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Background and Motivation

“Scale”: Newtonian Mechanics = Kinetic Theory = Continuum Mechanics

M—0
A 'C-NS IC.NS C: compressible
N — 00 A IC: incompressible
Newton —— Boltzmann _ l v=0 l vl .
NS: Navier-Stokes
Vi BN
BV Y0 YCE— ICE E: Euler
M—0
microscopic | MesOsCopic | macroscopic

Figure: Role of kinetic theory in multiscale modeling hiere\rchy1

1S, Ukai and T. Yang, Mathematical Theory of Boltzmann Equation, '06
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Background and Motivation
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Dynamics Homo-energetic educe
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“Objective Molecule Dynamics” (OMD)

“Objective Molecule Dynamics” (OMD) is a time-dependent invariant manifold
of the equations of molecular dynamics.

@ — Simulated atoms:

ze(t), k=1,..,.M
“+" A discrete group of isometries °:
G={g91,92,--s98}, M <N
¢ — Non-simulated atoms:
z,6(t) = gi(z (1))

i=1,.,N, k=1,..,M.

?gq = 1d, so xq g (t) = xp (t)
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Objective Structure

1-OS: each atom ‘see the same environment”

A set of points in R? is given, S = {z; eR*i=1,..,N}, N<oo. Sis a 1-0S
if there are orthogonal transformations @1, ..., such that

{ri+Qi(xj—m11): j=1,.,N} =S8, fori=1,...,N

M-OS: xz; 1 “see the same environment” as ;g

Consider a structure consisting of N “molecules”, each consisting of M atoms:
S={zipeR?*:i=1,..,N, k=1,..,M}, N<oo, M < co.

Sis an M-0S, if 1,1, ...,x1,m are distinct and there are NM orthogonal trans-
formations @; x such that

{zik+Qik(zji—216): j=1,...., N, l=1,..,. M} =8, fori=1,..,N, k=1, ...,JE'
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Example of objective structure

Single-walled carbon nanotubes

Let é1,€2,é3 be an orthonormal basis and
Ry € SO(3), the carbon nanotubes are

Buckminsterfullerine (Cso) given by

. . vy V2 V3 c Z
Let G = {Ri1,..., Ry} be a finite subgroup 91 927937 V1,V2,V3
of O(3) with N =60 and let z; = R;x1 with

g1 = (Ro,[t1), 92 = (Rg,[t2)

o ?.‘k\ 93 = (=1 +2¢ ® €[0)

Figure: Buckminsterfullerine (Cg)

Figure: Carbon nanotube (1-OS) with chirality n = 3, m = 8
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Symmetry and Invariance

Isometry Group

g=(Qle), QeO(3), ceR?

g(z) = Qx +c, zeR?
@ Closure: g1 = (R1|c1), g2 = (R2]|c2), 9192 = (R1R2|c1 + Ricz)

= 9192(%) = g1(g2(x))
o Identity: Id=(I|0)

o Inverse: (Q|c)_1 =(Q"|-Q"¢)
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Symmetry and Invariance

Isometry Group

g=(Qle), QeO(3), ceR?

g(z)=Qr+c, zeR®
@ Closure: g1 = (Ri|c1), g2 = (R2]|c2), g1g2 = (RiR2|c1 + Rica)

= 9192(%) = g1(g2(x))
o Identity: Id=(I|0)

o Inverse: (Q|c)_1 =(Q"|-Q"¢)

Recall: For a typical dynamical system (z;(t),v:(t)): fori=1,...,N,

@i (t) =vi(t),

Fi(t) =i (1) = - ;VwiU(m(t) =~z (t)]).

J*i
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Invariant requirement of the potential*

@ Frame-indifference: Q € O(3), ceR3

oU
Qc’) {ooon @511 ooon BB o T o0 Tkl ooy BB AT )
T,k
oU
= (o0 Qg1 +C ooty Qi M+ €ty QTin,1 + €, oy Qi A1 +C)
ik

@ Permutation invariance:

ouU

Fr— ({o00n @ 11 0000 By 1T 5 0009 Bl 005 i JT )
L11(3,k)

oUu

= (---’ﬂﬁn(il,l)v <oy TTI(41,M)s -+ T (4g,1)s ---’ﬂﬁn(iz,M))
Bxi,k

Requirement of isometry**

The isometries g; can depend explicitly on ¢ > 0, but this time dependence must be

consistent with ) ) )

dz;k(t) d d%wy (t)
Js

— B gi(ek(t),t) = Qi——2
dt2 gz 9@, 8) = Qi—g7

for gi = (Ql\c,) E G, i = ].,...,]\77 k= 1,...,M

.
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Theorem ( [James, ICM, '18] )

Assumptions: Invariant requirement of the potential* + Requirement of
isometry**,

If xi(t) =x1,x(t), k=1,..., N satisfy the equation of molecular dynamics, i.e.,

MEE1,k =f1,5 (s TJ1, 5,25 o0y T, My Tia 1,15, Tjr1, 2, oons Yjr1, My o)

=f1u(ngi(W1,5t), 95 (1,00, 1), gi41 (Y1,00, 1)), o5 g1 (Y, t)

z15(0) =zp, @1£(0) =0y, k=1,..M

Then, x;x = g(x1,x(t),t), i=1,....N, k=1,..., M satisfy the same equations
of molecular dynamics:

