
1

Wasserstein estimates and convergence to

equilibrium for an evolutionary biology model

Gaël Raoul

June 26, 2022

Centre de mathématiques appliquées,

CNRS & Ecole Polytechnique, Paris, France.



2

Dynamics of a kinetic model from evolutionary biology

The model

Population Genetics' approach: Gaussian approximation

A macroscopic limit to the ODE model

Exponential convergence to a steady-state

Raoul, G., 2021. Exponential convergence to a steady-state for a

population genetics model with sexual reproduction and selection.

arXiv preprint arXiv:2104.06089.



3

An example of a Phenotypic trait

Figure: growth rate of a given E-coli strain for di�erent temperatures1

The phenotypic trait x ∼ 37 is the temperature to which the strain

is best adapted to.

1Bronikowski et al, Evolution, 2001.
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Local adaptation

Figure: Common garden experiment on natural populations.
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Adaptation to a given �tness landscape: evolutionary rescue
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Figure: Evolutionary rescue: E-coli in a new changing environment2

2Roi, Biotechnol Bioengineering, 2019.
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Adaptation to a given �tness landscape: evolutionary rescue
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The origin of population genetics: arti�cial selection

Figure: Long term arti�cial selection experiment.3

3S. Moose team, Department of Crop Sciences; University of Illinois;
Urbana-Champaign
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Sexual reproduction and recombination
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In�nitesimal model
Alleles pi ∈ {±1} for i ∈ {1, . . . ,N}, traits

y∗ =
1√
N

N∑
i=1

pi∗, y ′∗ =
1√
N

N∑
i=1

pi∗
′,

such that 1

N

∑N
i=1

pi∗ ∼ 0 and 1

N

∑N
i=1

pi∗
′ ∼ 0. We then de�ne the

trait of the o�spring by

y =
1√
N

N∑
i=1

(
pi∗δi + pi∗

′(1− δi )
)
,

with δi Bernouilly random variables. In the large N limit4, the law

of y is

y 7→ 1√
2πσ

e−

(
y− y∗+y′∗

2

)
2

2σ2

4Fisher, Earth Environ. Sci. Trans. R. Soc. Edinb., 1919.
Barton, Etheridge, Véber, Theor. popul. biol, (2017).
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In�nitesimal model

For n,m ∈ P2(R), we de�ne the in�nitesimal operator

T (n,m)(y) =

∫ ∫
1√
2πσ

e−

(
y− y∗+y′∗

2

)
2

2σ2 n(y∗)m(y ′∗) dy ∗ dy ′∗,

and T (n) := T (n, n).

Properties:

I
∫
T (n)(x)x dx =

∫
n(x)x dx ,

I T (Γ2σ2) = Γ2σ2 , where Γ2σ2 = 1

2
√
πσ

e−

(
·− y∗+y′∗

2

)
2

4σ2 .
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The model

The model we will focus on is

∂tn(t, y) =

∫ ∫
1√
2πσ

e−

(
y− y∗+y′∗

2

)
2

2σ2 (1 + αa(y∗))n(y∗)(1 + αa(y ′∗))n(y ′∗) dy ∗ dy ′∗

−
(
1 + α

∫
a(x)n(t, x) dx

)2

n(t, y).
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An equivalent ecology model

The �xed population size assumption can be relaxed, as shown in

the following model:

∂t f (t, x) =

∫ ∫
Γσ2

(
x − y∗ + y ′∗

2

)
(1 + αa(y∗))f (t, y∗)

(1 + αa(y ′∗))
f (t, y ′∗)∫
f (t, y) dy

dy∗ dy
′
∗

−
(∫

K (y)f (t, y) dy

)
f (t, x).

Then n(t, x) := f (t,x)∫
f (t,y) dy

is a probability measure and satis�es our

main model.
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Numerical simulation
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Gaussian approximation

It is classical to assume that phenotypic traits of individuals in a

population are distributed normally:

n(t, x) ∼ Γ2σ2 (y − Z (t)) .

We can then estimate:

Z ′(t) =
d

dt

∫
xn(t, x) dx

= α (1 + αIn(t))

(∫
xa(x)n(t, x) dx − In(t)

∫
xn(t, x) dx

)
∼ αF (Z (t)),

where In(t) =
∫
a(x)n(t, x) dx and

F (Y ) :=

∫
(x − Y )a(x)Γ2σ2(x − Y ) dx .
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Gaussian approximation

−10 −8 −6 −4 −2 2 4 6 8 10

1
2
3

x

1 + αa(x)

−10 −8 −6 −4 −2 2 4 6 8 10−0.2

0.2 x
F (x)

−5 0 5
0

50

100

150

phenotypic trait x

ti
m
e
t

−10 −5 0 5 10
0

50

100

150

phenotypic trait x

ti
m
e
t

α = 1 for the structured population model.
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Wasserstein estimate on the reproduction operator

Proposition (Tanaka-type contraction estimate)

If n,m ∈ P2(R) and Zn =
∫
xn(x) dx =

∫
xm(x) dx = Zm, then

W2 (T (n),T (m)) ≤ 1√
2
W2 (n,m) .

