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Summary of the talk

@ Boltzmann description for gas mixtures

o BGK-type model for inert mixtures of monatomic gases mimicking
the structure of the Boltzmann collision operator for gas mixtures
[Bobylev, Bisi, Groppi, Spiga, Potapenko (KRM 2018)]

@ Mixed Boltzmann—-BGK model for gas mixtures, where each kind of
binary interactions may be modelled by a Boltzmann or by a BGK
operator

@ Particular option: Boltzmann operators for intra—species collisions
and BGK operators for inter—species collisions

We aim at preserving wherever possible the detailed description of
interactions provided by Boltzmann operators, and at the same time we
would like an analytically and numerically manageable kinetic model for
gas mixtures
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BGK models for inert or reactive gas mixtures
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Boltzmann description for inert gas mixtures

We consider an inert mixture of N species (s =1,...,N)
Boltzmann equations

Ofs
87+V Vf—Zer S5 r

with Qg (f, f,) / / gs(lyl, y-w) ( " (V) —1f(v) f,(v*)} dv, dw

e v/, v} are post—collision velocities
@ y =v — v, is the relative velocity

o Cross sections gs(|yl|, 1), p € [-1,1] depend on reduced masses and
on the intermolecular potential
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BBGSP model for inert gas mixtures

(Bobylev, Bisi, Groppi, Spiga, Potapenko (KRM 2018))

We want to preserve the structure of Boltzmann collision operator (sum
of binary interaction operators)

N
of, e
E“”V'vxfs—;gsr

with ésr = Vsr(ns M — fs)
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BBGSP model for inert gas mixtures

(Bobylev, Bisi, Groppi, Spiga, Potapenko (KRM 2018))

We want to preserve the structure of Boltzmann collision operator (sum
of binary interaction operators)

N
of, e
E“”V'vxfs—;gsr

with ésr = Vsr(ns M — fs)

Maxwellian attractors

Tsr 32 - r 2
M, = /\/I(v; Us,, 7> — ( ms ) exp [_ ms|vus|]
ms
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BBGSP model for inert gas mixtures

(Bobylev, Bisi, Groppi, Spiga, Potapenko (KRM 2018))

We want to preserve the structure of Boltzmann collision operator (sum
of binary interaction operators)

of, LI
E“”V'vxfs—;gsr

with ésr = Vsr(ns Mg — fs)
Maxwellian attractors

Ts m 3/2 ms|v — ug |2
T ) B

= 5N free parameters {vs, ug, To; s,r=1,...,N} to be
combined with only (N+4) conservation laws

[For this reason many consistent BGK models are available for gas mixtures]
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Construction of auxiliary parameters of BBGSP model

@ Collisions of identical particles are described by the usual BGK
model: Uss = Ug, T =Ts, s=1,....N
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Construction of auxiliary parameters of BBGSP model

@ Collisions of identical particles are described by the usual BGK
model: Uss = Ug, T =Ts, s=1,....N

@ We impose that each bi-species BGK operator @sr prescribes the
same exchange rates (of momentum and energy) of the
corresponding binary Boltzmann operator Q,

( Qe — ésr7V> =0, ( Qor — ésra |V|2> =0

(Where (g, h) = 43 g(v)h(v) dv)
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Construction of auxiliary parameters of BBGSP model

@ Collisions of identical particles are described by the usual BGK
model: Uss = Ug, T =Ts, s=1,....N

@ We impose that each bi-species BGK operator @sr prescribes the

same exchange rates (of momentum and energy) of the
corresponding binary Boltzmann operator Q,

( Qe — ésr7V> =0, ( Qor — ésra |V|2> =0
(Where (g, h) :/ g(v)h(v) dv)
R3

e Moments of BGK operators may be easily computed, leading to

Tsr — T
Vsr Ns (Usr_us) = <Q5r7V>7 Vsr Ns (3 % + |Usr‘2 — |Us‘2> = <er7 ‘V|2>
s
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e Moments of Boltzmann operators 9, involve

