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2 Diffuse Interface Fluids



Diffuse Interface Models from Thermodynamics

• Diffuse interface fluids from thermodynamics

Van der Waals (1891) Korteweg (1901) Dunn and Serrin (1985)

• Cahn-Hilliard fluids from thermodynamics

Cahn and Hilliard (1958) (1959) Lowengrub and Truskinovsky (1997)

Falk (1992) Verschueren (1999) Heida et al. (2012)

• Ambiguity of thermodynamic derivations from kinetic derivation

Giovangigli (2020) (2021)



Diffuse Interface Fluids (1)

• Van der Waals free energy and thermodynamic functions

A = Acl(ρ, T ) + 1
2κ|∇ρ|2 S = Scl(ρ, T )− 1

2∂Tκ|∇ρ|2 g = gcl(ρ, T )

E = Ecl(ρ, T ) + 1
2 (κ − T∂Tκ)|∇ρ|2 p = pcl(ρ, T )− 1

2κ|∇ρ|2

Gibbs relation T dS = dE − g dρ− κ∇ρ· d∇ρ

• Conservation equations

∂tρ+∇·(ρv) = 0

∂t(ρv) +∇·(ρv⊗v) +∇·P = 0

∂t
(
E + 1

2ρ|v|
2
)
+∇·

(
v(E + 1

2ρ|v|
2)
)
+∇·(Q+P·v) = 0



Diffuse Interface Fluids (2)

• Transport fluxes

P = pI + κ∇ρ⊗∇ρ− ρ∇·(κ∇ρ)I +Pd

Q = κρ∇·v∇ρ+Qd

Pd =− v∇·v I − η
(
∇v +∇vt − 2

d∇·v I
)

Qd = −λ∇T

• Entropy balance

∂tS +∇·(vS) +∇·
(Q
T

− κρ∇·v∇ρ

T

)

= − 1

T

(
P − pI − κ∇ρ⊗∇ρ+ ρ∇·(κ∇ρ) I

)
:∇v −

(
Q− κρ∇·v∇ρ

)
·∇

(−1

T

)

=
λ

T 2
|∇T |2 + v

T
(∇·v)2 +

η

2T

∣∣∇v +∇vt − 2
d∇·v I

∣∣2



Diffuse Interface Fluids (3)

• Thermodynamic stability

Assume that zcl = (ρ, T )t 7→ ucl = (ρ, Ecl)t is locally invertible then

∂2
u
cl
u
clScl negative definite ⇐⇒ ∂T Ecl > 0 and ∂ρp

cl > 0

• Assumptions on thermodynamics

(Hcl

1 ) Ecl, pcl, and Scl are Cγ functions of zcl = (ρ, T )t over O
z
cl

O
z
cl ⊂ (0,∞)2 simply connected nonempty open set.

(Hcl

2 ) Letting Gcl = Ecl + pcl − TScl = ρgcl then T dScl = dEcl − gcl dρ

(Hcl

3 ) O
z
cl is increasing with T and ∂T Ecl > 0



3 Kinetic Derivation



Kinetic Theory and Interfaces

• Vlasov equations or linearized Boltzmann with condensation

de Sobrino (1967) Grmela (1971) Karkhek and Stell (1981) Aoki et al.

(1990) Cercignani (2000) Frezzotti (2005) (2011)

• Equilibrium statistical mechanics

Kirkwood and Buff (1949) Ono and Kondo (1960) Evans (1979) Davis

and Scriven (1982) Rowlinson and Widom (1989)

• Kinetic theory and diffuse interface models

Rocard (1933) Piechór (2008) Takata et al. (2018) (2021)

Giovangigli (2020) (2021)



Kinetic framework (1)

• BBGKY hierarchy

f1(r1, c1, t) one-particle distribution f2(r1, c1, r2, c2, t) pair distribution

r12 = r2 − r1 r12 = |r12|

∂tf1 + c1 ·∇r1f1 =

∫
θ12f2 dr2 dc2

∂tf2 + c1 ·∇r1f2 + c2 ·∇r2f2 − θ12f2 =

∫
(θ13 + θ23)f3 dr3 dc3

• Operator θ12

m mass of a particle ϕ = ϕ(r12) pair interaction potential

θ12 =
1

m
∇r1ϕ·∇c1

+
1

m
∇r2ϕ·∇c2



Kinetic framework (2)

• Cluster expansion of pair distributions

S12 = exp (−tH12) exp (tH1) exp (tH2) Neglect triple collisions

H1 = c1·∇r1 H12 = c1·∇r1 + c2·∇r2 − θ12

f2(r1, c1, r2, c2, 0) = f1(r1, c1, 0)f1(r2, c2, 0) f2 = S12f1(r1, c1, t)f1(r2, c2, t)

τ12(r1, c1, r2, c2) = lim
t→∞

S12(r1, c1, r2, c2, t)

• Generalized Boltzmann equations

∂tf1 + c1 ·∇r1f1 = J (f1) =

∫
θ12τ12f1(r1, c1, t)f1(r2, c2, t) dr2 dc2



Kinetic framework (3)

• Action of the streaming operator

(r′1,c
′
1, r

′
2, c

′
2) = τ12(r1, c1, r2, c2)

mc1 +mc2 = mc′1 +mc′2 mr1 +mr2 = mr′1 +mr′2

1
2m|c1|2 + 1

2m|c2|2 + ϕ(r12) =
1
2m|c′1|2 + 1

2m|c′2|2

• Bogoliubov distribution

f2(r1, c1, r2, c2, t) = τ12f1(r1, c1, t)f1(r2, c2, t) = f1(r
′
1, c

′
1, t) f1(r

′
2, c

′
2, t)

• Decomposition of f2

f2 = f1(r1, c
′
1, t) f1(r1, c

′
2, t) +

(
f1(r

′
1, c

′
1, t) f1(r

′
2, c

′
2, t)− f1(r1, c

′
1, t) f1(r1, c

′
2, t)

)



Kinetic framework (4)

• Decomposition of J = J (0) + J (1)

J (0)(f1) =

∫
θ12f1(r1, c

′
1, t)f1(r1, c

′
2, t) dr2 dc2

J (1)(f1) =

∫
θ12

(
f1(r

′
1, c

′
1, t)f1(r

′
2, c

′
2, t)− f1(r1, c

′
1, t)f1(r1, c

′
2, t)

)
dr2 dc2

J (0)(f) coincide with Boltzmann collision operator

• Generalized Boltzmann equation

∂tf1 + c1 ·∇r1f1 = J (0)(f1) + J (1)(f1)



