:k)zg,s+k71(u . 7;s+k,0f(§s+k)))

b
=1 Jy,. M, T, My, s21

with Jk:(jl,...,jk) and Mk:(il,...,:l:k),ands§j1§s+l—1.

What can be said about a generic elementary term?
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From the operators to the pseudo-trajectories

Let us take k =1, m; = — (and s and j; being generic), that
is we consider 79 (u — 7;s+1,0fés+1))_
(J1,-)

[ L]l (v = @itz

X fosJrl (TthrlLO (ﬂi’o_t(zs)v (Ei’gt(zs))X7j’ US+1)) dw dvs 1 dty
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From the operators to the pseudo-trajectories

Let us take k = 1, my = — (and s and j; being generic), that
is we consider 79 (u — 7;s+1,0fés+1))_
(J1,-)

[ L]l (v = @itz

X fosJrl (TthrlLO (Ttsfo_t(Zs)a (Ei’gt(zs))X7j’ US+1)) dw dvs 1 dty

RAQ RAQ
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From the operators to the pseudo-trajectories
Let us take k=1, m1 = —

(and s and j; being generic), that
is we consider Z9 (u s 7;s+1,ofés+1))_

(j1,—)

[ L] o (o = it

« fés-i-l)(Ti-i-l 0(7}81015(\2/) (Ttsl»o_t( Z ))X’j,v8+1))dwdvs+1dt1

~—
D o)

N}E

RAQ RAQ
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From the operators to the pseudo-trajectories

Let us take k = 1, m; = — (and s and j; being generic), that
is we consider Z9 (u — 7:;9+1,0fés+1))_
(1)
%)

(L]l o= @220

< ST (20, (130(20) ™ o)) dwr s dty

@ @
RAQ RAQ RAQ
0 t1 \_‘:_6 t
ijlft
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From the operators to the pseudo-trajectories

Let us take k =1, m1 = — (and s and j; being generic), that
is we consider 705 (u — 7—us+1,ofés+1)).
(1)

©)
[ L] otz

X,j
% fés+1) (Tf;l’o (Ei’gt(zs)’ (Tgﬂt(zs)) ], vs+1)) dw dvgyg dty
Rd\Q ]Rd\Q Rd\Q
o) e T
0 f f
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From the operators to the pseudo-trajectories

Let us take k = 1, my = — (and s and j; being generic), that
is we consider 79 (u — 7;s+1,0fés+1))_
(J1,-)

/ot/w/vsﬂ [w- (o1 = (TR2(Z)Y)]

X f(gSH) (TthrlLO (Ttsfo_t(Zs)a (Ttsﬁt(zs))&j’ USH)) duw dvgyy diy

- Jstl
O @
Rd\Q Rd\Q Rd\Q
) e
0 !

France-Korea Kinetic Summer School, 08/21
Théophile Dolmaire Lanford’s theorem 34



From the operators to the pseudo-trajectories

Let us take k =1, m; = — (and s and j; being generic), that
is we consider 79 (u — 7;s+1,0fés+1))_
(J1,-)

[ L] Jee e =@tz

X fos+1 (1~it1.(l<1}jsi:2[(2,g), <T/i‘(l"<z“))‘\"‘j= ubﬂ)) dw dvss 1 dty
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From the operators to the pseudo-trajectories

Let us take k = 1, my = — (and s and j; being generic), that
is we consider 79 (u — 7;5+1,0fés+1))_
(J1,-)

[ L]l (v = @itz

X fosJrl (TthrlLO (Ttsfo_t(Zs): (Ei’gt(zs))X7j’ US+1)) dw dvs 1 dty

We are then naturally led to consider pseudo-trajectories.
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The plan for the convergence of the solutions

The behaviour of the pseudo-trajectories

Dy

() = viA() \6 .-

e5a(t)
v (t)

o5(8) = v

o () = 035(E)

T31

=yt —tr)

@it - 1)

D2ty T
04

253(0) = 255(0)

535(0) = 235(0)

