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Modelling of aerosols : fluid-kinetic couplings

“An aerosol is a suspension of fine solid particles or liquid droplets in
air or another gas.” Hinds, Aerosol Technology, 1999.
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Modelling of aerosols : fluid-kinetic couplings

® Suspension : kinetic description by a distribution function (¢, x, v),
giving the continuous distribution of particles with position x and velocity v
at time t.

® Fluid : viscous, incompressible, homogeneous, described by velocity u(t, x)
and pressure p(t, x).
Coupling of equations of fluid mechanics with kinetic equations [O'Rourke
1981].

2/19



Modelling of aerosols : fluid-kinetic couplings

Question : how relevant is it to describe aerosols only by hydrodynamic
equations ?
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O+ u-Viu—Du+Vyip=— [s(u—v) fdv,
div, u =0,

Of +v -V f +V, - (f(u—v))=0,

f|t:o = fo, Ult:0 = Up-

¢ Forcing in Navier-Stokes : Brinkman force
® Force in the Vlasov equation : drag force

® Moments in velocity
pr(t,x) = / f(t,x,v)dv, Density of particles
R3

Je(t,x) = / f(t,x,v)vdv Momentum of particles.
R3
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® Characteristic curves for Vlasov :

{ diXs,t(X, v) = Vs,t(Xa v), Xt,t(X7 v) =x,
SV i(x,v) = u(s, Xse(x,v)) = Ve t(x,v),  Vie(x,v)) =v.

We have

f(t,x,v) = e3tﬂ)(Xo’t(x, v), Vo.t(x, v)).

® A priori estimates for Vlasov :

beO - VtZOa f(t)ZO’
I (t) L2 (rs xre) = follLa(rs xrs),

[F(8)lILoe (13 xr3) = € [[follLos (12 x3)
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¢ Energy-dissipation identity :
1 2 1 2
E(t)== [ |u(t,x)|dx+ = f(t,x, v)|v|®dvdx,
2 TB 2 ']1‘3 X]RB

D(t):/ |Vu(t,x)|2dx—|—/ F(t, %, v)|u(t, x) — v[2 dvdx,
T3 R3

T3 x

we have formally

d
SE(®) +D() = 0.

When f = 0, this is nothing but the usual energy-dissipation law for
incompressible Navier-Stokes.
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Given fy >0 in L* N L>°(T3 x R3) and up € L2(T?) with E(0) < +o0, there
exists a global weak solution (u(t), f(t)) to the Vlasov-Navier-Stokes system
that satisfies the energy-dissipation inequality

E(t) + /t D(r)dr < E(s)

for s = 0 and almost all s > 0, and all t > s.

We call such solutions Leray solutions.
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We shall focus on the following limit € — 0 for the Vlasov-Navier-Stokes system :

Oele + u - Vi, — Au, + Vyip. = % (_pfsue +.jfe) )
div, u. =0,

8tf:a + v vxf:a + %vv ) (fe(ua - V)) = 07

fsltzO - fb,s: Us|t=0 = Upe-

This corresponds to the regime where
® The Stokes relaxation time is small compared to the observation time;
® The particles are small compared to the observation length.

Question : what can we say about the behavior of (u., f.) when ¢ — 07
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® Scaled energy and dissipation :
1
E.(t) = / lu(t, x)[2dx + = / fo(t, x,v)|v|?dvdx,
2 T3 xR
1
D.(t) = / V(£ %)% dx + -/ £(£, %, V)| (t, x) — v2dvdx,
T3 € JT3xRr3
® Assume (pr., u:) — (p, u). By the energy—dissipation identity
d
aEg(t) +D.(t) =0,
we expect
+o0
/ / .(t, x, v)|uc(t,x) — v|>dvdxdt —._0 0,
T3 xR3

which formally implies

fe —e=0 P 02y 5v=u-
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* Conservation of mass (pr. = [z zdv) and momentum (j. = [is fovdv) for
Vlasov :
Orpr. + divy jr. =0,
{ Ojr. + divi (fgs v @ vdv) = —F,

with F. = 2 (—pr, us + ji.).
® Assuming furthermore that F. —. o F and since f- —. 9 p ® dy—y,

Orp + divy(pu) =0,
Or(pu) + divi(pu ®@ u) = —F.

