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Objective — conjectural statements in LLC for p-adic groups
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LLC for tempered representations of p-adic groups

F is a p-adic field of characteristic 0.

Wk is the Weil group of F, and I' is the absolute Galois group Gal(F/F).
G is a connected, reductive, linear, algebraic group over F.

LG:=GxT.

© 00060
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LLC for tempered representations of p-adic groups

@ Fis a p-adic field of characteristic 0.
@ Wk is the Weil group of F, and I is the absolute Galois group Gal(F/F).
@ Gis a connected, reductive, linear, algebraic group over F.
@ G= G«T.
o) G GL, GLm(D) SL, SLy(D) SOoni1 S0,
G || GL,(C) | GLma(T) | PSLA(C) | PSLma(C) | Sp2n(C) | SOz(T)
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o Irreemp(G) is the set of equivalence classes of irreducible, tempered, complex
representations of G(F).

o Demp(G) is the set of é—conjugacy classes of tempered L-parameters (an
L-parameter ¢ : Wr x SLo(C) — LG is tempered if (W) is bounded).
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o Irreemp(G) is the set of equivalence classes of irreducible, tempered, complex
representations of G(F).

o Demp(G) is the set of é—conjugacy classes of tempered L-parameters (an
L-parameter ¢ : Wr x SLo(C) — LG is tempered if (W) is bounded).

Tempered local Langlands conjecture of p-adic groups

There is a surjective, finite-to-one map

Ziemp : IMrtemp(G) — Premp(G)-

This map is supposed to satisfy a number of natural properties. Zemp preserves -
factors, L-factors, and e-factors, if they are available in both sides
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Example G = GL(F)

bijection

Zremp  Itemp(GL2) =" Premp(GL2).
More precisely, given [F : Qp] < o, G= GLo, Arte : F* = WEP, and
X, Xi € Homeont(F*,C*), the above bijection provides:

godet «— (x]-|[F2oArtz VY& (x| -] 20 Arte?)

Bt @ x2) «— (1 o Arte ") @ (x2 0 Arte ")
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Internal Structure of L-packets

@ Forany ¢g € Premp(G), Iy, (G) := .,Z”tger(gog) denotes a tempered L-packet.
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Internal Structure of L-packets

@ Forany ¢g € Premp(G), Iy, (G) := .,Z”tger(gog) denotes a tempered L-packet.

(*} Irr(%p,sc(a), {g) denotes the set of irreducible representations of yq,,sc(é) whose
restriction to Z, s (G) equals {g. Here, .7, < (G) fits into a central extension (the
version of discrete @)

11— Zpse(G) — Fpsc(G) — F(G) — 1,
where
Zo(G) := mo(Sp(G)).
Fpse(G) = 70(Spsc(G)),
Zp5c(G) := Z(Gsc) /(Z(Gisc) N Spsc(G)°).
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Internal structure of L-packets (Arthur version)

Fixing a Whittaker datum, there is a one-to-one correspondence

,(G) &% 1m(Spg5c(G). )

along with endoscopic character identity.
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Internal structure of L-packets (Arthur version)
Fixing a Whittaker datum, there is a one-to-one correspondence

,(G) &% 1m(Spg5c(G). )

along with endoscopic character identity.

Note: Originally formulated by Arthur / Refined by Kaletha using a slightly different

group than .. <(G), and there is a bijection between two formulations.
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Example G = GL{(D),GL2(Qp)

G = GL4(D), D a quaternion division algebra over Q,

1 Zpgsc(G) = 12(C) — Fpsc(G) = 2/2Z — S (G) = mo(Cent(9a, G)/Z(G)) =1 — 1.

HOm([,lz((C),(CX):{ﬂ,Sgn}
-G=Glp, fa,=1

My (GLa(F)) {5 Ire(p2(C), 1) = {1},
- G= GL{(D), {ar, =sgn

My, (GL1(D)) <=5 Irr(12(C),sgn) = {sgn}.
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Known Cases

