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Rotation of the Fluids

Let Q: speed of rotation. Consider spherical coordinates

“mp
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Rotation of the Fluids

r(t) = (R cos ¢ cos Qt, R cos ¢sin Qt, Rsin )
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Rotation of the Fluids

r(t) = (R cos ¢ cos Qt, R cos ¢sin Qt, Rsin )

r'(t) = (—Rcos ¢sin Qt, R cos ¢ cos Qt, 0)
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Rotation of the Fluids

r(t) = (R cos ¢ cos Qt, R cos ¢sin Qt, Rsin )

r'(t) = (—Rcos ¢sin Qt, R cos ¢ cos Qt, 0)

Hence,
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Rotation of the Fluids

r(t) = (R cos ¢ cos Qt, R cos ¢sin Qt, Rsin )

r'(t) = (—Rcos ¢sin Qt, R cos ¢ cos Qt, 0)

Hence,
dFr - .
d{ —Ox7 0= Qes.

absolute velocity = (velocity relative to the Earth)
+(change of particle position due to Earth's rotation)

:v—i—ﬁxr_'.
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Rotation of the Fluids

If we consider the acceleration, then we deduce the Coriolis force
Qxv==~Qe3xv.
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Rotation of the Fluids

If we consider the acceleration, then we deduce the Coriolis force
Qxv==~Qe3xv.
Rotating Navier-Stokes

Oru+ (u-V)u+Qes xu—vAu=-Vp+g (1)
V.u=0.
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Rotating Navier-Stokes or Euler equations

e Babin, Mahalov and Nicolaenko('97, '99, '01) : global existence
and regularity of solutions to 3D Navier-Stokes with Coriolis force
in periodic domain if [Q >>1
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Rotating Navier-Stokes or Euler equations

e Babin, Mahalov and Nicolaenko('97, '99, '01) : global existence
and regularity of solutions to 3D Navier-Stokes with Coriolis force
in periodic domain if [Q >>1

e Chemin, Desjardins, Gallagher and Grenier('02, '06) : global
existence and regularity to the corresponding Cauchy problem if
‘Q’ > Qo
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Rotating Navier-Stokes or Euler equations

e Babin, Mahalov and Nicolaenko('97, '99, '01) : global existence
and regularity of solutions to 3D Navier-Stokes with Coriolis force
in periodic domain if [Q >>1

e Chemin, Desjardins, Gallagher and Grenier('02, '06) : global
existence and regularity to the corresponding Cauchy problem if
‘Q’ > Qo

e Giga, Inui, Mahalov and Saal('08) : global existence of solutions
with nondecaying small initial data
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Rotating Navier-Stokes or Euler equations

e Babin, Mahalov and Nicolaenko('97, '99, '01) : global existence
and regularity of solutions to 3D Navier-Stokes with Coriolis force
in periodic domain if [Q >>1

e Chemin, Desjardins, Gallagher and Grenier('02, '06) : global
existence and regularity to the corresponding Cauchy problem if
‘Q’ > Qo

e Giga, Inui, Mahalov and Saal('08) : global existence of solutions
with nondecaying small initial data

e lwabuchi-Takada('13) : global existence of smooth solution if

s_1 1 3
ool ey < CIREE, B <s<
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Rotating Navier-Stokes or Euler equations

e Babin, Mahalov and Nicolaenko('97, '99, '01) : global existence
and regularity of solutions to 3D Navier-Stokes with Coriolis force
in periodic domain if [Q >>1

e Chemin, Desjardins, Gallagher and Grenier('02, '06) : global
existence and regularity to the corresponding Cauchy problem if
‘Q’ > Qo

e Giga, Inui, Mahalov and Saal('08) : global existence of solutions
with nondecaying small initial data

e lwabuchi-Takada('13) : global existence of smooth solution if

s_1 1 3
ool ey < CIREE, B <s<

o Koh-Lee-Takada('14) : extension to the case 1 < s < &
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Rotating Navier-Stokes or Euler equations

e Babin, Mahalov and Nicolaenko('97, '99, '01) : global existence
and regularity of solutions to 3D Navier-Stokes with Coriolis force
in periodic domain if [Q >>1

e Chemin, Desjardins, Gallagher and Grenier('02, '06) : global
existence and regularity to the corresponding Cauchy problem if
‘Q’ > Qo

e Giga, Inui, Mahalov and Saal('08) : global existence of solutions
with nondecaying small initial data

e lwabuchi-Takada('13) : global existence of smooth solution if

s_1 1 3
ol < CIEE S <s <.
o Koh-Lee-Takada('14) : extension to the case 1 < s < &
e Koh-Lee-Takada('14) : Long time existence of solution to 3D
rotating Euler equations (maximal time of existence T depends on
1€2])
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3D Generalized NS

