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What is a Mean-Field Kinetic Model?

System of N identical particles, with pairwise interactions; N � 1
(e.g. N = Avogadro number ' 6.02 · 1023...)

Dynamics described either
(a) by Newton’s 2nd law of motion for each particle, or
(b) by the motion equation for the “typical particle” driven by the
collective interaction with all the other particles

Approach (b) is usually referred to as a mean-field kinetic model
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The N-Body Problem in Classical Mechanics

System of N identical point particles of mass m, spatial domain Rd

Newton’s second law for the motion of the kth particle:

mẋj = ξj , ξ̇j =
N∑
k=1
k 6=j

−∇ V (xj − xk)︸ ︷︷ ︸
interaction potential

, 1 ≤ j ≤ N

Assumptions on V

(H1) V (z) = V (−z) for all z ∈ Rd

(H2) V ∈ C 1(Rd) with ∇V ∈ L∞(Rd) ∩ Lip(Rd)

Notation set XN := (x1, . . . , xN) and ΞN := (ξ1, . . . , ξN) in RdN

Solution of the differential system with initial data (X in
N ,Ξ

in
N)

(XN ,ΞN)(t) = ΦN(t;X in
N ,Ξ

in
N)
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Mean Field Scaling

Rescaled time, position and momentum:

t̂ = t/N , x̂j(t̂) = xj(t) , ξ̂j(t̂) = ξj(t)

Motion equations

mN
dx̂j
dt̂

= ξ̂j , N
d ξ̂j
dt̂

=
N∑
k=1
k 6=j

−∇V (x̂j − x̂k)

Finite total mass assumption

Nm = 1

Henceforth drop hats on all variables; our starting point is

ẋj = ξj , ξ̇j = − 1
N

N∑
k=1
k 6=j

∇V (xj − xk)
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Vlasov Equation

Unknown f (t, dxdξ) = single-particle phase-space number density

(∂t + ξ · ∇x)f −∇xVf · ∇ξf = 0 , x , ξ ∈ Rd

where Vf ≡ Vf (t, x) is the mean-field potential

Vf (t, x) :=

∫∫
Rd×Rd

V (x − y)f (t, dydη) = (V ? f (t))(x , ξ)

Notation set of Borel probability measures on Rn denoted P(Rn)

µ ∈ Pk(Rn) ⇐⇒
∫

Rn

|x |kµ(dx) <∞

Existence/Uniqueness For each f in ∈ P1(R2d), there exists a
unique weak solution f ∈ C ([0,+∞);w − P(R2d)) of the Vlasov
equation such that f

∣∣
t=0 = f in
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Liouville Equation

For a.e. YN := (y1, . . . , yN) and HN := (η1, . . . , ηN), consider

FN(t,YN ,HN) := (f in)⊗N(ΦN(− t
N ,YN ,HN))

By the method of characteristics, FN is the solution of the N-body
Liouville equation

∂tFN +
N∑
j=1

(
ηj · ∇yjFN −

1
N

N∑
k=1

∇V (yj − yk) · ∇ηjFN

)
= 0

FN
∣∣
t=0 = (f in)⊗N

Problem compare f (t)⊗n, where f is the Vlasov solution, with

F n
N(t,Yn,Hn) :=

∫
R2d(N−n)

FN(t,YN ,HN)dyn+1dηn+1 . . . dyNdηN
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Couplings and Wasserstein Distances

Wasserstein distance of exponent p between µ and ν ∈ Pp(Rm)

Wp(µ, ν) := inf
σ∈C(µ,ν)

(∫∫
R2m
|x − y |pσ(dxdy)

)1/p

where C(µ, ν)=set of σ ∈ P(R2m) (couplings of µ and ν) s.t.∫∫
R2m

(φ(x) + ψ(y)σ(dxdy) =

∫
Rm

φ(x)µ(dx) +

∫
Rm

ψ(y)ν(dy)

•Observe that µ⊗ ν ∈ C(µ, ν) 6= ∅
•With σ(dxdy) = µ(dx)δ(y − x) ∈ C(µ, µ), one has Wp(µ, µ) = 0
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Main Result