36(0) = 253(0)

o53(0)
w55(t)

Théophile Dolmaire

Lanford’s theorem
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The plan for the convergence of the solutions

From the behaviour of the pseudo-trajectories to the convergence of the solutions
The main idea of the proof is now to proceed as follows:
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The plan for the convergence of the solutions

From the behaviour of the pseudo-trajectories to the convergence of the solutions
The main idea of the proof is now to proceed as follows:

For the same
adjunction
parameters Jg,
(- 1),
(w1,...,wk) and
(V1. .., 0):

Pseudo-trajectory of
the BBGKY
hierarchy

l ase—0

Pseudo-trajectory of
the Boltzmann
hierarchy
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The plan for the convergence of the solutions

From the behaviour of the pseudo-trajectories to the convergence of the solutions
The main idea of the proof is now to proceed as follows:

For the same
adjunction
parameters Jg,
(- 1),
(w1,...,wk) and
(V1. .., 0):

Pseudo-trajectory of
the BBGKY
hierarchy

l ase—0

Pseudo-trajectory of
the Boltzmann
hierarchy

For any number of
adjunction k, any
parameters of
adjunction
1<jr<s+k—1
and my, = =p:

N,e
Is,s-‘rk:—l

Iy, My

l ase—0

0
Is,s+k—1
T, M

Théophile Dolmaire Lanford’s theorem
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The plan for the convergence of the solutions

From the behaviour of the pseudo-trajectories to the convergence of the solutions
The main idea of the proof is now to proceed as follows:

For the same

adjunction For any number of Since the solutions
parameters Ji, adjunction k, any are sums of the
(t1, .5 th), parameters of elementary terms,
(w1, ..., ws) and adjunction the ones of the
(U1,...,0): 1<jpr<s+k-1 BBGKY hierarchy
and my = +y: converging towards

Pseudo-trajectory of those of the

the BBGKY N Boltzmann hierarchy:
hierarchy T, Svj_k_l
Ik, My, F
+ase—0 = l ase—=0 = "
. —

Pseudo-trajectory of 70 sh—1 ‘ase—=0
the Boltzmann T, My, F.
hierarchy
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A serious obstacle to the convergence of the
pseudo-trajectories:

The recollisions

o51(0)

0.1 2.1
25(0) = 23,4(0)
a1t~ )

=afi(t—t) __

Tabit—n)
=250t —t)

03

21 (t)

€3 o~

w10 23— ) >~
=ait—t) 535(0) = 255(0)
=ayi(t—t)

02

wit) = i)

T T T
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The elimination of the recollisions: the geometrical lemma
The decisive contribution of Gallagher, Saint-Raymond and Texier (2014) (I)

We are now at the heart of the control of the recollisions. It relies on the
following lemma of geometry:
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The elimination of the recollisions: the geometrical lemma
The decisive contribution of Gallagher, Saint-Raymond and Texier (2014) (I)

We are now at the heart of the control of the recollisions. It relies on the
following lemma of geometry:

Shooting lemma [Gallagher, Saint-Raymond, Texier 2014]

Let €, a and g be three positive numbers such that ¢ < a < g¢g. Let T; and Z»
be two vectors of R? such that [T, — #;| > £, and v; a vector of B(0, R) such
that |vi| < R. Then, for any 1 € B(T1,a), z2 € B(T2,a) and vs € B(0, R):
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The elimination of the recollisions: the geometrical lemma
The decisive contribution of Gallagher, Saint-Raymond and Texier (2014) (I)

We are now at the heart of the control of the recollisions. It relies on the
following lemma of geometry:

Shooting lemma [Gallagher, Saint-Raymond, Texier 2014]

Let €, a and g be three positive numbers such that ¢ < a < g¢g. Let T; and Z»
be two vectors of R? such that [T, — #;| > £, and v; a vector of B(0, R) such
that |v1| < R. Then, for any 21 € B(Z1,a), z2 € B(T2,a) and vy € B(0, R):

e if vy is not in the cylinder of radius 6Ra/ey and of axis vy + Vect(Zy — T1),
then:

