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ABSTRACT. A discrete weak KAM solution is a potential function
that highlights the ground state configurations at zero temperature of
an infinite chain of atoms interacting with a periodic or quasi-periodic
substrate. It is well known that weak KAM solutions exist for periodic
substrates as in the Frenkel-Kontorova model. Weak solutions may
not exist in the almost periodic setting as in the theory of stationary
ergodic Hamilton-Jacobi equations (where they are called correctors).
For linearly repetitive quasi-periodic substrates, we show that equi-
variant interactions that fulfill a twist condition and a non-degenerate
property always admit sublinear weak KAM solutions. We moreover
classify all possible types of weak KAM solutions and calibrated con-
figurations according to an intrinsic prefered order. The notion of
prefered order is new even in the classical periodic case.

1. INTRODUCTION

We consider a generalized model of Frenkel-Kontorova type on the real
line. The model describes the states at equilibrium of chains of atoms
interacting with their nearest neighbors and with an underlying one-
dimensional substrate. The interaction between two successive atoms at
the positions (x,, x,.1) has the general form E(x,,,x,,1) for some contin-
uous function F : R x R — R, called subsequently interaction model.

The seminal Frenkel-Kontorova model [19] was proposed to represent
the dislocation in a crystal. This simple model has appeared to be uni-
versal to describe several physical problems [3, 5]. Its standard version
may be given as

B(e,) = 5-(y =) = My —2) + 7KV (2)
where the constants \, K € R, 7 > 0, are the parameters of the model.
Here E has the physical dimension of an action assuming the mass is equal
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to 1. The constant 7 plays the role of a discretized time, 7 is a inter-
distance between two successive atoms (a positive constant A > 0 forces
the chain (x,),cz to be increasing), K is a dimensionless constant that
measures the strength of the interaction between one atom of the chain
and the substrate, and V is a periodic potential of unit size describing a
periodic external environment. Our main motivation is to understand in-
teraction models of Frenkel-Kontorova type without assuming V' periodic.

A central part of the theory consists in studying the set of configurations
at the ground state, called hereinafter Mané calibrated configurations, that
is the set of positions of the atoms in a chain (z,),ecz that minimize, in a
sense to be defined, the total action

arg min Z E(zp, xpi1).
(xn)nez nez
A key tool for this study is the notion of weak KAM solution at an ap-
propriate action level. Let us recall these concepts. The ground action or
atomic mean action is a particular choice of action level defined as
= . : 1
(1.1) E:= lim inf —

n—4o00 xg,...,tn€ER N

n—1
Z E(l’k, .Tk+1).
k=0

It is finite by the choice of the interaction model we are going to make. A
continuous function u : R — R is called weak KAM solution if it satisfies

{vx,yeR, uly) —ulz) < Ea,y) = B,

(1.2) Vy, Jz  st.  u(y) —u(r) = E(r,y) — E.

The relevance of these solutions has been highlighted by Fathi in [13,

, 15] in the context of the Hamilton-Jacobi equations on compact man-
ifolds, and by Contreras, Iturriaga, Paternain, Paternain [10], Contre-
ras [], Fathi, Maderna [17] for non compact manifolds. In [2], Arnaud
and Zavidovique describe precisely the pseudograph set of Z—Z for exact
symplectic twists maps of the annulus, where E(x,y) is understood as a
global generating function. These works are influenced by the viewpoint
proposed by Mather [27, 28] for studying minimizing orbits of Lagrangian
systems.

A discretization of weak KAM theory applied to optimal transportation
also enables to relate deep results of existence of optimal transport maps
[16, 4]. More recently, the discrete analogue of the Hamilton-Jacobi equa-
tions has been studied by many authors — see, for instance, [23, 21, 33].
In particular, it is known there exists a weak KAM solution u for periodic
interaction models, that is, for models satisfying

Ve,yeR, FEx+1,y+1)=E(x,y),

as is the case of the standard Frenkel-Kontorova model (for details see [3,

]). Moreover, such a solution u may be chosen periodic and hence
bounded.



