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Main Theme

Can L-values detect or recover its coefficients:

@ in an analytic way),
@ in an algebraic way in Q, or

e in an algebraic way in Fy?
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For a Dirichlet series L(s) = g —, one gets
n

n>1
lim - TL( +it)n" it =
T 2T [, 0 T = me
foralle > 0,. © abscnae fﬁ Comvengonce

When a, are algebraic and L(s) possesses algebraicity, can we recover the
algebraic properties of a, from the L-values?




Previous Results

o Letf be a newform of weight 2 and level N with
= Hu}g, W cunf %mm Y prumitine.”, e. N : mummnad
Z ap(n) exp(2mingz).
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0 5e(Q) == Qay(m) [n = ). Q,
QW’W @ Let L(s,f, ) the modular L-function twisted by a Dirichlet character ).

,)(j}* @ There exist two complex numbers Qf+ and €2, such that o e
DL g e F
L) == T2 e ) N
o otk

Q;

for all ¢ with ¢)(—1) = +1 and the Gauss sum 7(¢)) of .

@ Set Z, := the set of Dirichlet characters of p-power conductors. p: & prms.

Theorem (Luo-Ramakrishnan)

o Qf(ﬂp‘x’) = Q(Np"c’aLf(w)a"/) € Ep)- /MPwi the Aok ”ﬁ

o Qr =Q(Li(xp)| xp : quadratic). ol p-pouor riosta




Previous Results, 11
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Theorem (S.)

@f(d)) Q(Lf (1)) for@lmost ajl ¢ of p-power conductors.

Tocdow—S
o Let ¢ # p be primes. Set Fy := Fy(a,(f) :n > 1).

° I s irreducible, then there exist in € C such that L¢ (&) are ;\E Q.

integral for all Dirichlet £ and 3¢ s.t. L, (&) Z0(mod L).
Wﬂ.ﬂ, C&,@cm M/rm arsec. mjjz L

If pyq is irreducible, then Fy () = F(Ls (1)) for almost all ) € =,

Conjecture (Variant of Greenberg’s conjecture)

If by ¢ is irreducible, then L¢(x) # 0 (mod £) for almost all x € =,,.

Theorem (S.)
Fy(1p) = Fy(L(0,)) for almost all odd ¢ € E,.




Setup

e K : atotally real field withd = [K : Q.
@ p: arational prime unramified in K.
@ Clg(p") : ray class group of K modulo p". Cam b Cond ()= cond ().

@ x : aray class character of the form x = v o Nk q for a Dirichlet
character ¢ of p-power conductor. It is called a cyclotomic character of
K of p-power modulus.

o xr:=1 oNK/Q : (O/p”)>< — @X.
2miTr(«)

o T(x) =x(0k) Y, xila)exp(—— ).
D,_#yuw\t 0{3 K 7\ a (mod p") p
Hecke L-function of x is
x(a)
Lg(s,x) = .
K( X) — NK/Q(a)S
;M] 4 ()

It is well-known that

Lx(0,x) € Q(x)= Q¥



Main Result
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Theorem (Jun-Lee-S.)

v

, pp
Let F @%xp(%)} Then F(Lk(0, x)) = F(x) for almost all totallyi;(.

Remark

| A

@ The Leopoldt conjecture is equivalent to saying that all the characters
on Clg (p*°) are the cyclotomic characters.

@ One can obtain a generalization such that for a tame ray class character
55

for almost all totally odd . wonden  pome wdd cond o Cond($)




Proof: reduction to non-vanishing problem

For almost all cyclotomic characters y of p-power moduli, verify inclusion
F(x) € F(Lg(0, x))-

o Evaluate the following quantity in two different ways:

mTrF(X)/F (Xf(a)LK(O,Y)) 7

where « is chosen so that Q(x¢(«)) = Q(x)-
e Assume that F(x) € F(Lg(0, x)) for infinitely many x. Ve ‘
L= Fllee) c

( ) ) = ().
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Next task is to show: the average is nonvanishing for x with sufficiently
large conductor.



More discussion

Need to study the Galois average of
b K0 /7 )
PRN/d Q.
A Lo (0,30) =g T (1. 0). O
N P
fQCwL(fW/F ]

® Trp(y)/r(7(X)x(a)) behaves essentially like an additi\{e%racter.

@ The Galois average the average “Trz(y)/r (T(X)Lk (1, x))” is
essentially a special value of a Dirichlet series with additive twists

Trr () /r(T(X) X (@)
Z N(a)* '

a

Problem reduces to verify non-vanishing of L-values with additive twists.

