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Introduction

Our system of interest

dp+V-(pu)=0, xeT? t>0,

O(pu) +V - (pu @ u) = —p(u — v) = pVK % (p — pc),
Ov+ (v-V)v+ Vp— plAv = p(u — v),

V-v=0,

(EPNS)

subject to initial data:

(p(X, 0)7 U(X7 0)7 V(X7 O)) = (pO(X)v UO(X)v VO(X))v X € Td'
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O(pu) +V - (pu @ u) = —p(u — v) = pVK % (p — pc),
Ov+ (v-V)v+ Vp— plAv = p(u — v),

V-v=0,

(EPNS)

subject to initial data:

(p(X, 0)7 U(X7 0)7 V(X7 O)) = (pO(X)v UO(X)v VO(X))v X € Td'

- p=p(x,t), u=u(x,t): the density and the velocity of compressible fluid, resp.

- v = v(x, t): the velocity of incompressible fluid.

- K: the fundamental solution to the Poisson equation, i.e. —AK = &g

- pc: the background state given by p. := de pdx. (set pc = 1 without loss of generality)
- p > 0: viscosity coefficient (set ;1 = 1 for simplicity)
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Introduction

Derivation of the system

(EPNS) can be derived from the kinetic-fluid system consisting of Vlasov-Poisson-
Navier-Stokes system with strong local alignment forces:
€ € £ £ &€ (= 1 € €
Ocf™ + & Vuf™ = Ve - (ViK% (p7 = pe) = (v0 = §))f7) = = Ve ((u" = F),
OrvE + (v - Vo )v© + Vip® — Ayv® = —/ (v = &)Ffdg,
R4

Vx-ve =0,

= [ Frende ()= [ e e
When e < 1, we get the monokinetic ansatz [Choi-J., '20]:

fe(x,&, t)dxd€ = p°(x, t)dx ® Oue (x,0) (dE)
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Introduction

o Define averaged momentum and velocity:

— Jrslpu)x. ) dx

me = me(t) := Jra p(x, t) dx

and  ve = ve(t) = / v(x, t) dx.
Td

o A modulated total energy measuring the fluctuation of momentum and mass from
the corresponding averages:

1 1 1 1
E(t) = 5 /1rd plu—mc|? dX+§ /]I‘d lv—ve|? dx+§ /’]I‘d |VKx(p—pc)|? dx+Z|mc—vc 2,
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Introduction

Theorem

Let d > 2 and (p, u,v) be a global-in-time classical solution to (EPNS). We assume the
followings:

pe WHe(T! xRy) and p(x,t) >p>0, VY(x,t) €T xR;.
Then there exists C > 0 which is independent of t such that

&(t) < C&(0)e ™, V> 0.
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Introduction

Theorem

Let d > 2 and (p, u,v) be a global-in-time classical solution to (EPNS). We assume the
followings:

pe WHe(T! xRy) and p(x,t) >p>0, VY(x,t) €T xR;.
Then there exists C > 0 which is independent of t such that

&(t) < C&(0)e ™, V> 0.

@ Compared to the previous works [Choi-Kwon, '16] and [Choi, '16], we do not require
the smallness of the total energy:

E(t) = % (/Td plul® dx—l—/Td lv[? dX+/Td VK * (p— 1) dx) <E(0), (1)

@ The existence of a global-in-time classical solution is given in [Choi-J. '20].
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Proof of the main result
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Proof of the main result

Lemma

The averages m. and v, satisfy the followings:
Ime(t)* + |ve(t)* < CE(0) and  [m(t)]” +|vi(t)|” < C/ plu—v[* dx
Td

for all t > 0, where C > 0 is independent of t.

Lemma

Let (p, u, v) be a global-in-time solution to the system (EPNS) with sufficient regualrity.
Then we have

d
ZE+ (1) =0,

for all t > 0, where the dissipation 9 is given by

2(t) ::/ plu—v[? dx+/ |Vv|® dx.
Td Td
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Proof of the main result

Lemma

The averages m. and v, satisfy the followings:
Ime(t)* + |ve(t)* < CE(0) and  [m(t)]” +|vi(t)|” < C/ plu—v[* dx
Td

for all t > 0, where C > 0 is independent of t.