Wasserstein distance: For n,m ∈ P2(R),

W2(n,m) =

(
inf
π∈Π

∫ ∫
|x − y |2dπ(x , y)

)1/2

,

where Π = {π ∈ P2(R); π1 = n, π2 = m}.
Dual formula:

W2(n,m)2 = max
{∫

φ(y)n(y) dy +

∫
ψ(Y )m(Y ) dY ;

φ(y) + ψ(Y ) ≤ |y − Y |2
}
.
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Sketch of proof for the Tanaka-type contraction estimate
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Theorem
If α > 0 is small enough and under some assumptions on the initial
condition,

∀t ∈ [−C lnα/α,∞) , W2 (n(t, ·), Γ2σ2(· − Zn(t))) ≤ Cα, (1)

and

∀t ∈ [0,∞), |Zn(t)− Y (t/α)| ≤ C

− lnα
, (2)

where Y is the solution of Y ′ = F (Y ) with initial data
Z 0 =

∫
xn0(x) dx .

Slow-fast structure:

I Slow manifold: Gaussian distributions {Γ2σ2(· − Z ), Z ∈ R}.
I Fast dynamics: W2 (n(t, ·), Γ2σ2(· − Zn(t)))

I Slow dynamics: Zn(t), with speed ∼ α
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Sketch of proof

Step 1: n(t, ·) is close to a Gaussian distribution.

n(t, x) = n(0, x)e−
∫ t
0

(1+αIn(s))2 ds

+

∫ t

0

(1 + αIn(s))2 T

(
(1 + αa)n(s, ·)
1 + αIn(s)

)
(x)e−

∫ t
s (1+αIn(τ))2 dτ ds,

while

Γ2σ2(x − Zn(t)) = Γ2σ2(x − Zn(t))e−
∫ t
0

(1+αIn(s))2 ds

+

∫ t

0

(1 + αIn(s))2 Γ2σ2(· − Zn(t))(x)e−
∫ t
s (1+αIn(τ))2 dτ ds

= Γ2σ2(x − Zn(t))e−
∫ t
0

(1+αIn(s))2 ds

+

∫ t

0

(1 + αIn(s))2 T (Γ2σ2(· − Zn(t))) (x)e−
∫ t
s (1+αIn(τ))2 dτ ds.
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Sketch of proof

W2 (n(t, x), Γ2σ2(x − Zn(t)))

= W2 (n(0, x), Γ2σ2(x − Zn(t)))e−
∫ t
0

(1+αIn(s))2 ds

+

∫ t

0

(1 + αIn(s))2 e−
∫ t
s (1+αIn(τ))2 dτ

W2

(
T

(
(1 + αa)n(s, ·)
1 + αIn(s)

)
,T (Γ2σ2(· − Zn(t)))

)
ds,

and

W2

(
T

(
(1 + αa)n(s, ·)
1 + αIn(s)

)
,T (Γ2σ2(· − Zn(t)))

)
≤ 1√

2
W2

(
(1 + αa)n(s, ·)
1 + αIn(s)

, Γ2σ2(· − Zn(t))

)
+O(α)(1 + |t − s|).
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Sketch of proof

Step 2: Zn(t) :=
∫
xn(t, x) dx satis�es Z ′n(t) ∼ F (Zn(t))

Z ′n(t) = αIn(t)(1 + αIn(t))

[∫
y
a(y)n(t, y)

In(t)
dy − Zn(t)

]

= αIn(t)(1 + αIn(t))

[∫
y
a(y)Γ2σ2(y − Zn(t))

In(t)
dy − Zn(t)

]

+O(α)W2 (n(t, · − Γ2σ2(· − Zn(t))),

and then

Z ′n(t) = αF (Zn(t)) +O(α),

which yields

|Zn(t)− Y (t/α)| ≤ Cαtet .
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Recall

Slow-fast structure:

I Slow manifold: Gaussian distributions {Γ2σ2(· − Z ), Z ∈ R}.
I Fast dynamics: W2 (n(t, ·), Γ2σ2(· − Zn(t)))

I Slow dynamics: Zn(t), with speed ∼ α
If the fast dynamics has a stable equilibrium, do we have a unique

steady-state of the full model, when α > 0 is small ?
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Pushing the analysis further
For n, m solutions, we estimate two quantities (slow and fast):

|Zn(t)− Zm(t)|,

w(t):= W2(n(t, · − Zn(t)),m(t, · − Zm(t)))

= min
ξ

W2(n(t, · − ξ),m(t, ·)).

