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Reentry of a shuttle: complexity of the physics

A realistic modeling:

- Mixtures (O and N>)

- Monoatomic and Polyatomic (N and Nj)
- Different masses (N and N>)
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Polyatomic Gases

Figure: Polyatomic rarefied gas confined in a box
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Kinetic Theory of Gases

@ Distribution function
fo="f(t,x,v,I)
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Kinetic Theory of Gases

@ Distribution function
fo="f(t,x,v,I)
with
t >0 time variable,
x € R3  position,
v € R® microscopic velocity, and

I >0 continuous internal energy

continuous internal energy

/N

Rotational Vibrational
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Internal Energy

References

o Continuous internal energy
@ Borgnakke, Larsen (1975).
@ Bourgat, Desvillettes, Le Tallec, Perthame (1994)
© Desvilettes, Monaco, Salvarani (2005)
@ Baranger, Bisi, Brull, Desvillettes (2018)
© Andries, Le Tallec, Perlat, Perthame (2000)
@ Brull, Schneider (2009)

@ Discrete internal energy
© Giovangigli, Multicomponent Flow Modeling (1999)
@ Bisi, Caceres (2016)
© Bernhoff (2018)
e Undifferentiated
o Bisi, Borsoni, Groppi (2022)
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Colliding Particles

J{‘&- L (v2,I') ’
Conservation Equations:
miv + mjv, = mjv' + mjv,
mi 2

L R s VY
S Vi S SV S+

(University of Bordeaux) Kinetic Theory of Gases October 29, 2022 6/30



Borgnakke-Larsen Model

The Borgnakke-Larsen Procedure!
e Equivalent Formulation of Conservation Equations

mjv + mjv, = m,-v' —+ mjv;

EL v — vyl + 1= B =P+l + 1 = E

o Partition of total energy by the variable R

H2U(v —v)>=RE
'+ =(1-R)E
o Partition of internal energy by the variable r
I'=r(1-R)E
I =(1-r(-R)E

!Borgnakke, Larsen (1975)
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Borgnakke-Larsen Model

@ Post collisional velocities

mjv + m;v, m; 2RE
V= — =4 J o
m; + m;j mi+m;j \[
s m;v + mjvy m;j 2RE o
* - )
m;+mj m,-—l—mj i

with o € §2

@ w — o notation
vV — V.
=]

v — v

o T,(z) =z—-2(zw)w, and dw = ’dia

2 _v—vx
R v
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The Boltzmann Equation (Mixtures)

@ Boltzmann equation:

atfl+vvxfl:ZQU(f;7fj)7 1<i< n,
j=1

Qj(f, f): quadratic Boltzmann operator
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The Boltzmann Equation (Mixtures)

@ Boltzmann equation:

atfl+vvxfl:ZQU(f;7fj)7 1<i< n,
j=1

Qj(f, f): quadratic Boltzmann operator
@ Collision Operator:

fif.  fif
Q,-j(f;,ﬂ-)(v,l):/ i T ) Byx
R3><]R+><52><(071)2 //O"'/* 7] /a,'/*./

ri(1— r)%(1 — R) %[ (1 — R)RY? dRdrdwdl, dv,,
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The Boltzmann Equation (Mixtures)

@ Boltzmann equation:

atfl+vvxfl:ZQU(f;7fj)7 1<i< n,
j=1

Qj(f, f): quadratic Boltzmann operator
@ Collision Operator:

fif.  fif
Q,-j(f;,ﬂ-)(v,l):/ i T ) Byx
R3><]R+><52><(071)2 //O"'/* 7] /a,'/*./

ri(1— r)%(1 — R) %[ (1 — R)RY? dRdrdwdl, dv,,

o fi=fi(vi, k), £/ =£(V,I'), and £ = f£(v.,I!)

1
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The Boltzmann Equation (Monospecies)

@ Boltzmann equation:

(O + V.V f = Q(F,f)]|

Q(f,f): quadratic Boltzmann operator

2Bourgat, Desvillettes, Le Tallec, Perthame (1994)
(University of Bordeaux) Kinetic Theory of Gases October 29, 2022 10/30



The Boltzmann Equation (Monospecies)

@ Boltzmann equation:

(O + V.V f = Q(F,f)]|

Q(f,f): quadratic Boltzmann operator

e Collision Operator?:

f'f! fF,
QA = [, (w) - <~>> Blv,ver b hr. Roo)
dRdrdwd/.dvs,

2Bourgat, Desvillettes, Le Tallec, Perthame (1994)
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The Boltzmann Equation (Monospecies)

@ Boltzmann equation:

(O + V.V f = Q(F,f)]|

Q(f,f): quadratic Boltzmann operator

e Collision Operator?:

fr
QA A)lv. 1) = /A ((/'/;)a - (//)“) Bl vl bor R.o)
dRdrdwd/.dvs,

where A = R3 x R, x §2 x (0,1)? and

B = (r(1-r)(1—R)**(1— R)RY2I1*I*B

2Bourgat, Desvillettes, Le Tallec, Perthame (1994)
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The Parameter o

Translation and rotation || Translation,
Non- rotation and
Linear linear vibration
molecule “
molecule
Degrees of freedom 5 6 3N
o 0 % %(3/\/ —5)

3 T’ )
“ 2 g
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The Collision Cross-Section

@ Micro-reversibility conditions:

B(v,vi, |, L, ry Ryw) = B(vi, v, L, 1,1 — r, Ryw)
B(v,vi, I, L, r, R,w) = BV, v, I I, r, R w),

3Gamba, Pavi¢-Colié: On the Cauchy problem for Boltzmann equation modelling a
polyatomic gas
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e Lower bound*

w.i(v_ v)
v — w

C1o(r, R) (lv=vl 1%+ /5) < B(v, v, 1, I, 1, R,w)
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The Collision Cross-Section

@ Micro-reversibility conditions:

B(v,vi, |, L, ry Ryw) = B(vi, v, L, 1,1 — r, Ryw)
B(v,vi, I, L, r, R,w) = BV, v, I I, r, R w),

e Lower bound*

L v=w)

v — v

C1o(r, R) (lv=vl 1%+ /5) < B(v, v, 1, I, 1, R,w)

e Upper Bound3

B(v, v, I, L, r, R,w) < GQW(r,R) 'w (v=v)

v vl

X
(!v— ve|T 12+ LE)

3Gamba, Pavi¢-Colié: On the Cauchy problem for Boltzmann equation modelling a
polyatomic gas
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Properties of the Cross-section

o Positivity
o &, W, are positive functions such that

O, <V

@ Symmetry
o ®(r,R)=d(1-r,R)
o V(r,R)=V(1-r,R)
e Boundedness
o W2(r,R)(r(1— r))min2el=va=liR(1 — R)3*=7 ¢ L1((0,1)?).
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For v < 2q, the following models satisfy the required assumptions:

@ Model 1
B(v,vi, 1, l,r, R,w)=‘-‘\‘”'|v_v*\ (Jv = w7 +12 4 272)
V— Vi
o Model 2
B(v, vi, Ll r, R, w) = c‘w. %
V=]

¥
2

(R% v—v|" +(rA=R))>+ ((1—r)(1— R)/*)%)
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Linearization

o Global Maxwellian function: M(v, /) = GV
(2m)2T (a+1)
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Linearization

o Global Maxwellian function: M(v, /) = GV
(2m)2T (a+1)

@ Define gas f = M—{—M%g
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Linearization

o Global Maxwellian function: M(v, /) = GV
(2m)2T (a+1)

@ Define gas f = M—{—M%g

@ Linearized Boltzmann operator:

Lg =M 2[Q(M, M3g) + Q(Mzg, M)].
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Linearized Boltzmann Operator

@ Linearized Boltzmann Operator:

L(g)= —[a ",”; Ma g(ve, L) B(v, v, I, I, r, R, w)drdRdwd ,dv,
3 1 .
+ [a Mg “I”%? gV INB(v, vi, I, 1, r, R w)drdRdwd . dv, ¢ =K
I
33 .
+ Ja M5 B e (v, NB(v, vi, |, Ly ry R, w) drdRdwd L dv.
L= 1,

n Meg(v, NB(v, vi, I, 1, 7, R, w) drdRdwd dv, } —y

o Write
Le(v.)= K g+ vv.1) g(v.))

Perturbation operator Collision Frequency

(University of Bordeaux) Kinetic Theory of Gases October 29, 2022 16 /30



Goal and Plan of Proof

@ GOAL: Prove K is a Hilbert-Schmidt operator
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Goal and Plan of Proof

@ GOAL: Prove K is a Hilbert-Schmidt operator

@ Write K as

K=-Ki1+Ky+ K3

@ Find the kernel form of each K;, i=1,---.,3

@ Prove that the kernel of each K; is L? integrable
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Kernel of g

13/ dldv, g (vs, I)
Ma+1)(27)2 JR3xR,

[/ e avi a3k =3l(r(1 - r))*(1 — R)2a+1R1/2/§/§Bdrdew]
52x(0,1)2

Klg(v7 I) =
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Kernel of g

13/ dldv, g (vs, I)
Ma+1)(27)2 JR3xR,

[/ e avi a3k =3l(r(1 - r))*(1 — R)2a+1R1/2/3‘/§Bdrdew]
52%(0,1)2

Klg(v7 I) =

o Kernel of K1

1
ki(v,l,vi, l,) = ———
MNa+1)(2m)2

2

/ e #Vim1V =33 (1 — 1)1 — R)2HIRY2/5 12 BdrdRdw
52x(0,1)2

@ Assumption on B ~ ky is L? integrable
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Kernel of IC,