@ GL, (Harris-Taylor 2000, Henniart 2003, Scholze 2013);
@ SL, (Gelbart-Knapp 1982);

@ non-quasi-split F-inner forms of GL, and SL, (Labesse-Langlands 1979,
Hiraga-Saito 2012);

@ GSpy, Sps (Gan-Takeda 2010,2011);
@ non-quasi-split F-inner form GSp4 1 of GSpy (Gan-Tantono 2014);
@ Spo,,S0p,SO35, (Arthur 2013);

@ U, (Rogawski 1990, Mok 2015), non quasi-split F-inner forms of U, (Rogawski
1990, Kaletha-Minguez-Shin-White 2014);

@ non-quasi-split F-inner form Spy 4 of Spy (C. 2017);
@ GSping, GSping and their inner forms (Asgari-C. 2017);
@ GSpy,, GOy (Xu 2017).
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Known Cases

@ GL, (Harris-Taylor 2000, Henniart 2003, Scholze 2013);
@ SL, (Gelbart-Knapp 1982);

@ non-quasi-split F-inner forms of GL, and SL,, (Labesse-Langlands 1979,
Hiraga-Saito 2012);

@ GSpy, Sps (Gan-Takeda 2010,2011);
@ non-quasi-split F-inner form GSp4 1 of GSpy (Gan-Tantono 2014);
@ Spo,,S0p,SO35, (Arthur 2013);

@ U, (Rogawski 1990, Mok 2015), non quasi-split F-inner forms of U, (Rogawski
1990, Kaletha-Minguez-Shin-White 2014);

@ non-quasi-split F-inner form Spy 4 of Spy (C. 2017);
@ GSping, GSping and their inner forms (Asgari-C. 2017);
@ GSpsp, GOz, (Xu 2017).
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Methodology - restriction and lifting in a certain pair (G, H)

Achievements — successful cases (G, H)
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Restriction and lifting in a certain pair (G, H)

@ G connected reductive group over a p-adic field F.
@ H closed F-subgroup of G such that

Hyer = Gder CHCG.

G

GL

GL(D) | GSp

GSO

U

eg.)

H

SL

SL(D)

Sp

SO

SU

@ F-Levisubgroups: Mg C Gand My =MgnHCH

= (MH)der = (MG)der CMyC MG'
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p-adic group/Representation side:
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p-adic group/Representation side:

G
K
N
Resﬁ N N ’”dﬁG
N
N

N

v N
H Mg ("nice"), 7 € Iy, (Mg), 9 € Paisc (M)

X .

N .

N
N
S N :
Study Reducibilty «-» IndI\H/IHU N o Hes%gﬂ «~~ Study Restriction

N
N

"
My, 0 € Hp(My), 95 € Paisc(Mp)
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p-adic group/Representation side:

G
K
AN
Resg N N ’”dﬁG
N
N

N

v N
H Mg ("nice"), 7 € Iy, (Mg), 9 € Paisc (M)

X .

N .

N
N
S N :
Study Reducibilty «-» IndI\H/IHU N o Hes%gﬂ «~~ Study Restriction

N
N

"
My, 0 € Hp(My), 95 € Paisc(Mp)

L-group/Galois/L-parameter side:

Kwangho Choiy (Southern lllinois University) Invariants in restriction of adm. rep. of p-adic groups



p-adic group/Representation side:

G
K
AN
Resg N N ’”dﬁG
N
N
N
v N
H Mg ("nice"), 7 € Iy, (Mg), 9 € Paisc (M)
X .
N .
N
N
S N :
Study Reducibility e~ IndI\H/IHU N o Hes%Gﬂ «~ Study Restriction
- H
N o
AN |

My, 0 € Hp(My), 95 € Paisc(Mp)

L-group/Galois/L-parameter side:

(G) — ®(H)
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LLC for G = LLC for H

Recall(LLC for OJ):

e%cemp : Irrtemp(D) — ¢temP(D)
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LLC for G = LLC for H

Recall(LLC for OJ):

e%cemp : Irrtemp(D) — qjtemp(‘])

@ Given o € Irr(H), there is a lifting & € Irr(G) such that
0 < Res§(5),

due to: Labesse-Langlands, Gelbart-Knapp, Tadi¢, and others.
@ LLC for G, L5 : Irr(G) - ®(G), assigns an L-parameter .Z5(0).
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@ Due to Weil, Henniart, Labesse:
D(G) - D(H)

@ Under a surjective map G- ITI,
We define:

Ly lrr(H) —  ®(H)

o +— pro%g(o).