CLASSIFICATION OF DISCRETE WEAK KAM SOLUTIONS 3

Regarding the atomic interpretation, an interest of weak KAM solution
lies in the concept of u-calibrated configuration (z,),ecz, that is:

n—1
(1.3) Vm,neZ, m<n, Z (E(zk, 2pp1) — E) = u(z,) — u(zm).
k=m
A weak KAM solution u plays the role of a fictitious potential needed to
keep a finite block of atoms of a configuration in equilibrium by applying
opposing forces at both ends, simulating the remaining action of the chain
outside the block [3]. However the effect of u as a fictitious potential does
not occur everywhere in space. A wu-calibrated configuration enables to
materialize these positions.

A weaker notion of calibration may be defined which we call Mané
calibration. More precisely, the configuration (z,), is said to be Mané
calibrated if it satisfies Vm,n € Z, n > 1,

m+4n—1
(1.4) > (Blak k1) — E) = S(@m, Tmgn),
k=m
where S denotes the Mané potential,

n—1

S(w,y)=inf _ inf ; (E(zr wien) — E).
In words, the Mané potential between two sites measures the minimal re-
duced action necessary to go from one site to another. A Mané calibrated
configuration is an infinite chain such that each finite sub-chain realizes
the smallest reduced action between its two endpoints.

We focus on the ground action E, defined in (1.1). Other calibra-
tion levels may be chosen as in [33], where weak KAM solutions are con-
structed for some non-explicit constants. In order to stay in the class of
weak KAM solutions that are sublinear at infinity, £ is the only possible
level. The interaction model £ is supposed to satisfy usual properties: C?,
twist, and superlinear as described more precisely in hypotheses 2. Actu-
ally, our main results link sublinear growths of weak KAM solutions to a
non-degeneracy condition: inf,cg F(x,z) > E. The complementary case
inf,eg E(x, 7) = E is treated in section 6. Previous works assume the sub-
strate to be periodic. The purpose of this article is to extend the theory of
calibrated configurations and weak KAM solutions to quasi-periodic sub-
strates. Here the interaction model E' is supposed to be equivariant with
respect to a linearly repetitive quasi-periodic set (see definitions 3 and 4), a
property which naturally appears when considering the classical examples
of quasicrystals. We classify thus all weak KAM solutions in three types
depending of their growths at infinity: type I, the sublinear case, type II,
the linear case, and type III, a mix of these two growths.

Theorem 1. Any superlinear and weakly twist interaction E fulfilling
inf, E(z,z) > E always admits a Lipschitz weak KAM solution.
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If E is in addition pattern equivariant with respect to a linearly repetitive
quasi-periodic set, then there is a selected half-space (either the positive
or the negative reals), depending only on E, such that any weak KAM
solution u belongs to one of three non-empty disjoint classes, namely,

e type I: w has a sublinear growth on the real line,

e type II: u has a linear growth on the real line,

o type III: uw has a mized linear/sublinear growth: u grows sublin-
early on the selected half-space and grows linearly on the comple-
mentary half-space.

Weak KAM solutions of type III are the only ones for which there is no
bi-infinite calibrated configurations as in (1.3).

Besides, any two weak KAM solutions of the same type lie at uniform
distance from each other.

Our framework includes significant and classical quasicrystals such as
Fibonacci, substitutive ones or typical cut-and-project quasicrystals [1].
One-dimensional quasicrystals are essentially discrete sets for which any fi-
nite pattern repeats in space in a syndetic manner and with some pattern-
dependent density. For models on quasicrystals, the atoms of the chain are
supposed to interact with an underlying aperiodic substrate, a structure
having no translational symmetry but exhibiting a long-range order [31].
This context is analogous but more rigid than the almost-periodic scenery
(e.g. a Frenkel-Kontorova model with a sum of incommensurable periodic
functions as potential V). A major difference between the two models
is that, in our setting, the interaction reaches its minimum. This avoids
pathological cases.

Actually this quasi-periodic context fall into the framework of a topolog-
ical stationary setting (see [20, 20, 22]). Initial studies (see, for instance,
[20, 32, 11]) showed that some classical properties of the periodic case
still hold when models on quasicrystals are taken into account, in partic-
ular the links between the minimizing configurations and their rotation
numbers. Notably, unbounded Mané calibrated configurations do exist as
shown in [22]. However all these previous works did not answer to the
existence problem of a weak KAM solution.