Kinetic framework (5)

• Number densities and fluid velocity

n(r, t) =

∫
f1(r, c1, t) dc1 ρ = mn

ρ(r, t)v(r, t) =

∫
mc1f1(r, c1, t) dc1 r = r1

• Internal energy

E = Ek + Ep Ek(r, t) =

∫
1
2m|c1 − v|2f1(r, c1, t)dc1

Ep(r, t) =

∫
1
2ϕ(r12)n12(r, r+ r12, t)dr12

n12(r1, r2, t) =

∫
f2(r1, c1, r2, c2, t)dc1dc2 r12 = r2 − r1



Kinetic framework (6)

• Mass conservation equations

∂tρ+∇·(ρv) = 0

• Momentum conservation equation

∂t(ρv) +∇·(ρv⊗v) +∇·P = 0 P = Pk +Pp

Pk(r, t) =

∫
m(c1 − v)⊗(c1 − v)f1(r, c1, t)dc1

Pp(r, t) = − 1
2

∫
ϕ′(r12)

r12
r12⊗r12 n12

(
r− (1− α)r12, r+ αr12, t

)
dαdr12



Kinetic framework (7)

• Energy conservation equation

∂tE +∇·(vE) +∇·Q = −P :∇v Q = Qk +Qp

1 +Qp

2

Qk(r, t) = 1
2

∫
m|c1 − v|2(c1 − v)f1(r, c1, t)dc1

Qp

1(r, t) =
1
2

∫
ϕ(r12)(c1 − v)f2(r, c1, r+ r12, c2, t)dc1dr12dc2

Qp

2(r, t) = − 1
4

∫
ϕ′(r12)

r12
r12 r12·(c1 − v + c2 − v)

× f2
(
r− (1− α)r12, c1, r+ αr12, c2, t

)
dαdc1dr12dc2



Kinetic framework (8)

• BBGKY hierarchy and moderately dense gas kinetic theory

Yvon (1935), Born and Green (1946), Kirkwood (1946), Bogoliubov (1946)

Choh and Uhlenbeck (1958) García-Colín et al. (1966) Cohen et al. (1970)

Chapman and Cowling (1970) Ferziger and Kaper (1972)

• Kinetic entropy (no known general H theorem)

Sk(r, t) = −kB
∫
f1(r, c1, t)

(
log

h3Pf1(r, c1, t)

m3
− 1

)
dc1

− 1
2kB

∫ (
f2(r, c1, r+ r12, c2, t)

(
log

f2(r, c1, r+ r12, c2, t)

f1(r, c1, t)f1(r+ r12, c2, t)
− 1

)

+ f1(r, c1, t)f1(r+ r12, c2, t)
)
dc1dr12dc2

Stratonovich (1955) Nettleton and Green (1958) Klimontovitch (1972)



Classical Nonideal Fluids (0)

• New Enskog scaling

∂tf1 + c1 ·∇r1f1 =
1

ǫ
J (0)(f) + J (1)(f)

f1 = f
(0)
1

(
1 + ǫφ(1) +O(ǫ2)

)

• Zeroth order distributions

J (0)
(
f (0)

)
= 0

f
(0)
1 = n

( m

2πkBT

) 3

2

exp
(
−m|c1 − v|2

2kBT

)

• Various choices for zeroth order and pair distribution functions f
(0)
2



Classical Nonideal Fluids (1)

• Classic zeroth order pair distributions

f
(0),cl
2 = f

(0)
1 (r1, c

′
1, t) f

(0)
1 (r1, c

′
2, t) = f

(0)
1 (r1, c1, t)f

(0)
1 (r1, c2, t)g(r1, r12)

g(r1, r12) = exp
(
− ϕ(r12)

kBT (r1)

)

mc1 +mc2 = mc′1 +mc′2

1
2m|c1|2 + 1

2m|c2|2 + ϕ(r12) =
1
2m|c′1|2 + 1

2m|c′2|2

• Euler equations

∂tρ+∇·(ρv) = 0

∂t(ρv) +∇·(ρv⊗v) +∇pcl = 0

∂tEcl +∇·
(
vEcl

)
+ pcl∇·v = 0



Classical Nonideal Fluids (2)

• Mayer function moments

f12(r1, r12) = exp
(
− ϕ(r12)

kBT (r1)

)
− 1 β =

∫
f12dr12 β′ = dβ/d(kBT )

• Thermodynamic properties

pcl = nkBT − 1
2n

2β kBT

Ecl = 3
2nkBT + 1

2n
2β′(kBT )

2

Scl = −kBn
(
log(nΛ3)− 5

2

)
+ 1

2kBn
2(β + kBTβ

′)

Λ De Broglie thermal wavelength Λ = hP/(2πmkBT )
1/2



Classical Nonideal Fluids (3)

• Linearized equations

I(φ(1)) = ψ
(1)
i

ψ(1) = −
(
∂t log f

(0)
1 + c1·∇r1 log f

(0)
1

)
+

1

f
(0)
1

J (1)(f
(0)
1 )

• Evaluation of linearized equations

I coincide with Boltzmann linearized operator

First order Taylor expansions of pair distributions

ψ(1) = −ψη:∇v − ψκ∇·v − ψλ·∇
( −1

kBT

)

New nonlocal collision integrals

Simplified Enskog constraints



Classical Nonideal Fluids (4)

• Decomposition the perturbed distribution

φ = −φη:∇v − φκ∇·v − φλ·∇
( −1

kBT

)

• First order equations

∂tρ+∇·(ρv) = 0

∂t(ρv) +∇·(ρv⊗v) +∇·P = 0

∂tE +∇·(vE) +∇·Q = −P :∇v

• Transport fluxes

P = pclI − v∇·v I − η
(
∇v +∇vt − 2

3∇·v I
)

Q = −λ∇T

Very complex expressions for the transport coefficients



Classical Nonideal Fluids (5)

• Van der Waals equation of state

ϕ(r12) =







+∞ if 0 ≤ r12 ≤ σ

ϕ(r12) < ∞ if σ < r12
β =

∫

f12dr12

pcl =
nkBT

1− bn
− n2a

b = 4
4πσ3

3
a = −2π

∫ ∞

2σ

ϕ(r12)r
2
12dr12

• Orders of magnitude

σ⋆ ≪ r⋆ ≪ l⋆
k

σ⋆2l⋆
k
= r⋆3 β⋆ = σ⋆3

1
2n

2βkBT
/
nkBT ≈

(σ⋆

r⋆

)3



Kinetic Derivation for Diffuse Interface Fluids (1)

