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Definition of the unknowns (h±,Q±) and equations

 h+ = h0
+ + ζ, h− = h0

− + ζw − ζ, ζw (t, x) = ζe(x − xG (t)),

Q+ =
∫ ζ
−h0

+
U+ · exdx , Q− =

∫ h0
−+ζw

ζ U− · exdx .
(1)

Theorem (Nonconservative hyperbolic system in (h±,Q±))
∂th± + ∂xQ± = 0,

∂tQ+ + gh+∂xh+ + ∂x

(
Q2

+

h+

)
= −h+∂x (P)

ρ+

∂tQ− − gh−∂xh− + ∂x

(
Q2

−
h−

)
= −h−∂x (P)

ρ−
−gh−∂xζw

(2)

where P = P|z=ζ is the pressure at the interface.

Matthieu Pauron 1st year PhD student of David Lannes (University of Bordeaux, France)The hyperbolic dead water phenomenon August 23 2021 4 / 13



Role of the pressure

Theorem (Expression of the pressure at the interface){
−∇ ·

([
h+
ρ+

+ h−
ρ−

]
∇(P)

)
= −∂2

t ζw + aFS, ∀X ∈ Rd ,

lim|X |→∞ P = Patm + ρ−gh
0
−.

(3)

with aFS = aFS,+ + aFS,−, where aFS,i = −∂t∂xQi when there is no boat.
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The hyperbolic system

New unknown : V (t, x) = Q+(t,x+xG (t))
h+(t,x+xG (t))

− γQ−(t,x+xG (t))
h−(t,x+xG (t))

with γ = ρ−
ρ+

.

Theorem (Hyperbolic system in (ζ,V ))

With the notation V± = Q±
h±{

∂tζ + ∂x(h+(V+ − ẋG )) = 0
∂tV − ẋG∂xV + (1− γ)g∂xζ + V+∂xV+ − γV−∂xV− = 0

(4)
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Reconstruction of V+ and V−

Using the constraint h+ + h− = ζe(x − xG ), we can obtain

Theorem (Reconstruction formula){
V+ = h−V+γẋG ζw

h−+γh+
,

V− = −h+V+ẋG ζw
h−+γh+

.
(5)

The 1D case allows for explicit computation. Proving that there is a
reconstruction formula in 2D is non trivial.
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The Newton’s equation

Original Newton’s equation : mẍG = F0 + FP with
FP = −

∫
R Pz=h0

−+ζw∂xζwdx
Shallow water regime, we have P|z=ζw = P + ρ−gh−, i.e. the
non-hydrostatic component is neglected.

M(ζ, ζe) =
∫
R

ζ2w
h+/ρ++h−/ρ−

dx ,

Fw = ρ−g
∫
R ζe∂xζdx − g

∫
R

ζe(h++h−)
h+/ρ++h−/ρ−

∂xζedx

−
∫
R

ζe
h+/ρ++h−/ρ−

∂x
(
h2
+V+ + h2

−V−
)
dx .

(6)

Theorem (The Newton’s equation with the added mass)

(m +M(ζ, ζe))ẍG = F0 + Fw (7)
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Simulation

With periodic boundary conditions and a large grid, using a finite volume
method and a Lax-Friedrichs scheme we obtain the following numerical
results.

Simulation
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Perspectives

Add transparent boundary conditions and study the IBVP associated,
coupled with the ODE -> long time existence result
Take into account dispersive effects -> dispersive IBVP : appearance
of boundary layers
Extend the study to the case of a non flat surface -> four equations
and the contact points between the boat and the wave are no longer
fixed
Extend our study to the 2D case -> non explicit computations
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Thank you for your attention !
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