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¥
HARTREE TYPE DIRAC EQUATION

e Equations

(D) ("0, —m)p = =Vox (PTY)TY, $(0) =4y
0

a'u — @, r = (xu>M:0,1,2,3 — (t7x7y7 Z)

PR C =97y, YT =)'

m > 0
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¥
HARTREE TYPE DIRAC EQUATION

¢ Gamma matrices (Dirac-Pauli represention)

N [12x2 O2x2 ] = lozxz o’ ] (G =1,2,3)

Ooxo —loxo —07  Ogxo

D) oti g g} ronse 1) oo

Oax2  loxo
loxo Oa2xo

v’ =iy = [

FZVO, 14><47 7’75
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¥
HARTREE TYPE DIRAC EQUATION

e Derived from

DA,LL — _"ny,u"pa
(MD) (V"0 — m)p = —AyHp
oMA, =0

(curlA=0=b=0,I =~: see Chadam-Glassey (1976))

(i7" 0y — m)p = —T'tp 5
DKG . — D= Lo
( ) { (D + M 2)90 — '¢’F¢’> ( scii;i‘l, pse?l/lfgos)calar
(standing wave: ¢ = eMp, b=+ M2 — X2 > 0)
(For the role of iv° see Wick (1958) and Bjorken-Drell(1964))

@

December 9, 2022 Webinar Korean-French IRL in Math.




¥
HARTREE TYPE DIRAC EQUATION

e In this talk we choose

[ =iy’ =1 Uaxz 12 (pseudoscalar)
12><2 O2x2

(D) ("0 —m)p = Vi x (7" )y 9, $(0) = 1o

1 6_b|x|
= b>0
x| T T

m >0, Vi(z)

x* We consider GWP of (D) with partially small initial data.
o =y + 90, [[¥ollx <1, lthollx 21
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¥
DECOMPOSITION VIA PROJECTION

e Charge conjugation

Cy := iy*p* (Charge conjugation operator)
. 1
Py = 5(14><4 +0C)y (0 €{+,—})
PS4 PC = l4xa, (P5)°=PF;, PjP=0

(i"8), — m)Cap « (CP° Cp)y°Cyp

(i7"0, — m)p = Vi x (")
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¥
DECOMPOSITION VIA PROJECTION

e Charge conjugation

Pipy* Py =0 (0 € {+,—})
("0, — m) Pith = Vi x (P{py° PEop + Poopy” PLap)y° Pl
(i7"0y — m)Pap = Vi * (P{ahy® PE4p + Papy® P{ap)y° Poa
P¢p(0) = Py, PCep(0) = P
x A good decomposition for partial smallness.
(17" 0, — m)p = Vi x (@YX + X7V P)7°p,
(17" 0u — m)x = Vi * (@7°X + X7 0)7°X
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¥
DECOMPOSITION VIA PROJECTION

e Energy projection

[Tp(&) := % (14><4 + 9€ﬂ K(;L)”W ) (0 €{+,—})

A(§) = vm? + [

Iy = HO(D) — f_lﬂe(f)a A(D) — F_lA(g)v D ==V
[Ig(D) + U _g(D) = lyxa, g(D)IIe(D) = p(D), Ie(D)IL (D) =0

AD)(I1(D) — (D)) = "+ (—id;) + my”
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¥
DECOMPOSITION VIA PROJECTION

e Energy projection
A(D)(IL, (D) = T1_(D)) = 7%47 (=id}) + m°

(10r — OA(D))lpp = Z [Ty [V, * (ITg, 07 Tlg,x + Mgy x 7" To, )7 7 g ¢p)

]:17 )5

(i0; — 0'A(D))lgx = Z g [Vy * (TIgr 0y Ty X + Ty Xy Tlg )7y Ty X]

3:17 75

0,0, 0; € {+,—}
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¥
DECOMPOSITION VIA PROJECTION

e Energy projection

(D) is equivalent to find (¢, 0, x4+, X_) :
wo = Upp,xor = Upx, 6,0 € {+,—}

(i0, — OA(D))po = > To[Vy * (25,7 X6, + X7 °90,)7°7 005]

]:]—) a5

(i0; — 0'A(D))xe = Z [Tg [V (90_9’175960'2 + )(_%75909;1)7075)(9;)]
0%e{+,—}
j=1,--.5