//fs(v)ﬁ(w)gﬁ%’(\v—v*|>w(v7v*)dvdv*
R3 R3

1

where g§3)(|y|)=2ﬂ/ (1 — ) gsr(lyl, ) dpe
-1
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e Moments of Boltzmann operators 9, involve

//fs(v)ﬁ(w)gﬁ%’(\v—v*|>w(v7v*)dvdv*
R3 R3

1

where g§3)(|y|)=2ﬂ/ (1 — ) gsr(lyl, ) dpe
-1

For Maxwell molecules the collision kernel gg, is independent of |y|
= gs(,1 ) = As = const
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e Moments of Boltzmann operators 9, involve

//fs(v)ﬁ(w)gﬁ%’(\v—v*|>w(v7v*)dvdv*
R3 R3

1

where g§3)(|y|)=2ﬂ/ (1 — ) gsr(lyl, ) dpe
-1

For Maxwell molecules the collision kernel gg, is independent of |y|

= gs(,) = A\ = const

For general intermolecular potentials we approximate g( )(|v —v,|) by its
value in some typical point

1
— 1 2 T. T, 3
zs,:(\va*P) = AV F(v) v —viPdvdv. | =3 =+ L) + |us — u,?
ns ny . ms m,

3 %R3

[N

and consequently gs, (\y|) gsr)(zsr) = Aoy
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e Moments of Boltzmann operators 9, involve

//fs(v)ﬂ(w)gﬁ%’(\v—v*|>w(v7v*)dvdv*
R3 R3

1

where gs(rl)(IYI)=2ﬂ/ (1 — ) gsr(lyl, ) dpe

1

For Maxwell molecules the collision kernel gg, is independent of |y|
= gs(,) = A\ = const

For general intermolecular potentials we approximate g( )(|v —v,|) by its
value in some typical point
3 ,
S § T 1
zs,(vv*2)2< ! / f(V) F(va) v — v |2 dvdv*) :{3(£+—>+\usfu,|:|2
ns ny ms m,
R3 xR3

and consequently gs, (\y|) gsr)(zsr) = Aoy

= We get explicit expressions for the exchange rates of the bi-species
Boltzmann integrals even for general interaction potentials
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From these explicit expressions it is possible to define uniquely the
parameters ug,, T as

Usy = (]- - asr) Us + asr u,
TSf = (1_b5r) 7—S"_bsr 7—1'"|_’ysr|l‘|5_ur2
where
Asr N My 2 asr ms ms asr ( 2m, )
dsr = —— sr = T, Ysr = — asr
Vsr(mr + mr) ms + my 3 ms + my
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From these explicit expressions it is possible to define uniquely the
parameters ug,, T as

Usy = (]- - asr) us + asr u,

7—sr - (1_bsr) 7—s"—bsr 7—r"|_’ysr|l‘|5_ur2
where

Asr Ny My 2 agr ms Mms asr ( 2m, )
dsr = — > sr = T, Ysr = — asr
vsr(my + my) ms + m, 3 ms + m,

The effects of the intermolecular potentials are included in
coefficients A, and possibly in collision frequencies vg, (free parameters)J

M. Bisi, Parma Mixed Boltzmann-BGK model for gas mixtures



Main properties

The BBGSP model preserves positivity of solutions fs and of
corresponding temperatures T, s =1,..., N, provided that collision

frequencies satisfy the conditions

1
Vsr Z 7)\sr ny

2

The BGK model satisfies all the main properties of Boltzmann equations:
@ conservation laws (for mass, momentum and energy);

@ H-theorem;

T
@ uniqueness of equilibrium solution f£9 = ng M <v; u, >
mS
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Collision frequencies

Various strategies are available in order to fix collision frequencies v, of a
BGK model for mixtures:

@ imposing preservation even of Boltzmann exchange rates of viscous
stress;

@ imposing that average loss terms of Boltzmann equations equal the
BGK ones;
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Collision frequencies
Various strategies are available in order to fix collision frequencies v, of a
BGK model for mixtures:
@ imposing preservation even of Boltzmann exchange rates of viscous
stress;
@ imposing that average loss terms of Boltzmann equations equal the
BGK ones;

.