Oru+ (u-Viu+ Qes xu+ (—A)*u=—-Vp

(RGNS) { C.u—o (2)

L? energy :

.
2 2 2
sup [u(©)F2+2 [ ol < uol
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3D Generalized NS

Oru+ (u-V)u+ Qez xu+ (—A)*u=-Vp 2)

(RGNS){ o

L? energy :
2 T 2 2
sup [u(©)F2+2 [ ol < uol

The condition of 6

3 2 1 1 3 1 3

— (1= < =<4+ — == — —

4o p) — 02 4a p 2ap 3)
1 3 +2+5<1<1+1 3 +S
2 2ap p 20 O 2 8a 2ap 4o
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Main Results

Theorem(J. Ahn, J. Kim, L.)
Let 1/2 < aw < 5/2. Suppose that s, p, and 6 satisfy

max{O, g — 2a} <s M

1
“i2<
2(2a +3)’ 3

sl 51 s
9 " p 12a0 6 6«
(4)

0 satisfies the previous condition. Then 3C > 0 s.t. up € H5(R3)
s 415
a0l sy < CIOT 3, 5)

(RGNS) possesses a unique global solution
u € C([0, 00); H*(R?)) N L?(0, 00; Hy(R3)).
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Main Results : Decay estimates

Theorem(J. Ahn, J. Kim , L.)

Let 1/2 < aw < 5/2. Suppose that s and p satisfy (4),
1/p < 1/3+s/6, and that § and j satisfy
1 1 s

. 1 s
$>0, > +6

<

‘Oz\l—‘
‘O\'—‘

Assume further that § = (1/3+1/p+1/p — s/3)7 ! satisfies
1< §<p/(p—1). Then, there exists a positive constant C such
that for any g € (H* N HE)(R®) with div up = 0, (RGNS)
possesses a unique and global solution satisfying

_3(1_1 _2
e )l pgsy < G- luollpggasy t 22 a+1010) 02 e,

(6)
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Leray Projection

Let P be a Leray projection operator in 3D.

P = {Py}, P =65 + RiR;, R; : Riesz operator

Jis a matrix s.t. J3@= Qe3 x 3. Then

0 Q20
J=| 2 0 0
0 O 0

A, is a fractional Stokes operator s.t. Aqu = P(—A)%u.
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Leray Projection

Then (RGNS) system can be written as
ur + Ao (Qu+P(u-V)u=0

where A, (Q)u = Ayu + PJPu. If we consider the symbol of the
Fourier transform of the Linear equations, then

O + €290 + S(£)d =0

S is a symbol of PJP.

o~ o) -G )
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RGNS

Equivalent Integral equation

u(t) = T§(t)up — /ot T5(t — 7)Pdiv (v ® u) (7)dT (7)

TS(t)f == Fl(;e e () 4 R () FF

_i&
gl

e

N =

+ Qt g—lelPe () R(g))ff).
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RGNS

R(&) denotes the skew-symmetric matrix related to the Riesz
transforms,

0 —i&3/1€]  i&/|¢|
R(E) = | i&/I¢] 0 —i&1 /€] for £ € R?\ {0}.
—i&/IE] & /[¢] 0

Define G+ (1) by

G+ (T)[f(x) = FleHmid Fr :/ eix'&h'%ff(f)df,
R3
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RGNS

Proposition(Koh-Lee-Takada, '14)

. -(1-%)
1G+(T)fllgo ey = C(L+7]) 7 “f”s“’f“ﬁ)(ms)' (8)
=1
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Brief Sketch of Proof

e The estimates of
ITQ ()l g m3y

ITQC) Nl Lo (0,00;Lr(R3))

