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2 Diffuse Interface Fluids




Diffuse Interface Models from Thermodynamics

e Diffuse interface fluids from thermodynamics
Van der Waals (1891) Korteweg (1901) Dunn and Serrin (1985)

e Cahn-Hilliard fluids from thermodynamics

Cahn and Hilliard (1958) (1959) Lowengrub and Truskinovsky (1997)
Falk (1992) Verschueren (1999) Heida et al. (2012)

e Ambiguity of thermodynamic derivations from kinetic derivation
Giovangigli (2020) (2021)




Diffuse Interface Fluids (1)

e Van der Waals free energy and thermodynamic functions
A=A%p, T)+52Vpl*  S=8%p,T) = 350rVp]>  g=g%p,T)
E=EYp,T)+ 5(3 = Tor»)|Vp|*  p=pp,T) - 5%Vpl

Gibbs relation T'dS = d& — gdp — %V p-dVp

e Conservation equations
Op+ V-(pv) =0
0,(pv) + V- (pv@v) + V- P =0

0, (€ + Splvl®) + V- (u(E + Lpv]?)) + V-(Q+ Pw) = 0




Diffuse Interface Fluids (2)

e Transport fluxes
P =pl+ xVpaVp—pV-(5Vp)I + P
Q = xpV-vVp+ Q1
Pl=—oVwl—n(Vo+ Vol —2VwwI) Q=-A\VT

e Entropy balance

9,8 + V-(vS) + V- (g _ %’)V'”V’))

T T




Diffuse Interface Fluids (3)

e¢ Thermodynamic stability

Assume that z¢' = (p, T)t — u! = (p, £t is locally invertible then

021 oS mnegative definite <= 9, > 0 and 9,p% > 0

e Assumptions on thermodynamics

(H‘I:I) £, pcl, and 8¢ are C7 functions of z% = (p,T) over O,a

O, C (0,00)? simply connected nonempty open set.

(Hg') Letting G = £ + p! — TS = pg then T dS = d&€ — gl dp

(Hg') O,a is increasing with T and OrE > 0




3 Kinetic Derivation




Kinetic Theory and Interfaces

e Vlasov equations or linearized Boltzmann with condensation

de Sobrino (1967) Grmela (1971) Karkhek and Stell (1981) Aoki et al.
(1990) Cercignani (2000) Frezzotti (2005) (2011)

e Equilibrium statistical mechanics

Kirkwood and Buff (1949) Ono and Kondo (1960) Evans (1979) Davis
and Scriven (1982) Rowlinson and Widom (1989)

e Kinetic theory and diffuse interface models

Rocard (1933) Piechor (2008) Takata et al. (2018) (2021)
Giovangigli (2020) (2021)




Kinetic framework (1)

e BBGKY hierarchy
f1(r1, c1,t) one-particle distribution  f3(ry, e1, 12, co,t) pair distribution

o =7rg —INn r12 = \1'12|

o fi+c1-Vi f1= /912f2 dro dey

O fao+c1-Vi fo+ca:Vy, fo—01af2 = /(913 + 023) f3 drs des

e Operator 05

m mass of a particle ¢ = p(r12) pair interaction potential

1 1
012 = — V3,0V, + —V,5,0: Vg,
m m




Kinetic framework (2)

e Cluster expansion of pair distributions

S12 = exp (—tH12) exp (tH1) exp (tH2) Neglect triple collisions
$H1=¢1-Vy, 12 =€1- Vi, + 2V, — 012

fa(r1,e1,r2,¢2,0) = fi(r1,¢1,0) fi(re,c2,0)  fo = S1afi(r1,c1,t)f1(ra, co,t)

lim &12(ry, 1,12, C2,1)

712(1'1, C1,I'2, C2) — A

e Generalized Boltzmann equations

O fi+c1-Ve, i =J(f1) = /912712f1(1'1,C1,?5)f1(1‘2702,t) dry des




Kinetic framework (3)

e Action of the streaming operator

(rllac/la I'/2, C/2) — 7-12(1'17 C1,TI2, C2)

mcy, + mey = mey + mc, mri + mro = mr; + mr}
gmleil’ + gmlesl® + p(r12) = gmlel” + gmley ]

e Bogoliubov distribution

fa(r1,€1,r2, €2,t) = T12f1(r1, €1,t) f1(ra, 2, t) = f1(r], €}, t) f1(rh, 5, 1)

e Decomposition of f5

f2 — fl(rlac/lat> fl(rlacéat> -+ (fl(r,lac/lvt> fl(révcé7t> _ fl(rlvcllvt> fl(rlvc/%t))