Hydrodynamic limits

The structure of BBGSP model allows to investigate its hydrodynamic
limit not only in the classical collision dominated regime:

£
g‘f'v'vxfs:

N
ot ZVsr(ns Mg — fs)

r=1

o | =

but also in situations where only intra—species collisions are dominant

= In both regimes, Navier—Stokes equations have been derived owing
to a Chapman—-Enskog asymptotic procedure

.

— = = = =
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Numerical comparison with other BGK models

(Cho, Boscarino, Groppi, Russo, KRM 2021)

Numerical approximation: conservative semi-Lagrangian methods with
high order Diagonally Implicit Runge Kutta or Backward Difference
Formula methods for time discretization (asymptotic preserving (AP)
schemes)

———-BBGSP s=1

08 08 - —--BBGSP 5=2
AAP s=1

AAP 522

© GSsel

© Gss=2

AAPs=2

06 © GSsel -06
(a) e = 1072 (b) e =103
Figure: Comparison of species velocities us from three BGK models: Andries, Aoki, Perthame
2002 (solid line), Bisi, Groppi, Spiga 2010 ('- - -"), BBGSP ('— — —")
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Comparison between BBGSP model and Navier—Stokes equations

t=0.2000 0.08 t=0.2000
0.06
0.04
0.02
[
-0.02
-0.04
-0.06
0.08 -0.08
0.1 -0.1
0.12 -0.12
-1 -0.5 0 05 1 -1 -05 0 05 1
(a) e =102 (b) e =103

Figure: Comparison of global velocity u from BBGSP and NS equations
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Mixed Boltzmann—BGK model

e Boltzmann model
- integro-differential Boltzmann equations for distribution functions
- collision operators as sum of binary terms
- detailed description of the interactions between any pair of
components
- high computational cost for integral operators

¢ BGK models

- simpler linear relaxation operators

- more manageable numerics and hydrodynamic limits
- not unique model for mixtures

- no detail at microscopic level

e Aim of the mixed model:
to combine the positive features of the two descriptions
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General form of the Boltzmann—BGK model

N

of, 5

Se AV Ve = o Qulhe )+ (L= xe) Q)] s =1, N
r=1

where

- Qg (fs, 1) is the usual bi-species Boltzmann operator;
- Qg (fs) is the BGK operator constructed above;
- Xs € {0,1} are such that xs, = x5, Vs, r=1,..., N
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General form of the Boltzmann—BGK model

o, - 5

Se AV Ve = o Qulhe )+ (L= xe) Q)] s =1, N
r=1

where

Qq(fs, f,) is the usual bi-species Boltzmann operator;
Q. (f;) is the BGK operator constructed above;
- Xs € {0,1} are such that xs, = x5, Vs, r=1,..., N

Interactions between any pair of species (s, r) may be modelled by a
Boltzmann or by a BGK operator

The option x5, = 1, V¥(s, r) provides the full Boltzmann model
The option x5, = 0, (s, r) provides the BBGSP relaxation model
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General form of the Boltzmann—BGK model

o, - 5

Se AV Ve = o Qulhe )+ (L= xe) Q)] s =1, N
r=1

where

- Qg (fs, f;) is the usual bi-species Boltzmann operator;
- Qg (fs) is the BGK operator constructed above;
- Xs € {0,1} are such that xs, = x5, Vs, r=1,..., N

@ Interactions between any pair of species (s, r) may be modelled by a
Boltzmann or by a BGK operator

The option x5, = 1, V¥(s, r) provides the full Boltzmann model

The option x5, = 0, (s, r) provides the BBGSP relaxation model

Particular option (that will be at first investigated)

Xss = 1, Vs and Xsr =0, Vr#s

= Boltzmann operators for intra—species collisions and BGK operators
for inter—species interactions

i = =
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Boltzmann/BGK model for intra—species / inter—species interactions

@ Intra—species collisions between molecules of the same component
are modelled by Boltzmann operators

@ Inter—species collisions between molecules of different constituents
are described by BGK operators