® We can also pass to the limit in the Navier-Stokes equations :
Oru+divy(u®u) — Ayu+Vyp=F, div, u = 0.

® Hence (1 + p, u) must satisfy the inhomogeneous incompressible
Navier-Stokes equations

Oep + dive(pu) = 0,
O((1+ p)u) +dive((1 + plu@ u) — Ayu+ Viep =0,
divy u=0.

9/19



Formal limit 2/2
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Assume fo . >0 € L! NL*> is decaying fast with respect to v and that U is (a
bit) smooth (uniformly in €).
® Assume sup.¢o,1) Ifo,cllLz(r3;Leo(12)) < 1 and for some r > 3,

/ f07€|v—u075|rdvdx§6r_1,
T3 xR3

then there exists T > 0 such that, for all t € [0, T],

||ua(t) - u(t)”Lz(T-") —7e—0 07 Wl(fa(t)ap oY 5v=u) —7e—0 07

where (1 + p, u) satisfies the inhomomogeneous incompressible Navier-Stokes
equations.

® Assume in addition that sup.c(q 1) [|Uo. |22 <1 and that we are in a close
to equilibrium regime, the convergences hold for all T > 0.
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e[Goudon, Jabin, Vasseur 2004] previously studied the same regime for

div u. =0,

atﬁs +v- fo:s + % (vv . (f;:(ua - V)) + Avﬁ-:) = 07
also deriving inhomogeneous incompressible Navier-Stokes in the limit ¢ — 0.
e Relative entropy method ([Brenier 2000] [Golse 2000]) :

{ Oee + ug - Vuz — Au, +Vp. = L (—pru: +Jjr.)

1
He(t) :/ (folog (fe)Mpu) + My — f2)dvdx + 5/ |ue. — u|2 dx.
T3 xR3 T3

The limit object for VFPNS is the local Maxwellian

My u(t,x, V) = (p2(7:S:/)2 exp (—|v — u(t,x)[/2),

e Key fact :

Ho(£) < H.(0) + /tyg(s) ds+ /%
0
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o Relative entropy for Vlasov-Navier-Stokes :

1 1
%(t):E/T ) fE|v—u|2dvdx+§/T lu. — u]?dx.
3 xR3 3

e There holds

t 1 t
%f;(t)—l—/ / |Vx(u5—u)|2dxds+—/ / lv — u|?fdvdxds
o Jr3 €Jo JT3xR®

t 4
g%(O)—i-/ > lids.
it

I3 ;:_/ ff(v—u)®(v—u): Viudvdx,
T3 xR3

b ::—/ (v —u) @ (ue —u) : Veudx, hk ::/ fo(v —u) - Gdvdx,
R3 T3 xR3
Vxp — Axu
I = — e — - Gd Pl G = .
o= [ (= o)~ ) Gax -
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The problematic term is Iy :

|la] =

[ = o) =) G dx
T3

S Mo = pllia(es) V(e = )l[Lz(rs)

Let T > 0. Assume there exists C > 0 such that

sup ||p[lLee(o, 7x12) < C.

e€(0,1

Then for all t € (0, T),
lpr.(8) = ()l -3 (r3) S [P0 = P(O)lgr-s(r3)

t t
+/ ||(jf’5 — pf’e)u||L2(T3)ds +/ ||u€ — u||L2(T3)dS.
0 0

The key is thus the uniform L> control of pf.
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The conservation laws of the equations seem not enough to ensure such a
control. However, by the method of characteristics

pr.(t, x) = o /3 fb,a(X(it(Xa v), V(it(x, v))dv.
R

When foT [ Vxtie(s)|| Lo (13) ds < 1, the map v = Vg ,(x,v) is a !
diffeomorphism and .
|detD, Vg .(x,v)| > e= /4.