Kinetic framework (4)

e Decomposition of 7 = J©) 4+ g
TO(fr) = /912fl(r17c,17t)f1(rlac,27t> dra dcy
TN (f) = / 012 (f1(x), €1, ) f1(xh, b, t) = fi(vr, €h ) fi(rr, €h,t)) drz des
J (0)( f) coincide with Boltzmann collision operator

e Generalized Boltzmann equation

Opf1 +¢1-Vie, f1 = TO(f1) + TV (fr)




Kinetic framework (5)

e Number densities and fluid velocity
n(r,t) = /fl(r, cy,t)dey p=mn
p(r,t)v(r,t) = /mclfl(r, ci,t)de; r=r;

e Internal energy

E=E4+E&7 Ex(r,t) = / tmler — v’ fi(r, e1, t)dey

Ef(r,t) = / %go(r12)n12(r, r + rio,t)dryo

ni2(ry, ro,t) = /f2(r1,C1,I'2702,t)dC1dC2 ripg =re — 1




Kinetic framework (6)

e Mass conservation equations

Op + V-(pv) =0

¢ Momentum conservation equation

O, (pv) + V- (pv@v) + V-P =0 P =P<+PF

P*(r,t) = /m(c1 —v)®(c; — v) f1(r,c1,t)dey

/
r
Pp(rat) — _% / L ( 12) rio®ris N9 (I‘ — (1 — Oé)I'lg,I' -+ OéI'lg,t)dOédl‘lg

12




Kinetic framework (7)

¢ Energy conservation equation

HE +V-(v8) +V-Q =—-P:Vv Q=0"+9]+ 95
Q" (r,t) = %/m|cl —v]*(e1 —v) fi(r, 1, t)des

P(r, t) = % / gp(rlg)(cl — ’U)fg (I‘, Ci1,I + Ir'ra,Co, t)dcldl‘lgdCQ

/
r
P(T,t) :—i/SOﬁ 12>1f'121f'12°(C1 —’U-I-Cz—’v)
12

X f2 (I‘ — (1 — Oé)I’12, Ci1,r + Qario, Ca, t)dozdcldrlgdCQ




Kinetic framework (8)

e BBGKY hierarchy and moderately dense gas kinetic theory
Yvon (1935), Born and Green (1946), Kirkwood (1946), Bogoliubov (1946)

Choh and Uhlenbeck (1958) Garcia-Colin et al. (1966) Cohen et al. (1970)
Chapman and Cowling (1970) Ferziger and Kaper (1972)

e Kinetic entropy (no known general H theorem)

S*(r,t) = _kB/fl(rvclvt) <log hpfi(r 1, ) — 1)dC1

m3

fao(r,c1,r + 112,09, _1>
fl(r Ci, )fl(r+r127627t)

+ fi(r,c1,t) f1(r + ri9, Co, t)>dc1dr12dc2

/ﬁa/ fa(r,c1,r 4+ 119, Co, )(10

Stratonovich (1955) Nettleton and Green (1958) Klimontovitch (1972)




Classical Nonideal Fluids (0)

e New Enskog scaling
1
Opfr+e1-Ve, fr =TV () + TV

f1 = 1(0) (1 + epD) + (9(62))
e Zeroth order distributions

TO (1) = 0

10 = () e (")

e Various choices for zeroth order and pair distribution functions f2(0)




Classical Nonideal Fluids (1)

e Classic zeroth order pair distributions

2(0)’01: 1(0)(I'1,Cll,t) 1(0)(I'1,C/2,t): 1(0)(I'1,C1,t) 1(0)(1'1,02,?5)9(1'1,7“12)
B ~ p(r12) )
g(r17r12) T eXp( kBT(rl)

mey + mes = mcy + mc,

smle1]? + smlea|? 4+ p(ri2) = smlc)* + sm|ch|?

e Euler equations
Op+ V-(pv) =0

0y (pv) + V- (pv2v) + Vp© =0

0,6 + V- (vEM) + p' Vv =0




Classical Nonideal Fluids (2)

e Mayer function moments

fia(ri,rie) = exp(— kfg(ljf)) —1 B = /f12d1'12 B =dp/d(kT)

¢ Thermodynamic properties
p® = nksT — gn?B kT
£ = Sk, T + 3n*B' (ks T)?

S = —ksn(log(nA?) — §) + $hun®(8 + KT

A De Broglie thermal wavelength A = hp /(2rmk,T)/?