To estimate the second quantity, we consider

n(t, x) = n(0, x)e−
∫ t
0

(1+αIn(s))2 ds

+

∫ t

0

(1 + αIn(s))2 T

(
(1 + αa)n(s, ·)
1 + αIn(s)

)
(x)e−

∫ t
s (1+αIn(τ))2 dτ ds,

and need to estimate

W2

(
(1 + αa)n(s, ·)
1 + αIn(s)

,
(1 + αa)m(s, ·)
1 + αIm(s)

)
≤ O(α)W2(n(t, ·),m(t, ·)) + C |Zn(t)− Zm(t)|.
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W2

(
(1 + αa)n(s, ·)
1 + αIn(s)

,
(1 + αa)m(s, ·)
1 + αIm(s)

)
≤ O(α)W2(n(t, ·),m(t, ·)) + C |Zn(t)− Zm(t)|.

Monge-Kantorovich:∣∣∣∣∫ f (x)n(s, x) dx −
∫

f (x)m(s, x) dx

∣∣∣∣ ≤ ‖f ′‖∞W1(n(s, ·),m(s, ·)).
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Ideas from non-convex granular media equations

Let n, m ∈ P2(R) solutions of the following model:

∂tn −∆xn = ∇x · (n∇xW ∗x n +∇xV ) ,

where ∗ is a convolution and W a long-range interaction potential.

If W and V are convex, solutions do contract for the W2 distance:

d

dt
W2(n(t, ·),m(t, ·)) ≤ −κW2(n(t, ·),m(t, ·)).

If V is slightly non-convex close to the origin, this property persists6

6J. A. Carrillo, R. J. McCann, C. Villani, Contractions in the 2-Wasserstein
length space and thermalization of granular media. Arch. Ration. Mech. Anal.,
179(2):217�263 (2006).
F. Bolley, I. Gentil, A. Guillin, Convergence to equilibrium in wasserstein
distance for fokker�planck equations. J. Funct. Anal., 263(8):2430�2457
(2012).
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Ideas from non-convex granular media equations

The analysis relies on the convexity of the energy

E (n(t, ·)) =

∫
n(t, x) log(n(t, x)) dx

+
1

2

∫ ∫
W (x − y)n(t, x)n(t, y) dx dy +

∫
V (x)n(t, x) dx ,

along geodesics. The �rst part of this energy is always convex.

I Tails: Far from the center of mass of the distribution,

W ∗ n(t, ·) + V is convex.

I Core: Close to the center of mass, n(t, ·) is bounded from

below, so that
∫
n(t, x) log(n(t, x)) dx is strictly convex.

The convexity of the energy implies the contraction estimate.
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Wasserstein estimate with a lower bound assumption

W2

(
(1 + αa)n(s, ·)
1 + αIn(s)

,
(1 + αa)m(s, ·)
1 + αIm(s)

)

≤ O(α)W2(n(t, ·),m(t, ·)) + C |Zn(t)− Zm(t)|.

I Tails: Since
∫
a(x)n(t, x) dx 6=

∫
b(x)n(t, x) dx , large distance

couplings appear. We take advantage of exponential tails

estimates:

∀x ≥ R ′, ∂xn(t, x) ≤ n(t, x).

I core: If a is compactly supported, n(t, ·) is bounded away

from 0 around supp n(t, ·). Then,

W2

((
1− α +

αa∫
a(x) n(x) dx

)
n,

(
1− α +

αa∫
a(x)m(x) dx

)
m

)
≤ O(α)W2(n,m) + C |Zn(t)− Zm(t)|,
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Convergence


d
dtw

′(t) ≤ −
(√

2−1√
2

+ C
√
α
)
w(t) + Cα|Zm(t)− Zn(t)|,

d
dt |Zm(t)− Zn(t)| ≤ Cαw(t) + αF ′(Z̄)

2
|Zm(t)− Zn(t)|.

Then,

d

dt

(√
αw(t) + |Zn ◦ ϕn(t)− Zm ◦ ϕm(t)|

)
≤
[
−√α

√
2− 1√
2

+ Cα

]
w(t)

+

[
α
F ′(Z̄ )

2
+
√
αCα

]
|Zm(t)− Zn(t)|

≤ αF
′(Z̄ )

3

(√
αw(t) + |Zn ◦ ϕn(t)− Zm ◦ ϕm(t)|

)
.
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Convergence

We have shown that(√
αw(t) + |Zn ◦ ϕn(t)− Zm ◦ ϕm(t)|

)
≤ Ce

F ′(Z̄)
3

αt .

Then, in particular,

W2(n(t, ·),m(t, ·)) ≤ Ce
F ′(Z̄)
3

αt .

If we show that there exists a steady-state n̄ close to Γ2σ2(· − Z̄ ),
and in particulat,

W2(n(t, ·), n̄) ≤ Ce
F ′(Z̄)
3

αt .
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Perspectives

I (With B. Perthame and L. Kanzler) Intermediate distances

between W1 and W2, inspired by Eberle7 and Hairer-Mattingly.

I Consider other �tness landscapes, still with a small parameter,

8

I Considering other aggregation questions with a small

parameter,

7A. Eberle, PTRF 2016.
8Degond et al, Séminaire Laurent Schwartz.
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Thank you for your attention.
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