= %y is finite-to-one, surjective as desired for H.
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@ Due to Weil, Henniart, Labesse:
D(G) - D(H)

@ Under a surjective map G- ITI,
We define:

Ly lrr(H) —  ®(H)

o +— pro%g(o).

= %y is finite-to-one, surjective as desired for H.

Remarks:
@ It is independent of the choice of the lifting &.

@ This is a case of the (local) principal of functoriality, as we had G- H.
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Internal structure of L-packets for G = that for H

Recall(Internal structure of L-packets for 0J):

H(p([j) M |rr(-y/(a—‘.sc([j)r gﬂ)
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Internal structure of L-packets for G = that for H

Recall(Internal structure of L-packets for 0J):

H(p([:]) M |rr(-y/(a—‘.sc([j)r gﬂ)

We consider:

{ac H'(Wk,(G/H)) : apg ~ ¢ in G} /Im (Z(H)T — H'(Wk, G/H)). J

Denote it by X(¢g).
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Internal structure of L-packets for G = that for H

Recall(Internal structure of L-packets for 0J):

H(p([:]) M |rr(-y/(a—‘.sc([j)r gﬂ)

We consider:

{ac H'(Wk,(G/H)) : apg ~ ¢ in G} /Im (Z(H)T — H'(Wk, G/H)).

Denote it by X(¢g).

Observe:

@ X(¢g) is a finite abelian group.
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@ An exact sequence of finite groups
11— Ypgsc — Loysc — X(pg) — 1,

equipped in the following commutative diagram:

1 1
1 Z(Gs.) Fogsc(G) ——— Fpe(G) ——— 1
1 Z(Hse) Lo sc(H) s Sy (H) ——— 1

A
| | |
1 Spyac(H)/Sppse(G) —— X(9g) —— 1

! l

1 1
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Successful cases (G, H)

@ G=GLp,H=SL, (Gelbart-Knapp 1982);

@ G=GLp(D),H=SLn(D) (Labesse-Langlands 1979, Hiraga-Saito 2012);

@ G=GSpy,H=Sp, (Gan-Takeda 2010,2011);

® G=GSpy1,H="5Spy1 (C.2017);

@ G=GLly xGLy,H=GSping; G= GL4 x GL{,H = GSping, and their inner forms

(Asgari-C. 2017),
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G = GLy, H = SL, (Gelbart-Knapp 1982)

Foy(H) = Z/2Lx 2/27, 7/27,1, |M,(H)|=1,2,4.
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G = GLy, H = SL, (Gelbart-Knapp 1982)

Foy(H) = Z/2Lx 2/27, 7/27,1, |M,(H)|=1,2,4.

@ For ¢g € ®(G) dihedral with respect to three quadratic extensions:

]
Fo6(Gla) = {1}, o, (SLe) = 2/2Lx Z/2L.
o
My (Glo) = {6}, Resq?(6) = Iy, (SL2) = {01,02,05,04}.
@ Thus,

M, &5 1rr(Fp(SLa). 1) = {1, 2 23 24}
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G = GL{(D),H =SL¢(D) (Labesse-Langlands 1979, Hiraga-Saito 201

D quaternion division algebra over F

o
Fonsc(H) =~ Qs, Z/2LxL/2Z, L/2Z, |y, (H)|=1,2,4.
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G = GL{(D),H =SL¢(D) (Labesse-Langlands 1979, Hiraga-Saito 20

D quaternion division algebra over F

o
Fonsc(H) =~ Qs, Z/2LxL/2Z, L/2Z, |y, (H)|=1,2,4.