Classical Nonideal Fluids (3)

e Linearized equations

1

£

P = —(37: log f{” + ¢1- ¥y, log f1(0)> + TD ()

e Evaluation of linearized equations
7T coincide with Boltzmann linearized operator
First order Taylor expansions of pair distributions
—1
D) = "V — " V.v — ’\-V(—)
PO =~V -y V(1

New nonlocal collision integrals

Simplified Enskog constraints




Classical Nonideal Fluids (4)

e Decomposition the perturbed distribution

b= —¢": Vv — ¢"V.v — ap/\-v(k%)

e First order equations
Op+ V-(pv) =0

0,(pv) + V- (pv@v) + V- P =0
0, £+ V- (v€)+V-Q =—-P:Vo
e Transport fluxes
P =p'I—0oV-vl—n(Vv+ Vo' —2Vwl)
Q =-\VT

Very complex expressions for the transport coefficients




Classical Nonideal Fluids (5)

e Van der Waals equation of state

+00 if0<ris<o
©(riz) = B = /f12dr12
w(riz) < oo if o < 71

cl _ nkBT _n2a
b 1 —bn

4o >
b=4 7T30 da = —271'/ QO(T12>7“%2d7°12
2

e Orders of magnitude

O'* < 7“* < l; J*zl; _ 7“*3 6* _ 0_*3

O.*

%n26kBT/nkBTz (—)3

/rs*




Kinetic Derivation for Diffuse Interface Fluids (1)

o Higher order Taylor expansions of symmetrized pair distributions

B = 0 e 01 (e en, Og(rn ) alrn ) = exp(— 252 )

f2(0),sy — 1( )(1’1 Ci1 t) (0 )(1'2702,75)9(?@;',7“12) g= 9(7“12) = g(r1,712)

e Potential part of the pressure tensor

/

r

P (r,t) = -3 / SO?E 12) rio®rig N2 (r — (1 —a)rig,r+ arlg,t)dadrlg
12

[\

ni2 (1‘1—(1 — Oz)rlz, ri + arlz,t) ~

(n(r1) — (1 — a)Vn(ry)-riz + %(1 - 04)2V2n(r1):(r12®r12))

x (n(r1) + aVn(ri)-riz + %a2V2n(r1):(r12®1‘12)) x g(r12)




Kinetic Derivation for Diffuse Interface Fluids (2)

e Extra terms with two derivative P°* in the pressure tensor P

Lengthy calculations of all contributions
P == (2Vn®Vn 4+ Vn-Vnl — 4nV?n — 2nAnI)
1 27

n = 30 90’(7“12)9(7“12)7“?2(11‘12 = 5 90’(7“12)9(7“12)7“?2(17"12

Integro-differential relations and equivalent formulation V-P™ = V-P

Neglect temperature dependence of the capillarity coefficients 7 = »/m?

e The Korteweg tensor

— X

P = %(Vn@Vn — %\VnPI - nAnI) = %(Vp@V — %\Vp\QI — nAnI)




Kinetic Derivation for Diffuse Interface Fluids (3)

e Alternative expressions for the capillarity

n = %kBT/flzrfzdrm = %kBT/fmrilzdrw

. . +00 if O S T12 S o
The potential is such that p(r2) =

p(riz2) < oo if 0 < rig
1

. « . B _— 2
Linearizing fi2 over r12 > o yields ¢ = —¢ r >0 @riodrio
e Orders of magnitude
7 = k,T* o*° B* = o*3 I%,, Typical length of density gradients

* *

%\Vn\z/nkBTz (Z—*)S(U )2

*
an




Kinetic Derivation for Diffuse Interface Fluids (4)

e Extra terms with two derivatives £°* in the internal energy £

#%|Vn|* — 1V (3nVn)

¢ Van der Waals gradient internal energy £°*

E = 13|Vn|® = 1 |Vp|? £ =&

1
2

==-2 (@V-(TﬂlV?l) + V-(V-(z?nVn)v)) = V-qq




Kinetic Derivation for Diffuse Interface Fluids (5)

e Extra terms with two derivatives Q°* in the heat flux QO

Very lengthy calculations all contributions
Q¥ +P™ v =%nV-vVn + 1%n’V(V-v) + 132n(Vv)'-Vn

4 15
T3

(Vnz®Vn +nVn —Vn-Vnl — nAn)

i 5

— Zn(V’U + (Vo) + V-vI) -Vn — " (Av + QV(V"U)>

E <2Vn®Vn + Vn-Vnl — 4nV?n — 2nAnI)




Kinetic Derivation for Diffuse Interface Fluids (6)

X

e Equivalent formulation with V-(Q 4+ P**.v) = V-(Q
V-(Q + Pv) = V- (2nV-0Vn - 1%nVuv-Vn

+ fex-v)

+ %J??”L(V'U)t'VTL — %J_fTLZA’U + %17712V(V"U>

+ 7z (Vn@Vn - %Vn-VnI — nAnI) -v)

e¢ The Dunn and Serrin heat flux

O =3nV-oVn = »pV-vVp
e Zeroth order resulting equations
Euler equation

Van der Waals/Cahn-Hilliard internal energy

Korteweg tensor and Dunn and Serrin heat flux




Kinetic Derivation for Diffuse Interface Fluids (7)

e First order equations
o,p+ V-(pv) =0,
0,(pv) + V- (pv@v) + V- P =0
0,£E+ V- (v€)+V-Q =—-P:Vo

e Transport fluxes at first order

P =p T —oV.vI— n(Vv+ Vo' — %V-fv I)

+ %(Vp@Vp — 1|V p|*T — pApI)

Q =—AVT + »xpV-vVp




Compatibility with Thermodynamics (1)

e Gibbs relation from A = A + 25| Vp|?