M. Bisi, Parma Mixed Boltzmann-BGK model for gas mixtures



Boltzmann/BGK model for intra—species / inter—species interactions

@ Intra—species collisions between molecules of the same component
are modelled by Boltzmann operators

@ Inter—species collisions between molecules of different constituents
are described by BGK operators

ofs
(97—’—" Qs— st +ngr s s:]-a"'aN

Bo/tzmann r 1 BGK

with BGK operators of the BBGSP model
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Boltzmann/BGK model for intra—species / inter—species interactions

@ Intra—species collisions between molecules of the same component
are modelled by Boltzmann operators

@ Inter—species collisions between molecules of different constituents
are described by BGK operators

ofs
87—’—" Qs— \2 +ngr ’ S:].,...,N

Boltzmann r 1 BGK

with BGK operators of the BBGSP model

Qo = ver (nsMs — f5),  where Mg = Mg (v; ug, mss) with
u;, = (1 — ag)us + agru,
Tor = (1= ber) Ts + bs Tr + 7er [us — u |
where s # r and

AseNemy 2ag-ms _ Msay 2m,
N ) - - asr
Vsr(ms + mr) ms + m;

dsr = sr = y o Ysr = 3

ms + m,

with A, related to the interaction potential
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Consistency of the mixed kinetic model

We have to prove

@ Conservation of mass, momentum and energy

<0,1>=0 , s=1,...,N

N N
ZmS<Q5,v>:0 , Zm5<Qs,\v|2 >=0

s=1 s=1
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Consistency of the mixed kinetic model

We have to prove

@ Conservation of mass, momentum and energy

<0,1>=0 , s=1,...,N

N N
ZmS<Q5,v>:0 , Zm5<Qs,\v|2 >=0

s=1 s=1

@ H-theorem (space homogeneous case)

N
H= Z < fs,log fs > is a Lyapunov functional

s=1
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Consistency of the mixed kinetic model

We have to prove

@ Conservation of mass, momentum and energy

<0,1>=0 , s=1,...,N

N N
st<Q5av>:0 ) Zm5<QS7‘V|2>:O
s=1 s=1

@ H-theorem (space homogeneous case)

N
H= Z < fs,log fs > is a Lyapunov functional

s=1

@ Equilibrium distributions
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Conservation of mass, momentum and energy

@ Mass conservation easily follows from

< Q557 1>=< ésra 1>=0
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Conservation of mass, momentum and energy

@ Mass conservation easily follows from

< Q557 1>=< ésra 1>=0

@ For momentum and energy conservation

é<st,< "’5‘,|2)>+ZZ<QSH< |v2)>:(g)

s=1r=1
r¥s

we observe that

- msv and ms|v|? are collision invariants for single—species Boltzmann
operators;

- it holds
~ msv ~ myv
< er, : 2 >=—-< QI'S7 . 2 >
ms|v| my|v|

M. Bisi, Parma Mixed Boltzmann-BGK model for gas mixtures



N 87‘[ N
H=> <f,logh> = E:Z<QS’|°?§@>§O

s=1 s=1
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N pe N
H=) <filghi> =  Z-=3 <Qlogh><0
s=1 s=1
Proof.
Z<QS,Iogf >= Z< st,logf >+ZZ< Qs log f; >
s=1 r=1
r#s
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szN:<fs,Iogfs> = ?—i<gs,logﬂ><0
s=1 s=1
Proof.
Z<QS,Iogf >7Z< st,|0gf >+ZZ<Q5r,|ogf>
—1 =1
where "
ZZ<Q5r,|ogf >7ZZVsr<nsMsr7fs,logf >
= =s
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szN:<fs,Iogfs> = ?—i<gs,logﬂ><0
s=1 s=1
Proof.
Z<QS,Iogf >7Z< st,|0gf >+ZZ<Q5r,|ogf>
—1 =1
where "
ZZ<Q5r,|ogf >7ZZVsr<nsMsr7fs,logf >
= =s

by using (y — x)logx < y(logy — 1) — x(log x — 1)
NN
< ZZV [ < neMar,log(nsMy) > — < filog fi > — < naMg — f;,1 >
~——