@ For ¢g € ®(G) dihedral with respect to three quadratic extensions:

11— 12(C) — Sy 5c(SL1 (D)) = Qg — -S4, (SL1(D)) = Z/2Z x Z,/2Z — 1,

where Qg denotes the quaternion group of order 8.

]
Irr(Qe) = {x1,22, X3, %4.0"}

where y;'s are distinct 1-dimensional representations, and p’ is the 2-dimensional

representation of Qg.
[

My (GL1(D)) = {3}, Resgt(p)(6") = ITy(SL1(D)) = {'},

@ Thus,

I, (SL+(D)) <= Irr(Fp o (SL1(D)),s0n) = {p'},

where we correspond ¢’ <> p’.
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G: G5p1i1,H = Sp1’~| (C2017)

The group y(pﬁsc(s/p;) is isomorphic to one of the following seven groups:
Q z/27,
9 (z/2z)?,
Q Z/4Z,
Q 7/27.x 7./4Z,
@ the dihedral group g of order 8,
O the Pauli group {£/,+il,£X,+iX,+Y,£iY,+Z,+iZ}, where i = /-1,

10 0o 1 0 i 10
2x2 <o 1)’ (1 0)’ <i o)’ and (o 1)’

@ the central product of Zg and the quaternion group of order 8.

By-product: L-packet size |I1,(Spq 1) = 1,2,4.
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G: GSp1i1,H = Sp1’~| (C2017)

Consider ¢g = @o & (po ® x) € P(GSpy)

@ yx is a quadratic character,
@ ¢y € P(GLy) is primitive (i.e., @o # Indxgp for a finite extension E/F and some irreducible p)
® pFEpRx.
@ The projection ¢ of pg onto Sp, = SOs(C) is
¢=1&x&Ad(go)x € P(Sps),

1 1

! !

T—— Z(Gs) ———— Fogsc(@) — Spg@)~zm 1

I o [n

1T Z(Hse) 2 1p(C) ————  Sgysc(F)=2Tg —————— So(H)~2/22x2/22 ————— 1

! | !

1 [ sq,H,sc(F/)/s‘pG,sc(é) N X(pg) ~7/2L _ 1

l !

1 1

Ty(Sp1.1) = {0"} <=5 Irr(.Fpc(Spy.1),5GN) = Irr( s, 50N)
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Part Il

Obstacles — issues towards general cases (G, H)

Some recent developments — resolutions of some obstacles
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Empirical Knowledge from SL,

GLy, My, (G) = {Ind,ﬁe?r}

inlici GL, ~ GL, -
Multi 1| Resgl "(/ndﬁea/ Ind| G"cr

SLn,My(SLy) = {7 C Resg(7 (Ind_G)}/ ~ Ma(~T16GLy,), Iy, (M) = {5}

nesﬁg Multiplicity=1

M (2 SanHGLni)75 € Hdisc(M)

“compatible” {f

GLn

SLn, I,(SL,) = {irred. const. of Indy;"(7) | T € My(M)}/ ~ ~TIGLy)), Hpg (Mg) = {5}

[ foowr] \ st [Witpict

M (~SLnNTIGLy,), 0 € Myisc(M), Iy ( M)*{TCRSSM (ResM G)}/ ~
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Definition of Multiplicity in restriction

@ F ap-adic field of characteristic 0
@ G aconnected reductive group over F

@ Haclosed F-subgroup of G such that Hye, = Geer C HC G.

Kwangho Choiy (Southern lllinois University) Invariants in restriction of adm. rep. of p-adic groups



Definition of Multiplicity in restriction

@ F ap-adic field of characteristic 0
@ G aconnected reductive group over F
@ Haclosed F-subgroup of G such that Hye, = Geer C HC G.

