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Classical BGK model

• BGK model (Bhatnagar-Gross-Krook, 1954)

∂t f + v · ∇x f = Q := ν (M− f )

- f ≡ f (t, x , v) is the velocity distribution function representing the number density
of particles on the phase space R3

x(or T3
x)× R3

v at time t ≥ 0.

- ν is the collision frequency, and M is the Maxwellian distribution function
describing a state of gases in equilibrium

M(ρ,U,T ; v) =
ρ(t, x)

(2πT (t, x))3/2
e
− |v−U(t,x)|2

2T (t,x)

where ρ is the macroscopic density, U the bulk velocity, and T the temperature.
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The BGK model was basically proposed for a monatomic non-ionized gas, but with the
development of the Boltzmann equation, it has been also developed for various types of
a gaseous system
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The BGK model was basically proposed for a monatomic non-ionized gas, but with the
development of the Boltzmann equation, it has been also developed for various types of
a gaseous system;

- Classical particles

- Relativistic particles

- Quantum particles

- Polyatomic molecules

- Gas mixtures
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The BGK model was basically proposed for a monatomic non-ionized gas, but with the
development of the Boltzmann equation, it has been also developed for various types of
a gaseous system;

- Classical particles

- Relativistic particles

- Quantum particles

- Polyatomic molecules

- Gas mixtures

In this talk, we introduce the BGK model for gas mixtures in a special relativistic setting.
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Classical BGK model for gas mixtures

• Classical BGK model for inert gas mixtures (Bisi-Monaco-Soares, 2018)

∂t f
i + v · ∇x f

i = Q i := ν i
(
Mi − f i

)
, i = 1, · · · ,N.

- f i ≡ f i (t, x , v) is the velocity distribution function for species i

- Mi is the Maxwellian attractors

Mi (ñi , Ũ, T̃ ; v) =
ñi (t, x)(

2πT̃ (t,x)

mi

) 3
2

e
−mi |v−Ũ(t,x)|2

2T̃ (t,x)

where ñi is the auxiliary species number densities, Ũ the common velocity, and T̃
the common temperature∫

R3

Q i dv = 0,
N∑
i=1

∫
R3

(v , |v |2)Q i dv = 0.

B.-H. Hwang (SKKU) Relativistic BGK model August 24, 2021 6 / 26



• Classical BGK model for inert gas mixtures (Bisi-Monaco-Soares, 2018)

∂t f
i + v · ∇x f

i = Q i := ν i
(
Mi − f i

)
, i = 1, · · · ,N.

- Conservation laws for species number densities

∂t

∫
R3

f i dv + div

∫
R3

vf i dv = 0,

and global momentum and total energy.

N∑
i=1

∂t

∫
R3

(v , |v |2)f i dv +
N∑
i=1

div

∫
R3

v(v , |v |2)f i dv = 0.

- Entropy inequality

∂t

N∑
i=1

∫
R3

f i ln f i dv +
N∑
i=1

div

∫
R3

vf i ln f i dv ≤ 0.
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Relativistic BGK model

• Relativistic generalizations of the BGK model (Marle, 1965)

∂t f +
cp

p0
· ∇x f = QMarle :=

cm

τp0
(J − f ) .

- f ≡ f (xα, pα) is the momentum distribution function representing the number
density of particles in the phase space spanned by the spacetime coordinates xα

and four-momentum pα

xα = (ct, x), pα =
(√

(mc)2 + |p|2, p
)
.

- τ is the characteristic time of order of the mean free time.

- J ≡ J (µE , u,T ; p) is the Jüttner distribution function (Jüttner, 1911)
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Relativistic BGK model for gas mixtures

• Relativistic BGK model for inert gas mixtures (Hwang-Lee-Yun, 2021)

∂t fi +
cpi
p0
i

· ∇x fi = Qi :=
cmi

τip0
i

(Ji − fi ) (i = 1, ...,N)

- fi ≡ fi (x
α, pαi ) is the momentum distribution function for species i with

pαi =
(√

(mic)2 + |pi |2, pi
)

- Ji is the Jüttner distribution attractors

Ji =

∫
R3 fi

dpi
p0
i∫

R3 e
−cβp0

i
dpi
p0
i

e−βu
µpiµ .
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• Relativistic BGK model for inert gas mixtures (Hwang-Lee-Yun, 2021)

∂t fi +
cpi
p0
i

· ∇x fi = Qi :=
cmi

τip0
i

(Ji − fi ) (i = 1, ...,N)

- Ji is the Jüttner distribution attractors

Ji =

∫
R3 fi

dpi
p0
i∫

R3 e
−cβp0

i
dpi
p0
i

e−βu
µpiµ .