• Higher order Taylor expansions of symmetrized pair distributions

f
(0),cl
2 = f

(0)
1 (r1, c1, t)f

(0)
1 (r1, c2, t)g(r1, r12) g(r1, r12) = exp

(
− ϕ(r12)

kBT (r1)

)

f
(0),sy
2 = f

(0)
1 (r1, c1, t)f

(0)
1 (r2, c2, t)g(ri,j , r12) g = g(r12) = g(r1, r12)

• Potential part of the pressure tensor

Pp(r, t) = − 1
2

∫
ϕ′(r12)

r12
r12⊗r12 n12

(
r− (1− α)r12, r+ αr12, t

)
dαdr12

n12
(
r1−(1− α)r12, r1 + αr12, t

)
≈

(
n(r1)− (1− α)∇n(r1)·r12 +

1
2 (1− α)2∇2n(r1):(r12⊗r12)

)

×
(
n(r1) + α∇n(r1)·r12 +

1
2α

2∇2n(r1):(r12⊗r12)
)
× g(r12)



Kinetic Derivation for Diffuse Interface Fluids (2)

• Extra terms with two derivative Pex in the pressure tensor P

Lengthy calculations of all contributions

Pex = κ

6

(
2∇n⊗∇n+∇n·∇nI − 4n∇2n− 2n∆nI

)

κ =
1

30

∫
ϕ′(r12)g(r12)r

3
12dr12 =

2π

15

∫
ϕ′(r12)g(r12)r

5
12dr12

Integro-differential relations and equivalent formulation ∇·Pex = ∇·P
ex

Neglect temperature dependence of the capillarity coefficients κ = κ/m2

• The Korteweg tensor

P
ex

= κ

(
∇n⊗∇n− 1

2 |∇n|2I − n∆nI
)
= κ

(
∇ρ⊗∇ρ− 1

2 |∇ρ|2I − n∆nI
)



Kinetic Derivation for Diffuse Interface Fluids (3)

• Alternative expressions for the capillarity

κ = 1
6kBT

∫
f12r

2
12dr12 = 2π

3 kBT

∫
f12r

4
12dr12

The potential is such that ϕ(r12) =

{
+∞ if 0 ≤ r12 ≤ σ

ϕ(r12) < ∞ if σ < r12

Linearizing f12 over r12 > σ yields κ = − 1
6

∫
r
12

>σ
ϕr212dr12

• Orders of magnitude

κ
⋆ = kBT

⋆ σ⋆5 β⋆ = σ⋆3 l⋆∇n Typical length of density gradients

κ |∇n|2
/
nkBT ≈

(σ⋆

r⋆

)3( σ⋆

l⋆∇n

)2



Kinetic Derivation for Diffuse Interface Fluids (4)

• Extra terms with two derivatives Eex in the internal energy E

Eex = − 1
2κ n∆n = 1

2κ |∇n|2 − 1
2∇·

(
κn∇n

)

• Van der Waals gradient internal energy Eex

Eex = 1
2κ |∇n|2 = 1

2κ |∇ρ|2 E = Ecl + Eex

Ξ = − 1
2

(
∂t∇·(κn∇n) +∇·

(
∇·(κn∇n)v

))
= ∇·q0



Kinetic Derivation for Diffuse Interface Fluids (5)

• Extra terms with two derivatives Qex in the heat flux Q

Very lengthy calculations all contributions

Qex+Pex·v = κ n∇·v∇n+ 1
2κ n

2∇(∇·v) + 1
2κ n(∇v)t·∇n

+ 1
2κ

(
∇ni⊗∇n+ n∇2n−∇n·∇nI − n∆n

)
·v

− κ

6
n
(
∇v + (∇v)t +∇·vI

)
·∇n− κ

6
n2

(
∆v + 2∇(∇·v)

)

+
κ

6

(
2∇n⊗∇n+∇n·∇nI − 4n∇2n− 2n∆nI

)
·v



Kinetic Derivation for Diffuse Interface Fluids (6)

• Equivalent formulation with ∇·
(
Qex + Pex·v

)
= ∇·

(
Q

ex
+ P

ex
·v
)

∇·(Qex +Pex·v) = ∇·
(
κ n∇·v∇n− 1

3κ n∇v·∇n

+ 1
3κ n(∇v)t·∇n− 1

6κn
2∆v + 1

6κ n
2∇(∇·v)

+ κ
(
∇n⊗∇n− 1

2∇n·∇nI − n∆nI
)
·v
)

• The Dunn and Serrin heat flux

Q
ex

= κn∇·v∇n = κρ∇·v∇ρ

• Zeroth order resulting equations

Euler equation

Van der Waals/Cahn-Hilliard internal energy

Korteweg tensor and Dunn and Serrin heat flux



Kinetic Derivation for Diffuse Interface Fluids (7)

• First order equations

∂tρ+∇·(ρv) = 0,

∂t(ρv) +∇·(ρv⊗v) +∇·P = 0

∂tE +∇·(vE) +∇·Q = −P :∇v

• Transport fluxes at first order

P =pclI − v∇·v I − η
(
∇v +∇vt − 2

3∇·v I
)

+ κ

(
∇ρ⊗∇ρ− 1

2 |∇ρ|2I − ρ∆ρI
)

Q =− λ∇T + κρ∇·v∇ρ



Compatibility with Thermodynamics (1)

• Gibbs relation from A = Acl + 1
2
κ|∇ρ|2

TdS = dE − gdρ− κ∇ρ·d∇ρ

• Entropy production

∂tS +∇·(vS) +∇·
(Q
T

− κρ∇·v∇ρ

T

)

=− 1

T

(
P − pI − κ∇ρ⊗∇ρ+ ρ∇·(κ∇ρ) I

)
:∇v −

(
Q− κρ∇·v∇ρ

)
·∇

(−1

T

)

• Ambiguity of thermodynamical methods

κρ∇·v∇ρ·∇
(−1

T

)



Compatibility with Thermodynamics (2)