Given irreducible smooth representations o € Irr(H) and & < Irr(G), the multiplicity
(o, )y of o in the restriction Resﬁ(n) of m to H is defined as follows:

(6,7) := dime Homy(o,Res§(n)) € NU{0}.

e.g.) G=GL,,H=SLy, any w € Irr(H), o € Irr(H), we have (c,m)y =0, or 1.
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Definition of Multiplicity in restriction

@ F ap-adic field of characteristic 0
@ G aconnected reductive group over F
@ Haclosed F-subgroup of G such that Hye, = Geer C HC G.

Given irreducible smooth representations o < Irr(H) and & € Irr(G), the multiplicity
(o, )y of o in the restriction Resﬁ(n) of m to H is defined as follows:

(6,7) := dime Homy(o,Res§(n)) € NU{0}.

e.g.) G=GL,,H=SLy, any w € Irr(H), o € Irr(H), we have (c,m)y =0, or 1.

@ H asubgroup of a finite group H

Given § € Irr(G) and y € Irr(H), the multiplicity (5, %) of v in the restriction Res&(8) of
Y to H is defined as follows:

(8,71 := dimec Hompy(8,Res§(7)) e Nu{0}.

e.g.) H < G with index 2, any & € Irr(G), € Irr(H), we have (8,7)y =0, or 1, or 2.
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Example in SL(1,D)

(Labesse-Langlands, Shelstad 1979)

-G=GL(1,D), H=SL(1,D), D is the quaternion division algebra over F.

-¢: WgxSL(2,C)— H= PGL(2,C) is an L-parameter for H and I1,(H) is the
L-packet.

- Forany o € Irr(H) and « € Irr(G),

2, if o€ Hy(H),progs = ¢,Cent(p,H) ~7/2Zx 7/2Z
(o.m)y=< 1, ifoely(H),prog.=o,Cent(p,H) #7Z/27x 7./27Z
0, otherwise.
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Definition of three R-groups

000000

P = MN : a standard F-parabolic subgroup of G.

Au : the split component of M.

W(G,M) = Ng(Au)/Ze(Au)-

@(P,Au) : the set of reduced roots of P with respect to Ay.
Given o € Iy (M), W(o) :={we W(G,M): "o ~c}

W is the subgroup of W(o) generated by the reflections in the roots of
{a € ®(P,An) : ta(c) =0}, where i, (o) is the rank one Plancherel measure for o attached
to a.
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Definition of three R-groups

P = MN : a standard F-parabolic subgroup of G.

Au : the split component of M.

W(G,M) = Ng(Au)/Ze(Au)-

@(P,Au) : the set of reduced roots of P with respect to Ay.
Given o € Iy (M), W(o) :={we W(G,M): "o ~c}

000000

W is the subgroup of W(o) generated by the reflections in the roots of
{a € ®(P,Au) : ta(c) =0}, where p, (o) is the rank one Plancherel measure for ¢ attached
to a.

Let o € Iy (M) be given. The Knapp-Stein R-group is defined by

R, := W(c)/Wp.
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Definition of three R-groups

P = MN : a standard F-parabolic subgroup of G.

Au : the split component of M.

W(G,M) = Ng(Au)/Ze(Au)-

@(P,Au) : the set of reduced roots of P with respect to Ay.
Given o € Iy (M), W(o) :={we W(G,M): "o ~c}

000000

W is the subgroup of W(o) generated by the reflections in the roots of
{a € ®(P,Au) : ta(c) =0}, where p, (o) is the rank one Plancherel measure for ¢ attached
to a.

Let o € Iy (M) be given. The Knapp-Stein R-group is defined by

R, := W(c)/Wp.

Note (Knapp-Stein (1972); Silberger (1978)) :
® Endg(igm(o)) ~ C[Rs]y as algebras, where 1 € H?(R5,C*).

= Reducibility of the parabolic induction i%(c)
«~~ Knapp-Stein R—group c W(G, M)
«~~ Tempered non-discrete spectra and L-packets
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Let ¢ : We x SL,(C) — M < Gbe an elliptic tempered L-parameter for M.

° C¢(a‘) is the centralizer of the image of ¢ in G and C¢(@‘)O is its identity
component.