Our proof techniques remain mainly in the territory of classical analysis.
Partial results where obtained in [22] using ergodic tools and Mather
measures. The present work is actually independent from [22]; it gives a
simpler proof of the existence of calibrated configuration, and above all,
it constructs and classifies all weak KAM solutions.

In the Hamilton-Jacobi framework, a way to obtain weak KAM solu-
tions on a non-compact space pass through the use of Busemann functions
associated with an appropriate potential as in [9]. However, this method
adapted to the present context does not guarantee the existence of a dis-
crete weak KAM solution, since the second condition in (1.2) is not a
priori satisfied. We overcome this problem by studying a Lax-Oleinik
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operator on a suitable space of functions associated to a bi-infinite Mané-
calibrated configuration. The properties of such configuration leads to the
classification. A precise description of these relations and the classifica-
tion is given in theorem 5, providing qualitative criteria to distinguish to
which case a weak KAM solution belongs.

In the next section, we detail our assumptions and more rigorously
formulate our central results. Note that theorem 1 also provides a classifi-
cation on the asymptotic behavior of weak KAM solutions in the periodic
case, as summarized in theorem 6. At our knowledge, this is a new result
in this classical setting.

2. MAIN RESULTS

We consider a general interaction model E(x,y) (in which each variable
describes a position on the real line).

Hypotheses 2. An interaction model is a CY function £ : R x R — R
that fulfills the following three conditions

(H1) E(z,y) is locally uniformly bounded in the sense that
inf F(z,y) > —oo, sup E(z,x) < 400,

z,yER z€R

(H2) E(z,y) is locally uniformly Lipschitz for every R > 0, there exists

a constant Cf; (R) > 0 such that, for every z,y,z € R,

if [y — 2| < R, |2 — 2| < R then |E(z, ) — E(z,)| < CE,(R)]z -yl
if |2 — 2| < R, |2 —y| < R then |E(y, 2) — E(x,2)| < CE(R)ly — al,

Lip
(H3) E(z,y) is uniformly superlinear:

E
lim  inf (z,9) = +00.
R—+too |y—z|>R |y — x|

An interaction model F(x,y) is said to be weakly twist if it is a C? function
such that
0*FE 0*FE
H4) Vx € R ,-) < 0a.e.,and Vy € R,
(H4) Vx ,axay(x ) a.e., and Vy 920y

Here we are interested in models that take into account the interac-
tion between the atoms of the chain and the underlying environment that
will be modeled by a quasi-periodic substrate w. In particular, we fo-
cus on pattern equivariant interactions, a notion that not only captures
the dependence with respect to the quasi-periodic environment, but also
introduces the concept of short-range interaction in this context.

By a one-dimensional quasi-periodic set we mean a discrete set w C R
which has finite local complexity and is repetitive. To introduce these
notions, we will need the one of pattern, namely, a set P of the form wN I
for some bounded open interval I. Two patterns P and P are equivalent
whenever one is the translated of the other one, that is: P+t = P for

(-,y) <0 a.e.
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some t € R. A discrete set w C R is said to be quasi-periodic when the
following properties are satisfied:

finite local complexity: the set w possesses only finitely many equiva-
lence classes of patterns of cardinality 2;

repetitivity: for any R > 0, there is a constant M (R) such that for
any open interval I of length at least M(R), w N I contains a
representative from each class of patterns of diameter less than R.

In particular, we observe that the finite local complexity condition im-
plies the quasi-periodic set is (uniformly) discrete. Moreover, w, as a set,
is unbounded from above and below by the repetitivity condition. By
this condition, each type of pattern occurs infinitely many times along
the real line with uniformly bounded gaps between the occurences. A
very representative class of quasi-periodic sets is formed by quasicrystals.
Such sets are quasi-periodic ones with an additional density property on
the occurences of the patterns (see Appendix A). The repetitivity condi-
tion can be interpreted as a weak homogeneity property in a topological
sense. For a dynamical explanation, see [20]. Of course periodic lattices
are quasi-periodic sets, but there also exist aperiodic examples (i.e. that
are invariant under no translation). The simplest ones are constructed
by iteration of a procedure so called substitution, or in a geometrical way
by a cut and project scheme (see [1, 30]). The Fibonacci quasicrystal is
a famous one that can be obtained by both methods. Note that in the
substitutive case, the parameter M (R) of the repetitivity condition can
be taken with a growth at most linear in R. Such quasi-periodic sets are
called linearly repetitive, in the following sense.