MiZik = f1,6 (e T,15 85,2, o0y B, My Tt 1,15 Tj41,2, ooy Y541, M5 ---)
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Sketch of Proof

meZi k= mrQiZ1,r  [Requirement**]
=Qi f1,k (coey Ty ooy T My Tt 15 T 41,2y ooy Yjtl, My oee)
=Qi fri(i ) (coy g, 15 ooy Tj M, 1,1, Tj11,2,5 -, Y41, M, ---) [Requirement® (2)]
=Qifi,l(crs B, 1) 5 +os BTG, MY > TI(G41,1) s BII(G+1,2) s ++os YTI(G+1,M) 5 --)
=Qifik (oo i (31); G0 (T5,00), G5 (Tja1,1)5 0507 (T01,00))
=Qifi k(s Q7 (Tj1 = i),y Qi (Tjmr =€), Qi (Tje1,1 = i),
oy QF (zj41,01 — i), ...) [Requirement* (1)]

=f7;,k(..., ijl,ibj’g, ceny mj,M, "Ej+171,1‘j+112, ...,yj+11]y[, )

A
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Requirement of isometry** — (Q; =conste O(3) and c; = a;t +b; )

P = {P1---» Pn}

(Po> 90)

q = {qy,---9n}

Figure: The invariant manifold of the equations of molecular dynamics.

. d .
D =Mi&ix = Mk agi(ml,k, t) = mpQit1,k + Mpa;

q=xik = gi(x1,k,t) = Qr1,k + ast + b;
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The simplest example

Translation Group:

Gr={( I |v1é + 282 +1383) v 07 0% € Z)
-0
then, Simulated atoms:
zp(t) = 20,0,06(t), k=1,.,M
Non-simulated atoms:

2y (t) = go(zp(t),t) = zp(t) + (I +tA)(V'E), k=1,...M
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Simple Shear

0
A=1|0
0

In Euerian Framework:

o o X
ocoo

u(t,z) = A(I +tA) 'z

http://www.aem.umn.edu/ james/research/people.html

By Pahlani-James
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2. From Microscopic to Mesoscopic
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From now, let us jump into the kinetic regime

Figure: The invariant manifold of the equations of molecular dynamics in kinetic regime

What can be inherited from the invariant manifold?

@ The velocities at x;, =0 are @, k=1,..,M
@ The velocities at « = (I + tA)v are &, + Av, k=1,.... M

@ Or, in the Eulerian form used in the kinetic theory, the velocities at = are
i+ AT +tA) 'z, k=1,...,M

V.

f(t,0,0) = f(t,z,v+ AT +tA) ") — f(t,z,v) = g(t,v - Al +tA) 'z)
—_—

=w
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For Boltzmann equation

Classical Boltzmann equation

0
&f(t,x,v) +’U'sz(t,l'7’l}) = Q(fvf)(tvxvv)
“f(t,x,v) = g(t,w) with w:=v - A(I +tA) 'z

%g(t,w) +[A(T + tA)’lw}ng(t,w) =Q(g,9)(t,w)

Homo-energetic Boltzmann equation

Figure: Velocities during'a classical elastic collision
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For Boltzmann equation

Classical Boltzmann equation

0
af(t7x7v) + U'sz(t,ﬁ?7’l)) = Q(f7 f)(tvxvv)

Uf(t,x,v) = g(t,w) with w:=v - A(I +tA) 'z

%g(t,w) +[A(T + tA)’lw}ng(t,w) =Q(g,9)(t,w)

Homo-energetic Boltzmann equation

Qo N = [, [, Bo=v0 o)) () ~gwn) f(v)]dodo.
collision kernel “gain” “loss”

, UVt Us v — vk

v = +
2 2
, vt vs |-yl
vl = - o
2 2

where the parameter o varies over the unit
sphere S4-1.

Figure: Velocities during'a classical elastic collision
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Remark |: Classification

with w=v—§£(t, )

f(i'-,fﬂ—’) = g(t,w)
L E(t,x) = L(t)x = A(]JrAt)—LI

mm) Simple shear:
O
0 K 0 L (i) ﬁ independent on z;
Loy=[0 0 0}. K#0 9z
0 0 0 (i) 9§ +£- Vol =0.
m) Planar shear:
00 0 |
Ly=-10 0 K +()(7,) ast — 00
"\o o 1 r

% Simple shear with decaying planar dilatation/shear.