Here uµ (uµuµ = c2) is the common four-velocity

uµ = c

∑N
i=1

mi
τi
Nµi√(∑N

i=1
mi
τi
Nµi

)(∑N
j=1

mj

τj
Njµ

) with Nµi = c

∫
R3

pµi fi
dpi
p0
i

,

and β (= 1/kT ) denotes the inverse of common temperature which is determined
by the nonlinear relation

N∑
i=1

mi

τi

∫
R3 e
−cβp0

i dpi∫
R3 e
−cβp0

i
dpi
p0
i

∫
R3

fi
dpi
p0
i

=
1

c

{(
N∑
i=1

mi

τi
Nµi

)(
N∑
j=1

mj

τj
Njµ

)} 1
2

.
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Determination problem of the common temperature

Note that β is determined through the nonlinear relation

N∑
i=1

mi

τi

∫
R3 e
−cβp0

i dpi∫
R3 e
−cβp0

i
dpi
p0
i

∫
R3

fi
dpi
p0
i

=
1

c

{
N∑
i,j

(2− δij)
mimj

τiτj
ninju

µ
i ujµ

} 1
2

.

Here the integrals for β are not explicitly computed due to the factor p0
i

∫
R3

e−cβp0
i dpi =

∫
R3

e−cβ
√

(mc)2+|pi |2 dpi∫
R3

e−cβp0
i
dpi
pi

0

=

∫
R3

1√
(mc)2 + |pi |2

e−cβ
√

(mc)2+|pi |2 dpi
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Note that β is determined through the nonlinear relation

N∑
i=1

mi

τi

∫
R3 e
−cβp0

i dpi∫
R3 e
−cβp0

i
dpi
p0
i

∫
R3

fi
dpi
p0
i

=
1

c

{
N∑
i,j

(2− δij)
mimj

τiτj
ninju

µ
i ujµ

} 1
2

.

In order to study the existence theorem of the this model, we need to show whether or
not β can be uniquely determined as the moments of fi throught the above relation.
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Note that β is determined through the nonlinear relation

N∑
i=1

mi

τi

∫
R3 e
−cβp0

i dpi∫
R3 e
−cβp0

i
dpi
p0
i

∫
R3

fi
dpi
p0
i

=
1

c

{
N∑
i,j

(2− δij)
mimj

τiτj
ninju

µ
i ujµ

} 1
2

.

• Key idea of proof

1. Strict monotonicity

d

dβ

{∫
R3 e
−cβp0

i dpi∫
R3 e
−cβp0

i
dpi
p0
i

}
< 0

2. Comparison of ranges on the left and right sides

range of l.h.s ⊇ range of r.h.s

As a result, we can conclude that there exists a 1-1 correspondence which guarantees
the unique existence of β.
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Properties

(1) Conservation laws for each species, and total energy-momentum tensor

∂µN
µ
i = 0,

N∑
i=1

∂νT
µν
i = 0.

(2) The momentum distribution functions are non-negative

fi ≥ 0 i = 1, · · · ,N

(3) Entropy inequality

N∑
i=1

∂t

∫
R3

fi ln fi dpi +
N∑
i=1

divx

∫
R3

cpi
p0
i

fi ln fi dpi ≤ 0

(4) Indifferentiability principle
: When all mi and τi are identical, the total distribution f =

∑
fi obeys the single

species relativistic BGK model.
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Conservation laws

• Relativistic BGK model for inert gas mixtures (Hwang-Lee-Yun, 2021)

∂t fi +
cpi
p0
i

· ∇x fi = Qi :=
cmi

τip0
i

(Ji − fi ) (i = 1, ...,N)

Since Ji is defined in a way to satisfy the following constraints∫
R3

Qi dpi = 0,
N∑
i=1

∫
R3

pµi Qi dpi = 0,

we get ∫
R3

∂t fi +
cpi
p0
i

· ∇x fi dpi = 0,
N∑
i=1

∫
R3

pµi

(
∂t fi +

cpi
p0
i

· ∇x fi
)
dpi = 0,
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• Relativistic BGK model for inert gas mixtures (Hwang-Lee-Yun, 2021)

∂t fi +
cpi
p0
i

· ∇x fi = Qi :=
cmi

τip0
i

(Ji − fi ) (i = 1, ...,N)

Since Ji is defined in a way to satisfy the following constraints∫
R3

Qi dpi = 0,
N∑
i=1

∫
R3

pµi Qi dpi = 0,

we get

∂Nµi
∂xµ

= 0,
N∑
i=1

∂Tµν
i

∂xν
= 0.
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Non-negativity

• Relativistic BGK model for inert gas mixtures (Hwang-Lee-Yun, 2021)

∂t fi +
cpi
p0
i

· ∇x fi = Qi :=
cmi

τip0
i

(Ji − fi ) (i = 1, ...,N)

• Mild form of the model equation

fi = e
− cmi
τi p

0
i

t

f0 +

∫ t

0

e
− cmi
τi p

0
i

(t−s) cmi

τip0
i

Ji (fi ) ds
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Entropy inequality

• Relativistic BGK model for inert gas mixtures (Hwang-Lee-Yun, 2021)

∂t fi +
cpi
p0
i

· ∇x fi = Qi :=
cmi

τip0
i

(Ji − fi ) (i = 1, ...,N)

