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NO YES
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QI. Is [ Iz ? ] a commutator in Stroh ? A product of Tao commutators ?

YES

QI. Let G- =/ [ 'z 's ] , [ IF ] > £5409 . Is 623 c- tr(G) c- I ?



Decidableproblemsor.in/-egralSLz-charactef

Consider a parametric family of Diophantine equations : ( g ; ,fj c- I[× . , . . . , ✗m ] )

§PhÉ¥

µ, µ

V :

g ,
(x , , . . . > ✗m) =

- i - =

ge (✗ , , .
. . >
✗
m ) = 0 V C- 1AM

{ f , (x, , . . . , ✗m )
= K

,
Hi

. . . .fr)f Uk := f- ' ( k) .
: :

f- n (Xi , . - , ✗m ) = kn

BQnest :

① (Basel
.

Is f- (VCI)) C- I
"

decidable ?

② ( Fiber) . Structure of each VK.LI) ? ( e. g. finite ,
fin

. gen . )

③ (Family) Behavior of k1→VkCI) ?

Tin ( Matiyaseuioh) Ff : V→ 1A
"

st. fcvok)) C- I
"

is undecidable .

God .

Find new examples of f- : ✓→ 1A
"

with fluid)) C- In decidable .



Examples .

① f://.in → 1A
"

linear

② f : 1AM → 1A
'

quadratic form .

③ f : IAZ → 1A
'

degree d> 3 form (Thue . Baker)

④ " """""

G- 21AM rat 'd linear rep . of reductive alg . gp G- Ich .

①[1AM ]
c-
= (f , , . . >

fn> .

Thy (Borel- Harish- Chandra) If Vk is a closed G-orbit , then VKCTL) = G- LIT - S for some computable finite S .

µ
⇐ V = { BQFS Qlx,g) = ax- c- bxytey

" } =/A
>

Slz action by linear change of variables (x, y)

disc la, b, c) = b? Gac i v → 1A
'
. Vk = dis É (K) .

TIM ( Lagrange, Gauss ) . If kto , then hlk) := / Shoal VKCI) I <00 . (KH h (k) actively studied ) .

God .

Go beyond the above examples , utilizing nonlmearsymety



Markoffequation_
- Space ✗=/A

}

- Invariants M : ✗→ 1A
'

,
Mlx, y >7) = ✗2+42+-22 -Xyz - 2 .

✗k := 14
- '

( k)
.

✗ KO T group of nonlinear transformations generated by
:- Dynamics

-

-

permutation of coordinates (x.az) ,

- Vieta involution ( × , y ,z) l→ (× , y . ✗y-7) .

Tlm_ ( Markoff 1880 ) If K -1-2 , then / F)XKCI) ) < • .

Let [ = I,, , surface of genus 1 with 1 boundary curve . -11,2 = {a. b) I Fz .

K ✗ = Hom /a,E,SLz)✗ Inn (Sh) ( tra , trs , trab ) : ✗ ⇒ 1A
}

.

0 - I|?⃝① yn
,a,,

= µ ,,, ,, ,,, , , ×- µ
,

×
,
=p,,, ,,, , ya, , µ , ×,, ,,

F-action is (essentially ) action of mapping class group of E.

Goal_ . Generalize to Sh- character varieties of other groups .



SS2.Reduclion-theory.I-Eg.vnSurface of type (g. n) ,
dE=c , I . . - Hen

.

(3gtn-3
so )

.

- Sp_ace ✗ = ✗(E) = Homies , Sir )HInn(Sh) ✗red := { Ep] c-✗ (Q1 :

p reducible }
.

✗CI) = { [ p] c- ✗ to) : trpla-IV-xc.it, I } .

- Invariants . f = (trc, , . . . , trcn) : ✗ → 1A
"

.

✗k = f-
'

( k)
.

ironed affine var . of dim 6g -12N-6 .

- Dynamics . ✗KO T = a-☐Diff
+
(E. OS) mapping class group of E.

MLmlW . ) Assume Xkn ✗red = $ .
Then ✗KCI) is eff.ec/-ielyfinotelygenerated- .

More precisely , XKCI ) = T . Vii, gi (Gilas)

for some computable g ;
: Gi → X, from alg gps Gi with eff. f.g. lattice G-:(77 I Gi CIR) .

Coin. f- (XLI)) C- I
"

is decidable .

Coir. There is an algorithm that decides
, given A c- SLzCI) and g 21 ,

whether or not A- is a product of g commutators in S↳CI) .



Rem

① In general , I 1- I XKCI) I can be infinite .

DI. . ✗kde9 := union of images of non constant morphisms 1A
'
→ XK .

• ✗k (7)
*
:= ✗←

Cz, I ✗IT .

Motivation : each ✗← is log CY Cw . )

Th_m.tw.) We have IT \ ✗KIT)* / <• ,
and F Zariski closed Z 4- ✗Kst . ✗Kd" = f. 2- .

LaÉj . Let V10 be a pug . variety of general type.

Let Vex = union of images of nonconstamt rat't maps p
'

,
Ab .

van
-→ Xk

.)
Then Vex G- V in Zariski closed , and V10) /V

"

is finite-

② We have inclusions of F- invariant subsets

✗koejeich E ✗+ (2)
" I

C- ✗Kla]
*

.



proofofmain-hn.IS
p .
P = a

,
11 . . . II a } g. + n

- z
CE pants decomposition .

✗k

t "P = ( tna ;) ×
,, ,
÷ try

,

,,,
, {

Generically , ✗k.FI (①
×
)
's"-3

P¥af¥?⃝ ✗I.+02"
":-P
,
:=C > ⇐ r

3gc-n-3
Dehn twists along ai .

