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Can you see anything
from { 1

, 3 , 8, 120 } ?

One of the properties :

1- 3 = 3 = 22-1

3- 8 = 24 = 52-1

8- 120 = 960 = 312-1

1. 120 = 120 = 112 - 1

:



2)
DEF

For any integer n -1-0 , a set of natural
numbers

{ a,, az, . . - . am}

is a Diophantine M- tuples
with property Den)

if aig.tn
is a perfect square

for all itj .

WI property DID

Remark

• The previous example { 1.3.8, 120
}~Was

discovered by Fermat
.



3)
• The name comes from Diophantus , who

discovered { 1,33, 68,105 } with property ☐ (256 )

• Euler discovered the infinitely many quadruples
with property ☐ (1)

, namely
{ a. b, abt 2r, ircrtacrtb) }

where abt 1=r?

• Anything beyond ?



at
How about anything beyond quadruples

?

THM ( Baker - Davenport, 1969)

Fermat 's example is the only extension
of { 1.3,8 }

with property DCD .

THM ( Dwjella , 2004) There
are no DCD - Sextuples

and there are only finitely many
☐(D-quintuples.

THM ( He , Togbé , Ziegler .
2019 )

There's no DCD- quintuples .



③
On the other hand , for general n =/1, there

are ☐(n) - quintuples , for instance ,

{ 1 , 33 , 105 , 320, 18240}

is a Diophantine quintuple of
D (256)

.

There are known examples of Don]
- sextuplets,

but no septuple is known .

a. what is
the largest tuple with property

Den] ?



⑥
Observation : why is it hard to find

a large Dent -tuple ?

If S={a ,,az.az } is a set of Dfn) , then

an extra ai for i>3 yields an integer
point

on the elliptic curve

y2= (a,✗+ n) (azxtn) Cazxtn)

for all i >3
.

⇒ By Siegel 's theorem ,
the number of

integer points any
elliptic curve is finite

.



7)
For this talk , we extend this definition

and study :

DEF ( Generalized Diophantine m- tuples & Mkcn) )

• For k>2 , a
set of natural numbers

{ai , az , . . .. , am}

is said to satisfy the property Dncn
) if

aiajtn
is a bth -power for

all i=j .

• Define

Mkcn] := Sup { 1St :
S satisfy Dkfn] }

.

Previous example was k=2
.

we



If

• Unconditionally Bugeaud ← Dujella
showed

Mz (1) I 7 , My(1)
£5
, Mkcl) I 4 ,

for b.> 5
.

• The Caporaso- Harris conjecture implies
that

Mkcn) is uniformly bounded independent
of n

.



g)
THM ( DIXIT - KIM

- MURTY )

The following
holds for large enough

n :

a) For L73 ,

Mkcn ;L) : = sap { Isn
[n! a)1 : S has Dkcn]}

⇐ 1 ,

where the implied
constant depends on K & L,

but is independent of
n
.

b) Unconditionally , MkCn) Eye log n .

c) Assuming the Paley graph conjecture
, for any £>o,

MkG) ⇐k.ec log n )E
.



http://cs.indstate.edu/ge/Paley/cliques.html

PALEY GRAPHS Paley in 11=13

A Paley graph is a graph with

- vertex set V=lFp
- edge set E

Such that Ca, b) c- E Iff

a-b is quadratic residue modp.



PALEY GRAPHS . . .

From Wolfram Alpha



Paley graph conjecture

Let E> 0 , and
S
,
TC lFp for an odd prime p

with 1St , ITI > PE, and X be any
nontrivial

multiplicative character modulo p .
Then

there is some number F- ICE)
for which

I ✗ catb) Ep-45111-1
AES

BET

holds for primes p larger than some constant [(e) .



What's the implication of the conjecture on Paley s ?

T = - S ,

X : quadratic character.

The clique number
of a graph

÷
the maximal complete graph

µµ⇒



Sketch of the proof of (c) :

step 1 Mk Cn ; 3) is bounded
.
( NONTRIVIAL )

Thus it is sufficient to consider an m
- tuple

S= { ai, 92, . . . ,
am}

with property Dkcn) in [ 1 , is] .

step2 For each prime p ,
consider Sp = S cmodp) . &

define for
c- = 0>1 , . . - , k-1 ,

F- = { aesp / ✗ (a) =§ii }
.



Then

Isp Is 1To It /Tilt -
-
- - + 1T£, 1 .

Assuming the Paley graph conjecture
,
we deduce

Isp / £ It KPE

for a fixed c-> 0
.

step 3 using Gallagher
's large Sieve,

we have

,g , ,
¥z lost - GN

⇒ 1st ⇐ Clog MF .

¥a%÷ - eogn




