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Generalized Kuramoto model

Kuramoto Model (1975).
. K N
G;ZV;+NZSIH(QJ—9/), Vt>0, Vi=1-- N,

where v; and k are natural frequency of the i-th oscillator and
nonnegative coupling strength, respectively.

Generalized Kuramoto Model ([2] Min, Ahn, Ha, K.).
o N
F(6;) = NZ: 0;), Vt>0, Vi=1-- N,

where F is an odd and continuously differentiable monotone increasing in
the interval (=L, L):

Fw) >0, F(-w)=—F(). Ywe(-LL).



Cucker-Smale model

Cucker-Smale Model (2007).
dx;
dt

N
dV,' 1
T NZ%(VJ—V/'%
B=1

(x(0), vi(0)) = (xi", vi") € TRY = RY x R?,

=v;, Vt>0, i=1,---,N,

where 1);; is communication weight between j-th and j-th particle.



Relativistic Cucker-Smale Model

Relativistic Cucker-Smale Model ([3] Ha, Kim, Ruggeri, 2020).

dx; .

Dy, Vt>0, i=1,---,N,

dt
N

d r; 1

(1 3) = e
j=1

1
F,- = =
1 Iy
(x:(0), vi(0)) = (xi", vi") € TRY = RY x R7.

Remark. v; is uniquely determined.



Relativistic Cucker-Smale Model

Relativistic Cucker-Smale Model ([1] Ahn, Ha, K., Shim).

dx; .
Ky, Vt>0, i=1,---,N,
dt
r 1
Vi, {ﬂw(l + C;)} =N ZEW (Pijv; — Vi),
=
1
I',- = B
1 I
(xi(0), vi(0)) = (x/", v/") € TM,

where M is a a connected and smooth Riemannian manifold without
boundary, V is a compatible Levi-Civita connection, and Pj is the parallel
transport along the length-minimizing geodesic from x; to x;



Relativistic Cucker-Smale Model

Example (M = S? c RI+1),
Xi=vi, Yt>0, Vi=1-- N,
(vi + ||v;|2x,')(r;<1 + ;)) + V;% <r,’<1 + ;))
N
= vl (4= vi= rratsat6)).

(x:(0), v;(0)) = (xI", vi") € TSY c RY*1 x RIFL.

Consider the case of d = 1: x; = (cos#;,sin ;) and ¥(x;, x;) = (i, X;).



Generalized Kuramoto model

We can obtain the Kuramoto type model:

. I, o

9,-r,-<1+62> = C,-+Nz;sm(9j—e,-), Vt>0, Vi=1,---,N,
=

where C; is a constant depending on 6;(0) and ;(0). Note that

— - (1 + ! )
x
c? — x2 cve? — x?

is monotone increasing odd function on (—c, ¢) whose image is R.

N
: R . .
:>F(ﬁi):Vi+szglsm(9j—9i)7 Vt>0, Vi=1--- N.



Estimate of kinetic energy

N 7i(t) 12
Generalized kinetic energy Ef(t) := Z/ ;]—'(X)dx >0,
i=1 71
1 ) 1
where  7i(t) i= ———=, F(x):=F(L/1- ).
GE X
LZ
de Koo 2
F . .
L 6, — 0,)(6: — 6,)°.
— il ijz::lcos( i —0;)( )

1. If F(x) = x, then lim;_,o Er(t) = SV, %

2. If L=cand F(x) = & <1 + - ;Xz), then
N 9'2

o 2 L 2_ L CcC— 00 i

Er(t) =) AN —1)+T7 —logh —1 === E:?

=1 i=1



Emergent collective dynamics

Notation. D(Q) = max;; |v; — vj|, D(©™) := max; |9;n - Hﬂ

Suppose that initial data, natural frequency, and coupling strength satisfy

k> 28 o pem<r—6., 6. :=sin" (@) € (o, 5).

D(On) 2

Then, complete-frequency synchronization occurs asymptotically:

lim |6:(t) — 6;(t)| =0, Vij=1,--- N.

t— o0
More precisely, there exists a finite time t, > 0 and a positive constant
N1 such that, for all t > t,,

|é;(t) = Hj(t)} < (1<n?,?éN ’6,(&) — éj(t*)|)e_/\1(t—f*)’ Vij=1,--,N,

and therefore, complete phase-locking emerges asymptotically. That is,
foralli,j=1,---,N, there exist lim;_,.(0;(t) — 0(t)).




Sketch of proof

Let 0; be a solution of

N
F(6;) = vi + sz_;sm(ﬁj —6;), Vt>0

0;(0)=0", Vi=1,...,N.
Then, (0;,w; := 9,) satisfies
9;:w;, Vt>0, Vi=1...,N,
K cos(6; — 0i)
L N Z F'(w;) (wj — wi),
j=1
. K N .
0;(0) = 0", w;(0)=F~! (V,' + N Zsin(ej’-n
j=1
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Uniform stability

Notation.

G:=F ' ag ::G(—K+ min 1/,), bg ::G<f£—|— max V,‘)

1<i<N 1<i<N

Let (0;,w;) and (6;,&;) be two global solutions with different initial data
(0", wim) and (67", i) respectively. Suppose that

X _y P
F—F) 77

sup — <00, H(x,y):= D(@'") < T
ox 1 2°
(x,y€lag,bc]?) - x=y
F'(x) ’
Then, there exists a constant C = C(k, F) such that
N N
> 10— 0| + |wi — @] < c(Z 6" — 6| + |win —a;;"|>, Vt>0.
i=1 i=1




Uniform stability

Let 0; and 6; be two global solutions with different initial data 0" and "
respectively. Suppose that

Y
A Fy X7FY
F(x) = F(y) T
. . D" < 7.
T

sup el < oo, H(x,y):=
(o €lag.bel?) O
Then, there exists a constant C = C(k, F) such that

N N
Sei—d < jgn -, ve>o.

i=1 i=1

Remark. For general ¢P-norm with p € [1, o], both theorems still hold.



Sketch of proof of the first theorem

= sgn(w; — G),)% Z {w(wj —wj) — %(@ — {:),):|

= sgn(wi — cDi)% > G'(9)? cos(8; — 0:) [(F(w)) — F(wi)) — (F(&) — F(@))]

+ognler — @) 3 | o) - 6/ costty - 0 [(Fl) - Fw) - (F@) - F@)]

&y 0 (o 4. _ p.
+ sgn(wi — (I),)% Z |:H(wj7w}3/<zzsi§9j —0i) . H(&, llzl(zgsigej 0) (F(&) — F(@))
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Sketch of proof of the first theorem

Further estimate yields

N

N N
oK i -
ngn(w,- - w,-)N ZIfl L= Z |wi — @i,
i=1 j=1

i=1

N K N B N
> sgn(wi — Gi) S ThH S e ™MD wi — @i,
= =1 i=1

N N N

K ii _ ~ -
> sgn(wi — &) > IsSe Alt(i |9;—9;|+w;—w,~|).
i=1 =1 i=1

Combined with Z6; — 6| = sgn(; — 0;)(wi — @) < |w;i — @j|, one has
N

N

d p ~

dt( > 16; — 8| + |wi — 5&') S e/\lt( > " 16; — 6i] + Jwi — @;>-
=11}

=1}
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