Let p
c- Xk (7)

.

A-. Find PCE st. 11 trp ( p ) 11 = Okc 1) .

B- Reduction theory on ✗I.+ : Each ✗It is essentially an affair homogeneous vanity .

-

Prod. If XI.tn ✗ red = $ ,
then ✗E.+ (2) = Vii , gilGilan

for some computable gi : G : → ✗It from alg groups Gi with off. f.g. lathe Gite) .

£ Up to F-action
,
Fat most finitely may PCE .



A-
.

T-indpcsst.tl/-rpCp)ll--0kcn.FagESLzCQ) 211-13
,
let length (g) = inf-✗ c- His dlx , g. x) . (I log It- (g) 1.)

Def . For p :X, I→ Skid ,
let syscp) = ihf { length pla) : a CE essential simple closed cane } .

By induction on topological type of E , sufficesto prove :

Thin. ( w . ) Sys is bounded on ✗KIN .

PI Let p
: a.I → still) be given .

Fix ro hyperbolic metric on E .

I ×
,
1+13 Let rle) = s* ( Ero -1 9+13 ) for E> o .

s [ ti Sys (p ) ⇐ Sys ( E ,
r (e) ) := inf length of essential closed geodesic on E

E
K V#É+ length COE , Is)) ( Loewner

,
Gromov

,
. .

- )

If s is harmonic Ltd cord ) then RHS bold via /✗ Is) / d k as E-so.ccf. Milnor-Wood)
→__

Harmonic section exists (for p
with Z-dense image) by Donaldson

,
Hamilton

,
Colette . ☐



I Reduction theory on ✗E.+ .

Let [ IP = E, H . . - I[
zg+ n

-z . Eik So,3 .

P-u| Let G he an form of Sla over Q .

Horn (a.E. G) ✗ (E)

tf tf

ti Hom ( a.Ei , G) "→ Tli ✗ (Si )
.

① P=p .
Let [ p] c- ✗(E)CI) be irreducible . Then F ! Gtd off . dit, Ep ] = [p '] , p

'
: _a, -2

→ G-LI) C-Strict .

↳ Assume ✗← n ✗red = 01
.
Then there are at most finitely m G-last. a-

'
(Xk) (a) 1=4 .

If Let p
c- ✗KCI) . By A- , FPCE St . lltrplp) 11=0 Kcc) .

✗0L Since Xian ✗red - t
,

some pi = pls ; is irreducible .

8%0 '
y p ~ p

'

: a.E → GCI) where C- = nomore wits of (✗2-4,14 (✗init) -2)a . ☐ .
☐

② Pro_p. Let PETI; ✗ (E) III. (+s if G-=S↳, a) . Then a-
'

(P) CI) belongs to a closed G?9"" - orbit.

For each ÑETIYP)
,
the fiber F-

'(E) is a closed IT,?ÉT
"

Hi - orbit whee Hi
,
= Centralizes of plait in G- .

→ Use Borel - -Harish-Chandra echt they to conclude .



§5.Representationprob6m._ Let Fm denote the free gpn met generates .

Ttm (W . > in progress .) Let p
: Fm → Skis with integral character . Then Imctrp) C- I is decidable .

Pfsketch_ There are four steps .

① Boundingtopoogy.

Assume is : Fm -5 Slack) → PSLZCIR ] nonelenetary lie.

does not fix a point in HT .
)

Let a = Im (E) a- PSLZCIR) . Then it is a Fuchsian group .

Say HI /it is a surface of gens g with finitely may orbifold point of orders mi , . . - , mr (mi a- 3)
,

S C- Iso cusps , and t c-Iao flares .

For simplify , assume r=o . Let n = set .

Let scklla be the convex one .

Lott . 2g + n s Hm .

This , there is a finite list L of topological types cg.nl possible for a .



② Standwdfoun

Suppose we know r = { ai , bi , . .- , ag.bg.ci . . . . > Cn } c- a giving standard presentation of a = a, (s) .

trop.
The equation trig)=t holds for get in at most finitely may effecting determined get upto cnyhgacy .

Tila. (a) Construct a path decomposition PES with lengths (P) bounded interns of r .

Let SIP = His i. Let G- CE be dual graph .

(b) Suppose CCS is a closed geodesic St tr(c) =t , so lengths(c) = log 1+1 .

Then F upper bound on
:

- #(cap)
,

p_⑦t¥ - # (Cn G) ,

- # ( self - intersections of each are on CnSi ) .

(c) Use data from (b) to write down an element of a whore conjugacy class

corresponds to C. ☐



It remains to find an algorithmto produce standard generators for a = Thts) .

③Boundingbo#day .

✗ is . - a TN

East . Let (r , , .. . . rm >= Fm genets .

Then ① [ ✗ ( Fm)]=/ trr : re { in }, , , , , 1.

The conjugacy classes rf pi Cri) , . . . ,p- (JN) C- IT determine closed geodesics a , , . . .

, on on S
.

Prep. For each component C of 05
,
we have f

Lengths (c) EZE?= , Lengths ( ai ) .

P-fs-kd-ch.cat T C S he a closed tubular neighborhood of Vi ✗ i.

Then each component of OS is isotopic on S to a component of 0T . ☐

④

Reduelimtheoy.com
bring ① & ③ and reduction theory : there is a finite collection C. = { pi : a, CEg.a) → Slick) )

and marked hyperbolic Str . with integral character , with {
g.n ranging one a finite bit , st .

IÉImit for some pi c- C .

Use ② For each pi to finish . QI_D.

leffatilgdeternreuiy ②