TdS =d€ — gdp — »%Vp-dVp

e Entropy production

0,§+ V-(vS)+ V- (? _ %PVJ:UVp)
N %(P =PI = #VpIVp + V- (V) 1): V0 = (@ = V-V ) -V(%)

e Ambiguity of thermodynamical methods

%,OV-’UVp-V(%l)




Compatibility with Thermodynamics (2)

e¢ Thermodynamic of irreversible processes
Equations compatible with the thermodynamic of irreversible processes
Thermodynamic of irreversible processes ambiguous for diffuse interface fluids

Gibbsian entropy S differ from [ S¥de; with capillarity effects

e Agreement with Bogoliubov pair distributions

0 0
= 17 e i

ry, Cy)

IS and [$ - characteristic lengths of temperature and velocity gradients

Bogoliubov zeroth order pair distributions f2(0)’BO r},ch)

* * * * * *

V= V) () =

* * *
an ZVT lV’rL

~ (0 ~ (0
1(0) =nf 1( ) Vlog f 1( ) < Vliogn Hard potential approximations
Careful estimates for deviations in £, P, Q}, @5, and (1)




Agreement with Bogoliubov Distribution

e Rescaled distributions
T(ry) =T(r)) = T(rs) = T(xh) =T 1 =n; ¥
v(r1)) =v+d0v; v(r)) =v+0v] v(re) =v+0vy v(r}) =v+ v

All relative Mach numbers negligible dv;+/m/2kT(r) < 1

—2 —2
F0) s INFO) s sy ( m )3 (_m|cl—’v| +m|02—v|)
fz (rlacl)fz (1’2,02) g 27T]€BT exXp 2]€BT
J?;(O) (r1, Ci)ﬁ(o) (ry, ch) = gﬁ(o) (rq, Cl)f;(o) (ro2, c2)

e Hard potential approximation for number densities

n(ry)n(ry) = n(ry)n(rz)

2P = g f D (e, e1) f1V (2, €0) = £3O




4 Augmented System




Augmented Systems for Diffuse Interface Models

e Augmented systems

Gavrilyuk and Gouin (1999) Benzoni et al. (2005) (2006) (2007)
Bresch et al. (2019) (2000) Kotschote (2012)

e Two velocity hydrodynamics
Bresch et al. (2008) (2015) (2015)

e Symmetrization of the augmented system
Gavrilyuk and Gouin (1999) (2000)




Augmented system (1)

e Extra unknown w = Vp

&;w—l—Z@i(wvi—l—vai):O D={1,...,d}

i€D
e Augmented unknowns
u= (p,w,pfv,é’ + %p|fv|2)t z = (p,fw,fv,T)t
e New thermodynamic functions

E=E'+ L —TOr»)w|* 8=8— 107w’

cl

p=p"—ixwl®  g=g¢ H=H"— 3T w|’




Augmented system (2)

¢ Thermodynamic functions
(H1) &, p, S are C7 functions of z € O, C (0,00) x R? x R% x (0,00) open set
s = »(T) is a C71 function of temperature T over O,
If (0, T) € Oy, (p,0,0,T) € O,. If (p,w,v,T) € O,, (p,T) € O,
(H2) LettingG=E+p—TS = pg we have TdS = d€ — gdp — »w- dw
(H3) The open set O, is increasing with temperature T and Op&E > 0

(Ha) The capillarity coefficient is positive s > 0 over O,

(Hs) The coefficients v, n and X are C7 functions over O,

We have n >0, AX>0, v>0, and U+n(1—%)>0




Augmented system (3)

Lemma 1. Assuming (H1)-(H2) and that z — u is locally invertible then

02,8 negative definite <= O0pE >0 O,p>0 and 3 >0

Lemma 2. Assuming (H1)-(Hs) then the map z — u is a C7 diffeomorphism from
the open set O, onto an open set O,,.

Lemma 3. Assuming (Hy) and given 6 > 0 there exists a CV1 function m such
that m > 0

m+ 0,p/pT > 0

and m =0 if O,p/pT > 9.