0o(0) =g Py, xeor(0) = g Pehy
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> 4
D 4

PROBLEM AND RESULTS

(D) (iV"0u — m)tp = Vi x ("), ¥(0) = 9o

1 g0l
= b>0
i x| T T

m >0, Vy(x)

e [ conservation

| (t)||z2 = ||%o|| 2 if the solution exists.

e [’-scaling invariance

Azep(\t, Az) is a solution to (D) with m, b replaced by w2

(L? is the critial space for well-posedness)
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> 4
D 4

PROBLEM AND RESULTS

e Problem 1: Gobal well-posedness in L2(RR%)
o For every oo € L7 3¢ € C(R; L?)

e Problem 2: Linear scattering

1 scatters if J¢
(i7" 0 — m)p’ =0
() — ¥ (t) [l 2 — 0.
(L? problems are completely open in 3d)
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> 4
D 4

PROBLEM AND RESULTS

e Known results for I' = 14,4 (scalar source)

(170, — m)p = —pip
(DKG) { (O + M?)p = b,

- Candy-Herr (2018): scattering in
129 x H2° x H2°(g > 0)
with one of ||P{%¢| 2.+ and || P<%g| ;2. small
( H% = (1 — Ag2) "2 H® and L*° = H%°)

* L%7 is scaling critical subspace of L?.
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> 4
D 4

PROBLEM AND RESULTS

e Known results for I' = 14,4 or 1545 (scalr source)
(D) (iv"0, —m)p = Vi = ()i, 9(0) = 4o

o GWP and Scattering (m > 0,b > 0)

- Yang (2019): H*(R3)(s > 0) (small data)

- Tesfahun (2020): H*(R%)(d = 2,3,s > 0) (small data)

- Georgiev-Shakarov (2021): H*(R?)(s > 0) (large data GWP)
- C-Hong-Lee (in preprint): L%°(R?)(c > 0) (partial smallness)

- C-Hong-Lee (in preprint): L?(R?) (partial smallness)
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> 4
D 4

PROBLEM AND RESULTS

12><2 O2><2 ]

e Known results for I' = 4% =
O2><2 _12><2

(D) ("0 —m)¥ = (Vo= [9]")7"%, %(0) =0

o GWP and Scattering (m > 0,b = 0)
- C-Lee-Ozawa (2022): (2d) No linear scattering
- C-Hong-Lee (in preprint): (3d) No linear scattering

- C-Kwon-Lee-Yang (in preprint): (3d) modified scattering
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> 4
D 4

PROBLEM AND RESULTS

(D) ("0 —m)p = Vi x (7" )y 9, $(0) = 1o

1 et

= b>0
4 |x|

m >0, Vi(z)

Theorem 1 (C-Hong-Ozawa)
Let b > 0 and o > 0. Assume that

one of || P{o|| 20 and ||Pg| 2. is sufficiently small.

Then (D) is globally well-posed in L*° and % scatters in L*°.

@

December 9, 2022 Webinar Korean-French IRL in Math.



> 4
D 4

PROBLEM AND RESULTS

(D) ("0 —m)p = Vi x (7" )y 9, $(0) = 1o

1 e_blxl

= b>0
4 |x|

m >0, Vy(x)

Theorem 2 (C-Hong-Ozawa)

Let b = 0. Suppose that there exists a linear solution %* :
[ Wox @0 8w do > o [ W WP P s (@ > 0)
[ (t) — % (t)]] L2 —— 0.

Then ¥ =0 = 9* in L2

&
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Theorem 1 (C-Hong-Ozawa)

PROOF OF Let b > 0 and o > 0. Assume that

one of || P¢ao| p20 and || P4ol| 2. is sufficiently small.

Then (D) is globally well-posed in L?° and % scatters in L7,

(D) ("0 —m)p = Vi x (7" %)7"9, $(0) = 1o

(Zat HA( ) Yo = Z HQ[Vb * (‘P_9175X92 + )(_9:),/759094)70759095]

]:17 75

(i0, —AD)xo = > Mo [Vs* @g7 xay + Xap7"0;,)7"7 X1
o0 e{+,—}
j=1,--5

©o(0) =g Pi1hy, xor(0) = g Pehy

wo = lpp, xo =lypx, 6,0 € {+,—}
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L 2
PROOF OF THEOREM 1

o9 = e 0Dl

0;e{+,—}

—0"iA(D)