0 K» O | 0K K3 K I
Loy={o o o]l+=lo o o]+ ()(7)_ K1 #0
0 0 0 "\o k3 1 r~

mm) Combined orthogonal shear:

0 K3 Kr—1tK K3
Lty=10 0 K . K\K3 #0

0 0 0

Figure: The classification of deformation term.
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Remark Il: Collision kernel

The collision kernel B is a non-negative function that depends on its arguments only
through |v — v4| and cosine of the deviation angle 6:
o-(v-v
B(v—vx,0) = B(Jv — v«|,cos0), cosf= o (v=vs)
[v = vy
For the inverse power law potential,

B(|v - v«],cos0) = b(cos 0)P (v — v«])

@ Kinetic part:

7 >0, Hard potential == Collision Dominated Case
D (Jv—v4]) = Jlv—v«|" = v =0, Maxwellian molecules = Balanced Case

v < 0, Soft potential = Hyperbolic Dominated Case

Consider the re-scaling g(t,w) = %G(T,S) with 7 = log(t), &1 = 5% &5 = wj, j = 2,3:

99 divel(&: + KE2)61G] » €77 Q(G,6)

@ Angular part:
sin?"2 Ob(cos 0)|6 0" Ko7V, 0<v<?2
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Recall the Big Picture

M —0
0 ,C'NS IC.NS C: compressible
N +|oo © s IC: incompressible
Newton Boltzmann _ l v—=0 l v—0

. NS: Navier-Stokes
Vlasov So E: Euler

microscopic mesoscopic | macroscopic

(1) 3) (7)
4) (6)

“Objective” ——p Homo-energetic *|.— Requced C. NS

Molecule \Bouzm““n Equation \
Dynamics Homo-energetic Reduced C. E

(OMD) Mean-field Equation
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Previous work

Arrow (2): BBGKY hierarchy
@ Mean-field Limit: N — oo.
&5(t) = vi (1),

, 1
0i(t) = == 2 Va, U (Jzi(t) — 25 (1)) -
N &
G#i
[Braun-Hepp,'77], [Golse, '03], [Spohn, '12]
@ Boltzmann-Grad Limit: Ne?™! - O(1), N - oo, £ > 0.

:rl(t) = Uz‘(t),

1 N
i’i(t) =-- Z sz‘U(
€53
G#i
[Grad,'49, '58], [Cercignani, '72], [Lanford, '75], [Gallagher-Raymond-Texier, '13]
Arrow (3): Homo-energetic Transformation f(t,x,v) = g(t,v - A(I +tA)™1z)

| —
=w

2050l

£

[Dayal-James, '10], [James, '18], [James-Nota-Velazquez, '19]
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Previous work

Arrow (2): BBGKY hierarchy
@ Mean-field Limit: N — oo.
&5(t) = vi (1),

, 1
0i(t) = == 2 Va, U (Jzi(t) — 25 (1)) -
N &
G#i
[Braun-Hepp,'77], [Golse, '03], [Spohn, '12]
@ Boltzmann-Grad Limit: Ne?™! - O(1), N - oo, £ > 0.

:rl(t) = Uz‘(t),

1 N
i’i(t) =-- Z sz‘U(
€53
G#i
[Grad,'49, '58], [Cercignani, '72], [Lanford, '75], [Gallagher-Raymond-Texier, '13]
Arrow (3): Homo-energetic Transformation f(t,x,v) = g(t,v - A(I +tA)™1z)

| —
=w

2050l

£

[Dayal-James, '10], [James, '18], [James-Nota-Velazquez, '19]

Our first goal:
How to proceed with Arrow (4) ?

—— =T =
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Dynamical system of OMD

Simulated and Non-simulated atoms are in new variable

ik (t) =26 (0)+(L +tA)v;

!

i’i’k(t) = fEk(t) ar Al/i = U@k(t) = Uk(t) ar Al/i

!

Vig(t) = A(I +tA) ik (t) = vi(t) — AL +tA) 24 (t)

=w; 1 (t) =wy (t)

.
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Dynamical system of OMD

Simulated and Non-simulated atoms are in new variable

ik (t) =26 (0)+(L +tA)v;

!

i’i’k(t) = fEk(t) ar Al/i = U@k(t) = Uk(t) ar Al/i

!

Vig(t) = A(I +tA) ik (t) = vi(t) — AL +tA) 24 (t)

=w; 1 (t) =wy (t)

.

The dynamical system of OMD in new variables (x;(t),w;(t)): fori=1,...,N,
@i (t) = wi(t) + AL +tA) " zi(1),
Al 1
wi(t) == Vo, U (Jwi(t) =25 (1)]) - AL +tA) wi().

j=1
J*i
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Kinetic description

@ Mean-field type model:
&i(t) = wi () + AL+ tA) Loy (t)
(M){

N
(1) = 5 X Vel () = 25 () A +14) 1)

g

I N —> oo

0
873 +w-Vag+[A(I+tA) 2] - Vag—[A(I +tA) ' w] Vuwg = [VaU * pg] (t,2) - Vg
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Kinetic description

@ Mean-field type model:
&i(t) = wi () + AL+ tA) Loy (t)
(M){

N
(1) = 5 X Vel () = 25 () A +14) 1)

g

I N —> oo

0
873 +w-Vag+[A(I+tA) 2] - Vag—[A(I +tA) ' w] Vuwg = [VaU * pg] (t,2) - Vg

@ Boltzmann type model:
&(t) = wi () + AL+ tA) Loy (¢)
(B){,t 18 (lm® =)
OB S ECRTCl)

g

I Net™' 5 0(1), as N> oo, >0

— A(I +tA) tw;(t)

% +w - Vag + [A( + tA) 2] - Vag - [A( + tA)w] - Vug = Q(g,9) J

i = = =
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Derivation of mean-field limit

Denote N N
QY = {(azl,wl,xz,wg‘..,x]\],w]\])ER6 |:ti¢33j, Z#]}

and let N
PN (4,21, w1, 22, w3, ..., TN, WN)

be the N-particle distribution function.