@ Define the change of variable:

h:R3xR, — h(R® xR;) Cc R3 xR,

vV + vy

1
— - _ 2
5 \/R(4(v vi)? + 1 + I)o,

(v, ) 1 — (x,y) =

(1-R)(1-r) E(v — v L
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Kernel of IC,

@ Define the change of variable:

h:R3xR, — h(R® xR;) Cc R3 xR,

vV + vy

1
— - _ 2
5 \/R(4(v vi)? + 1 + I)o,

(i, ) 11— (x,y) =
(1-R)(1-r) E(v — v L

@ Jacobian:
8

1-rN1-R)

0,0l
/= ’ Ox0y
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Kernel of Iy

e 1,09 (v=vs)? 1,2 1(vive 1o, 2
gty = [ & 8 H0RT ) e (R )
A

g<V+2v* _ \/R(i(v— vi)2 4+ 1+ L)o, (1 — R)(1 — ,)E(V_ VY 41+ I*D

1
M(a+1)(27)3

V— Vv |

B I % drdRdodl,dv,.

vl
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Kernel of IC,

e 1,09 (v=vs)? 1,2 1(vive 1o, 2
gty = [ & 8 H0RT ) e (R )
A

o 1 1
(” e \/R((v— w214 Lo (1= R)(1 = 1) (v = w2+ 1+ L])
2 4 4
L - Y=Y B % drdRdodldy,.
Mo +1)(27)2 v — v

o Ko becomes

v —x —+/Rayo |1
Kag = / / g(x,y)dBlo —
Mo+ 1)(27)2J(0,1)2x52 h(]R3><R+) lv —x — /Rayo|

—ymibe ;+VRayg) *2(1,,)}’*2(2X+2 Rayo—v)?—1(x+2+v/Rayo)?

e
(r(1 = r))*(1 = R)?>*TRY212 |*dydxdodrdR
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Kernel of IC,

@ Extracting the kernel

1 _ v—x—+/Rayo |1
Kog(v, 1) _/ [/ y IJB’O'—
Mo+ 1)(2r)3 rexr, L/Hy! lv —x — y/Rayo|

—|—(x—v++/Rayo)? r
—a=i=( 2+ Rayo) _2(17r)y_%(2X+2 Rayo—v)z—%(x+2\/Riaya)2

e

(r(1—r))*(1— R)ZO‘HRI/ZIZLIf‘derdR} g(x,y)dydx

o Kernel of K0y in L2(R3xR; xR3xR )?
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L? integrability of kernel

ko2 1 / [/ v —x —+/Rayo |-1
2 = 3
P+ 1)(2n)E ke Lny v — x — /Rayo]|

e—anyl—%(x—v—l— Raya)z—ﬁy—%(b(—l& Rayo—v)?—1(x+2y/Rayc)?

y_lJB‘a —

2
(r(1 = r)*(1 - R)2a+1R1/2/‘§/gdadrdR] dydxd/dv
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L? integrability of kernel

ka2 ! / [/ Bl - Rayo |~
e =——""—"= y o—
P+ 1)(2n)E ke Lny v — x — /Rayo]|

—anyl—%(x—v—l— Raya)z—ﬁy—%(b(—l& Rayo—v)?—1(x+2y/Rayc)?

e

2
(r(1 = r)*(1 - R)2a+1R1/2/‘§/gdadrdR] dydxd/dv

Apply Cauchy-Schwarz:

—x —+/Rayo |2
k 2 _2JB2 _ vV—Xx
el = (a+1 (27r /R3><R /HV’ J |V*X*VR3)/U|
o~V |—(x—v++/Rayo)?— Ty 2(2x—‘,—2 Rayo—v %(x+2\/RayU)2

(r(1—r))%*(1 - R)4a+2R/alfadadrdeydxd/dv
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L? integrability of kernel

Move backwards by h~!
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L? integrability of kernel

Move backwards by h~!

elte<c [ [ [ ] / (r(1 = M)(1 — RYPFIRV2% 2
r3 JR, JR3 JR, J(0,1) ><52

o r1- R) (L= +/+/*) (e~ RG(v—w)2+1+1) )2

e 3 B3(v, vi, I, Iy, r, R, 0)dodrdRdldv,dIdv

Assumptions on B+ The following changes of variables
° I»—>E:l+l*+%|v—v*|2where dl = dE,
° \~/»—>%+%+\/ﬁawhere d\7:2%dv*
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L? integrability of kernel

Move backwards by h~!