Definition 3. We say that a quasi-periodic set w is linearly repetitive if
the repetitivity parameter M (R) has at most linear growth as a function
of the upper bound R for pattern diameters.

Most of quasicrystals obtained by cut and project are linearly repeti-
tive. In the geometrical, combinatorial and dynamical senses, they are the
simplest examples of aperiodic quasicrystals. We refer to [1] for a survey
of their properties.

A quasi-periodic set w on the real line models the underlying substrate
to be considered. We now describe the kind of interaction energy E be-
tween the chain and the substrate we are interested in. We say that an
interaction potential V' is pattern equivariant with respect to w if two
potentials are the same, V(z) = V(y), at two distinct positions = # y
provided the relative structures w — x and w — y coincide locally. We
generalize that idea to interaction energies in the following definition.

Definition 4. We say that an interaction E(z,y) is pattern equivariant
with respect to the quasi-periodic set w if there exists ¢y > 0 such that
for patterns P (of diameter greater than 2¢y), whenever P + ¢ is again a
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pattern of w,
E(z,y)=FE(x+t,y+t) Va,y € [minP + ¢, maxP — ).

We refer the reader to [20, 22] and to appendix A for examples of pattern
equivariant interactions. We precise our core results (theorem 1) in the
following statement. For a weakly twist interaction model that is pattern
equivariant with respect to a linearly repetitive quasi-periodic set, we not
only show the existence but we completely classify all possible types of
weak KAM solutions.

Theorem 5. Let E be an interaction fulfilling the assumptions (H1-4) of
hypotheses 2. Suppose that inf, E(x,z) > E. Then there exist positive
constants K and r < R such that the following holds.

(i) There exist Mané calibrated configurations. All Mané calibrated
configurations are strictly monotone and satisfy

Vk€Z, r<|o —al < R.

(ii) There exist weak KAM solutions. Every weak KAM solution u is
Lipschitz with Lip(u) < K and satisfies

VyeR, argmin{u(-)+ E(,y)} Cly—R,y+ R].

Assume moreover that E is pattern equivariant with respect to a linearly
repetitive quasi-periodic set. Then there exists v > 0 such that the follow-
ing holds.

(i1i) There exists a preferred ordering of R (e = 1 for the standard
ordering, e = —1 for the reversed one) such that every weak KAM
solution u belongs to one of the following three types:

o type I: every u-calibrated configuration (x,)nez is such that
(exp)nez 1S increasing, and

lim @

r—too I

e type II: every u-calibrated configuration (x,)nez is such that
(€ )nez 1s decreasing, and

lim sup M < —7v, liminf
zrtoo  |T] a>—o0 |z

u(ex) S

— Y

o type III: there is no bi-infinite u-calibrated configuration and

u(ex) lim u(ex)

S _,}/7 — O

lim sup

r—>+400 |x| T——00 |.77‘

(iv) There exist weak KAM solutions u of the three types previously
described. In type I and II, there exist u-calibrated configurations.

(v) Any two weak KAM solutions u and v of the same type lie at
uniform distance from each other: sup, |u(z) — v(z)| < +o0.
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To illustrate theorem 5, figure 1 presents different possible asymptotic
behaviors of weak KAM solutions. At the opposite, figure 2 presents
impossible asymptotic behaviors for weak KAM solutions.

I AN e AN Y|
L N VA

R

Sublinear growth at +oo.

Type I1

At least (negative) linear At most (positive) linear
growth at —oo, growth at —oo,
at most (negative) linear at least (positive) linear
growth at +oo. growth at +o0.
Type 111
e=1 e=—1

Sublinear growth at —oo, Sublinear growth at +oo,

at most (negative) linear at most (positive) linear
growth at +oo0. growth at —oo.