@ T, is a fixed maximal torus in c¢(é)°.
Set Wg = NC¢(G)0(T¢)/ZC¢((A3)0(T¢)7 Wy = Nca)(é)(TKP)/ZC‘p(@;)(TlP)'
Note that W, can be identified with a subgroup of W(G, M).
The endoscopic R-group Ry is defined by

Ry := Wy /Wj.

Given o € IT, (M), the L-packet associated to the L-parameter ¢,
Set Wy , .= WynW(o), Wso:=W,nW(o).
The Arthur R-group R; ; is defined by

R¢'o- = W¢.G/W$76 — R¢.

Kwangho Choiy (Southern lllinois University) Invariants in restriction of adm. rep. of p-adic groups



Let ¢ : We x SL,(C) — M < Gbe an elliptic tempered L-parameter for M.

° C¢(a‘) is the centralizer of the image of ¢ in G and c¢(é)0 is its identity
component.

@ T, is a fixed maximal torus in c¢(é)°.
Set Wg = NC¢(G)0(T¢)/ZC¢((§)0(T¢)7 Wy = Nca)(é)(TKP)/ZC‘p(@;)(TlP)'
Note that W, can be identified with a subgroup of W(G, M).
The endoscopic R-group Ry is defined by

Ry := Wy /Wj.

Given o € ITy (M), the L-packet associated to the L-parameter ¢,
Set Wy , .= WynW(o), Wso:=W,nW(o).
The Arthur R-group R; ; is defined by

R¢'o- = W¢.G/W$76 — H¢.

Arthur Conjecture for R-groups : For o € I1, (M), we have

o = Hg‘ur — R@.
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Example in SL(2,Qp)

@ F =Qp, where pis a prime number.
@ G(F)=SL(2,Qp), M(F)= {(i ;1 ) X € QFX,}
@ o = x : a unitary unramified character on M(F) given by

—1/1
£(5 0 =lalp e,

° ¢: Wp, — C' is given by x from the local class field theory.
Then, we have

- WIGM) ={1,( % 5)} = Wo = Woy.

Wy ={=Wy=W,.

Therefore,

’ Ry ~ Ry ~ Ry 5 ~7/2Z.
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Some obstacles towards general (G, H)

Among many obstacles, we here single out the following:

@ How to control the case of 0 1,062 € Ily;(G) such that
Resﬁ(o‘GJ )~ Resﬁ(caz) ?

e.g.) (GSp1,1,Sp11) (C. 2017), (Up,SU,) (Adler-Prasad 2019), etc.
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Some obstacles towards general (G, H)

Among many obstacles, we here single out the following:
@ How to control the case of og1,0G5 € I, (G) such that
Resﬁ(o‘GJ )~ Resﬁ(caz) ?
e.g.) (GSp1,1,Sp11) (C. 2017), (Up,SU,) (Adler-Prasad 2019), etc.

@ How to control the so-called multiplicity m € N such that given o € Iy, (G),

Resi(og)~m P w?
‘EHEHGG(H)

Here Is, (H) := {ty C Res&(0g)}/ ~.
e.9.) (GLm(D),SLm(D)) (Labesse-Langlands 1979, Hiraga-Saito 2011), etc.
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Some obstacles towards general (G, H)

Among many obstacles, we here single out the following:
@ How to control the case of og1,0G5 € I, (G) such that
Resﬁ(o‘GJ )~ Resﬁ(caz) ?
e.g.) (GSp1,1,Sp11) (C. 2017), (Up,SU,) (Adler-Prasad 2019), etc.

@ How to control the so-called multiplicity m € N such that given o € Iy, (G),

Resi(og)~m P w?
‘EHEHGG(H)

Here Is, (H) := {ty C Res&(0g)}/ ~.
e.9.) (GLm(D),SLm(D)) (Labesse-Langlands 1979, Hiraga-Saito 2011), etc.