Lemma

Let (p, u, v) be a global-in-time solution to the system (EPNS) with sufficient regualrity.
Then we have

d
ZE+ (1) =0,

for all t > 0, where the dissipation 9 is given by

2(t) ::/ plu— v dx+/ |Vv|? dx.
Td Td

= 9(t) does not have a dissipation for [., [VK % (p — 1)|* dx!
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Proof of the main result

@ To have a proper dissipation term, an analogue of [Bogovskii, '80] was employed in
previous works.

o We use a slightly different version. Namely, we set

ENt) == éa(t)Jr)\/ plu—m)- VK x(p—1)dx, 2)

Td

where A > 0 will be determined later.
@ Using Young's inequality and bounded assumption of p, we easily show that
EMt) = &£(t) for A > 0 small enough. (3)

@ The following computation implies that the perturbation &> produces a proper
dissipation for [, [VK * (p — 1)|* dx.
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Proof of the main result

Lemma

The perturbed energy functional &> satisfies the following relation:
d . A
— & (t)+27(t) =0,
SEN0+ 20

for all t > 0, where 2™ (t) is given by

d
@)‘(t)::@—A—/dp(u—mc)-VK*(p—l)dx
R’
:/ |Vv|2dx+/ p\u7v|2dx7)\/ pu®u:V2(K*(p71))dx
Td Td Td

+)\/dp|VK*(p—1)|2dx+)\/dp(u—v)<VK*(p—1)dx
T T

7
+)\/po(u7mc)-VK*(V~(pu))dx+A/Td8[(pmc)-VK*(pfl)dx::;Ji.
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Proof of the main result

Lemma
The perturbed energy functional &> satisfies the following relation:
d . A
— & (t)+27(t) =0,
SN+ 2 ()
for all t > 0, where 2™ (t) is given by
d
2 (t) == @—A—/dp(u—mc)-VK*(p—l)dx
R
:/ |Vv|2dx+/ plu— v|2dxf)\/ puR U VZ(K*(pf 1)) dx
Td Td Td

+)\/dp|VK*(p—1)|2dx+)\/dp(u—v)<VK*(p—1)dx
T T

7
+)\/po(u7mc)-VK*(V~(pu))dx+A/Td8[(pmc)-VK*(pfl)dx::;Ji.

v
For sufficiently small A > 0, we claim
&(t) < C2N\(t)
for some C > 0 independent of t, which gives the proof of the main theorem.
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Proof of the main result

o (Estimate for J5): We use Young's inequality to get

TIs > 7>\1/2/ plu— v|2dx7)\3/2/ p|VK x (p — 1)|? dx.
d Td
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Proof of the main result

o (Estimate for J5): We use Young's inequality to get
Ts > 7>\1/2/ plu—v|?dx — )\3/2/ p|VK % (p — 1) dx.
Td Td
o (Estimate for Js): We split Jg into two terms:

Js:/\-/po(u—mc)'VK*(V‘(p(u—mc))dx+>\/ﬂ‘dp(u—mc)~VK*(V~((p—1)mC))dx.

Jinwook Jung (SNU) Large-time behavior of two-phase fluid models August 23 - 26, 2021 11/19



Proof of the main result

o (Estimate for J5): We use Young's inequality to get
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Td Td
o (Estimate for Js): We split Jg into two terms:
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! T
The second term on the right hand side of the above can be rewritten as
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Proof of the main result

o (Estimate for J5): We use Young's inequality to get
Ts > 7>\1/2/ plu—v|?dx — )\3/2/ p|VK % (p — 1) dx.
Td Td
o (Estimate for Js): We split Jg into two terms:
Jo = /\/dp(u— mc)'VK*(V‘(p(u—mc))dx+)\/dp(u— me) - VK % (V- ((p — 1)me)) dx.
! T
The second term on the right hand side of the above can be rewritten as
/dp(u—mc)~VK*(V'((p—1)mC))dx: /dp(u—mc)®mc S V2K x (p — 1) dx.
! !
Together with this, we estimate

T6 > —)\Hp(u - mc)”LZ('ﬂ-d)HVK * (V . (P(” - mc))HLZ(Td) + A/d P(u - mc) ® mc : VZK * (P - 1) dx
T