”k2HL2 < c/ / / / / 1 _ r))a(l )2a+1R1/21%/3
r3 JR, JR3 JR, J(0,1) ><52

o r1- R) (L= +/+/*) (e~ RG(v—w)2+1+1) )2

e 3 B3(v, vi, I, Iy, r, R, 0)dodrdRdldv,dIdv
Assumptions on B+ The following changes of variables
o I E=1+I+ v — v|* where dl = dE,

° \~/»—>§+%+\/ﬁawhere d\7:2%dv*
Finally imply

[ko|72 < c/( . V2(r, R)r* 1771 — n)*IR(1 — R)**7drdR < <.

)
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Work on K3

@ /C3 inherits the same properties of K>
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@ /C3 inherits the same properties of K>
@ Jacobian of change of variables:

8

= iwm
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@ /C3 inherits the same properties of K>

@ Jacobian of change of variables:

8

= iwm

o Final requirement:

° w2(f7 R)(l _ r)aflf'yruflR(l _ R)3o¢—’y c Ll((o’ 1)2)
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@ /C3 inherits the same properties of K>

@ Jacobian of change of variables:

8

= iwm

o Final requirement:

° w2(f7 R)(l _ r)aflf'yruflR(l _ R)3o¢—’y c Ll((o’ 1)2)

@ Use the identity
V(r,R)=V¥(1-r,R)
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Properties of v

o v Id is Coercive with bounds

v(v,1) > c(|v]"+IZ + 1)
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Properties of v

o v Id is Coercive with bounds

v(v,1) > c(|v]"+IZ + 1)

@ Collision cross section monotonic ~~ Collision frequency monotonic.
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Properties of £

o Compactness of K & Coercivity of v ~» Fredholm alternative of £
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Properties of £

o Compactness of K & Coercivity of v ~» Fredholm alternative of £

e L is a closed Unbounded operator

Dom(L) = Dom(vId)

e L is self-adjoint
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Compactness of K & Coercivity of v ~ Fredholm alternative of £

e L is a closed Unbounded operator

Dom(L) = Dom(vId)

L is self-adjoint

—L is a non-negative operator
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Properties of £

Compactness of K & Coercivity of v ~ Fredholm alternative of £

e L is a closed Unbounded operator

Dom(L) = Dom(vId)
L is self-adjoint
—L is a non-negative operator

Spectrum of —L lies in [0, c0)

—L has a spectral gap
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Comparison to the Mixtures?

@ The pre-post collisional relations:
o Post-collisional velocities

,_m,-v—i—mjv* v—v*
v = Tw

m; 4+ mj m,+mj Lij \v—v*
o= m;v 4+ mj vy
! = _

m; + mj m; +mJ

o Post collisional Internal energies

I'=r(1-R)E
I =(1-r)(1-R)E.

a"
<
|
N
[——
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Comparison to the Mixtures?

@ The pre-post collisional relations:
o Post-collisional velocities

;. m,-v—l—mjv* v—v*
v = Tw

m; 4+ mj m,+mj Lij \v—v*
;o m;v 4+ mj vy T v—v*
v, = — w

mj 4+ m; m,+mj Lij \va*

o Post collisional Internal energies

I'=r(1-R)E
I =(1-r)(1-R)E.

@ The change of variable map h : (v, I.) — (x,y) has Jacobian:

Jij = (mirj;jmjy(l—r)tl—f?)
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@ Single monoatomic gas

e Compactness of I : Grad (1963)
o Spectral gap estimate (Maxwell molecules) Bobylev (1988)
o Spectral gap estimate (Hard potentials) Mouhot , Baranger (2005)
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@ Single monoatomic gas
e Compactness of I : Grad (1963)

o Spectral gap estimate (Maxwell molecules) Bobylev (1988)
o Spectral gap estimate (Hard potentials) Mouhot , Baranger (2005)

@ Mixture of monoatomic gases

o Compactness of K: Boudin, Grec, Pavic, Salvarani (2014)
o Spectral gap estimate Mouhot, Daus, Jungel, Zamponi (2015)
o Stability of spectral gap Bondesan, Briant, Boudin, Grec (2018)
@ Single polyatomic gas
o Compactness of K: Bernhoff (2022)
o Compactness of K: Borsoni, Boudin, Salvarani(2022)(resonant model)

@ Mixture of polyatomic gases

o Compactness of K: Brull, Shahine, Thieullen (2022): Continuous
Internal Energy

o Compactness of K: Bernhoff (2022)Discrete Internal Energy
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@ Perspectives
o Establish the same result for a mixture of monoatomic and polyatomic

gases
o Spectral gap estimates of the linearized Boltzmann operator

e LP compactness of K
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And Finally

Thanks for your ATTENTION!
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