Q s there any way to characterize 15, (H)?
e.g.) (GLp,SLy) (Gelbart-Knapp 1982), etc.
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Some obstacles towards general (G, H)

Among many obstacles, we here single out the following:
@ How to control the case of og1,0G5 € I, (G) such that
Resﬁ(o‘GJ )~ Resﬁ(caz) ?
e.g.) (GSp1,1,Sp11) (C. 2017), (Up,SU,) (Adler-Prasad 2019), etc.

@ How to control the so-called multiplicity m € N such that given o € Iy, (G),

Resi(og)~m P w?
‘EHEHGG(H)

Here Is, (H) := {ty C Res&(0g)}/ ~.
e.9.) (GLm(D),SLm(D)) (Labesse-Langlands 1979, Hiraga-Saito 2011), etc.

Q s there any way to characterize 15, (H)?
e.g.) (GLp,SLy) (Gelbart-Knapp 1982), etc.

@ In general, not canonical to find G and Mg with such "nice" properties.
e.g.) H=Eg, etc.

Kwangho Choiy (Southern lllinois University) Invariants in restriction of adm. rep. of p-adic groups



Some obstacles towards general (G, H)

Among many obstacles, we here single out the following:
@ How to control the case of og1,0G5 € I, (G) such that
Resﬁ(o‘GJ )~ Resﬁ(caz) ?
e.g.) (GSp1,1,Sp11) (C. 2017), (Up,SU,) (Adler-Prasad 2019), etc.

@ How to control the so-called multiplicity m € N such that given o € Iy, (G),

Resi(og)~m P w?
‘EHEHGG(H)

Here Is, (H) := {ty C Res&(0g)}/ ~.
e.9.) (GLm(D),SLm(D)) (Labesse-Langlands 1979, Hiraga-Saito 2011), etc.

Q s there any way to characterize 15, (H)?
e.g.) (GLp,SLy) (Gelbart-Knapp 1982), etc.

@ In general, not canonical to find G and Mg with such "nice" properties.
e.g.) H=Eg, etc.

@ In general, the structure of R-groups for p-adic groups remains open.
e.g.) H = exceptional groups, etc.
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Multiplicity Formulae in Restriction

Theorem (C. 2019)

- Assuming LLC for both G and H and further two technical arguments,

- Given ¢y € Premp(H), g € Premp(G) such that oy = pro g with pr: G— H,

-For any oy € Iy, (H) < pH € Irr(F, sc, CH) and og € My, (G) < pg € Irr(Fpg se; 6a)s
we have

e
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Multiplicity Formulae in Restriction

Theorem (C. 2019)

- Assuming LLC for both G and H and further two technical arguments,

- Given ¢y € Premp(H), g € Premp(G) such that oy = pro g with pr: G— H,

-For any oy € Iy, (H) < pH € Irr(F, sc, CH) and og € My, (G) < pg € Irr(Fpg se; 6a)s

we have
‘ (OH,0G)H = (PG: PH) Fg s
and
dimpy . =
(GH-O_G>H = dimpg . ‘HPH(/(PG‘SC)|

S sc
where Iy, (Fpg.sc) = {8 C Res /"™ py}/ ~.

9Gsc

e

Ideas of proof: some Galois cohomological arguments + Clifford theory for finite groups.
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Multiplicity Formulae in Restriction

Theorem (C. 2019)

- Assuming LLC for both G and H and further two technical arguments,

- Given ¢y € Premp(H), g € Premp(G) such that oy = pro g with pr: G— H,

-For any oy € Iy, (H) < pH € Irr(F, sc, CH) and og € My, (G) < pg € Irr(Fpg se; 6a)s

we have
‘ (OH,0G)H = (PG: PH) Fg s
and
dimpy . =
(GH-UG>H = dimpg . ‘HPH(/(PG‘SC)|

y \SC
where Iy, (Fpgsc) = {8 C Resy,zg' PH}/ ~.