• Thermodynamic of irreversible processes

Equations compatible with the thermodynamic of irreversible processes

Thermodynamic of irreversible processes ambiguous for diffuse interface fluids

Gibbsian entropy S differ from
∫
Skdc1 with capillarity effects

• Agreement with Bogoliubov pair distributions

Bogoliubov zeroth order pair distributions f
(0),Bo
2 = f

(0)
1 (r′1, c

′
1)f

(0)
1 (r′2, c

′
2)

l⋆∇T and l⋆∇T characteristic lengths of temperature and velocity gradients

(σ⋆

r⋆

)3( σ⋆

l⋆∇n

)( σ⋆

l⋆∇T

)
≪ 1

(σ⋆

r⋆

)3( σ⋆

l⋆∇n

)( σ⋆

l⋆∇v

)( δv⋆√
kBT ⋆/m⋆

)
≪ 1

f
(0)
1 = nf̃1

(0)
∇ log f̃1

(0) ≪ ∇ logn Hard potential approximations

Careful estimates for deviations in E , P , Qp

1, Q
p

2, and ψ(1)



Agreement with Bogoliubov Distribution

• Rescaled distributions

T (r1) = T (r′1) = T (r2) = T (r′2) = T f
(0)
1 = ni f̃

(0)
i

v(r1) = v + δv1 v(r′1) = v + δv′
1 v(r2) = v + δv2 v(r′2) = v + δv′

2

All relative Mach numbers negligible δvi

√
m/2kBT (r) ≪ 1

f̃
(0)
i (r′1, c

′
1)f̃

(0)
i (r′2, c

′
2) = g

( m

2πkBT

)3

exp
(
−m|c1 − v|2 +m|c2 − v|2

2kBT

)

f̃
(0)
i (r′1, c

′
1)f̃

(0)
i (r′2, c

′
2) = gf̃

(0)
i (r1, c1)f̃

(0)
i (r2, c2)

• Hard potential approximation for number densities

n(r′1)n(r
′
2) = n(r1)n(r2)

f
(0),Bo

2 = gf
(0)
1 (r1, c1)f

(0)
1 (r2, c2) = f

(0),sy
2



4 Augmented System



Augmented Systems for Diffuse Interface Models

• Augmented systems

Gavrilyuk and Gouin (1999) Benzoni et al. (2005) (2006) (2007)

Bresch et al. (2019) (2000) Kotschote (2012)

• Two velocity hydrodynamics

Bresch et al. (2008) (2015) (2015)

• Symmetrization of the augmented system

Gavrilyuk and Gouin (1999) (2000)



Augmented system (1)

• Extra unknown w = ∇ρ

∂tw +
∑

i∈D

∂i
(
w vi + ρ∇vi

)
= 0 D = { 1, . . . , d }

• Augmented unknowns

u =
(
ρ,w, ρv, E + 1

2ρ|v|
2
)t

z =
(
ρ,w, v, T

)t

• New thermodynamic functions

E = Ecl + 1
2 (κ − T∂Tκ)|w|2 S = Scl − 1

2∂Tκ|w|2

p = pcl − 1
2κ|w|2 g = gcl H = Hcl − 1

2T∂Tκ|w|2



Augmented system (2)

• Thermodynamic functions

(H1) E, p, S are Cγ functions of z ∈ Oz ⊂ (0,∞)×R
d ×R

d × (0,∞) open set

κ = κ(T ) is a Cγ+1 function of temperature T over Oz

If (ρ, T )t ∈ O
z
cl , (ρ, 0, 0, T )t ∈ Oz. If (ρ,w, v, T )t ∈ Oz, (ρ, T )

t ∈ O
z
cl

(H2) Letting G = E + p− TS = ρg we have T dS = dE − g dρ− κw· dw

(H3) The open set Oz is increasing with temperature T and ∂T E > 0

(H4) The capillarity coefficient is positive κ > 0 over Oz

(H5) The coefficients v, η and λ are Cγ functions over Oz

We have η > 0, λ > 0, v ≥ 0, and v+ η(1− 2
d ) > 0



Augmented system (3)

Lemma 1. Assuming (H1)-(H2) and that z 7→ u is locally invertible then

∂2
uu
S negative definite ⇐⇒ ∂T E > 0 ∂ρp > 0 and κ > 0

Lemma 2. Assuming (H1)-(H3) then the map z 7→ u is a Cγ diffeomorphism from

the open set Oz onto an open set Ou.

Lemma 3. Assuming (H1) and given δ > 0 there exists a Cγ−1 function m such

that m ≥ 0

m+ ∂ρp/ρT > 0

and m = 0 if ∂ρp/ρT ≥ δ.



Augmented system (4)

• Partial differential equations

∂tρ+
∑

i∈D

∂i(ρvi) = 0

∂twj +
∑

i∈D

∂i
(
wj vi + ρ∂jvi

)
= 0

∂t(ρvj) +
∑

i∈D

∂i(ρvivj + Pij) = 0

∂t
(
E + 1

2ρ|v|
2
)
+

∑

i∈D

∂i
(
(E + 1

2ρ|v|
2)vi +Qi +

∑

i∈D

Pijvj) = 0



Augmented system (5)

• Transport fluxes

Pij = pδij + κ∂iρ ∂jρ− ρ
∑

l∈D

∂l(κ∂lρ)δij + Pd
ij

Qi = κρ
∑

l∈D

∂lvl ∂iρ+Qd
i

• Dissipative transport fluxes

Pd
ij =− v

∑

l∈D

∂lvl δij − η
(
∂ivj + ∂jvi − 2

d

∑

l∈D

∂lvl δij
)

Qd
i = −λ∂iT



Augmented system (6)

• Augmented entropic variable

σ = −S = −Scl + 1
2∂Tκ |w|2 v = (∂uσ)

t =
1

T

(
g − 1

2 |v|
2,κw, v,−1

)t

• Stable points

Ost
z
= { z ∈ Oz

∣∣ ∂ρp > 0 }
u 7→ v locally invertible around stable points with ∂ρp > 0

• Legendre transform L of entropy

L = 〈u, v〉 − σ =
1

T

(
p+ κ|w|2

)
∂uσ = vt ∂vL = ut

• Convective fluxes

Fi =
(
∂v(Lvi)

)t Li = Lvi



Augmented system (7)

• New augmented form

∂tu+
∑

i∈D

∂i
(
Fi + Fd

i + Fc
i

)
= 0

• New augmented fluxes inthe ith direction

Fi =
(
ρvi,wvi, ρvvi + (p+ κ|w|2)bi, (E + p+ κ|w|2)vi

)t

Fd
i =

(
0, 0d,1, P

d
i, Qd

i +
∑

j∈D

Pd
ijvj

)t

Pd
i = (Pd

1i, . . . ,Pd
di)

t

Fc
i =

(
0, ρ∇vi,−ρ∇(κwi), ρκw·∇vi − ρv·∇(κwi)