s=1 r=1

=ns—ns=0
r£s s s
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by recalling that < f;,log fs > takes its minimum at f; = ns M

where M is the Maxwellian having the same moments of f;
NN

< Z Zysr [< nsMsr, log(nsMs) > — < nsMs, log(nsMs) >]

s=1 r=1
r£s
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by recalling that < f;,log fs > takes its minimum at f; = ns M

where M is the Maxwellian having the same moments of f;
NN

< Z Zysr [< nsMsr, log(nsMs) > — < nsMs, log(nsMs) >]

s=1 r=1
r£s

by computing the logarithm of Maxwellian distributions

NN
= 72 Z Z nsvsr (log Tsr — log Ts)

s=1 r=1
r#s
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by recalling that < f;,log fs > takes its minimum at f; = ns M
where M is the Maxwellian having the same moments of f;
NN

< Z Zysr [< nsMsr, log(nsMs) > — < nsMs, log(nsMs) >]

s=1 r=1
r£s

by computing the logarithm of Maxwellian distributions

NN
= 72 Z Z nsvsr (log Tsr — log Ts)

s=1 r=1
r#s

by recalling that in auxiliary parameters we have
Tsr > (1 - bsr)Ts + bs T, and NsVsrbgy = nrl/rsbrsa
and by using log[(1 — b)x + by] > (1 — b) log x + blog y

N N
< —gZZnsusrbS, log (%) =0

s=1 r=1
r#s
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Equilibrium distributions

3
. . B ms \ 3 ms
Qs =0, 571,...,N(:>f57n5(—27r7_) exp[ —2T|v u\} J
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Equilibrium distributions

3
. . B ms \ 3 ms
Qs =0, 571,...,N(:>f57n5(—27r7_) exp[ —2T|v u\} J

<— Trivial
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Equilibrium distributions

_ _ _ ms\i T oms oo
Qs =0, 571,...,N<:>f57n5(27r7_) exp[ 27_|v u\] J

<= Trivial
—> The H—theorem provides

Z< Q55,|ngs>+ZZ<er7|0gfs

s=1 r=1
r#s

Mixed Boltzmann-BGK model for gas mixtures
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Equilibrium distributions

Qs =0, 5:1,...,N<:>@:ns(%)iexp[—%ﬁW—u\Z} J

Nlw

<= Trivial
—> The H—theorem provides

Z< st,logfs>—|—ZZ<er,logfs

s=1 r=1
r#s

<0

= From Boltzmann operators, equilibria are local Maxwellians.

Mixed Boltzmann-BGK model for gas mixtures
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Equilibrium distributions

Qs =0, 5:1,...,N<:>@:ns(%)iexp[—%ﬁW—u\Z} J

Nlw

<= Trivial
—> The H—theorem provides

Z< st,logfs>—|—ZZ<er,logfs

s=1 r=1
r#s

<0

= From Boltzmann operators, equilibria are local Maxwellians.

Passing to the weak form
msv ~ msv (0
sto = <Q557( ms|v\2 >>+Z<Qsh( ms|v|2 )>*(0 )
r#s

and computing explicitly, we obtain

EAS,MnSn,(us—ur)zo — u =uy=...=uy
ms + my
r#s
msm
Ez,\srsi’Qnsnr(TrTr):o = Ti=T=..=Ty
(ms + m;)

Mixed Boltzmann-BGK model for gas mixtures
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Hydrodynamic limits

By a proper scaling, we introduce the non-dimensional equations

of. 1 o
— : xfszf ss - sr :1,...,N
o TV -9 +€;Q s

r¥s

where

- € is the Knudsen number (small parameter)

- « is a proper constant allowing to analyze different regimes
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Hydrodynamic limits

By a proper scaling, we introduce the non-dimensional equations

of. 1 o
— : xfszf ss - sr :1,...,N
o TV -9 +€;Q s

r¥s

where

- € is the Knudsen number (small parameter)

- « is a proper constant allowing to analyze different regimes

We consider two different hydrodynamic regimes:
@ all collisions are dominant —= a =1

@ only intra—species collisions are dominant —= a =¢
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Hydrodynamic limits