Vt >0, |(z1 —tvr) — (z2 — tva)| > &,
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The elimination of the recollisions: the geometrical lemma
The decisive contribution of Gallagher, Saint-Raymond and Texier (2014) (I)

We are now at the heart of the control of the recollisions. It relies on the
following lemma of geometry:

Shooting lemma [Gallagher, Saint-Raymond, Texier 2014]

Let €, a and g be three positive numbers such that ¢ < a < g¢g. Let T; and Z»
be two vectors of R? such that [T, — #;| > £, and v; a vector of B(0, R) such
that |v1| < R. Then, for any 21 € B(Z1,a), z2 € B(T2,a) and vy € B(0, R):

e if vy is not in the cylinder of radius 6Ra/ey and of axis vy + Vect(Zy — T1),
then:

Vt >0, |(z1 —tvr) — (z2 — tva)| > &,

e if vy is not in the cylinder of radius 62¢/6 and of axis vy + Vect(Zay — T1),
then:

vVt >0, |(Tl — t’Ul) — (TQ = t”UQ)| > gg.
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The elimination of the recollisions: the stability of the

good configurations by adjunction
The decisive contribution of Gallagher, Saint-Raymond and Texier (2014) (II)
With the shooting lemma, we can now prove that:
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The elimination of the recollisions: the stability of the

good configurations by adjunction

The decisive contribution of Gallagher, Saint-Raymond and Texier (2014) (II)
With the shooting lemma, we can now prove that:

Stability of the good configurations [Gallagher, Saint-Raymond,
Texier 2014]

If 73 is a good configuration of type &g, there exists a subset
Bk(Zk) c SA-1 % B(O,R)

V.
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The elimination of the recollisions: the stability of the

good configurations by adjunction

The decisive contribution of Gallagher, Saint-Raymond and Texier (2014) (II)
With the shooting lemma, we can now prove that:

Stability of the good configurations [Gallagher, Saint-Raymond,
Texier 2014]

If 73 is a good configuration of type &g, there exists a subset
Bi(Z1) C ST x B(0, R) of small measure:

1Be(Z)| < Ck(Rnd_l n Rd(%>d_1 N R(%O>d_1)>

V.
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The elimination of the recollisions: the stability of the
good configurations by adjunction
The decisive contribution of Gallagher, Saint-Raymond and Texier (2014) (II)

With the shooting lemma, we can now prove that:

Stability of the good configurations [Gallagher, Saint-Raymond,
Texier 2014]

If 75 is a good configuration of type &g, there exists a subset
Bi(Z1) C ST x B(0, R) of small measure:

1Be(Z)| < Ck(Rnd_l n Rd(%>d_1 N R(%O>d_1)>

such that if (w,vx11) ¢ Bi(Z%), then:

V.
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The elimination of the recollisions: the stability of the

good configurations by adjunction

The decisive contribution of Gallagher, Saint-Raymond and Texier (2014) (II)
With the shooting lemma, we can now prove that:

Stability of the good configurations [Gallagher, Saint-Raymond,
Texier 2014]

If 75 is a good configuration of type &g, there exists a subset
Biw(Zy) € S x B(0, R) of small measure:

1Be(Z)| < Ck(Rnd_l n Rd<%>d—1 N R(%O>d_1)>

such that if (w,vx11) ¢ Bi(Z%), then:

e the configuration (Z, Ty, vr41) is a good configuration of type ¢¢ after at
most 0,

V.
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The elimination of the recollisions: the stability of the

good configurations by adjunction

The decisive contribution of Gallagher, Saint-Raymond and Texier (2014) (II)
With the shooting lemma, we can now prove that:

Stability of the good configurations [Gallagher, Saint-Raymond,
Texier 2014]

If 75 is a good configuration of type &g, there exists a subset
Biw(Zy) € S x B(0, R) of small measure:

1Be(Z)| < Ck(Rnd_l n Rd(%)d_l N R(%O>d_1)>
such that if (w,vr1) & Br(Z4), then:

e the configuration (Z, Ty, vr41) is a good configuration of type ¢¢ after at
most ¢,

e for all X}, € B(X},a), the configuration (X, Vi, Tr + ew, vg11) is a good
configuration of type €.