Our goal: derive the mean-field equation P (¢, 1, w:)

Starting with the Liouville equation satisfied by PUV) (¢, 21, w1, ...,z n, wx)

(N) N
agt + 3 [#5 Vo, PO 40y - v POV | =
i=1

and substituting system (M), it leads to

aP(N) N N g 1 N
T w; - Vo, P+ ST[AU +84) 2] - Vo, POV
i=1 i=1

i=1

N N
N Z 3 Vo, U (|2 - 25]) - Vo, P = ST[AU + tA) ;] - Vo, PN = 0
i=1j=1
¢z
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Derivation of mean-field limit

Integrating over the domain {zs.1,ws+1,...,ZN,wnN}, we obtain the corresponding
kinetic equation of the s-marginal distribution P,

or) S (N) , <% = e
= +fIR6(N73) S w; - Vo, PN+ STTA( +tA) 23] - Y, PO | dgas oy
-1 i=1

=:(1)

1 N s N _
7fR6(N75) % 2 2 Ve U (i - a]) = SAU +4)  wi] [ Vo, PO daveen oy

1 =1
7

=:(I1)

1 N N
= fRS(A_S) N Z Z Vz,-U(\l“i*l“jD-VwiP(N) dTsi1Ws+1--TNWN

=:(l)
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Derivation of mean-field limit

For term (1),

S S
(1) =Y wi Vo, PO + Y [AU +tA) 2] - Vo, PO

i=1 i=1

+ Z /H%G(N A(I+tA) 1171] inP(N) dzsi1...wn

i=s+1

S
w; - Va, PO+ AU +tA) ;] Vo, PO = (N = s)Tr[A(L +tA) 1P
i=1

e

~
Il
-
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Derivation of mean-field limit

For term (1),

S S
(1) =Y wi Vo, PO + Y [AU +tA) 2] - Vo, PO

i=1 i=1

+ Z /H%G(N A(I+tA) 1171] inP(N) dzsi1...wn

i=s+1

S
w; - Va, PO+ AU +tA) ;] Vo, PO = (N = s)Tr[A(L +tA) 1P
1 =1

e

K3

For term (I1),

(H):—N z Ve, U (|2 = 24]) - Vao, PO = Z[A(I+tA)’1wi]~vwiP(S)
i,7=1 =1
i£]

+ (N = 8)Tr[A(I +tA)~11P)
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Derivation of mean-field limit

For term (1),

S S
(1) =Y wi Vo, PO + Y [AU +tA) 2] - Vo, PO

i=1 i=1

+ Z [G(N A(I+tA) 1171] inP(N) dzsi1...wn

i=s+1

S
w; - Va, PO+ AU +tA) ;] Vo, PO = (N = s)Tr[A(L +tA) 1P
1 =1

e

K3

For term (I1),

(H):—N z Ve, U (|2 = 24]) - Vao, PO = Z[A(I+tA)’1wi]~vwiP(S)
i,J=1 =1
i£]

+ (N = 8)Tr[A(I +tA)~11P)

For term (l11), since particles are indistinguishable,

N-s &
(II1) =N > /RG Va, U (i — zss1]) - vwiP(SJrl)(taX&W371's+1ws+1) dzsiiwss1
i=1

; .‘[R6 [VZEZU(LT’L *1‘5+1|)P(S+1)(t,XS,W3,1‘5+1’w5+1)] dzs+lws+l
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Derivation of mean-field limit

Combining the terms (I) — (I11) altogether,

P(s) s s
2 o 2 Wit Va P+ SA(T +14) ] U, PO
i=1 i=1

S

1 & .
[AU +tA) M wi] - Vo, PO = = 5 VU (foi =) - Vo, PO

i=1 i,j=1
i#j
N-s & ;
= Zle/ [VIlU(h'z _ms+1|)P(b+1)(t7X37W87xs+1w5+1)] dl’s+1ws+1
N 3 R6
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Derivation of mean-field limit

Combining the terms (I) — (I11) altogether,

(5) S s
“”; b Y w0 PO AL+ 04) ] 9, PO
i=1 =1

S

1 & .
[AU +tA) M wi] - Vo, PO = = 5 VU (foi =) - Vo, PO

i=1 %,7=1
i#j
N-s & ;
= Zle/ [VIlU(|1'z _ms+1|)P(b+1)(t7X37W87xs+1w5+1)] dl’s+1ws+1
N i3 RO

In particular, taking s = 1 above, it reduces to the two-particle case:

oPM
ot

+wy - Vo PO + [AT +tA) 21]- Vo, PY) = [AT +tA) Pwy ] - Vipy POV

N -5
N

Ve 'fRG [Vle(\wl = $2|)P(2)(t,w1w1712w2)] dzowz
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Derivation of mean-field limit