Theorem A [Dobrushin FA1979]
Assume that the potential V satisfies (H1)-(H2). Let f (t) be the
solution of the Vlasov equation with initial data f in and FN be the
solution of the Liouville equation with initial data F in

N . Then

1
n
W2(f (t)⊗n,F n

N(t))2 ≤ (2‖∇V ‖L∞)2

N

eΛt − 1
Λ

for all t ≥ 0 and n = 1, . . . ,N, with

Λ = 2 + max(1, 2 Lip(∇V )2)

Notation Henceforth, we denote

ρf (t, x) :=

∫
Rd

f (t, x , ξ)dξ
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Dynamics of Couplings

Lemma 1 Let t 7→ P(t, dXNdΞNdYNdHN) ∈ P(R4dN) satisfy

(∂t + ΞN · ∇XN
+ HN · ∇YN

)P

=
N∑
j=1

(
∇V ?x ρf (t, xj)·∇ξj +

1
N

N∑
k=1

∇V (yj−yk)·∇ηj

)
P

P
∣∣
t=0 = (f in)⊗N(XN ,ΞN)δ(YN − XN)δ(HN − ΞN)

Then P(t) ∈ C(f (t)⊗N ,FN(t)) for each t ≥ 0, i.e.∫
P(t)dYNdHN = f (t)⊗N ,

∫
P(t)dXNdΞN = FN(t)

Proof: Integrate both sides of the equation for P in (YN ,HN) and
in (XN ,ΞN), and use the uniqueness property for the Vlasov and the
Liouville equations
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The Functional DN(t)

For P(t, dXNdΞNdYNdHN) defined above, consider the quantity

DN(t) :=

∫
R4dN

1
N

N∑
j=1

(|xj−yj |2+|ξj−ηj |2)P(t, dXNdΞNdYNdHN)

Lemma 2
DN(t) ≥ 1

n
W2(f (t)⊗n,F n

N(t))2

Proof: By symmetry of P(t), for all j = 1, . . . ,N, one has

DN(t) :=

∫
R4dN

(|xj − yj |2 + |ξj − ηj |2)P(t, dXNdΞNdYNdHN)

≥
∫

R4dN

1
n

n∑
j=1

(|xj − yj |2 + |ξj − ηj |2)P(t, dXNdΞNdYNdHN)

Averaging out the last d(N − n) position and momentum variables
in P(t) defines a coupling of f (t)⊗n with F n

N(t)
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The Dynamics of DN(t)

Notation for YN = (y1, . . . , yN), we set

µYN
:=

1
N

N∑
j=1

δyj

•Multiplying each side of the equation for P by

1
N

(|XN − YN |2 + |ΞN − HN |2)

and integrating in all variables shows that

ḊN(t) =

∫
1
N

N∑
j=1

(ξj · ∇xj + ηj · ∇yj )|xj − yj |2P(t)

+

∫
1
N

N∑
j=1

(
∇V ?x ρf (t, xj) · ∇ξj +∇V ? µYN

(yj)∇ηj
)
|ξj−ηj |2P(t)
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Thus

ḊN(t) =

∫
2
N

N∑
j=1

(ξj − ηj) · (xj − yj)P(t)

+

∫
2
N

N∑
j=1

(∇V ?x ρf (t, xj)−∇V ? µYN
(yj)) · (ξj − ηj)P(t)

so that

ḊN(t) ≤ DN(t)

+

∫
2
N

N∑
j=1

(∇V ?x ρf (t, xj)−∇V ? µXN
(xj)) · (ξj − ηj)P(t)

+

∫
2
N

N∑
j=1

(∇V ? µXN
(xj)−∇V ? µYN

(yj)) · (ξj − ηj)P(t)

=: DN(t) + IN(t) + JN(t)
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Controling IN and JN

Since ∇V is Lipschitz continuous

JN(t) ≤
∫

1
N

N∑
j=1

(|∇V ? (µXN
(xj)− µYN

(yj))|2 + |ξj − ηj |2)P(t)

≤ 1
N

∫ N∑
j=1

(2 Lip(∇V )2|xj − yj |2 + |ξj − ηj |2)P(t)

≤ max(1, 2 Lip(∇V )2)DN(t)