V.
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The elimination of the recollisions: final comments
The decisive contribution of Gallagher, Saint-Raymond and Texier (2014) (lII)

The stability of the good configurations shows that, except for a small
amount of adjunction parameters, the pseudo-trajectories that are built are
without recollision.

France-Korea Kinetic Summer School, (}8/21
34

Théophile Dolmaire Lanford’s theorem



The elimination of the recollisions: final comments
The decisive contribution of Gallagher, Saint-Raymond and Texier (2014) (lII)

The stability of the good configurations shows that, except for a small

amount of adjunction parameters, the pseudo-trajectories that are built are
without recollision.

As a consequence, the difference between the positions of the
pseudo-trajectories of the BBGKY and the Boltzmann hierarchies are only
due to the size of the particles, and is then given by:

ke
after the k-th adjunction.
We completed our program!
France-Korea Kinetic Summer School, 08/21
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The Lanford's theorem in the Euclidean space
Theorem [Lanford 1975], [Gallagher, Saint-Raymond, Texier 2014]

Let fo: R?? = R, be a continuous density of probability such that

fo(z,v) exp (§|U’2>

< 400
Lo (RQd)

for some 8 > 0.

Then, in the Boltzmann-Grad limit N — 400, Ne?1 =1, f](vl) converges
towards the solution f of the Boltzmann equation with the cross section
b(v,w) = (v-w)4+ with fy as initial data, in the following sense. For all
compact set K C R%:

1x(@) [ o) (fF = ) (@,v) dv
‘K /Rd (N ) Leo([0,T]xR¢)

If in addition fj is Lipschitz-continuous, the rate of convergence is of order
O(e”) with

— 0.
N—~+oc0

‘a1
+ v
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Plan of the talk

@ The Boltzmann equation

@ From the dynamics of the particles to a statistical description of the
system

@ The observation of Grad: a way to obtain a rigorous derivation

@ The convergence of the solutions

© The extensions of Lanford’s theorem to domains with boundary
@ Prescribing the boundary conditions
@ The case of the half-space
@ The case of a general convex obstacle
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Prescribing the boundary conditions
Defining the dynamics of the particles (bis): the hard spheres, with specular reflection
We now assume that the particles evolve outside an obstacle 2 € R?. Far enough

from this obstacle, we keep the same assumptions concerning the dynamics of the
particles.
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Prescribing the boundary conditions
Defining the dynamics of the particles (bis): the hard spheres, with specular reflection

We now assume that the particles evolve outside an obstacle 2 € R?. Far enough

from this obstacle, we keep the same assumptions concerning the dynamics of the
particles.

Far enough from the obstacle (i.e. when d(€2,z;(¢)) > £/2) and from the other

particles (i.e. when d(xz;(t),z;(t)) > ¢ for j # i), each particle i moves in
straight line, with constant velocity.
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Prescribing the boundary conditions

Defining the dynamics of the particles (bis): the hard spheres, with specular reflection

We now assume that the particles evolve outside an obstacle 2 € R?. Far enough

from this obstacle, we keep the same assumptions concerning the dynamics of the
particles.

Far enough from the obstacle (i.e. when d(€2,z;(¢)) > £/2) and from the other

particles (i.e. when d(xz;(t),z;(t)) > ¢ for j # i), each particle i moves in
straight line, with constant velocity.

!
U1

{vi =v1 — (w- (v1 — v2))w,
e o 2 W) =va 4 (W (v1 = v2)w,
withw = 22— %1
‘ |z — 21|
!
V2

Figure: Collision between two
particles: |z1 — x2| = ¢

Théophile Dolmaire
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Prescribing the boundary conditions

Defining the dynamics of the particles (bis): the hard spheres, with specular reflection

We now assume that the particles evolve outside an obstacle 2 € R?. Far enough

from this obstacle, we keep the same assumptions concerning the dynamics of the
particles.