FiGURE 1. The different possible asymptotic behaviors of
weak KAM solutions

We provide families of interactions fulfilling the hypotheses of this the-
orem in appendix A. Assumption inf, E(z,z) > FE is a non-degeneracy
hypothesis. This condition roughly indicates that a chain formed by atoms
very close to each other cannot be strongly minimizing, so that Mané cal-
ibrated configurations have an intrinsic interspacing.

The above theorem has implications for the periodic case. As already
mentioned, the existence of periodic (and therefore bounded) weak KAM
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Y
JRREENRVATA')

At least (negative) linear growth at —oo and sublinear growth a +o00.
The symmetric case with respect to the vertical axe is also impossible.

The limits inferior and superior of linear growth at 400 (or at —oo)
have different signs.

At least negative (resp. positive) linear growth at —oo (resp. +00).
The symmetric case with respect to the horizontal axe is also impossible.

FiGUureE 2. Different impossible asymptotic behaviors of
weak KAM solutions.

solutions is well established. To the best of our knowledge, however, weak
KAM solutions with linear or mixed behavior in the periodic context are
not reported in the literature.

Theorem 6. For a weakly twist and periodic interaction model E such
that inf, E(x,x) > E, there are exactly three types of weak KAM solutions:
those that are bounded, those that have linear growth along the real line,
and those that are simultaneously bounded on a selected half-line and have
linear growth along the complementary half-line.

Moreover, two weak KAM solutions belonging to the same class remain
at a uniform distance from each other along the real line.

Of course a weak KAM solution with linear growth provided by theo-
rem 6 is not periodic. Actually, for periodic interaction, we do not known
if any bounded weak KAM solution is also periodic.

In the degenerate case, where the infimum of self-interactions (E(z, z),
x € R) equals the ground action, behaviors of weak KAM solutions may
be very different from those observed in theorem 5, even in the periodic
case. As an illustration, we propose the following result.

Theorem 7. There is a periodic interaction E(x,y), with inf, E(z,r) =
E, for which x — S(0,z) defines a weak KAM solution of linear growth
but all Mané calibrated configurations are (uniformly) bounded.
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A classical approach to get weak KAM solution is through the study
of the action of the Lax-Oleinik operator on a suitable space of functions.
Related to our context, an interesting space is the one formed by con-
tinuous functions u: R — R with at most linear growth, namely, fulfilling
sup, |u(x)|/(Jx] + 1) < 400. For E an interaction satisfying assumptions
(H1-3) of hypotheses 2, recall that the backward Laz-Oleinik operator is
the non-linear operator acting on the space of continuous functions with
at most linear growth as

(2.1) VyeR, Tlul(y):= ylﬁrelg {u(z) + E(z,y)}.

Then weak KAM solutions are functions that satisfy T[u] = u + E.

Our purpose in the next sections is to detail the proofs of the above
results. The rest of the paper is organized as follows. In section 3, from a
Mané calibrated configuration that traverses the entire real line, we define
a family of localized Lax-Oleinik operators preserving a suitable sequence
of functional spaces. We then show they admit additive eigenfunctions
and moreover their accumulation points are indeed Lipschitz weak KAM
solutions (theorem 11). In section 4, for weakly twist models F that fulfill
inf, F(x,x) > E, proposition 15 ensures that calibrated configurations are
always monotone and have successive jumps bounded (in a uniform way)
from above as well as from below. This provides the existence of a Mané
calibrated configuration as required to apply theorem 11, which gives
theorem 18 that corresponds to the first statement of theorem 5. The
linearly repetitive quasi-periodic case is studied in details in section 5.
Thanks to the specific properties of repetitions of the pattern in this
quasi-periodic setting, we are able to identify, as |z — y| — +o0, distinct
behaviors of the Mané potential according to whether x < y or x > y
(proposition 24). Actually, the model introduces a preferred ordering on
the real line (¢ = 1 for the standard ordering, ¢ = —1 for the reversed one),
and a dichotomy on the type of growth of the Mané potential S(z,y) as
|z —y| — 4o00: a sublinear growth of S(ex, ey) when z < y and a positive
linear growth of S(ex, ey) when x > y. Such a feature is the key piece that
allows the classification of all weak KAM solutions. Hence, proposition 29,
corollary 30 and proposition 31 are the results that complete the statement
of theorem 5. Finally the periodic example proving theorem 7 is studied
in proposition 34, in section 6.