Augmented system (4)

e Partial differential equations




Augmented system (5)

e Transport fluxes

Pij = posj + 20;p ajp —p Z 0,(>0,p)di; + Pz'dj

leD

Qi = %Pzaﬂ)l 0ip + 9

leD

e Dissipative transport fluxes

Pg =—9D Z (‘9lvl 52’]’ — 77(82-?}]' + (‘3jv7; — % Z (‘3lvl (523) Q? = —)@T

leD leD




Augmented system (6)

e Augmented entropic variable

t
oc=-8=-8+ 10w/’ v=(0,0)" = ( — 1|v]?, xw, v, —1)

1
T
e Stable points

OF={z€0,|9,p>0}

u — v locally invertible around stable points with d,p > 0

e Legendre transform L of entropy

1

L={(uv)—oc= T(p—l—%\w|2) Oyo = V! oL = u’

e Convective fluxes

Fz’ — (a\,(ﬁ’l}@»t Ez = ,C’UZ'




Augmented system (7)

e New augmented form

Opu+ Y 0;(Fi+F§+F5) =0
1€D

e New augmented fluxes inthe :th direction
t
F; = (P?Jz', wv;, pov; + (p + 2|w|?)by, (€ + p + %|’w|2>?}z‘>
t
de — (Ovod,la P’cbia Q?—I_ ZPZC;IUJ> Pd: (P?zvvpccllz)t
J€D

t
Fo = (O,vaz-, —pV (sew;), prew-Vu; — pv-V(%wi))

e Equivalence of both formulations

Rely on calculus identities




Augmented system (8)

e Convective, dissipative and capillary matrices

A; = O,F; =—) By o,u =—) Bj0u, Q€D

Jj€D J€D

e (Quasilinear form

Opu+ > Aj(w)du— Y 9;(BLWIu) — Y 9;(BS;(u)d;u) =0

1€D 1,J€D 1,J€D

A, Bffj, and BY;, for ¢,j € D, have at least regularity C7~1 over O,

e Symmetrization

Structure of the system of equations plus existence results




Symmetrized Augmented System (1)

e Entropic symmetrization for stable points u = u(v)

Ao (v)d,v +ZA 8v—28 Z@ =0

1€D 1,7€D 1,7€D
25
~ ~ ~4  od ~. ~  p*T* Or&
e Structure of entropic symmetrized system
;AV\O symmetric positive definite for stable points ;Av\z symmetric for ¢ € D

(é?j)t = é?z Z &5 Bw positive semi definite (gfj)t = —é;z
1,J€D

The map u +— v is generally not globally invertible




Symmetrized Augmented System (2)

e Normal variable

t
W = (:07 w, v, T) W = (WDWII)t w; = (p, w)t wy = (v, T)t
R"=RM"MxR™ n=n+ngy n=np=d-+1

wr = (wi,we )t wpy=p wpr=w Vwy =wpr  wp = (wy,wy)?

u — w diffeomorphism from O, onto O,, = O, since w = z

e Normal form
u = u(w) and multiplication on the left by (O,v)*
Add (9¢p + V-(pv)) x m to the first equation Non conservative form

Ay = (OyV) Ouu + me;®e; A; = (OV) O0uF; + mv;ei®e; i €D

(W)ow + > Ai(w)dw — Y B (w)d,0,w — Y BY;(w)d;0;w = h(w, Vw)

1€D 1,]€D 1,]€D




Symmetrized Augmented System (3)

e Normal form

(W)ow + >~ Ai(w)w — Y B (w)9, 0w — Y BY;(w)d;0;w = h(w, Vw)

1€D 1,7€D 1,7€D

e Properties of the normal form
A¢ = diag(A;', Ay’") symmetric positive definite A; symmetic for i € D
(§?j)t — §?¢ §f}j — diag(O,E?jH’H) BdmT — Z §i§j§?jﬂ’n positive definite
1,7€D

D D DCI,I DCI,II DCII,I ALLID
(Bf;,)'=-B% Bio =0 B, Bjj7, Ay depend on w, = (wy,wy)’

Y] Y] L)

e Right hand side

% t
h=(h,hy)t  hy = (—mpV-’v, -= ;}WVU@) hy = hu(w, Vw)




Symmetrized Augmented System (4)

e (Gradient constraint for nonlinear equations

Natural equation for w — Vp
Oy(w — Vp)+v-V(w—Vp)+ (w—Vp)V-v+ (Vo) (w— Vp) =0

If w is smooth enough, wyg — Vpg =0 and w* =0 then w — Vp =0

e Linearized equation with gradient constraint

A (w)O,w +ZA 8W—ZB 88W—ZB

1€D 1,J€D 1,J€D

(—m p V.o, — Z ;’EDZ’V’U@', hu(w, VW)>t
1€D




Symmetrized Augmented System (5)

e Linearized equation with gradient constraint

(‘9W—I—ZA’ aW—ZB 88W—ZB w)9;0,W

i€D i,j€D i,j€D
+ L(w, Vwy)w = h'(w, Vw) = (O, hy (w, VW))t
— — — "
A;( ) A ( ) + mpe1®ed+1+i L(W, VWH) = Z T(07 VU@, Ol,np O)t®ei+1
i€D
e (Gradient constraint for linearized equations