Far enough from the obstacle (i.e. when d(€2,z;(¢)) > £/2) and from the other

particles (i.e. when d(z;(t),z;(t)) > € for j # i), each particle i moves in
straight line, with constant velocity.

!
U1

n
v = o1 — (@ (v — v2))w,
‘ y U2 vl = vy + (w- (v1 — v2))w ’
U1 2 T V2 17 v2))w, oovp =v1—2(v1-n)n
ith T2 — T1 v
with w =
‘ oy —ai| €D
’ o
V2

Figure: Collision between two Figure: Bouncing against the
particles: |z1 — x2| = ¢ obstacle : d(x1,Q) =¢/2

Théophile Dolmaire
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A first case of a domain with boundary: the case of the

half-space
What does it change?

We assume here that Q = {(z1,...,24) € R? / 21 < 0}.

Théophile Dolmaire Lanford’s theorem



A first case of a domain with boundary: the case of the

half-space
What does it change?

We assume here that Q = {(z1,...,24) € R? / 21 < 0}.

The hierarchies and the functional spaces in which they are solved remain the
same.
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A first case of a domain with boundary: the case of the

half-space
What does it change?

We assume here that Q = {(z1,...,24) € R? / 21 < 0}.

The hierarchies and the functional spaces in which they are solved remain the
same.

Concerning the pseudo-trajectories, the wall can produce new divergences:
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A first case of a domain with boundary: the case of the

half-space
What does it change?

We assume here that Q = {(z1,...,24) € R? / 21 < 0}.

The hierarchies and the functional spaces in which they are solved remain the
same.

Concerning the pseudo-trajectories, the wall can produce new divergences:

24(0) \ i \ W

$A0) () wle)

Théophile Dolmaire Lanford’s theorem
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A first case of a domain with boundary: the case of the

half-space
What does it change?

We assume here that Q = {(z1,...,24) € R? / 21 < 0}.

The hierarchies and the functional spaces in which they are solved remain the
same.

Concerning the pseudo-trajectories, the wall can produce new divergences:

— The bouncings increase the
distance between the particles,
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A first case of a domain with boundary: the case of the

half-space
What does it change?

We assume here that Q = {(z1,...,24) € R? / 21 < 0}.

The hierarchies and the functional spaces in which they are solved remain the
same.

Concerning the pseudo-trajectories, the wall can produce new divergences:

7 R — The bouncings increase the
distance between the particles,

=) = ai(0)

— There are time intervals during
which the velocities are very
different.
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A first case of a domain with boundary: the case of the
half-space

A more complicated (but solvable) shooting lemma

In the case of the half-space, there are more possibilities for two particles
to collide:
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A first case of a domain with boundary: the case of the
half-space

A more complicated (but solvable) shooting lemma

In the case of the half-space, there are more possibilities for two particles

to collide:
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A first case of a domain with boundary: the case of the
half-space

A more complicated (but solvable) shooting lemma

In the case of the half-space, there are more possibilities for two particles
to collide:

Théophile Dolmaire
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A first case of a domain with boundary: the case of the
half-space

A more complicated (but solvable) shooting lemma

In the case of the half-space, there are more possibilities for two particles

to collide:

There are more cases to consider to obtain an analogous shooting lemma.