3. MANE CALIBRATION AND WEAK KAM SOLUTIONS

We prove in this section the existence of weak KAM solutions (1.2)
under the assumption there exists a Mané calibrated configuration un-
bounded at oo with uniformly bounded jumps. Note that we do not
require this configuration to be monotone.

During this section, we suppose that E is an interaction model satisfying
assumptions (H1-3) of hypotheses 2, no additional condition is required.

We recall first some of main definitions mentioned in the introduction.
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Definition 8.
(i) We call ground action the quantity

n—1

. . 1
E = lim inf o Z E(zk, Tgi1)

Nn—+00 T,T1,...,
k=0

(ii) We call Mané potential the function defined on R x R as

n—1

S(z,y) :=inf  inf B B
(v,9) =i _ inf Z( (0, 21) — E)

(iii) A subconfiguration (x)j_,, p < g, is said to be Mané calibrated

if
n—1

Vp§m<n§q, S(l'm,xn):Z(E<l'k,l’k+1)_E)
k=m

To simplify the notations we will use the convention

n—1
E(x07$17 s 7xn) = ZE(xkaxk+l)‘
k=0

We observe the following simple properties.

Remark 9.
(i) £ = sup,>;info o, . LE(xo, 21, ..., Tn),
11 infac,yER E($7 y) S E S_ inf:cER E(l‘, l‘),
ii) Voo €R, Vn>1, FE <inf, ., ., %E(xo,xl, ey Tp_1,T0)

(i)
(i)
(iv) inf, yer S(z,y) < 0 < inf,er S(z, 2),
(V) Va,y,z €R, S(x,2) < S5(x,y) + 5(y, 2),
(vi) Va,y €R, E— E(y,z) < S(z,y) < E(z,y) — E.

Property (i) is a consequence of Fekete’s lemma and the super-additivity
of [n — inf,, .. E(zo,...,z,)]. Property (ii) is obtained by bounding
from above inf,, . F(zo,...,z,) by computing the action on configura-
tions of the form (z,z,...,x). Property (iii) follows from Fekete’s lemma
and the sub-additivity of [n — inf,, . | E(zo,21,...,2n_1,%0)]. Prop-
erty (iv) is a consequence of (iii) for the right hand side, and a consequence
of the definition of £ and the inequality S(z,y) < E(z,y) — E for the
left hand side. Property (v) follows by concatenation of configurations.
Finally, property (vi) follows from the inequality S(z,y) < E(z,y) — E
obtained by taking a simple configuration (z,y), and then from (v) using
the second inequality of (iv).

We show in the following lemma that any weak KAM solution is Lips-
chitz and that any backward minimizer in the definition of the Lax-Oleinik
operator (2.1) has a uniform bounded jump.

Lemma 10. There exist constants K, R > 0 (depending only on the in-
teraction model E) such that for every weak KAM solution u
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(i) w is Lipschitz continuous and Lip(u) < K,
(it) Vy € R, argmin{u(-) + E(-,y)} C [y — R,y + R).

Proof. Let u be a weak KAM solution, that is, T[u] = u + E, where T is
the Lax-Oleinik operator associated to E defined as (2.1).

Step 1. We show an a priori linear growth of u. Denote

K := sup E(z,y) — inf E(x,y).
ly—z|<1 2yeR

We claim that |u(y) — u(z)| < K(ly — x| + 1) for all z,y € R. Indeed,
either one has |y — 2| < 1, and then

(3.1) uly)— u(x) < B(w,y)— E< swp E(z.y)— inf E(wy) < K,
ly—=|<1 zyeR

which clearly implies u(y) — u(z) < K(|y — x| 4+ 1). Or otherwise for some

n>2n—1<|y—=z| <n. In this case, consider z} := = + %(y — ),

k = 0,...,n, a sequence of points spaced apart by at most 1. Then

from (3.1) u(zx) — u(zp_1) < K, so that

uly) —u(z) <nk < K(ly — | +1).