)t

• Equivalence of both formulations

Rely on calculus identities



Augmented system (8)

• Convective, dissipative and capillary matrices

Ai = ∂uFi Fd
i = −

∑

j∈D

Bd
ij∂ju Fc

i = −
∑

j∈D

Bc
ij∂ju, i ∈ D

• Quasilinear form

∂tu+
∑

i∈D

Ai(u)∂iu−
∑

i,j∈D

∂i
(
Bd
ij(u)∂ju

)
−

∑

i,j∈D

∂i
(
Bc
ij(u)∂ju

)
= 0

Ai, B
d
ij , and Bc

ij , for i, j ∈ D, have at least regularity Cγ−1 over Ou

• Symmetrization

Structure of the system of equations plus existence results



Symmetrized Augmented System (1)

• Entropic symmetrization for stable points u = u(v)

Ã0(v)∂tv +
∑

i∈D

Ãi(v)∂iv −
∑

i,j∈D

∂i
(
B̃d
ij(v)∂jv

)
−

∑

i,j∈D

∂i
(
B̃c
ij(v)∂jv

)
= 0

Ã0 = ∂vu Ãi = Ai∂vu B̃d
ij = Bd

ij∂vu B̃c
ij = Bc

ij∂vu det Ã0 =
ρ2T 5

κ

∂T E
∂ρp

• Structure of entropic symmetrized system

Ã0 symmetric positive definite for stable points Ãi symmetric for i ∈ D

(B̃d
ij)

t = B̃d
ji

∑

i,j∈D

ξiξjB̃
d
ij positive semi definite (B̃c

ij)
t = −B̃c

ji

The map u 7→ v is generally not globally invertible



Symmetrized Augmented System (2)

• Normal variable

w =
(
ρ,w, v, T

)t
w = (wI,wII)

t wI = (ρ,w)t wII = (v, T )t

R
n = R

nI × R
nII n = nI + nII nI = nII = d+ 1

wI = (wI
′ ,wI

′′)t wI
′ = ρ wI

′′ = w ∇wI
′ = wI

′′ wr = (wI
′ ,wII)

t

u → w diffeomorphism from Ou onto Ow = Oz since w = z

• Normal form

u = u(w) and multiplication on the left by (∂wv)
t

Add
(
∂tρ+∇·(ρv)

)
×m to the first equation Non conservative form

A0 = (∂wv)
t∂wu+me1⊗e1 Ai = (∂wv)

t∂wFi +mvi e1⊗e1 i ∈ D

A0(w)∂tw +
∑

i∈D

Ai(w)∂iw −
∑

i,j∈D

Bd
ij(w)∂i∂jw −

∑

i,j∈D

Bc
ij(w)∂i∂jw = h(w,∇w)



Symmetrized Augmented System (3)

• Normal form

A0(w)∂tw +
∑

i∈D

Ai(w)∂iw −
∑

i,j∈D

Bd
ij(w)∂i∂jw −

∑

i,j∈D

Bc
ij(w)∂i∂jw = h(w,∇w)

• Properties of the normal form

A0 = diag(AI,I
0 ,A

II,II
0 ) symmetric positive definite Ai symmetic for i ∈ D

(Bd
ij)

t = Bd
ji Bd

ij = diag(0,Bd II,II
ij ) Bd II,II =

∑

i,j∈D

ξiξjB
d II,II
ij positive definite

(Bc
ij)

t = −Bc
ji B

c I,I
ij = 0 B

c I,II
ij , B

c II,I
ij , A

II,II
0 depend on wr = (wI

′ ,wII)
t

• Right hand side

h = (hI, hII)
t hI =

(
−mρ∇·v,−κ

T

∑

i∈D

wi∇vi

)t

hII = hII(w,∇w)



Symmetrized Augmented System (4)

• Gradient constraint for nonlinear equations

Natural equation for w −∇ρ

∂t(w −∇ρ) + v·∇(w −∇ρ) + (w −∇ρ)∇·v + (∇v)t·(w −∇ρ) = 0

If w is smooth enough, w0 −∇ρ0 = 0 and w⋆ = 0 then w −∇ρ = 0

• Linearized equation with gradient constraint

A0(w)∂tw̃ +
∑

i∈D

Ai(w)∂iw̃ −
∑

i,j∈D

Bd
ij(w)∂i∂jw̃ −

∑

i,j∈D

Bc
ij(w)∂i∂jw̃ =

(
−m ρ∇·ṽ,−

∑

i∈D

κ

T
w̃i∇vi, hII(w,∇w)

)t



Symmetrized Augmented System (5)

• Linearized equation with gradient constraint

A0(w)∂tw̃ +
∑

i∈D

A′
i(w)∂iw̃ −

∑

i,j∈D

Bd
ij(w)∂i∂jw̃ −

∑

i,j∈D

Bc
ij(w)∂i∂jw̃

+ L(w,∇wII)w̃ = h′(w,∇w) =
(
0, hII(w,∇w)

)t

A′
i(w) = Ai(w) +mρe1⊗ed+1+i L(w,∇wII) =

∑

i∈D

κ

T
(0,∇vi, 01,nI

, 0)t⊗ei+1

• Gradient constraint for linearized equations

Natural equation for w̃ −∇ρ̃

∂t(w̃ −∇ρ̃) + v·∇(w̃ −∇ρ̃) + (w −∇ρ)∇·ṽ +∇vt·(w̃ −∇ρ̃) = 0

If w and w̃ are regular, w−∇ρ = 0, w̃0 −∇ρ̃0 = 0, w̃⋆ = 0 then w̃−∇ρ̃ = 0



5 Linearized Estimates



Linearized Equations (1)

• Linearized equations

A0(w)∂tw̃ +
∑

i∈D

A′
i(w)∂iw̃−

∑

i,j∈D

Bd
ij(w)∂i∂jw̃−

∑

i,j∈D

Bc
ij(w)∂i∂jw̃+L(w,∇wr)w̃ = f+g

• Assumptions on the coefficients

A0 = diag(AI,I
0 ,A

II,II
0 ) symmetric positive definite block diagonal

A
′I,I
i are symmetric, (Bd

ij)
t = Bd

ji, Bd
ij = diag(0,Bd II,II

ij )