To close the hierarchy above, we consider the “propagation of chaos” assumption:
PO (t, zywr, mowz) = P (21, w1) P (¢, 22, w2)

which says the two particles remain independent throughout the dynamics. Under

this assumption, the right-hand side becomes

N-1
V- fRG [Vle(|x1 - x2|) P(Q)(t,xl,wl,mz,wz)] dzo dws

N
N-1 6) &
=T‘/R [Vle(|x1—w2|)P (t,z2, w2)Vuw, P (t,xl,wl)] dzo dws
N
*f (9200 o1 s [, P2, 02) ] - 90, PO 0,0
N R3 R3
N - e
:TV U*pp(l)(t :E1) Vo, P (t 1’1,w1)
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Derivation of mean-field limit

To close the hierarchy above, we consider the “propagation of chaos” assumption:
P(2)(t, mlwl,xzwg) = P(l) (t, 1, W1 )P(l)(t, T2, ’wz)

which says the two particles remain independent throughout the dynamics. Under
this assumption, the right-hand side becomes

%le . fRG [VIIU(|x1 - x2|) P(2)(t,x1,w1,m2,w2)] dzo dws

:% o [Vle(|x1 - x3|) P(l)(t,mg,wg)vwlP(l)(t,xl,wl)] dzo dws
—% fRs [Vle(|$1 - z2]) fRS P(l)(t,mg,wz) dwg] dx2~Vw1P(1)(t7m17w1)
=¥V11U * ppa)y (6, 21) - lep(l)(t,zl,wl)

Finally, by re-naming P(l)(t,xl,wl) to g(t, z,w)

QLW ). Gug + LA +14) ] Vg~ [AUL +14) 0] Tug

=[VaU % pg] (t,2) - Vg

i = =
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Theorem (Existence, uniqueness and stability [James-Q.-Wang '23] )

For any initial datum go(z,w) € Pc(R3 x R3), there exists a measure-valued solution
gt(z,w) = g(t,z,w) € C([0, +00), Pc(R® x R?)) to mean-field equation, and there is
an increasing function R = R(T') such that for all T > 0,

supp gt(':') < BR(T) cR? x R37 Vie [OvT] (1)

This solution is unique among the family of solutions C( [0, +00), P (R3xR3 )) satisfying

(1).
Moreover, assume that go,ho € Pe(R® x R3) are two initial conditions, and gi,h: are
the corresponding solutions to mean-field equation. Then,

Vvl(gf('a '), ht('v )) < e2tLI/Vl (g(]('f ‘)s h()(', ))7 Vt>0

where L is a constant depending on A and U, and W7 is Monge-Kantorovich-Rubinstein
distance defined as:

Wi v)=supf| [ @(P)(u(P)-v(P)) dP|, pe Lip(®® xR, olvip < 1}

v
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Theorem (Existence, uniqueness and stability [James-Q.-Wang '23] )

For any initial datum go(z,w) € Pc(R3 x R3), there exists a measure-valued solution
gt(z,w) = g(t,z,w) € C([0, +00), Pc(R® x R?)) to mean-field equation, and there is
an increasing function R = R(T') such that for all T > 0,

supp g¢(++) © Br(r) © R3xR3  Vte[0,T] (1)

This solution is unique among the family of solutions C( [0, +00), P (R3xR3 )) satisfying

(1).
Moreover, assume that go,ho € Pe(R® x R3) are two initial conditions, and gi,h: are
the corresponding solutions to mean-field equation. Then,

Vvl(gf('a '), ht('v )) < e2tLI/Vl (g(]('f ‘)s h()(', ))7 Vt>0

where L is a constant depending on A and U, and W7 is Monge-Kantorovich-Rubinstein
distance defined as:

Wi v)=supf| [ @(P)(u(P)-v(P)) dP|, pe Lip(®® xR, olvip < 1}

Sketch of proof: Fix-point argument
Define a flow operator at time ¢ € [0,T),

Té 20 (X(0),W(0)) = (X(8),W(t)) e R® x R?
For an initial probability measure go(z,w), the function

g(t,z,w):[0,T) - PL(R3xR?), tw gi(z,w):= 7-51"7“#{(/0(.’1;,'10)

is a measure-valued solution in the distributional sense



O00000e
Let gV (z,w) : [0,T] = P1(R3 x R3) be a probability measure defined as
N 1 X
g;' (z,w) = N Z5(:p—x¢(t))6(w—wi(t)) (2)
i=1

If z;,w; : [0,T] = R3, for i =1,..., N, is a solution to dynamics system, then gtN (z,w)
is the measure-valued solution to mean-field equation with the initial condition

N
& (z,w) = % > 6(z - 2:(0))5(w - w; (0)) 3)
i=1




O00000e
Let gV (z,w) : [0,T] = P1(R3 x R3) be a probability measure defined as
N 1
g;' (z,w) = N Z&(:p—xi(t))é(w—wi(t)) (2)
i=1

If z;,w; : [0,T] = R3, for i =1,..., N, is a solution to dynamics system, then gtN (z,w)
is the measure-valued solution to mean-field equation with the initial condition

N 1 X
g5 (z,w) := N > 6(z - 2:(0))5(w - w; (0)) 3)
i=1

Corollary (Convergence of the empirical measure)

Consider a sequence ofgév in the form of (3) such that
Nim Wi (95" (), 90 (7)) =0.