Natural equation for w — Vp

Oy(w — Vp) +v-V(w—Vp)+ (w— Vp) Vv + Vo' (w - Vp) =0

If w and w are regular, w — Vp =0, wg — Vpg =0, w" =0 then w —Vp =0




5 Linearized Estimates




Linearized Equations (1)

e Linearized equations

Ag(w)o,w —I—Z Al(W)O,w— Z BS. (w)9;0,w— Z B, (w)0;0,w+L(w, Vw, )W = f+g
1€D 1,7€D 1,7€D
e Assumptions on the coefficients
Ay = diag(Ag', Ay’") symmetric positive definite block diagonal

A" are symmetric, (Bf;)" =BY;, Bf, = diag(O,gf.H’H)

Bdmi =y~ iep B dH “gzgj is positive definite for € € ¥4!

RCLT ALl ©c,I,II C,I,I o ¢
(Bf;)" = BC B, =0 Ay, B3, Bi only depend on wy = (wy/, wy)

|_ — diag( LI,I, LII,II) EI,I — SI’I(W)VWr EII,II — SII,II(W)VWr

Ao, A, BE, BS;, £51, €71 are C'F2 over O, L(w, Vw,) W* =0

17




Linearized Equations (2)

e Assumptions on w
d>1 [>lyg+2wherely=1[d/2]+1 1< <1
w given function of (¢, z) over [0, 7] x RY with 7 > 0
w, —w; € CO([0, 7], H) nC ([0, 7], H'2)
wy —wi € CO([0,7], H) n CY ([0, 7], H'=2) N L*((0,7), H't1)

Oy C Oy C Oy, 0 < a; < dist(Og,00,,), O1 = {w e O,; dist(w, Og) < a; }
wy(x) = w(0,x) € Oy, w(t,z) € Oy, (t,z) € [0, 7] xR?

e Assumptions on f and g

f and g given functions of (¢, ) over [0, 7] x R4 1<l <1

fec®((0,7], H' ) n L ((0,7),H)  geC®(0,7,H' ™) g=0




Linearized Equations (3)

e Assumptions on w

w; —wr € CO([0,7], H') nC* ([0, 7], H' ~2),

Wy — Wy € CO([0,7], H') nC* ([0, 7], H'~2) n L2((0,7), H'+1),
¢ Bounding quantities

M? = sup |w(r)—w',  M2= / w(r) Py dr, M2 — / Vw, (7)[2 dr
0 0

0<r<7

e Linearized estimates for 1 <[’ <

There exists constants c;(O1) > 1 and c2(O1, M) > 1 increasing with M with

!
sup |w(7) — w*|7 + / Wi (7) — Wh|7 g dr < cf exp(ca(t + MVt + Myvt)) X
0

0<r<t
t 2 t
<|\Tv0—vT/*|l2,+c2{/\f|l, r) +C2/|gﬂ\l2,_1d7>
0 0




Linearized Equations (4)

e Sketch of the proof for the linearized estimates
Notation dw = w — w* and EZ(¢) = ZO§|a|<k a, ]Rd< Ao(W)0*¢,0%¢) da
Use of Gronwall Lemma and the inequality (6(O1) < 1 small constant)

&5E12,((5VT/) + 51|5VT/11‘12/+1 < c2(1 + |Osw]; o5 + \Vwrh)Eﬁ(dvT/)
+ colf|, By (6w) + c2|gﬂ\l2,_1

e Zeroth order inequality £k = 0
x Multiply the equation by éw and integrate over R?

x Time derivative terms estimated with the symmetry of Ay

<5W, KQ (w)@ﬁv\?} = %8,5 <5W, KQ (W)5W> — %<(5VA\/I, atﬂo (W>5W>,

0,A0(w) = O,Ag Oyw is estimated with |0,Aq|r=~ < cgl0,Ap)i—2 < c1|Oyw];_o




Linearized Equations (5)

e Zeroth order inequality k = 0 (continued)
x The products (6w, AL (w)d,6w) are evaluated by blocks
Symmetry for the (1,1) terms, direct estimates for (1,11) and (11,11) terms

The (11,1) terms are integrated by parts, |A;|~ < c1 and |9,A;|r~ < ca

x Dissipative terms integrated by parts, |0;B%L (w)|r~ < co, Garding inequality

11

51|¢H|1 — Z /Rd dH H J¢H7 Z¢Il>dw+c2‘¢n‘o ¢H€H1(Rd)

1,5€D

* Antisymmetric terms integrated by parts and the first sum vanishes

_Z/ (6w, B (w)9;0,6W) dw—Z/ 0;0W, BY;(w)0;0W) dar
Rd

1,7€D 1,5€D

+‘Z / (6w, 9,B5;(w)0,6W) der




Linearized Equations (6)

e Zeroth order inequality k = 0 (continued)