,SC

e

Ideas of proof: some Galois cohomological arguments + Clifford theory for finite groups.
Remark: [Obstacle 2.] How to control the so-called multiplicity m € N such that given og € Iy, (G),

Resg(og)=m @ w?
Tellog (H)

by means of ingredients (all finite) in the parameter side.
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Corollary (C. 2019)

Assume as in Theorem above, One can control I1s,(H) C Iy, (H) in terms of
Lo, ~9roups or .y, sc-groups:

Moy (H) &5 (Fgyysc/ Lonsc) ' [ 1(PH),

where
l(pn) =={x € (quH,SC/yrpc;,SC)v S PHX = PHY-
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Corollary (C. 2019)

Assume as in Theorem above, One can control I1s,(H) C Iy, (H) in terms of
Lo, ~9roups or .y, sc-groups:

Moy (H) &5 (Fgyysc/ Lonsc) ' [ 1(PH),

where
l(pn) =={x € (quH,SC/yrpc;,SC)v S PHX = PHY-

Remark: [Obstacle 3.] Is there any way to characterize Il (H)? by means of
ingredients (all finite) in the parameter side.
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Restriction in Pseudo-z-embedding

Following T. Kaletha 2018, given a connected reductive group G over a
non-archmedean local field F, an embedding from G to another connected reductive
group G; over F is called to be a pseudo-z-embedding of G if:

(1) the cokernel G;/G is a torus;
(2) the first cohomology H'(F,G./G) vanishes; and
(3) the map H'(F,Z(G) — H'(F,Z(G;)) is bijective.
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Restriction in Pseudo-z-embedding

Following T. Kaletha 2018, given a connected reductive group G over a
non-archmedean local field F, an embedding from G to another connected reductive
group G; over F is called to be a pseudo-z-embedding of G if:

(1) the cokernel G;/G is a torus;
(2) the first cohomology H'(F,G./G) vanishes; and
(3) the map H'(F,Z(G) — H'(F,Z(G;)) is bijective.
Basic Facts:

@ Such embedding G; always exists for any G.

@ There is a bijection between F-Levi subgroups M, of G, and M of G, via
M=M,NG.

o G;(F)=Z(G)G(F) which yields
Resgz(crz) € lrr(G).
@ There exists a bijection:

Irr(Fog, sc: Ca;,) N Irr(Lpgsc: 6a)
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Theorem (C. 2021)

Let G, be a peudo-z-embedding of G. Given o € I4isc(M;) and its irreducible
restriction ¢ € Ilysc(M), we have
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Theorem (C. 2021)

Let G, be a peudo-z-embedding of G. Given o € I4isc(M;) and its irreducible
restriction ¢ € Ilysc(M), we have
Rs, ~ Rs

and

| H(Ro,.C*) = H¥(Rs.C"). |
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Theorem (C. 2021)

Let G, be a peudo-z-embedding of G. Given o € I4isc(M;) and its irreducible
restriction ¢ € Ilysc(M), we have

and

| H(Rs,.C*) = H(Rs.C"). |

Ideas of proof:

o
1—>R(,Z—>F1‘5—>W(?)—>17
where WE;) ={n € (M;/M)": "o, ~ c,n for some w € W(c)}.
°

W(o) ~ {irred constituents of IndSZ (a;)}/ = .

@ Clifford theory for infinite groups ﬁ(,z < Ry with finite index.
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Theorem (C. 2021)

Let G, be a peudo-z-embedding of G. Given o € I4isc(M;) and its irreducible
restriction ¢ € Ilysc(M), we have

and

| H(Rs,.C*) = H(Rs.C"). |

Ideas of proof:

o
1—>R(,Z—>F1‘5—>W(?)—>17
where WE;) ={n € (M;/M)": "o, ~ c,n for some w € W(c)}.
°

W(o) ~ {irred constituents of Indz (6,)}/ ~ .

@ Clifford theory for infinite groups ﬁ(,z < Ry with finite index.

Remark: [Obstacle 4.] In general, not easy to find G and Mg with such "nice" properties, by means
of a setting with some cohomological conditions on groups.
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Merry Christmas & Happy New Year!
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