By a proper scaling, we introduce the non-dimensional equations

of. 1 o
— : xfszf ss - sr :1,...,N
o TV -9 +€;Q s

r¥s

where
- € is the Knudsen number (small parameter)

- « is a proper constant allowing to analyze different regimes

We consider two different hydrodynamic regimes:
@ all collisions are dominant = a =1
@ only intra—species collisions are dominant —= a =¢

We expand distribution functions in powers of € as f; = fs(o) + Efs(l)
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Euler equations

a = 1: collision dominated regime

At the zero-th order of approximation, we have

e (o) oo [~ v uf]
~n ([ —=) exp|—=—=|v—u
orT/) P27

and the evolution is governed by classical Euler equations
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Euler equations

a = 1: collision dominated regime

At the zero-th order of approximation, we have

s = Ng €ex V*U
3xT) P57

and the evolution is governed by classical Euler equations

a = e: intra—species dominant collisions

At the zero-th order of approximation, we have

fe~n M %ex ° v —u,f
<=M \2nT,) &P 2T :

and we obtain macroscopic multi-velocity and multi-temperature
equations, with production terms due to inter—species interactions
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Euler equations in the regime with intra—species

dominant collisions

ons

5t + Vi (nsus) =0, s=1,...,N
8 N
*(psus) + V- (psus ® Us) + Vx(r’s Ts) = Rs,
ot -
[
g(l lu \2+§n T)—i—V [(E |u|2+§n T)u} —is
at2pss 255 x 2pss 2555—715r
r#s
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Euler equations in the regime with intra—species

dominant collisions

(98,;5+Vx~(n5us):0, s=1,...,N
8 N
*(psus) + V- (psus ® Us) + Vx(r’s Ts) = Rs,
ot -
[
g(l lu \2+§n T)—i—V [(E |u|2+§n T)u} —is
at2pss 255 x 2pss 2555—715r
r#s

with collision contributions

R = —Ao s Mr nsny (us - ur)
ms + m,
Ss = _/\sr%nsnr (msus +myu,) - (us —u,) +3(Ts — T;)
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In progress: Navier—Stokes equations

Collision dominated regime
First order distribution:

N 0
W= 1S OM®D () - oY v, FO
S Zl‘\lzl l/gl(’)) r:1 Sr Sr S at S
r#s r£s
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In progress: Navier—Stokes equations

Collision dominated regime
First order distribution:

(1) 1 [ EN: 0 A1) 1) <‘9f(0) ) 1
fs =N 1o |s Ver Msr + L( s -
Zi\lzl U_EE) r=1 9
r#s r#s
where
T4+eTd
o MW — 9. <\,; uteuld, m)
Oe ms e=0

of”

S

+v- fos(o) may be computed owing to Euler equations

° L( ) st( s 5(1)) —+ st(fs(l)7 f;(o))

is the linearized Boltzmann operator

M. Bisi, Parma Mixed Boltzmann-BGK model for gas mixtures



In progress: Navier—Stokes equations

Collision dominated regime
First order distribution:

(1) 1 [ EN: 0 A1) 1) <‘9f(0) ) 1
fs =N 1o |s Ver Msr + L( s -
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~ ~ 1
Solvability of L [fV]=d,,  [[=—"
5[ ] s s Z’{\I:1 Vs(g)

r£s

Ly —Id

Ls[h] = / / Zss(Iy], 9 - w)FO(v.) [A(V) + h(v.) — h(v) — h(v..)] dv.. dw

o= mt ;> e R
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~ ~ 1
Solvability of  L,[f})] = ¢, Li= =gl
Zr:l Vsr

r£s

Ll = [ ] gllyl9-)w) [B) + A(w.) — ) = B ) dv. de

T ms \3 m
(0) — ) — (75) [7 s
2 (v) =ns M (v, u, > ns(5F) &P | =57

s

v uf’

@ Under the Grad's assumption on the collision kernel ggs (which is
fulfilled by hard spheres and cut-off inverse power-law potentials)