Bd II,II =
∑

i,j∈D B
d II,II
ij ξiξj is positive definite for ξ ∈ Σd−1

(Bc
ij)

t = −Bc
ji B

c,I,I
ij = 0 A

II,II
0 , Bc,I,II

ij , Bc,II,I
ij only depend on wr = (wI

′ ,wII)
t

L = diag( LI,I, LII,II ) LI,I = LI,I(w)∇wr LII,II = LII,II(w)∇wr

A0, A
′
i, B

d
ij , B

c
ij , L

I,I, LII,II are Cl+2 over O
w

L(w,∇wr) w̃
⋆ = 0



Linearized Equations (2)

• Assumptions on w

d ≥ 1 l ≥ l0 + 2 where l0 = [d/2] + 1 1 ≤ l′ ≤ l

w given function of (t,x) over [0, τ̄ ]× R
d with τ̄ > 0





wI − w⋆
I
∈ C0

(
[0, τ̄ ], H l

)
∩ C1

(
[0, τ̄ ], H l−2

)

wII − w⋆
II
∈ C0

(
[0, τ̄ ], H l

)
∩ C1

(
[0, τ̄ ], H l−2

)
∩ L2

(
(0, τ̄), H l+1

)

O0 ⊂ O0 ⊂ Ow, 0 < a1 < dist(O0, ∂Ow), O1 = {w ∈ Ow; dist(w,O0) < a1 }
w0(x) = w(0,x) ∈ O0, w(t,x) ∈ O1, (t,x) ∈ [0, τ̄ ]×R

d

• Assumptions on f and g

f and g given functions of (t,x) over [0, τ̄ ]× R
d 1 ≤ l′ ≤ l

f ∈ C0
(
[0, τ̄ ], H l′−1

)
∩ L1

(
(0, τ̄), H l′

)
g ∈ C0

(
[0, τ̄ ], H l′−1

)
gI = 0



Linearized Equations (3)

• Assumptions on w̃

w̃I − w̃⋆
I
∈ C0

(
[0, τ̄ ], H l′

)
∩ C1

(
[0, τ̄ ], H l′−2

)
,

w̃II − w̃⋆
II
∈ C0

(
[0, τ̄ ], H l′

)
∩ C1

(
[0, τ̄ ], H l′−2

)
∩ L2

(
(0, τ̄), H l′+1

)
,

• Bounding quantities

M2 = sup
0≤τ≤τ̄

|w(τ)− w⋆|2l , M2
t =

∫ τ̄

0

|∂tw(τ)|2l−2 dτ, M2
r =

∫ τ̄

0

|∇wr(τ)|2l dτ

• Linearized estimates for 1 ≤ l′ ≤ l

There exists constants c1(O1) ≥ 1 and c2(O1,M) ≥ 1 increasing with M with

sup
0≤τ≤t

|w̃(τ)− w̃⋆|2l′ +
∫ t

0

|w̃II(τ)− w̃⋆
II
|2l′+1 dτ ≤ c21 exp

(
c2
(
t+Mt

√
t+Mr

√
t
))
×

(
|w̃0 − w̃⋆|2l′ + c2

{∫ t

0

|f|l′ dτ
}2

+ c2

∫ t

0

|gII|2l′−1 dτ
)



Linearized Equations (4)

• Sketch of the proof for the linearized estimates

Notation δw̃ = w̃ − w̃⋆ and E2
k(φ) =

∑
0≤|α|≤k

|α|!
α!

∫
Rd

〈
A0(w)∂

αφ, ∂αφ
〉
dx

Use of Gronwall Lemma and the inequality (δ(O1) ≤ 1 small constant)

∂tE
2
l′(δw̃) + δ1|δw̃II|2l′+1 ≤ c2

(
1 + |∂tw|l−2 + |∇wr|l

)
E2

l′(δw̃)

+ c2|f|l′El′(δw̃) + c2|gII|2l′−1

• Zeroth order inequality k = 0

⋆ Multiply the equation by δw̃ and integrate over R
d

⋆ Time derivative terms estimated with the symmetry of A0

〈δw̃,A0(w)∂tδw̃〉 = 1
2∂t〈δw̃,A0(w)δw̃〉 − 1

2 〈δw̃, ∂tA0(w)δw̃〉,

∂tA0(w) = ∂wA0 ∂tw is estimated with |∂tA0|L∞ ≤ c0|∂tA0|l−2 ≤ c1|∂tw|l−2



Linearized Equations (5)

• Zeroth order inequality k = 0 (continued)

⋆ The products 〈δw̃,A′
i(w)∂iδw̃〉 are evaluated by blocks

Symmetry for the (I, I) terms, direct estimates for (I, II) and (II, II) terms

The (II, I) terms are integrated by parts, |Ai|L∞ ≤ c1 and |∂iAi|L∞ ≤ c2

⋆ Dissipative terms integrated by parts, |∂iBd
ij(w)|L∞ ≤ c2, Garding inequality

δ1|φII|21 ≤
∑

i,j∈D

∫

Rd

〈Bd II,II
ij (w)∂jφII, ∂iφII〉 dx+ c2|φII|20 φII ∈ H1(Rd)

⋆ Antisymmetric terms integrated by parts and the first sum vanishes

−
∑

i,j∈D

∫

Rd

〈δw̃,Bc
ij(w)∂i∂jδw̃〉 dx =

∑

i,j∈D

∫

Rd

〈∂iδw̃,Bc
ij(w)∂jδw̃〉 dx

+
∑

i,j∈D

∫

Rd

〈δw̃, ∂iBc
ij(w)∂jδw̃〉 dx.



Linearized Equations (6)

• Zeroth order inequality k = 0 (continued)

⋆ Block evaluation of the terms
∑

i,j∈D

∫
Rd〈δw̃, ∂iBc

ij(w)∂jδw̃〉 dx
The terms (I, I), (I, II), (II, II) easily estimated, (II, I) terms integrated by parts

and use of Use of |∂i∂jBc II,I
ij | ≤ c2 since l ≥ l0 + 2

∑

i,j∈D

∫

Rd

〈δw̃II, ∂iB
c II,I
ij (w)∂jδw̃I〉 dx =−

∑

i,j∈D

∫

Rd

〈∂jδw̃II, ∂iB
c II,I
ij (w)δw̃I〉 dx

−
∑

i,j∈D

∫

Rd

〈δw̃II, ∂i∂jB
c II,I
ij (w)δw̃I〉 dx.