H /Ot TS(t — T)Pdin(T)dTHL9(0,oo;Hf,(R3))

o

I B0l g gy < CA+ Q) 2P g2 Wr1/P) ],
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Brief Sketch of Proof

e Global Existence
t
W()(t) = T&()uo —/ Ta(t — 7)Pdiv (u @ u) (7)dr,
0

_;+i(1_g) .
Y = {0l 0l 0 ey < 2GolQU75 507 g, div =01,
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Very Brief Sketch of Proof

e For the decay estimates,

3(1_1 _2
lullxe () = sup[r 2@ D (L +1Q]7) T (-, 7) | e sy t > 0.
ha <t /

9)
e Estimates
t
[ I T8(¢ — 7)Bdiv (4 0)(7)] ey
2

/Ot I TS (t — 7)Pdiv (v ® U)(T)HH; dr
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Stratification

Dictionary Definition
stratification : the arrangement or classification of something into
different groups.
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Stratified Fluid

Stratified Fluids, Wikipedia

A stratified fluid may be defined as the fluid with density variations
in the vertical direction. For example, air and water; both are fluids
and if we consider them together then they can be seen as a
stratified fluid system. Density variations in the atmosphere
profoundly affect the motion of water and air.
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3D Boussinesq equations

Otu+ (u-V)u—vAu = —Vp+ pes
Orp + (u-V)p = wlp (10)
V.u=0.
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3D Boussinesq equations

Otu+ (u-V)u—vAu = —Vp+ pes
Orp + (u-V)p = wlp (10)
V.u=0.

Strong stratification

N2x§)
> )

(u$7p57ps) — (07 N2X37
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Boussinesq equations with strong stratification

Setting
0=p—ps, P=p—ps
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Boussinesq equations with strong stratification
Setting
0=p—ps, P=p—ps

Rewrite equation by initial perturbations

Ou+ (u-V)u—vAu = —VP + fe3
0:0 + (u- V)0 = kAO — N?u3 (11)
V-u=0.
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Boussinesq equations with strong stratification

e Charve ('04) : global existence of solutions to rotating stratified
Boussinesq equations when N and |Q| are sufficiently large
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Boussinesq equations with strong stratification

e Charve ('04) : global existence of solutions to rotating stratified
Boussinesq equations when N and |Q| are sufficiently large

e Lee-Takada ('17) : global existence of solutions in

C([0, 00); H2 (R3)) N L4(0, o0; W23 (R3)) if Iwsoll 3 < & and Nis
sufficiently large
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Boussinesq equations with strong stratification

e Charve ('04) : global existence of solutions to rotating stratified

Boussinesq equations when N and |Q| are sufficiently large

e Lee-Takada ('17) : global existence of solutions in

C([0, 00); H2 (R3)) N L4(0, o0; W23 (R3)) if Iwsoll 3 < & and Nis
sufficiently large

e Takada('18) : long time existence of solutions for the inviscid 3D
stratified Boussinesq equations and convergence to the solution to
2D type Euler equations
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Boussinesq equations with strong stratification

e Castro, Cérdoba and Lear('19) : global existence of solutions to
2D damped stratified Boussinesq equations in T x [—1, 1], with
v -n = 0 on the boundary if the initial data is sufficiently small and

also obtained some decay estimates

{ur+w+@-V) —VP +0e3, divv=0

u=
12
0: + (u- V)0 = —N3u3 (12)
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Boussinesq equations with strong stratification

e Castro, Cérdoba and Lear('19) : global existence of solutions to
2D damped stratified Boussinesq equations in T x [—1, 1], with

v -n = 0 on the boundary if the initial data is sufficiently small and
also obtained some decay estimates

A2 (12)

ug+u+(u-V)u=—VP + fes, divv =0
O+ (u-V)§ =—N-u3

e Wan('19) obtained the global existence of solutions for the
corresponding Cauchy problem.
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Equations

Ve + v+ (v V)v=—VP + fes, divv =0

13
0; + (v- V)0 = —N?v3 (13)

(SDB) {

Energy Inequality :

1 T 1
V()12 + Wllﬁ(t)Hfz + 2/0 Iv]|Z2ds < [Ivoll72 + WH%H?
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Main Results

Theorem(J. Kim , L.)