Likewise

IN(t) ≤
∫

1
N

N∑
j=1

(|∇V ? (ρf (t, xj)− µXN
(xj))|2 + |ξj − ηj |2)P(t)

≤
∫

1
N

N∑
j=1

|∇V ? (ρf (t, ·)− µXN
)(xj))|2ρf (t)⊗N + DN(t)
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Poor Man’s Law of Large Numbers

Lemma 3∫
|∇V ? (ρf − µXN

)(x1)|2ρf (t)⊗N ≤ (2‖∇V ‖L∞)2

N

Proof Setting V(z) := ∇V ? ρf (x1)−∇V (x1 − z), one has

|∇V ? (ρ− µXN
)(x1))|2 =

1
N2

N∑
k,l=1

V(xj) · V(xk)

and
j 6= k ⇒

∫
V(xj) · V(xk)ρ⊗N = 0

Apply Gronwall’s lemma to the differential inequality

ḊN(t) ≤ ΛDN(t) +
(2‖∇V ‖L∞)2

N
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Kuramoto Lattice (1975) and Lohe Matrix Model (2009)

(KL) Dynamics of N weakly coupled oscillators

θ̇j = νj +
κ

N

N∑
k=1

sin(θk − θj) , j = 1, . . . ,N

(LMM) Motion of weakly coupled Uj(t)∈U(d), for Hj =H∗j ∈Md(C)

i U̇jU
∗
j = Hj +

iκ

2N

N∑
k=1

(UkU
∗
j − UjU

∗
k ) , 1 ≤ j ≤ N

where
U(d) = {V ∈ Md(C) s.t. VV ∗ = V ∗V = I}

For d = 1, writing Uj(t) = e iθj (t) and Hj = νj ∈ R shows that
Lohe’s model reduces to Kuramoto’s
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Phase Space Analysis for LMM

Tangent space at U of U(d):

TUU(d) := su(d)U , su(d) := {A ∈ Md(C) s.t. A = −A∗}

Single-oscillator phase-space

TU(d) := {(U,AU) s.t. (U,A) ∈ U(d)× su(d)}

Continuous vector field on U(d)

U(d) 3 U 7→ XU = A(U)U ∈ TUU(d) , A(U) ∈ su(d)

Divergence of fX with f ∈ P(U(d)) and X continuous vector field
on U(d): linear functional

C 1(U(d)) 3 φ 7→ 〈div(fX ), φ〉 :=

∫
U(d)

(dUφ,XU)f (dU)
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Liouville Equation for the LMM

Distribution function in the N-particle phase space (U(d)×su(d))N :

FN ≡ FN(t, dU1dA1 . . . dUNdAN)

Liouville equation N-particle system (with Aj :=−iHj ∈su(d))

∂tFN +
N∑
j=1

divUj
(FN(Aj + Xj(U1, . . . ,UN))Uj) = 0

where

Xj :=
κ

2N

N∑
k=1

K (Uk ,Uj)Uj , K (U,V ) :=UV ∗−VU∗∈su(d)

Remark: the variables A1, . . . ,AN are not dynamical, but only sim-
ple parameters — yet the mean-field limit requires considering the
joint distribution of U and A
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Lohe Kinetic Equation and Mean-Field Limit

Mean-field equation: 1-particle distribution f ≡ f (t, dUdA)

∂t f (t)+divU

(
f (t)

(
A+ κ

2

∫
U(d)×su(d)

K (V ,U)f (t, dVdB)

)
U

)
=0

Theorem B [FG-S.-Y. Ha ARMA2019]
Let f in ∈ P2(U(d) × su(d)) and let f be the solution of the Lohe
kinetic equation with initial data f in. Let FN be the solution of the
Liouville equation with initial data (f in)⊗N . Then

sup
Lip(φ)≤1

∣∣∣∣∫ φ(U,A)(F 1
N(t, dUdA)− f (t, dUdA))

∣∣∣∣2
≤W2(F 1

N(t), f (t))2 ≤ 8κd
5N

(e10κt − 1)

where F 1
N is the 1st marginal of FN , defined by∫

φ(U,A)F 1
N(dUdA) =

∫
φ(U1,A1)FN(dU1dA1 . . . dUNdAN)
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