⋆ Zeroth order terms
∫
Rd〈δw̃, L(w,∇wr)δw̃〉 dx ≤ c2|δw̃|20 and right hand side

terms
∫
Rd〈δw̃, f〉 dx ≤ c1|δw̃|0|f|0 and

∫
Rd〈δw̃, g〉 dx ≤ |δw̃|0|g|0

∂tE
2
0(δw̃) + δ1|δw̃II|21 ≤ c1|f|0|δw̃|0 + c1|gII|20 + c2(1 + |∂tw|l−2)E

2
0(δw̃).



Linearized Equations (7)

• The l′th order inequality

⋆ The l′th order inequality obtained from

A0(w)∂t∂
αw̃ +

∑

i∈D

A′
i(w)∂i∂

αw̃ −
∑

i,j∈D

Bd
ij(w)∂i∂i∂

αw̃ −
∑

i,j∈D

Bc
ij(w)∂i∂i∂

αw̃

+ L(w,∇w)∂αw̃ = hα

hα = A0∂
α
(
A−1
0 f

)
+ A0∂

α
(
A−1
0 g

)
−

∑

i∈D

A0

[
∂α,A−1

0 A′
i

]
∂iw̃ − A0

[
∂α,A−1

0 L
]
w̃

+
∑

i,j∈D

A0

[
∂α,A−1

0 Bd
ij

]
∂i∂jw̃ +

∑

i,j∈D

A0

[
∂α,A−1

0 Bc
ij

]
∂i∂jw̃.

Multiply by ∂αδw̃, myltiply by |α|!/α!, integrate over R
d, sum over

1 ≤ |α| ≤ l′, and add zeroth order estimate



Linearized Equations (8)

• The l′th order inequality

⋆ Proceeding as for the zeroth order estimaet and use of |δw̃|l′ ≤ c1El′(δw̃)

∂tE
2
l′(δw̃) + δ1|δw̃II|2l′+1 ≤ c2(1 + |∂tw|l−2)E

2
l′(δw̃) +

∑

0≤|α|≤l′

|α|!
α!

∫

Rd

〈hα, ∂αδw̃〉 dx

⋆ Right hand sides with |A−1
0 f|l′ ≤ c1

(
1 + |A−1

0 (w)− A−1
0 (w⋆)|l

)
|f|l′ ≤ c2|f|l′

and eventual integration by parts for g

∣∣∣
∫

Rd

〈
A0∂

α
(
A−1
0 f

)
, ∂αδw̃

〉
dx

∣∣∣ ≤ |A0|∞ |A−1
0 f|l′ |δw̃|l′ ≤ c2|f|l′ |δw̃|l′

∣∣∣
∫

Rd

〈
A0∂

α
(
A−1
0 g

)
, ∂αδw̃

〉
dx

∣∣∣ ≤ c2|gII|l′−1 |δw̃II|l′+1



Linearized Equations (9)

• The l′th order inequality

⋆ Convective and dissipative contributions using commutator estimates

∣∣∣
∫

Rd

〈
A0

[
∂α,A−1

0 A′
i

]
∂iw̃, ∂

αδw̃
〉
dx

∣∣∣ ≤ c2|δw̃|2l′
∣∣∣
∫

Rd

〈
A0

[
∂α,A−1

0 Bd
ij

]
∂i∂jw̃, ∂

αδw̃
〉
dx

∣∣∣ ≤ c2 |δw̃II|l′+1 |δw̃II|l′
∑

0≤|α|≤l′

∣∣[∂α, u]v
∣∣
0
≤ c0|∇u|l−1

|v|l′−1 ∇u ∈ H l−1 v ∈ H l′−1 l ≥ l0 + 1

⋆ Block evaluation for the antisymmetric terms. The (I, I) terms vanish and the

(I, II) and (II, II) are estimated with the commutator estimates

−
∑

i,j∈D

∫

Rd

〈
A0

[
∂α, (A0)

−1 Bc
ij

]
∂i∂jδw̃, ∂

αδw̃
〉
dx



Linearized Equations (10)

• The l′th order inequality

⋆ The (II, I) antisymmetric terms with [∂α,V]∂iφ = ∂i([∂
α,V]φ)− [∂α, ∂iV]φ

are integration by parts

−
∑

i,j∈D

∫

Rd

〈
A

II,II
0

[
∂α, (AII,II

0 )−1 B
c II,I
ij

]
∂i∂jδw̃I, ∂

αδw̃II

〉
dx =

∑

i,j∈D

∫

Rd

〈[
∂α, (AII,II

0 )−1 B
c II,I
ij

]
∂jδw̃I, ∂i(A

II,II
0 ∂αδw̃II)

〉
dx

+
∑

i,j∈D

∫

Rd

〈
A

II,II
0

[
∂α, ∂i

(
(AII,II

0 )−1 B
c II,I
ij

)]
∂jδw̃I, ∂

αδw̃II

〉
dx

Last sum estimated by using that (AII,II
0 )−1 B

c II,I
ij only depends on wr

Upper bounds in the form c2|δw̃|l′ |δw̃II|l′+1 + c2|∇wr|l|δw̃|2l′



Linearized Equations (11)

• The l′th order inequality

⋆ Terms associated with A0

[
∂α,A−1

0 L
]
w̃ estimated as

∣∣∣
∫

Rd

〈
A0

[
∂α,A−1

0 L
]
w̃, ∂αδw̃

〉
dx

∣∣∣ ≤ c2|∇wr|l|δw̃|2l′

since L = diag( LI,I, LII,II ) is a linear function of ∇wr

⋆ Final differential inequality

∂tE
2
l′(δw̃) + δ1|δw̃II|2l′+1 ≤ c2

(
1 + |∂tw|l−2 + |∇wr|l

)
E2

l′(δw̃)

+ c2|f|l′El′(δw̃) + c2|gII|2l′−1

⋆ Apply Gronwall Lemma



Linearized Equations (12)

• Regularized operators for 0 < ǫ ≤ 1

Rǫφ(r) =

∫
aǫ(r− r̂)φ(r̂) dr̂ aǫ = ǫ−da(r/ǫ)

∫
a dr = 1 a > 0 on Ball(0, 1)

• Regularized equations

A0(w)∂tw̃ +
∑

i∈D

A′
i(w)∂iw̃ −

∑

i,j∈D

Bd
ij(w)∂i∂jw̃

−
∑

i,j∈D

RǫB
c
ij(w)Rǫ∂i∂jw̃ + L(w,∇wr)w̃ = f + g

• Existence of solutions for linearized equations

Existence for regularized equations for ǫ fixed by uncoupling

New estimates for solutions of regularized equations independent of ǫ

Taking the limit ǫ→ 0



6 Existence of Solutions



Existence Results for Diffuse Interface Models

• Isothermal

Hattori and Li (1996) Danchin and Desjardins (2001) Kotschote (2008)