There is 6 > 0 such that, if for T >0

.
sup [ 19505 u=(osy ds <5
€€(0,1) Jo

then
sup ot L0, 7)xT2) < 1.

ee€(0,
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Following [Choi, Kwon 2015] we introduce the modulated energy

2

—1 X,V v—<'if€t)> vdx
+3 [ ateon) = GtepPaxr 5 00 S oy

and observe that

d
aé‘;(t)JrDs(t) =0,

as a consequence of the energy-dissipation identity and of the conservation of
global momentum

S wti =0
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Let T > 0 such that

supl) o llLe (o, Tyxms) S 1.

e€(0,

Then for all t € [0, T], there is A\, C > 0 independent of ¢ such that for all
e€(0,1) and t €0, T],

lus(£) = (ue) () [F2(ra) S 62(1) < Ce6(0).

e For ¢ = 1, [Choi, Kwon 2015] deduced a conditional description of the long
time behavior of the VNS system.

e In [HK, Moussa, Moyano 2020] the L>° control on ps was proved in a close to
equilibrium regime. Our strategy for the high friction limit is actually very much
inspired by the latter.
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o Introduce

-
T) =sup { T >0, / [ Vite(s)||Los(r3) ds < 5} .
0

In the close to equilibrium regime, the aim is to show that T} = +o0.
e By maximal parabolic estimates for the Stokes equation

Orte — Dt + Vype = —ue - Vil + % (,ifs — Pf. ue),
divy, u =0,

we get for r > 3,

sup (||3tug||Lr(07Tg;Lr(vﬂ-s)) + ||D)2<u€||L’(0,TE*;L’(']I‘3))) 5 1.
e€(0,1)
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o Introduce

-
T} =sup { T >0, / | Vxue(s)||Loe(rsy ds < 5} .
0

In the close to equilibrium regime, the aim is to show that T} = +o0.
e By interpolation, for a € (0,1),

IVxtte e z2) < llue = (ue)lIfars) DE el

and we can use the (conditional) exponential decay of the modulated energy :

8
| 19005 e 5 £ 0007 < 572
0

for £.(0) < 1 (= close to equilibrium), that is

/ fo <jf0,5>
€
T3 xRR3

<pf0,e>
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2

(Iﬂ),s) << 1'

2
dvdx +/ |ug e — (u0,5)|2dx + ‘— — (uo,e)
T3 <pf0,s>

vV —




e In the maximal parabolic estimates, we need to desingularize the Brinkman
force F. = L (jr — pru:).

e Higher dissipation functional introduced in [HK, 2022] for the large time
behavior of VNS on R3 x R3 :

D) = / Q_M dvdx,
T3 xR3 €

which is useful, since

1
T r

1—1
”EMU«QUXW)SHPHhWhTVP)(A Dghﬂ)

We prove that for n <« 1,

T _ r
/ Dg’)dt+/ fs(t)%dv dx
0 T3 xR3 €

S Moelltaenee (ro)) 10e te [ L (0, 7y x72)

r |V — Uo7 |r
Lr((0,T)xT3) + / fo,c gr—_ladv dx + 1.

T3 xR3

—|—77||D)2<u5
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e In the maximal parabolic estimates, we need to desingularize the Brinkman
force F. = L (jr — pru:).

e Higher dissipation functional introduced in [HK, 2022] for the large time
behavior of VNS on R3 x R3 :

r
D) = / feu dvdx,
T3 xR3 e

which is useful, since

T 7
1-1
||Fs||L'((0,T)><’]I‘3) < ||pfe||Loor(0?T)><T3) (/0 Dg”) dt>

We prove that for n < 1,

0¢ue||Lr(o, T2; L’(']I‘3)) + 1D te [0, 72112y S
o, 5|| g (12)) 1O el Lo, T2 (72)) + n*/"||D2 Ue|Lr(0,72;Lr(T3)) + 1.
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® Remove the smallness assumptions ?

® Remove the smoothness assumptions : derivation from Leray solutions of
Vlasov-Navier-Stokes to Leray solutions of inhomogeneous Navier-Stokes ?

® Inclusion of the effect of gravity : see inertialess limits by [Hofer 2018] for
Vlasov-Stokes and [Ertzbischoff 2022] for Vlasov-Navier-Stokes on the
half-space with absorption condition on the boundary.

Thanks for listening!
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