Ls is a coercive self-adjoint Fredholm operator

on the real Hilbert space L2(R3; £”) dv) with inner product (-,-) (o

s

and Ker(Ls) = {0}
~ ~_1 ~—1
@ L, is invertible, with inverse operator Ly ~ such that ||Ls Hf@) <1
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age s I 1
Solvability of  L,[f})] = ¢, Ls= m

r#s

Ly —Id

Ll = [ ] gllyl9-)w) [B) + A(w.) — ) = B ) dv. de

T ms \3 m
(0) — ) — (75) [7 s
2 (v) =ns M (v, u, S) ns(5F) &P | =57

@ Under the Grad's assumption on the collision kernel ggs (which is
fulfilled by hard spheres and cut-off inverse power-law potentials)

Ls is a coercive self-adjoint Fredholm operator

v uf’

on the real Hilbert space L?(R3; 70 dv) with inner product (-, -) .

and Ker(Ls) = {0}
~ ~ -1 ~—1
o Ls is invertible, with inverse operator Ls ~ such that [[Ls |0 <1
= fs(l) exists, is unique but cannot be made explicit;

however, its moments needed in the Navier—Stokes approximation may be
recovered by suitable computations
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~ ~ 1
Solvability of L [fM]=¢,,  L[i=—c
Zr:l Vs(r)

r£s

Ly —Id

Ll = [ ] gllyl9-)w) [B) + A(w.) — ) = B ) dv. de

T S 3 S
0= o (im0 ) <o (57 oo [ 57

@ Under the Grad's assumption on the collision kernel ggs (which is
fulfilled by hard spheres and cut-off inverse power-law potentials)

v uf’

Ls is a coercive self-adjoint Fredholm operator

on the real Hilbert space L2(R3; £”) dv) with inner product (-,-) (o

s

and Ker(Ls) = {0}

~ ~—1 ~—1
@ L, is invertible, with inverse operator Ly ~ such that ||Ls Hf@) <1

= fs(l) exists, is unique but cannot be made explicit;
however, its moments needed in the Navier—Stokes approximation may be
recovered by suitable computations

Analogously in the intra—species dominant collisions regime
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General mixed Boltzmann—BGK model

N

8)&‘5 ~ s=1,...,N
5 TV Vaf = Z_} [xs, Qar(fe, £r) + (1 = Xor) QSf(fs)} T xe€{01}

By similar arguments as above, it is possible to prove
- conservations of mass, momentum and energy,;
- H-theorem;
- uniqueness of equilibrium solutions.
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General mixed Boltzmann—BGK model

N
of. ~ s=1,...,N
ERAREDY (o Qe B) + (1= xa) Ol B)] s T )
r=
By similar arguments as above, it is possible to prove
- conservations of mass, momentum and energy,;
- H-theorem;
- uniqueness of equilibrium solutions.
The proof of the entropy dissipation is based on
oH & i
E = ZXss < st(ﬂ7f;),|0gfs >+Z(1_X55) < st(fs)yl‘)gfs >
s=1 <0 s=1 <0
N N
£ 30> (< Ol 1), ogf > + < Qu(h ) log e > )
s=1 r=1 <0
r>s -
+ ZZ 1*Xsr (<er(f)|0gf >+<Qrs(r) |°gfr>)
s=1 r=1
r>s

il = = = =
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Concluding remarks

@ The mixed Boltzmann-BGK model allows to combine the detailed
description of the collisions with the simplicity of the relaxation
operators
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Concluding remarks

@ The mixed Boltzmann-BGK model allows to combine the detailed
description of the collisions with the simplicity of the relaxation
operators

@ Various scenarios can be obtained in the hydrodynamic limit;
different Euler and Navier—Stokes equations can be deduced in
proper collision-dominated regimes

@ The dynamics of mixtures of heavy and light particles (plasma
physics, noble gases) can be more suitably reproduced in many
applications by a multi-velocity and multi-temperature description

Investigation of other collision-dominated regimes, like for instance
the one in which only collisions between heaviest particles are
dominant

@ Extension of the BBGSP model and of the mixed model to
polyatomic gases and to reactive mixtures
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Thank you for your attention
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