Bresch et al. (2003) (2019)

• Euler-Korteweg

Bresch et al. (2008) (2019) Benzoni et al. (2005) (2006) (2007)

Donatelli et al. (2004) (2014) Tzavaras et al. (2018) (2017)

• Full model

Haspot (2009) Kotschote (2012) (2014)

• Symmetrization for diffuse interface fluids

Gavrilyuk and Gouin (2000) Kawashima et al. (2022)



Existence of Strong Solutions (1)

• Structural assumptions

Augmented system in normal form with the gradient constraint

Linearized equations enforcing the gradient constraint

(
A′
i(w)− Ai(w)

)
∇w + L(w,∇wr)w + h(w,∇w) = h′(w,∇w)

Right hand sides in the form

hI =
∑

i∈D

m
I

i(w)∂iwr +
∑

i,j∈D

m
I,I
ij (w)∂iwr∂jwr

hII =
∑

i∈D

m
II

i (w)∂iw +
∑

i,j∈D

m
II,II
ij (w)∂iw∂jw

wr is the more regular part wr = (wI
′ ,wII)

t of the normal vartiable



Existence of Strong Solutions (2)

Theorem 4. Let d ≥ 1, l ≥ l0 + 2, l0 = [d/2] + 1, and let b > 0.

Let O0 ⊂ O0 ⊂ Ow, 0 < a1 < dist(O0, ∂Ow), O1 = {w ∈ Ow; dist(w,O0) < a1 }.
There exists τ̄(O1, b) > 0 such that for any w0 with w0 ∈ O0, w0 − w⋆ ∈ H l,

w0I
′′ = ∇w0I

′ and

|w0 − w⋆|2l < b2,

there exists a unique local solution w with initial condition w(0,x) = w0(x), such

that w(t,x) ∈ O1 for (t,x) ∈ [0, τ̄ ]×R
d, wI

′′ = ∇wI
′ , and

wI − w⋆
I
∈ C0

(
[0, τ̄ ], H l

)
∩ C1

(
[0, τ̄ ], H l−2

)

wII − w⋆
II
∈ C0

(
[0, τ̄ ], H l

)
∩ C1

(
[0, τ̄ ], H l−2

)
∩ L2

(
(0, τ̄), H l+1

)

Moreover, there exists cloc(O1, b) ≥ 1 such that

sup
0≤τ≤τ̄

|w(τ)− w⋆|2l +
∫ τ̄

0

|wII(τ)− w⋆
II
|2l+1dτ ≤ c2loc|w0 − w⋆|2l .



Existence of Strong Solutions (3)

• Sketch of the proof (1)

⋆ Xl
τ̄

(
O1,M

)
defined by w − w⋆ ∈ C0

(
[0, τ̄ ], H l

)
, ∂tw ∈ C0

(
[0, τ̄ ], H l−2

)
,

wII − w⋆
II
∈ L2

(
(0, τ̄), H l+1

)
, w(t,x) ∈ O1, wI

′′ = ∇wI
′ , and

sup
0≤τ≤τ̄

|w(τ)− w⋆|2l +
∫ τ̄

0

|wII(τ)− w⋆
II
|2l+1 dτ ≤M 2

∫ τ̄

0

|∂tw(τ)|2l−2 dτ ≤M 2

∫ τ̄

0

|∇wr(τ)|2l dτ ≤M 2

⋆ Xl
τ̄

(
O1,M

)
invariant by the map w 7→ w̃ for suitable M and τ̄ small enough

Rely on a priori estimates for linearized equations applied to w̃k

Successive approximations {wk}k≥0 with w0 = w⋆, wk+1 = w̃k well defined



Existence of Strong Solutions (4)

• Sketch of the proof (2)

⋆ The sequence {wk}k≥0 is convergent over [0, τ̄ ] for the norm

sup
0≤τ≤τ̄

|δw̃(τ)|2l−2 +

∫ τ̄

0

|δw̃II(τ)|2l−1 dτ

Rely on a priori estimates for linearized equations applied to wk+1 − wk+1

⋆ wk → w ∈ C0
(
[0, τ̄ ], H l−2

)
that is a solution (fixed point)

w ∈ L∞
(
(0, τ̄), H l

)
and wII − w⋆

II
∈ L2

(
(0, τ̄), H l+1

)

⋆ w ∈ C0
(
(0, τ̄), H l

)
since the sequence

wδ = Rδw

form a Cauchy sequence in C0
(
[0, τ̄ ], H l

)



Existence of Strong Solutions (5)

• Application to diffuse interface fluids

Theorem 5. Let d ≥ 1, l ≥ l0 + 2, and b > 0. There exists τ̄(O1, b) > 0 such that

for any w0 with w0 ∈ O0, w0 −w⋆ ∈ H l, w0 = ∇ρ0 and |w0 −w⋆|2l < b2 there exists

a unique local solution w with w(0,x) = w0(x), w(t,x) ∈ O1, w = ∇ρ, and

ρ− ρ⋆ ∈ C0
(
[0, τ̄ ], H l+1

)
,

v − v⋆ ∈ C0
(
[0, τ̄ ], H l

)
∩ L2

(
(0, τ̄), H l+1

)

T − T ⋆ ∈ C0
(
[0, τ̄ ], H l

)
∩ L2

(
(0, τ̄), H l+1

)
.

Moreover, there exists cloc(O1, b) ≥ 1 such that

sup
0≤τ≤τ̄

|ρ(τ)− ρ⋆|2l+1 + sup
0≤τ≤τ̄

|v(τ)− v⋆|2l + sup
0≤τ≤τ̄

|T (τ)− T ⋆|2l +
∫ τ̄

0

|v(τ)− v⋆|2l+1dτ

+

∫ τ̄

0

|T (τ)− T ⋆|2l+1dτ ≤ c2loc

(
|ρ0(τ)− ρ⋆|2l+1 + |v0(τ)− v⋆|2l + |T0(τ)− T ⋆|2l

)



Conclusion/Future work

• Physical aspects

Derivation of Cahn-Hilliard equations

Mixtures with polyatomic species with chemical reactions

Numerical simulations at the Molecular/Boltzmann/Fluid levels

Boundary equations at solid walls

• Mathematical aspects

Global existence results around constant equilibrium states

Global existence results around stationary nonconstant equilibrium states

Multicomponent mixtures and Cahn-Hilliard equations