Let2<p<3and m>7/2. Thens>1+3/p,§>0and C >0
s.t. if an initial data ||vo||%,m + [|60]|%/m < 02 and
[[{®_uo, e4>H -2y < 02, then global solution

(v,8) € C([0, oo) Hm(R3)) which satisfies (SDB). Moreover if
m > 6+ 3/2—3/p, then (v, 0) satisfies

V(E)llwew < 26 min{1,t G 3 {log(1 + )} 75} forall t >0,

Iva(t)lr < 20 min{1, ¢~ @ B {log(1 + £)}*" )  forall t>0

and

16(t) e < 26 min{1, "5 {log(1 + £)}1 "%} forall £ > 0.
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Let u:= (v,0/N)T. Then

where

g + u+ PJPu+ P(v- V)u =0,

Stratified Boussinesq Equations with Damping

00000000 e0000000000

o O O o

o O O o

(14)

0 0
0 0
0 —-N
N -1
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SDB
wi +w + PJPw = 0, V-w=0. (15)
0. Fw+ Fw+ P()JP(E)Fw =0, & -Fw=0, (16)

B+ &L -& 0
13(5):=<P(f) °>:1 “en G148 a6 0

0 |1 €2 | —&G&a  —&G&L &+8
0 0 0 [P
&h = (&1,£,0,0)7
0 0 0 NE1E3
S ey L 0 0 0 N&E3

—N&&s —N&E NIER2 —[€
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Eigenvalues and Eigenvectors of Linear Operator

M) = M) =1, Ae(e) =1 V1 — 4N 2 /[

and

bo(§) = — ;o ba(€)
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Eigenvalues and Eigenvectors of Linear Operator

b (&)

1
VAZ[EP

1
V2(&h][€]

USTS
NE2&3
—N|&n?
Az[€)?

WISTS!
N&2&s
—N[&n[?
Ael€?

when 1 — 4N2|§h‘2/’§‘2 >0,

when 1 —4N2|¢,)2/|€]2 < 0,
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Decay estimates of Linear Operaotr

Fu(t)= > e MO Fug bj)bj— > /0 e NOE) (R T)u(r). by

j=1+ j=1+
Gi(0)[f] = / 2T MO (FF(€), by (€))by(€)de

o5 = [ (R b)) by
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Decay estimates of Linear Operaotr

1GL(8)[f]]|r < Ce_%th)-i-fHLP’a (17)
162 (&)l < € min{L, £ 72 {log(1 + £)} 77 }|b_f]]
(18)
1G% (8)[fll o < € min{1, =70 {log(L + )} 5} ]|,
(19)

192 ()[Rl < Cmin{L, £ GF D {log(1+ t)} 5 }||o_ f“(LP )
20
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Brief ldea of the Proof

e Using the first equation, we replace the estimates of 6 Replace 6
by the terms of w.

Em(t)? = [V(8)[Fm + [0(E)|[Fim V>0

T T
Bm(T)? := sup Em(t)2+/0 Hv(t)||%_,mdt+2/o 10k0(t) | 2mrdt

OsesT k=1,2
(21)
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Estimates
1 2 3 2 3 2 T
5 Bn(T)? = SEn(0)? < CBu(T)* + CBA(T) / va(t) | wesd.
0
(22)
1d

—Em(t)? + V(1) [[m

2 dt
< CEm(t)||v(t)l[m + CEm(t) Z 10k0(t)][5m—1
k=12 (23)

_Z/R3 D3vs(t)|056(t)|*dx.
n=1
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Estimates

T T
/ Iva())lwerdt < Clluollm + C / IV(O)IBmdt
0 0

.
+ [ IPo(e)es, ) e nie
0



Outline Rotating Generalized Navier-Stokes Stratified Boussinesq Equations with Damping
o 000000000000000 00000000000000000e0

Future Studies

Limit Problems and Decay estimates

Oru+ (u-V)u+ Qes x u—vAu= —VP + fes
00+ (u- V)0 = kAO — N?u3 (24)
V-u=0.
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Thank you for your attention!
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