Théophile Dolmaire
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A first case of a domain with boundary: the case of the
half-space

An important obstruction in the stability of the good configurations
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A first case of a domain with boundary: the case of the
half-space

An important obstruction in the stability of the good configurations

oi(t1)

Zi(to) - e1
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A first case of a domain with boundary: the case of the
half-space

An important obstruction in the stability of the good configurations

oi(t1)

Zi(to) - e1

In the case when there is an obstacle, one has to introduce a cut-off on the
proximity between the obstacle and the particle undergoing an adjunction.
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A first case of a domain with boundary: the case of the
half-space

An extended proof to take into account the cut-off in proximity with obstacle

In the case when there is an obstacle, the particle that undergoes the
adjunction has to be at a distance at least p from this obstacle.
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A first case of a domain with boundary: the case of the
half-space
An extended proof to take into account the cut-off in proximity with obstacle

In the case when there is an obstacle, the particle that undergoes the
adjunction has to be at a distance at least p from this obstacle.

How could we take this condition into account, since the positions are not
part of the adjunction parameters?
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A first case of a domain with boundary: the case of the
half-space

An extended proof to take into account the cut-off in proximity with obstacle
In the case when there is an obstacle, the particle that undergoes the
adjunction has to be at a distance at least p from this obstacle.

How could we take this condition into account, since the positions are not
part of the adjunction parameters?

It is not possible to prevent the particles to be too close to the obstacle in
general. But actually, it is sufficient that the particle experiencing the
adjunction is far from the obstacle at the time of adjunction.

Therefore, we can exclude the times such that the chosen particle is too
close to the obstacle. But this amount of times can be huge, if the particle
is grazing the obstacle!
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A first case of a domain with boundary: the case of the
half-space

An extended proof to take into account the cut-off in proximity with obstacle

In the case when there is an obstacle, the particle that undergoes the
adjunction has to be at a distance at least p from this obstacle.

How could we take this condition into account, since the positions are not
part of the adjunction parameters?

It is not possible to prevent the particles to be too close to the obstacle in
general. But actually, it is sufficient that the particle experiencing the
adjunction is far from the obstacle at the time of adjunction.

Therefore, we can exclude the times such that the chosen particle is too
close to the obstacle. But this amount of times can be huge, if the particle
is grazing the obstacle!

One has to make sure in addition that no particle of the system has a
grazing velocity, which implies another cut-off.

Théophile Dolmaire Lanford’s theorem
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A first case of a domain with boundary: the case of the
half-space

Lanford's theorem in the half-space with specular reflexion, [D. 2019]

Let fo: {z € R‘} x R? — R be a continuous density of probability such that

f(x,v) — 0 and

|(z,v)|=+o0

< 400
Lo (R24)

fo(z,v) exp (§|’U|2>

for some B > 0. Consider the system of N hard spheres of diameter ¢ inside the
half-space with specular reflexion, initially distributed according to f; and

independent. Then, in the Boltzmann-Grad limit N — +o0, Ned=1 =1, its
distribution function f](vl) converges to the solution of the Boltzmann equation f
with the cross section b(v,w) = (v - w)4, with specular reflexion and with initial
data fy, in the following sense:

H]IK(:I:,U)( 1(\,1) = f)(:v,v)H

—
L>([0,T)x{z-e1>0}x{v-e17#0}) N—+oco

If in addition \/ fy is Lipschitz with respect to the position variable uniformly in
the velocity variable, the rate of convergence is O(e®) with a < 13/128.

rrancel«ormho_ol._!BfZl
Théophile Dolmaire Lanford’s theorem / 34




Towards more general domains: outside a convex obstacle

We assume now that the obstacle €2 is a convex part of the plane R2.
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Towards more general domains: outside a convex obstacle

We assume now that the obstacle €2 is a convex part of the plane R2.

The control of the recollision is conceptually the same as in the case of the
half-space: before a collision, two particles can bounce against the
obstacle at most once (leading to four possible ways to collide).
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Towards more general domains: outside a convex obstacle

We assume now that the obstacle €2 is a convex part of the plane R2.
The control of the recollision is conceptually the same as in the case of the
half-space: before a collision, two particles can bounce against the

obstacle at most once (leading to four possible ways to collide).

But in that general case, the trajectories are not explicit anymore!
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Towards more general domains: outside a convex obstacle

We assume now that the obstacle €2 is a convex part of the plane R2.