Since Qi satisfies
N∑
i=1

∫
R3

(1, pµi )Qi dpi = 0,

we obtain
N∑
i=1

∫
R3

Qi ln fi dpi =
N∑
i=1

∫
R3

Qi (ln fi − lnJi ) dpi

=
N∑
i=1

cmi

τi

∫
R3

Ji (1− fi
Ji

) ln
fi
Ji

dpi
p0
i

≤ 0

Thus,
N∑
i=1

∂t

∫
R3

fi ln fi dpi +
N∑
i=1

divx

∫
R3

cpi
p0
i

fi ln fi dpi ≤ 0
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Indifferentiability principle

• Relativistic BGK model for inert gas mixtures (Hwang-Lee-Yun, 2021)

∂t fi +
cpi
p0
i

· ∇x fi = Qi :=
cmi

τip0
i

(Ji − fi ) (i = 1, ...,N)

Letting
m1 = m2 = · · · = mN (= m), τ1 = τ2 = · · · = τN (= τ),

and summing the model equations over i , we get

∂t f +
cp

p0
· ∇x f =

cm

τp0

( N∑
i=1

Ji − f
)

where
∑N

i=1 Ji is given by

N∑
i=1

Ji =

∑N
i=1

∫
R3 fi

dp
p0∫

R3 e−cβp0 dp
p0

e−βu
µpµ =

∫
R3 f

dp
p0∫

R3 e−cβp0 dp
p0

e−βu
µpµ .

It only remains to show that the total distribution f =
∑

fi obeys the common
four-velocity uµ and the inverse of common temperature β.
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- common four-velocity uµ

uµ = c
m
τ

∑N
i=1 N

µ
i√(

m
τ

∑N
i=1 N

µ
i

)(
m
τ

∑N
j=1 Njµ

) .
- β, the inverse of common temperature

m

τ

∫
R3 e
−cβp0

dp∫
R3 e−cβp0 dp

p0

N∑
i=1

∫
R3

fi
dp

p0
=

1

c

{(
m

τ

N∑
i=1

Nµi

)(
m

τ

N∑
j=1

Njµ

)} 1
2

.

Since
N∑
i=1

Nµi =
N∑
i=1

c

∫
R3

fi
dp

p0
≡ c

∫
R3

f
dp

p0

we obtain

∂t f +
cp

p0
· ∇x f =

cm

τp0

( N∑
i=1

Ji − f
)
≡ cm

τp0

(
J − f

)
.
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Newtonian limit

• Relativistic BGK model for inert gas mixtures (Hwang-Lee-Yun, 2021)

∂t fi +
cpi
p0
i

· ∇x fi = Qi :=
cmi

τip0
i

(Ji − fi ), i = 1, ...,N.

• Classical BGK model for inert gas mixtures (Bisi-Monaco-Soares, 2018)

∂t f
i + v · ∇x f

i = Q i := ν i
(
Mi − f i

)
, i = 1, · · · ,N.

Question) Does the relativistic BGK model approach the classical BGK model in the
Newtonian limit?
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• Relativistic BGK model for inert gas mixtures (Hwang-Lee-Yun, 2021)

∂t fi +
cpi
p0
i

· ∇x fi = Qi :=
cmi

τip0
i

(Ji − fi ), i = 1, ...,N.

• Classical BGK model for inert gas mixtures (Bisi-Monaco-Soares, 2018)

∂t f
i + v · ∇x f

i = Q i := ν i
(
Mi − f i

)
, i = 1, · · · ,N.

- Dimensionless number

t = t̄s, x = x̄L, pi = v̄µi , fi (t, x , pi ) =
Ni

µ3
i

f̄i (t̄, x̄ , v̄) ⇒ µi = miL/s.

- Notations
νi :=

s

τi
, ε :=

µi

cmi
.
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Substituting the dimensionless numbers into the relativistic BGK model, we get

• Relativistic BGK model for inert gas mixtures (Hwang-Lee-Yun, 2021)

∂

∂ t̄
f̄i +

1√
1 + |εv̄ |2

v̄ · ∇x̄ f̄i =
νi√

1 + |εv̄ |2
(
J̄i − f̄i

)
, i = 1, · · · ,N.

• Classical BGK model for inert gas mixtures (Bisi-Monaco-Soares, 2018)

∂t f
i + v · ∇x f

i = Q i := ν i
(
Mi − f i

)
, i = 1, · · · ,N.
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• Relativistic BGK model for inert gas mixtures (Hwang-Lee-Yun, 2021)

∂

∂ t̄
f̄i +

1√
1 + |εv̄ |2

v̄ · ∇x̄ f̄i =
νi√

1 + |εv̄ |2
(
J̄i − f̄i

)
, i = 1, · · · ,N.

• Classical BGK model for inert gas mixtures (Bisi-Monaco-Soares, 2018)

∂t f
i + v · ∇x f

i = Q i := ν i
(
Mi − f i

)
, i = 1, · · · ,N.

In the Newtonian limit (ε→ 0), we obtain

J̄i →Mi

which completes the proof.
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Future works

1 Chapman-Enskog method

2 Existence theory

3 Extension to (polyatomic molecules/chemically reactive mixtures)

4 Anderson-Witting’s formulation
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Thank you very much
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