* Block evaluation of the terms ) ; ., Jra (OW, Gig,fj (w)0,;0w) dz
The terms (1,1), (1,11), (11, 11) easily estimated, (11,1) terms integrated by parts
and use of Use of \@@gfjﬂ’l\ < cg since | > g + 2

> /R (0%, 0,85 (W), 0W) dar = — ) | /R (0,00, 0B (w)0Wy) d

i,j€ED 1,7€D
~ DCIL,I ~
_ E /d<(5wﬂ,8i8j8ij (w)owy) de.
i,jeD VR

* Zeroth order terms [p, (6w, L(w, Vw,)ow) de < co|0w|3 and right hand side
terms [o. (0w, f) de < c1]|owlo|f|o and [, (0w, g) dx < |dw|o|glo

Oy Eq (0W) + 01|0Wn|T < c1[fo|0W[g + c1lgulg + c2(1 4 0sw];_o) E5 (0W).




Linearized Equations (7)

e The I’th order inequality
x The [’th order inequality obtained from

0,0°W + > Aj(w)d,0°W — > BE(w)9,0,0°W — > BE;(w)9,0,0"W
1€D 1,J€D 1,J€D
+ L(w, Vw)0*W = h”
h = Agd*(Ag 'f) + A0 (Ag'g) — > Ao[0%, Ay " Aj]o,w — Ag[0%, Ay " L]w
1€D

+ ) Ag[0% A B0 0w+ > Ag[0, Ay BS;10,0,w.

1,J€D 1,J€D

Multiply by 0%5w, myltiply by |a|!/a!, integrate over RY, sum over
1 <|a| <, and add zeroth order estimate




Linearized Equations (8)

e The I’th order inequality

*x Proceeding as for the zeroth order estimaet and use of |ow|; < ¢ Ej(dw)

ol -
atEl/ (5W> + 51|5WH‘Z/_'_1 S C2(1 + ‘atW‘l 2)El/(5W + Z | ‘ / <ha, aa5W> dx
0<]a| <1’ | Jra
* Right hand sides with |Ag ' fy < ¢ (1 +]Ag " (w) — Ay (W) If], < caffl,

and eventual integration by parts for g

[ (Rod (Ag '), 0°0W) da| < [Boloo [Aq 1y 10 < colfli |6
Rd

‘/Rd@oaa(ﬂo—lg),aaam dw| < colguly—1 [0Wnlpiq




Linearized Equations (9)

e The I’th order inequality

* Convective and dissipative contributions using commutator estimates
[ (Ro[0° Ag A0, 0% 0W) da| < coldWl?
Rd » 710 1] — l
A —1}Qd ~ ~ ~ ~
‘/Rd Ao 0%, A Bij}ﬁiajw,8a5w> dw| < Co [OWr|pra1 [OwWy]y

Z Ha ,U] ’ <C0‘V’LL‘l 1|/U‘l’ 1 VueHz_l ’UEHll_l 22l0+1
o< || <V

x Block evaluation for the antisymmetric terms. The (1,1) terms vanish and the

(1,11) and (11,11) are estimated with the commutator estimates

-y / (Ro [0, (Ag) ~' BE;)0,0,6W, 06w da

1,7€D




Linearized Equations (10)

e The I’th order inequality
x The (11,1) antisymmetric terms with [0%,20]0,¢ = 0,([0%,V|¢p) — [0, 0,T]¢

are integration by parts

Y / (A [0, (ABT) ~1 B 0,0, 0%, 0% 6% ) dar =

1,7€D

J

> | ([0, (AG™) 7B 00wy, 0;(AG 0% 6Wn ) ) de
Rd

1,7€D

#3000, (AY™) T B 0,00, 00, ) da

1,7€D

Last sum estimated by using that (Ag™") % ggjn’l only depends on w,

Upper bounds in the form co|dw|; |[dwy |1 + CZ‘VWr|l‘5VT/|l2/




Linearized Equations (11)

e The I’th order inequality

x Terms associated with A [80‘, AO_1 E]W estimated as
| (Ro[0°, A T W, 0%6w) dw‘ < co|Vw, i 62
Rd

since L = diag( L"!, L™") is a linear function of Vw,

* Final differential inequality
OpEjr (W) + 01[0Wn7 1 < co(1 4 |Opwl;_p + [Vw, i) Ef (6W)

+ Colf| By (0W) + calguli s

* Apply Gronwall Lemma




Linearized Equations (12)

e Regularized operators for 0 < e <1
Re(r) = / a.(r — #)o(F) dit a. = e %a(r/e) /a dr=1 a> 0 on Ball(0,1)

e Regularized equations

W)W + Y A[(w)o,w — Y B (w)0,0,w

1€D 1,7€D

— ) RB§;(W)R0;0,W + L(w, Vw, )w =f + g

1,5€D

e Existence of solutions for linearized equations
Existence for regularized equations for e fixed by uncoupling