Y

~CAlpll oy [, o= mePaxt 3 [ plu = m) @ me: VK (o= 1) d,

where we used

19K * bllpgeay < Cllll-seay V€ L) with [

hdx =0.
Td
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Proof of the main result

o (Estimate for J7): By using 9;(pm.) = —V - (pu)mc + pm_., we obtain
Jy:—/\/dV-(pu)mc~VK*(p—1)dx+)\/dpmé-VK*(p—1)dx
T T
> )\/dpu®mc:V2K*(p71)dx7 C)\l/z/dp|u7v\2dx7 C)\3/2/dp|VK*(p71)|2dx,
T T T

where C = C(HPHLoo(Td is a constant independent of t and .

XR+))
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Proof of the main result

o (Estimate for J7): By using 9;(pm.) = —V - (pu)mc + pm_., we obtain
Jy:—/\/dV-(pu)mc-VK*(p—1)dx+)\/dpmé-VK*(p—1)dx
T T

ZA/dpLI@mc:VzK*(pfl)dxfC)\l/z/dp|u7v\2dx7C)\3/2/dp|VK*(p71)|2dx,
T T T

where C = C(HPHLoo(-lrd is a constant independent of t and A. Thus, we have

XR+))

J3+J6+J7Z7)\/dp(ufmc)®(u7mc):VZK*(pfl)dxfC)\/dp\ufmc\zdx
T T

4
—C)\l/z/ p|u—v|2dx—CA3/2/ p|VK % (p — 1)|* dx,
Td Td

where C = C(|\p\|Lw(deR+)) > 0 is independent of t and A and we used the symmetry of V2K % (p — 1) to

get
(=m)@me: V2Kx(p—1)=me® (u—m.): V2K * (p — 1).
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Proof of the main result

We then estimate the first term on the right hand side of (4) as
_)\/dp(u—mc)®(u—mc) CV2K % (p — 1) dx
T
> AIVK (0 = Dl [ ol = mel dx
1d
2
> AV 350y IVl [, ol = mel e

> = [ plu— ml o,
Td

where C = C(HVK||L1(T,1), HVP”LOO(de]RJr)) is independent of t and A.
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Proof of the main result

Thus, we choose A > 0 sufficiently small, use p > p > 0 and combine all the above estimates to get

@A(t) > G (/d |Vv|? dx+/d plu—v[? dx) + G /d IVK % (p — 1)|2 dx
T T T
> cé(y),

Here C is a positive constant which depends on HPHWLOO(W ) and |IVKHL1(Td).

xRy
This implies

d
IgA(r) +CEMNE) KO0 VE>0

for some C > 0 independent of t. Applying Grénwall’s lemma to the above concludes the proof of Theorem 1.
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Outline

© Extension to the Riesz case
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Extension to the Riesz case

Euler-Riesz-Navier-Stokes system

Our main system can be recast in the following form:

Op+ V- (pu) =0, x€eT? t>0,

0:(pu) + V- (pu @ u) = —p(u — v) = pVA* " (p — pc),
Ov+ (v -V)v+Vp—pulAv =p(u—v),

V.-v=0,

where A° = (—A)° is the Riesz operator and o = d — 2. If we let a € (d — 2, d), we can
still have the same results under the same conditions.
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Extension to the Riesz case

However, we should choose a different total energy, modulated total energy and
perturbation of the energy functional &

E(t) = ! (Adp|u|2dx+Ad \v\zdx+/1rd(p—1)/\a*d(p—1)dx>,

1 1 1
E(t) = — czd */ —czd 7/ — DA Y(p—1)d - c_62>
(0= [ ol mPaxe 3 [ v —wlacr 3 [ (o= DA - Dok Flme— v

NI~ NI

ENt) = &) + A/Td(u —mo)- VK (p — 1) dx.
Note that & =~ & since

IVK*(p = Dllzay = llp = U100y < lp =1, e 9’

The reason for the removal of p in &*(t) comes from
i/ (u—me) VK *(p—1)dx = 7/ VA" (p—1)- VK % (p — 1) dx
dt Jrd Td

- /d(p ~ Ao — 1) dx.
T
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Extension to the Riesz case
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The end

Thank you for your attention.
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