Xo = € X0,0/

i) / ~OUONDITY [V (@57 Xo, + X7 000)7°7 X0 dt’
0,04}
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L 2
PROOF OF THEOREM 1

e Trilinear estimate: For all f; € ng 0, € {+,-})

t
/ G—OZ(t—s)A(D)He [‘/b " (f1’75f2)7075f3] ds
0

< CHlexgl Hf2HX32 Hf3HX33

Xg

Xg ={f e CR;L*) :T_of =0, |flx; < oo}

1

2

Ifllxg = | > N¥IPHNSIT

X\, N e2Nu{0}

Hy is the spherical harmonic projection of degree ¢ ~ N € 280}
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L 2
PROOF OF THEOREM 1

e Trilinear estimate follows from

- Null structure

011€] + 02[n]]
(1 + 1N+ [n)

g, (§)7"7° o, ()| S Z(0:€, 02m) +

- Bilinear estimates
Let € > 0. Then there exists 0 > 0 such that

| Pxo Hivg (1o, Py, Hiv, fv° To, Pr, Hy, )l 2,

)\min ° €
oo (522 ) Nl Py Hio g | Prs v

0, € {+,—}, \,N; € 2NO
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L 2
PROOF OF THEOREM 1

Solution map - (I)(90+7‘P—>X+7X—) — ((I)—1+—7 (I)l—a (I)-21—7 (I)2—)

(I)é _ G_HiA(D)QOQ (O)

t
—i ) / e VMDD, [V, + (@0,7° X0, + X377 00, )7 Y 0, dt!
0j6{+7_} 0

03 = e " M)y (0)
t
—i ) / eV IUANDIL (Vi (@677 X0, + X377 0,)7° 7 X05) dt!

9j€{+a_} 0
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Theorem 1 (C-Hong-Ozawa)

PROOF OF Let b> 0 and ¢ > 0. Assume that

one of || P{4o|| 2 and || P4y | 2.~ is sufficiently small.

Then (D) is globally well-posed in L* and 9 scatters in L*°.

SO]U_tiOH map - (I)(SOJm‘P—aXJmX—) — ((I)—1+—7 (1)1—7 (I)-21—7 (I)2—)
X ={(p+, 0 X+,x-) € XT x X7 x XT x X7
leallxg < 2ll@o(0)[lr2e, [Ixollxs < 2|lxe(0)| 22}

||(<p+7 — X+ X HX =a Z H<p9 |Xg —+ A—l Z HXQ/HXgI
9/

= |[P{tpoll 120, a= [|Pi4ol| 20

H(I)(S017X1> o (I)(‘P27X2)HX < 240A8.H(Q017X1) o (@27X2)|’X

If Aa < then ® is a contraction on X.

480 !

The linear scattering follows from the definition of V2 space.
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Theorem 2 (C-Hong-Ozawa)

PROOF OF Let b = 0. Suppose that there exists a linear solution 9 :

[ Wor @ty de = o [ Vo WP dz (a>0)
lp(8) — e (B)ll 2> 2 0.
Then ¥ = 0 = ¢ in L2,

Suppose that ||2hg||r2 # 0.

H(t) :=Tm (P, 9%) ., [HE)] < [lvoll7:

d _
590 = ZRe (Il 7+ @rel v ')
> % [ [7h % @)t " da + o), (E71)

> ﬁt—l +o(t™") (t>1)
4
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Thank you for your attention



¥
DECOMPOSITION VIA PROJECTION

e Chirality

0.1 .2 3 __

(Chiral operator) 7 = ’W vty [O2><2 12><2]

12><2 O2x2

Yr = 1(14><4-|—’Y ), Y = 1(14><4 — )

(Right-handed spinor) (Left-handed spinor)

Y=9Yr+vYr, Wr)r=%r, Wr)L =%, Wr)r= 1)
(V5¢R = g, 75¢L = —)

December 9, 2022 Webinar Korean

r=0
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DECOMPOSITION VIA PROJECTION

e Chirality
V(i) = —iv" 9P
Yrpr =P =0
O r =mapr — Vo x (Wrhr — YrtL) L,
0L = mYpr — Vo x (YrYr — YrYL) ¥R,

%L’R(O) — ¢O,Ra ¢L(O) — '¢’O,L
Yo =v%or+%or

x Not a good decomposition for partial smallness.
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