New estimates for solutions of regularized equations independent of €

Taking the limit € — 0




6 Existence of Solutions




Existence Results for Diffuse Interface Models

e Isothermal

Hattori and Li (1996) Danchin and Desjardins (2001) Kotschote (2008)
Bresch et al. (2003) (2019)

e Euler-Korteweg

Bresch et al. (2008) (2019) Benzoni et al. (2005) (2006) (2007)
Donatelli et al. (2004) (2014) Tzavaras et al. (2018) (2017)

e Full model
Haspot (2009) Kotschote (2012) (2014)

e Symmetrization for diffuse interface fluids
Gavrilyuk and Gouin (2000) Kawashima et al. (2022)




Existence of Strong Solutions (1)

e Structural assumptions
Augmented system in normal form with the gradient constraint

Linearized equations enforcing the gradient constraint
(AL (w) — A;(w)) Vw + L(w, Vw,)w + h(w, Vw) = h'(w, Vw)

Right hand sides in the form

hy = M (w)owe + > 3 (W)I,w: 0w,

1€D 1,7€D
hy = E M, (W)O,w + E MIIII )O0;wO,;w
1€D 1,J€D

w, is the more regular part w, = (wy, wy)? of the normal vartiable




Existence of Strong Solutions (2)

Theorem 4. Letd>1,1>1lg+ 2, lg=[d/2]+ 1, and let b > 0.
Let Og C Og C Oy, 0 < a; < dist(Og, 00,,), O1 = {w € O,;dist(w,Dg) < ay }.
There exists T(O1,b) > 0 such that for any wy with wy € Op, wy — w* € H!,
Worr = VWopr and

lwg — w*|? < b,

there exists a unique local solution w with initial condition w(0, ) = wqg(x), such
that w(t,z) € Oy for (t,x) € [0, 7]xRe, wyr = Vwy, and

w, —w; € C0([o, 7], H') nC* ([0, 7], H'~2)
wy —wi € CO([0, 7], HY) N C*([0, 7], H'=2) N L2((0, 7), H'TY)

Moreover, there exists Cioc(O1,b) > 1 such that

T
sup |w(r) — w7 + / wa(7) — Wi, ydr < & lwo — w2
o<r<7 0




Existence of Strong Solutions (3)

e Sketch of the proof (1)
* XL(O1, M) defined by w —w* € C°([0,7], H"), d,w € C°([0, 7], H'~2),
Wi — WII = L2((077)7HH_1)7 (tv w) = 017 Wy = VWI’a and

sup [w(r) — w2 + /|WH Wi, dr < T2

o<r<7

/ 0w (T)|7_ydT < M ? / IVw, (7)|7 dr < M ?
0 0

x XL ((91, M ) invariant by the map w — w for suitable M and 7 small enough

Rely on a priori estimates for linearized equations applied to w*

k+1l — Wk well defined

Successive approximations {w*};>q with w® = w*, w




Existence of Strong Solutions (4)

e Sketch of the proof (2)

* The sequence {w”};>¢ is convergent over [0, 7] for the norm
7
sup [SW(rF o+ [ 6w (r)fFydr
o<r<7 0

Rely on a priori estimates for linearized equations applied to w*+! — wF+1
* wh — W e CO([0, 7], H'=?) that is a solution (fixed point)
we L>((0,7),H") and W, —w}, € L*((0,7), H'")

* we C°((0,7), H') since the sequence

form a Cauchy sequence in C" ([O, 7|, H l)




Existence of Strong Solutions (5)

e Application to diffuse interface fluids

Theorem 5. Letd>1,1> 1y + 2, and b > 0. There exists T(O1,b) > 0 such that
for any wo with wo € Og, wg —w* € H', wg = Vpg and |wg —w*|? < b? there exists
a unique local solution w with w(0,x) = wo(x), w(t,x) € O1, w = Vp, and

p—p*eC’([0,7], H*),

v—v* e C([0,7], H") N L*((0,7), H'"")

T —T* e C°([0,7], H') N L*((0,7), H).
Moreover, there exists Cioc(O1,b) > 1 such that

sup [p(1) — p*lis + sup [v(r) —v*[f + sup \T(T)—T*I?Jr/ [v(7) — v |7 dr
o<r<t o<r<7 o<r<7t 0

+ [ 170 =T < e (Inor) = o s + oo(r) = 0" F + [To(r) = T°FF)




Conclusion /Future work

e Physical aspects
Derivation of Cahn-Hilliard equations
Mixtures with polyatomic species with chemical reactions
Numerical simulations at the Molecular /Boltzmann /Fluid levels

Boundary equations at solid walls

e Mathematical aspects
Global existence results around constant equilibrium states

Global existence results around stationary nonconstant equilibrium states

Multicomponent mixtures and Cahn-Hilliard equations