Let g¥ be given by (2), where (2;(t),w;(t)) solves dynamics system with initial con-
ditions (z;(0),w;(0)). Then we have

Jim Wy (98 (5,96 () =0

for allt > 0, where g (x,w) is the unique measure-valued solution to mean-field equation
with initial data go(z,w).

v
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Recall the Big Picture

M —0
0 'C'NS IC.NS C: compressible
N b oo R IC: incompressible

.
i —
Newton Boltzmann l v=0 l v—0

. NS: Navier-Stokes
Vlasov N e E: Euler

microscopic ‘ INesoscopic | macroscopic

(1) (3) (7)
4)

“Objective” ——> Homo-energetic Reduced C. NS
Boltzmann Equation
Molecule \
. i Reduced C. E
Dynamics Homo-energetic eduee

(OMD) Mean-field Equation
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Previous work

Arrow (5): Hydrodynamic Limit
@ Hilbert or Chapman-Enskoy Expansion :
[Hilbert,'12], [Enskoy, '17], [Chapman-Cowling, '39]
@ Asymptotic convergence:
to C.E. [Caflish, '80], to IC.NS. [DeMasi-Esposito-Lebowitz, '89]
@ Renormalized solution of Boltzmann to weak solution of E/NS:

to IC. [Bardos-Golse-Levermore '93], [Lions-Masmoudi, '01], [Golse-Saint-Raymond,
'04, '09], [Levermore-Masmoudi, '10], [Jiang-Masmoudi, '17]

@ Strong solution near equilibrium:
to C.E. [Nishida '78], to IC.NS [Bardos-Ukai '91], [Gallagher-Tristani '20]

Arrow (7): Homo-energetic Transformation for macroscopic quantities
[Pahlani-Schwartzentruber-James, '22, '23]
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Previous work

Arrow (5): Hydrodynamic Limit
@ Hilbert or Chapman-Enskoy Expansion :
[Hilbert,'12], [Enskoy, '17], [Chapman-Cowling, '39]
@ Asymptotic convergence:
to C.E. [Caflish, '80], to IC.NS. [DeMasi-Esposito-Lebowitz, '89]
@ Renormalized solution of Boltzmann to weak solution of E/NS:

to IC. [Bardos-Golse-Levermore '93], [Lions-Masmoudi, '01], [Golse-Saint-Raymond,
'04, '09], [Levermore-Masmoudi, '10], [Jiang-Masmoudi, '17]

@ Strong solution near equilibrium:
to C.E. [Nishida '78], to IC.NS [Bardos-Ukai '91], [Gallagher-Tristani '20]

Arrow (7): Homo-energetic Transformation for macroscopic quantities
[Pahlani-Schwartzentruber-James, '22, '23]

Our second goal:

How to proceed with Arrow (6) ?
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Macroscopic quantities of homo-energetic flow

o Density p(t,x):
p(t,x) = fRs ft,z,v) dv= ./]1&3 g(t,w) dw =: p(t)

@ Bulk velocity u(t z):

f(t,x,v)v dv =$ s g(t,w)[w + L(t)z] dw

1 1
:; ‘[RC‘ gw dw + [L(t)x]; ngg dw
=L(t)x
@ Internal energy e(¢,z) and temperature 0(¢,x):

p(t,x)e(t,x) :% ‘[RS (@t z,v) o —u(t,z)]? dv

=5 [ ot w)wl dw = p(0)e(t)

Consider the equation of state for perfect gas e(t) =

u(hz) = p(t )

kB0 - 30(1).
@ Stress tensor P;;(t,z): for peculiar velocity c, Ya
R:j(lt,w):/R3 ci(t,x)ej(t, ) f(t, z,v) dv
= fR?’ wiw;g(t,w) dw = Py (t)
fori,j=1,2,3.
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By multiplying the collision invariants 1, w;, and %|w|2 to homo-energetic equations,
d
£ p(®) + THL®p() =0
o) (H52 + 220 -0

de(t) i i Py (t)Li;(t) =0
i=1j5=1
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By multiplying the collision invariants 1, w;, and %|w|2 to homo-energetic equations,
d
£ p(®) + THL®p() =0
dL(t) 2

t)| ——+L°(t)|=0
o) (42 220

3 3

+ 22 Py(Li () =0

i=1j=1

Our Results:

@ By applying the Hilbert expansion, we derive a reduced Euler system:
dup(t) + THL(®)]p(t) = 0
2
0:0(t) + gTr[L(t)]G(t) =0

de(t)

@ By applying the Chapman-Enskog expansion, we obtain the corresponding reduced
Navier-Stokes system with O(e) correction terms:

dup(t) + THL(B)]p(t) =0
{8,59(15) ; %Tr[L(t)]O(t) = cu(0) 5 (T2 ()] + L) (1) - §(Tr[L(t)])2)

where p is the viscosity.
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The compressible Euler limit via Hilbert expansion

Starting point:

Qug(t, ) - (L] Tug(t,w) = 29, 9) ()

where € plays a role as Knudsen number.

Hilbert Expansion

Seek the solution in the form of a formal power series in e:

ge(t,w) = > €"gn(t,w) = go(t,w) + ega(t,w) + .

n>0
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The compressible Euler limit via Hilbert expansion

Starting point:

Qug(t, ) - (L] Tug(t,w) = 29, 9) ()

where € plays a role as Knudsen number.