Step 2. We show item ii. By the superlinearity, there exists R > K
such that E(z,y) > K|z — y| + E + K whenever |z — y| > R. Suppose
z,y € R fulfill u(y) — u(z) = E(x,y) — E. Assume by contradiction that
ly — | > R. From the first step, |u(y) —u(z)| < K(Jy — x| +1). However,
from the choice of R, we see that E(z,y) — E > K(|y — x| +1). We thus
obtain a contradiction and conclude that |y — z| < R.

Step 3. We show item i. Let y,z € R and = € argmin{u(-) + E(-,y)}.
Hence,

u(y) = u(z) + BE(r,y) — E and u(z) <u(z) + E(x,2) — E.
Either |z —y| > 1, and therefore
u(z) = uy) < K(lz —y| +1) < 2Kz —y],

or |z —y| < 1 so that, as |y —z| < R and |z — 2| < R + 1, using the
constant Cf;, in (H2),
u(z) —u(y) < E(w,2) — B(z,y) < O, (R+ 1)z —yl.
We obtain that u is K-Lipschitz with K := max{2K, Cr(R+1} O
We highlight the key result of this section.

Theorem 11. Assume there exists a configuration (xy)kez fullfiling

o (xp)kez 18 Mané calibrated,

e it has bounded jumps, namely, sup |ry1 — x| < 400,
kez
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e it is unbounded from above and below in the sense that either

lim sup x = +o0, hm mf T = —00,
k—+o00

or
liminf xp = —oo0, limsup x = +o00.
k=00 k——o0

Then there exists a Lipschitz weak KAM solution v such that for m <n,
the configuration (xy)kez satisfies

v(zn) — v(Tm) = S(Tm, ).
We first prove an a priori linear growth of the Mané potential. Note

that, thanks to hypotheses (H1) and (H2),

VR >0, sup E(z,y) < +oo.
ly—z|<R

Lemma 12. There exists a constant C > 0 such that

Proof. Define
C:= sup |E(x,y)— E|.
ly—z|<1
Choose n > 1 such that n—1 < |y—z| < n, and denote t; := 2+ £(y—z).
Then

[S(z,9)] <D 1S(te-1, )| < nC < Cly — 2| + 1), O
k=1
Proof of theorem 11. Suppose that

limsupx, = 400 and liminfx, = —oo.

k—+o0 k——o0
The other case follows from this one by introducing E(z, y) := E(—xz, —y)
and noticing that (2;) := (—24)x is calibrated with respect to S(z, )
S (—ZL’ ) _y) .

Step 1. The idea of the proof is to construct (in a uniformly Lipschitz
way) approximated weak KAM solution on an exhausting sequence of
compact intervals By = [z;,, %], in — —00, jny — +00. The difference
between the standard Lax-Oleinik operator and the approximated one is
that we impose on the latter a fixed boundary condition on the set of
solutions outside By.

We define inductively two sequences of indices

<1< <0<y <J2 <
such that for every N > 1,
Tiy—1 <xo— N <29+ N <xj,41 and
Viy <k <jn, z € [20 — N, 20 + NJ.
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Let By := [2iy, ;] and T be the operator acting on C°(By) by
Vy e By, Twlul(y) = min[a(a) + E(z.y) - E],
where @ is the extension of u on R defined as
Ve & By, u(z)=5(x;y_2,).

Note that T is well defined thanks to the superlinearity of the interaction
and the sublinearity of S. We show there exists a constant K > 0 such
that for every N, Ty preserves the following functional space

Hy = {ue C°By) :Viny <k < jn, ulzy) = S(ziy—2, 71),
Va € By, u(x) > S(x;y—2, ),
Va,y € By with |z —y| < 1, Ju(y) — u(z)| < K|y — z|},
Note that for u € Hy,
Ve eR, u(x) > S(ziy-—2,2), VkeZ ulrg)=S(xiy_2,Tk).
To prove the stability of Hy, observe for every y € By and x € R,
i(z) + B(z,y) = E > S(xiy-2,2) + S(,y) = S(@iy-2,y),
and for every iy < k < jy, thanks to the calibration of (zy)kez,
(xp_1) + E(rp_1,21) — E = S(24y 0, 051) + S(xp_1,21) = S(T55 2, 1),
which implies
Tnlul(y) > S(ziy—2,y), Yy € By and
Tylul(xg) = S(Tiy—2,7k), Viy < k < jn.
Let y € By. We prove that the infimum in the definition of Ty[u](y) is
attained at some z € R satisfying |y — z| < R for some uniform constant

