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Setting

e N-body Schrédinger, Hartree-Fock equation, Vlasov equation !

ihdpy = [Hn, py] with Hy = EN: _h22AXJ' + Y K06 —xx)
j=1 1<j<k<N
ihdp =[H,p|  with H= _22 +V, =X,
Oif ={He, f} with Hf = ﬁ + Vs
Potential
K(x) = ijl 1ezo ae(0,1]
Mean-field potential V = K * o where
0s(x) = Pp(x,) er() = [ Fx.v)av

1. Can also be written 0;f +v -V,f —=VVf-V,f =0
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Combined mean-field and semiclassical limit

Smooth interactions

@ bosons (Narnhofer-Sewel '81, Spohn '91, Graffi et al. '03, Golse-Paul '17-19)

@ fermions, h = N~1/3 (Elgart et al. '04, Benedikter et al. '14-16, Petrat-Pickl '16)
Singular interactions (fermions, h = N='/3)

@ conditional (Porta et al '17, Saffirio '18), cutoff (Chen-Lee-Liew '21)
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Classical case : weak-strong uniqueness

Theorem

in _ rin
2

I — Bl pygey < (|2

-
iRe) exp <C/O ||va2||L3,1L5dt> ,

Proof :
(Ot +v-Vi=VV1-V,))(A—h)=(VVI - V) V, 5,

so that, since V = K % p, we obtain

8t/ |f1—f2|dxdv:—/ (01 — 02) VK */ sgn(f) V, frdvdx
RS R6 R3

< ]2

VK*/ V6| dv
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From classical to quantum

Classical Quantum

Qf:/wfdv, /R3 or =1 Qp:h3p(X,X), R Tr(p) =1
M,,:/Rﬁﬂv\"dxdv R Tr(|p|" p)

11r(es) Il e = b Te(lp|")

Vif = {0, fh Vuf = {x ) Vep=[V.p], Ver= | 0]

= Analogous semiclassical inequalities. Example :

IV f]
/R—Fdxdvguvvfnd,l% h? Tr

1
ol <
o |x —xo [lx — x|’ p” S lepweplloos
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Results
Theorem (LL, Saffirio '20)

Let f solution of Vlasov equation initially sufficiently smooth, p a solution
of Hartree-(Fock) equation and ps be the Weyl quantization of f. Then

+ Cf(t) h) er(t)

lo = peller < ([|o™ — .,

Theorem (Chong, LL, Saffirio '21)

Let p be a solution of the Hartree—Fock equation initially smooth in a
semiclassical sense. Then there exists k, T > 0, pi,{i o€ L(F) such that
for any py solution of Schrédinger equation with initial condition
P € LY(F) commuting with N/, for any t € [0, T]

lll(f))

— = - = = Yo

lona — ol < jf (1 + |V + M) (ol — ol )|

where \ is independent of h if a < 1/2.
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Ideas of the proofs :
o First theorem
» Weak-strong uniqueness + regularity of £
@ Second theorem
» Propagate regularity for p

p. Vip, Vep € LP(1+ |p|")
> Purification of mixed states
pn € LYF(L?) =V, € F(L*a L?)
» Bogoliubov transformation R; = Ry,
W =Rfe R WY
» Number of particules outside the Bogoliubov state py , such that

W, =Rie™RQ
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Questions ?

From Schrédinger to Vlasov