Hilbert Expansion

Seek the solution in the form of a formal power series in e:

ge(t,w) = > €"gn(t,w) = go(t,w) + ega(t,w) + .

n>0

For O(e™),
Q(g0,90)(t,w) =0

which implies that go(¢,w) is in the form of Maxwellian distribution, i.e.,

_ )

[270(t)]

go(t,w) = Mpoy,000) = , p(t)>0, 6(t)>0
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For O(eo),

(8¢ = [L()w] - Vuw ) g0 (t,w) = Q(g0, 1) (t,w) + Q(g1, 90) (£, w) .
Define the linearized Boltzmann collision operator
" -1 -1 -1
Emp.009 = 2/\4[%9]@(/\4[”],/\4[%9]9)

which is an unbounded self-adjoint non-negative Fredholm operator.

Ly, (Z—(l)) = —(8,5 -[L(t)w]- Vw) In go (¢, w)
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For O(eo),

(8¢ = [L()w] - Vuw ) g0 (t,w) = Q(g0, 1) (t,w) + Q(g1, 90) (£, w) .
Define the linearized Boltzmann collision operator

Lap, 9= —2M) Q(M_ M 9)

[p,0] [p,6]

which is an unbounded self-adjoint non-negative Fredholm operator.

Ly, (Z—(l)) = —(8,5 -[L(t)w]- Vw) In go (¢, w)

We can rearrange the right-hand side, and express it as a linear combination of

1, wg, [w?,
~Lgo (%‘;) D ——(0ep(t) + THL(H)]p(1)) + = (% -3) 50 (00t + = Tr[L(f)]e(f))
+A(W):D
where, for W = \/W A(W) e (Ker Lgy)*
AW)=WeW - 7|W|21= Lw@w— 1%
' 3 o(t) 30(t)
and D is

D= %(L(t) +[L()] - ;Tr[L(t)]I)
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The compressible Navier-Stokes limit via Chapman-Enskoy expansion

Chapman-Enskoy Expansion

Seek the solution in the following form:

ge(t,w) = 3 " gn[P(H)](w) = go[P(1)](w) + eg1 [P(t)}(w) + -~

n>0

Compared to the Hilbert expansion, we require that go has the same first five moments
as ge by construction:

fomtPeno( we )aw-ro-( 50

where P is a vector of conserved quantities. hence,

ﬁ 1 )
fksgn[P(t)](w)( w2 )dw:O, forall n>1

2
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The compressible Navier-Stokes limit via Chapman-Enskoy expansion

Chapman-Enskoy Expansion

Seek the solution in the following form:

ge(t,w) = 3 " gn[P(H)](w) = go[P(1)](w) + eg1 [P(t)}(w) + -~

n>0

Compared to the Hilbert expansion, we require that go has the same first five moments
as ge by construction:

fomtPeno( we )aw-ro-( 50

where P is a vector of conserved quantities. hence,

ﬁ 1 )
fksgn[P(t)](w)( w2 )dw:O, forall n>1
2

o

By taking the moments, the conserved quantities satisfy a system of conservation laws:
O P(t) = Z €"®, [P](t) = Bo(t) + €®1[P](¢) + -

n>0

where the flux term ®,,[P](t) is denoted as

#PYO = [, ( 12 ) B0 TunalPOIw) du
n = 23 % wdn

for n > 0.
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0=Q (g90[P(1)], 90[ P(1)])
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For O(%),
0=Q (90[P(1)], 90[ P(1)])
For O(e),
(9 - [L()w] - V) a0 [P(D)] = Q (90[ P(1)], 91 [P()]) (w) + Q (91 [P(1)], 90 [ P(1)])
The left-hand side is
(0 = [L(Dw] - Tu )90 P(1)]

w2
=g0[P(1)]] e )(()f/)(?‘) +TrL®)]p()) + = (% -3) ) (0:0(t) + = Tr[L(f)]H(f))
+[A(W): D]]

=g0[P(1)](w) [A(W) : D]+ O(e)
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For O(%),
0=Q (90[P(1)].90[P(1)])

For O(el),

(00 - [L@®)w] - Vuo )90 [ P(®)] = Q (90[ P(D)], 1 [P()]) (w) + Q (91 [P(D)], 90 [ P(1)])
The left-hand side is

(9 - [L)w] - T )90 P(1)]
=g0[P(1)]] e )(()f/)(?‘) +TrL®)]p()) + = (% -3) 5 (0:0(t) + = Tr[L(f)}H(f))

+[A(W): D]]

=g0[P(1)](w) [A(W) : D]+ O(e)

oo tPO1w)
and therefore g1 [P(¢)] can be solved:

91[P(1)] = ~go[P()](w) [a(8, W) A(W) : D]
where the scalar quantity a(6,|W|) is denoted as £go[l,3(t)](a(6’7 [WNA(W)) = A(W)

= - — = =
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Hence, the first-order correction to the fluxes in the formal conservation law is

|w]?
2

) ) 1
1[P(8)](w) = ng [L(t)w] - ngl[P(t)](w)( ) dw

0
( u(0) 3 (TrL2 ()] + L(1) : L(1) - 3(TW[L()])?) )
where the viscosity p(6) can be computed as