The control of the recollision is conceptually the same as in the case of the
half-space: before a collision, two particles can bounce against the
obstacle at most once (leading to four possible ways to collide).

But in that general case, the trajectories are not explicit anymore!
= It is much more complicated to obtain the shooting lemma in that case.
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Solving the shooting lemma outside a general convex
obstacle

Characterizing the velocities solving the shooting problem
In the case of the whole Euclidean space, or of the half-space, the set of velocities

of a particle travelling from a disk to another one are easily pictured: this set is a
cone.
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Solving the shooting lemma outside a general convex
obstacle

Characterizing the velocities solving the shooting problem

In the case of the whole Euclidean space, or of the half-space, the set of velocities

of a particle travelling from a disk to another one are easily pictured: this set is a
cone.

In the case of a general convex obstacle, the analog of this set is not that simple.
The first step to solve the shooting lemma is to describe this set.
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Solving the shooting lemma outside a general convex
obstacle
Characterizing the velocities solving the shooting problem

In the case of the whole Euclidean space, or of the half-space, the set of velocities

of a particle travelling from a disk to another one are easily pictured: this set is a
cone.

In the case of a general convex obstacle, the analog of this set is not that simple.
The first step to solve the shooting lemma is to describe this set.

We introduce the notion of interior and

exterior pairs of tangent lines to two
disks.

2 ol
(01 v5) = max (o1, v3)

1,0 in (vf ol
vl v}) = min (of, 0!
(01, v3) ue(m)( 1,0
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Solving the shooting lemma outside a general convex
obstacle
Characterizing the velocities solving the shooting problem

In the case of the whole Euclidean space, or of the half-space, the set of velocities

of a particle travelling from a disk to another one are easily pictured: this set is a
cone.

In the case of a general convex obstacle, the analog of this set is not that simple.
The first step to solve the shooting lemma is to describe this set.

We introduce the notion of interior and

exterior pairs of tangent lines to two
disks.

o7, v3) = (f, )
(v, 03) e (0 )

(ehoed) = pin 0.0

Such pairs exist, are unique, and the
velocities solving the shooting lemma are
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Solving the shooting lemma outside a general convex
obstacle

Characterizing the velocities solving the shooting problem
It remains to control the angle between the interior and the exterior tangent lines
to the disk containing the starting point.
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Solving the shooting lemma outside a general convex
obstacle

Characterizing the velocities solving the shooting problem
It remains to control the angle between the interior and the exterior tangent lines

to the disk containing the starting point.

We can reach that goal using the family
of isoptics of the two disks.

France-Korea Kinetic Summer School, (}8/21
34

Théophile Dolmaire Lanford’s theorem



Solving the shooting lemma outside a general convex
obstacle

Characterizing the velocities solving the shooting problem
It remains to control the angle between the interior and the exterior tangent lines
to the disk containing the starting point.

We can reach that goal using the family Shoc_>ting lemma [D., to be
of isoptics of the two disks. published]

leta#1,0<B<1,and u>a’. We
assume that there is a trajectory,
starting from 27 = (0,1) and reaching
29 = (0, —1), with a bouncing at (u,v).
The set of velocities of the trajectories
starting from B(z1,a) and reaching
B(z9, a) after a bouncing has a size
bounded by:

OB + Za+ ofafd).

v
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Works in progress and open questions

We are currently studying the derivation of the Boltzmann equation inside
the disk.
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Works in progress and open questions

We are currently studying the derivation of the Boltzmann equation inside
the disk.

The case of the general convex obstacle is performed only in the
two-dimensional case.
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Works in progress and open questions

We are currently studying the derivation of the Boltzmann equation inside
the disk.

The case of the general convex obstacle is performed only in the
two-dimensional case.

Besides even more general obstacles, one can study other boundary
conditions. For example, the case of the diffusive boundary condition turns
out to be very difficult. Indeed, the very first steps (well-posedness of the
dynamics of the particles, analog of the BBGKY hierarchy?) of Lanford's
program seem hard to tackle.
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