@ As verification for additive twists is quite similar to multiplicative one,
let us focus on non-vanishing of Ly (8, x).
4



Approximate functional equation

y T(X) ? MY’\W
Let W(x) :=i ok ot urvxve/waw* W L Uox)
x(a Nk /g Ng/o(a)
Lg(1 = F E a)F;
K(’X) A A&VQ(“> 1<1ﬁHKQ > X 2 (d deQ]
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The average ¢ Trp(y) /r(xe(a)Lg (1, X)) is decomposed into two parts:

1
F(X):F]
o First part: For an integer m > 1, let us set ¢,, := |{a| Nk q(a) = m}|.

Z TTF(X)/F(i/J(mﬁ))CmF m
m ! pZT” [K:Q] ’

m>1

where x = 1) o N g for a Dirichlet character ).
@ Second part:

- 1 Nk/o(a)
S T WOOR(a) s (G )




First part: Lattice point counting

. +
We can show : ) %
7
1 _ 1if m = ax (mod p")for some K € p,—1
7"[‘1‘ = )
F(x): F] F(x)/F (W (ma)) {0 otherwise &,n—f(‘:% Li_

S (g ) Ok Gt o) + (e ero),
_ m- -\ p¥Kd
KEpp—1 m=ar (mod p")

which correspond to three parts, respectively:

(1) mma(l)occurs only if m = 1.
(ii) Exceptional part: m = ax (mod p") with k # 1 and m < p".
(iii) Generic part: the summation is over m > p". ( EM? eatimslion )



Lattice point counting

Now need to estimate the growth order of

Z cm = #{a|N(a) = b(mod p"),N(a) < x}.

m<x
m=b(p)

Let {by,--- . by} be representatives of Clg. Let Ck be the fundamental
domain of @for the action of totally positive units. Then,

Al :
. _ —1
i K _koR {a: integral} = lzl_ll bi(CxkNb ).
(Micksisti spaee)
For O, = Ok ® Z,,, define 5\5:: {a € OfIN(a) =1}, & == EN(1+p"0p).

X

Fora~ € 0; and a nonzero ideal b, need to estimate the size of

Coy(x) :={a € CkNbla=ey(modp"),c € E/E,N(a) Lx}




More on lattice point counting

Proposition

1— 1

XTET 0 <x < N

|Cn,’)’(x)| < px_n ifx Z N(pn)

Using a non-singular simplicial @losed)cone decomposition (not disjoint)
with respect to b
CK = U Ci )

the problem reduces to estimate

{aeCinb|la=ey(mod p"),e € £/E,,N(a) < x}.

Grn GO%. o pradic erpamsion i well-chfined
Thes Fb?A o nole of Mirowski fé.wm&
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Lattice point in non-singular simplicial cone

ot

Let b be a nonzero ideal and C a nonsingular cone in KH‘{ with respect to b.

Lemma

@ Ay € bN C can be written uniquely as

Y=+ NP+t "

C/)C.Jru‘]‘img,almm 2. G

Co.r-t

with digits v; € pPc N b.
o Set (Y)jc:="+mnp+ VP + -+ wph.
o IfN(y) < N(p"), theny = (¥), c-

o Ifa € CNb,a=~e(p"),and N(a) <x < N(p"), then a = (7¢), (-



Proof of Proposition

@ Hence we need to estimate

#{(Ve)nc IN((18) ) <x, € € €}

o IfN((e7), ¢) < N(p*) = x, then the last (n — k) digits of (¢7),, . are
Zeros.

o If &’ € &/&,, then the first k-digits of ec’y = the first k-digits of ev.

@ In sum,

#{(7e),.cIN((ve),.0) <x e € EF S #(E/&) < x' 7V D



Second part: Exponential sum

In the second part

S8 S T rWOR(aa) {27 (S )

m>1 | N(a)=m

the average Trp(,)/r(W(x)X(a)) is equal to

L - 27T B)
Q:N?Pﬂ) ; TrF(X)/F(Xf(ﬂ)X(Ola)) exp(rp’(n/(@()

This can be written as

Z exp( 2miTr(ey) )

n
eel /&, P

Proposition

2mwiTr(e (d=1)n
Z exp(#) Lpap 2 -
eel /&, P




Stationary Phase method

Let V be the Z,-submodule of pO,, corresponds to &; via

log, = (log,)g|p : 1 +p0, = [[(1 + 90,) = p0, = [ [ 90,
© §©

Let us set m = L%J . For a sufficiently large integer n,

e ' mod p" = (1+p" 'V)mod p".

€)= explamiz)

> (@)= 2 o) 2 e (r ()

ceg /e ceg /e weV /p=mV
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