2 oo 1 2
0)= =0 0,71)r® —— e /2 4
wo) =350 J, el —=e "
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Hence, the first-order correction to the fluxes in the formal conservation law is

) ) 1
‘I’l[P(t)](w)—fR_g[L(t)W]'ngl[P(t)](W)( w2 )dw
2

0
( u(0) 3 (TrL2 ()] + L(1) : L(1) - 3(TW[L()])?) )
where the viscosity p(6) can be computed as

2 o 1 2
0)=—0 0,r)r ——e" /2 d

Recall conservation law and keeps only the first two order terms

8y P(t) = ®o[P](t) + e®1[P](t) mod O(e?)
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Hence, the first-order correction to the fluxes in the formal conservation law is

R R 1
¢1U%tﬂ(w)—]&JL(OHJ'nglﬂﬁtﬂ(w)( f )dw
2
0
:(/«m;OﬂL%w]+LuyLu>—;aﬂL@nF))
where the viscosity p(6) can be computed as

2 i 1 2
0)=—0 0,r)r ——e" /2 d
w(0) =7 a(@,r)r \/ﬁe r

Recall conservation law and keeps only the first two order terms

9P (t) = ©o[P](t) + €®1[P](t) mod O(e®)
Spelling out the flux terms, we have
dep(t) + THL(8)]p(t) = 0,

2,0(t) + %Tr[L(t)]G(t) = eu(@)%(Tr[LQ(t)] +L(t): L(t) - %(Tr[L(t)])Q)

which recovers the compressible Navier-Stokes system.
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Spectral Method for Boltzmann Equation

Let g = v — v« and § is the unit vector along q.

QU () = Qr(f, ()
= Jo, Jou BUd o - DLF@NI() = (@) (0= a)]do dg

@ Truncate collision integral: in g to a ball Br with R > 2S5 with Bg » supp, (f).

@ Restrict probability density f into computed domain Dy, = [7L,L]d: expand it
periodically to the whole space.

@ Approximate density function f: by a truncated Fourier series, k € Z< : —% <
ki,...ka< & -1,

-1

f@) ~ fy@) = Y e ER with fkﬁ L, e B au

- N
k=-%

vz

© Substitute and apply of Galerkin projection:

. 1 T
Q= Gpyr J, QU I R dw
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Numerical Simulation (I): Multi-bumps initial condition [Hu-Q., JCP '20]

Apply our fast spectral solver, coupled with RK4 scheme for time discretization, to solve
Ot f = Q(f, f) with initial datum Fy(v):

Fo(v) - % (8 (0) + 60 (0] - 0.2))

2D time Evolution when t=0.1s with m.”%, .7 {=|@ ") @ © 1}
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Numerical Simulation (I1): Discontinuous initial condition [Hu-Q., JCP '20]

For a typical discontinuous initial datum:

2
P1 _|U|
o 3Ty OXP |\ =577 |5 for v1 >0
=, fol?
Tt P\ 575 | for w1 <0

2D profile when t=0.05s with disconti”, ¥ {=|@ {") @ € {}

0.3
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Summary

“Take-home" messages

Micro: A special class of dynamics system — OMD

°

@ Micro — Meso: Mean-field and Boltzmann-Grad Limit

@ Meso: A simplified kinetic equation — Homo-energetic Mean-field and Boltzmann
°

Meso — Macro: Hilbert and Chapman-Enskoy expansion

M —0
-0 'C'NS IC.NS C: compressible
N b [oo * - IC: incompressible
Newton —— Boltzmann l" -0 l v—0 .
N . NS: Navier-Stokes
Vlasov N, TR CE ICE E: Euler
M 0
microscopic || mesoscopic \ macroscopic

“Objective” > Homo-energetic |1 — > Reduced C. NS
Boltzmann Equation

Molecule W
Dynamics Homo-energetic Reduced C. E
(OMD) Mean-field Equation
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Outlook

Ongoing work:

Well-posedness:
@ Finite energy: General deformation [James-Nota-Velazquez '19], [Bobylev-Nota-

Velazquez '20], Shear flow [Duan-Liu '21]
@ Infinite energy: 7

Long-time Behavior:
@ Balance between collision and hyperbolic effect: [James-Nota-Velazquez '19]

@ Collision dominated: [James-Nota-Velazquez '19], [Duan-Liu '22], [Kepka '22]

@ Hyperbolic dominated: ?
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Outlook

Ongoing work:

Well-posedness:
@ Finite energy: General deformation [James-Nota-Velazquez '19], [Bobylev-Nota-
Velazquez '20], Shear flow [Duan-Liu '21]

@ Infinite energy: 7

Long-time Behavior:
@ Balance between collision and hyperbolic effect: [James-Nota-Velazquez '19]

@ Collision dominated: [James-Nota-Velazquez '19], [Duan-Liu '22], [Kepka '22]

@ Hyperbolic dominated: ?

Future work:
© Theoretical perspective: rigorous justification of multiscale hierarchy.
@ Numerical perspective: dimension reduction or high-order scheme.

© Other Boltzmann-related models: apply the kinetic ideas to Physical, Biol-

ogy, Quantum systems...
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Thanks for your attention!

Papers and preprints can be found at my homepage
https://kunlun-qi.github.io/
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