R > 0. Define p := supyez |Tk+1 — xx|. On the one hand, if z; € By is
chosen such that |y — zx| < p, then

Tnlul(y) < alex) + E(zg,y) — E = S(xiy—o,2x) + E(wp,y) — E

S(Tiy-2,y) + Sy, 21) + E(zp,y) — B
S(xiy—2,y) +2 sup ‘E(x,cc’) — E’|,

le—a’|<p

VARVAN

On the over hand, by the superlinearity of the interaction, one can find
x € R such that

TN[“](?/) = fb(l’) + E(I, y) - E > S(miw—%x) + E({L‘,y) - E
Combining both inequalities, one obtains
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with D := 2supy, <, |E(z,y) — E|. Using again the superlinearity of £
and the constant C' from lemma 12, one gets for some constant B > 0,

(C+Dly—=z|—B<E(r,y)—E<S(x,y)+ D <C(ly—=[+1)+ D,
ly—x| <R with R:=B+C+D.

We prove that T |u] is Lipschitz continuous. Consider y;,y, € By with
|yo — y1| < 1. Then there exists x € R, |y; — z| < R, such that

Inlul(y) = a(z) + E(z,y)  and - Tylul(y2) < () + E(z, ya).

Using the constant Cf; (R) as in (H2) and denoting K := Cf; (R + 1),
one obtains

T [u)(y2) — T[ul(y1)| < Kly2 — vl

In conclusion, Hy is a compact convex subset of C°(By) for the uniform
topology. The non linear operator Ty : Hy — Hpy is 1-Lipschitz. By
Schauder-Tychonoff theorem, T admits a fixed point uy.

Step 2. Define

on(y) == un(y) — un(zo), Vy € By.

Then, for N sufficiently large, z;, < xo — R < zo + R < xj,,

[ UN(SCO) = 0,

o Va,y € By with |z —y| <1, |on(y) —on(2)| < K|y — 2,

e Va,y € By, vn(y) <on(z) + E(z,y) — E,

o Vy € [z, + R,xj, — R|, 3z € By such that |y — 2| < R and

un(y) = vn(z) + E(z,y) — E,

e Viy<k<l< jN, UN(ZEl) — UN(Ik) = S(ZL’;C,ZL'Z).
By using a diagonal procedure of extraction, there exists a subsequence of
(vn)n that converges uniformly on any compact interval to a K-Lipschitz
function v : R — R that is a weak KAM solution calibrating (zx)rez. O

4. NON-DEGENERATE AND WEAKLY TWIST MODELS

The main result of this section guarantees that, for weakly twist mod-
els (i.e., interactions fulfilling all the assumptions (H1-4) of hypotheses 2)
that satisfy the non-degenerate condition inf, E(x,z) > E, there are al-
ways weak KAM solutions. In order to apply theorem 11, we prove in
lemma 17 the existence of increasing as well as decreasing Mané cali-
brated configurations with bounded jumps and unbounded from above
and below. Actually we improve a result obtained in [22] for which the
environment is supposed to be a quasi-crystal — in particular, it possesses
a uniquely ergodic hull and the interaction is pattern equivariant. On
the contrary lemma 17 does not require any particular assumption on the
structure of an underlying substrate.

We first gather results that have been proved in [22].

Lemma 13. Let E be a weakly twist interaction. Then
(1)) Vo <y, S(x,y) =inf,pyco < canmy {E(mo, ey Tp) — nE},
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(ii)) Ve >y, S(z,y) = infy—zo>a > >z,=y {E(xo, R nE},
(iti)) Vo € R, S(z,z) = E(x,x) — E.

Moreover, if the interaction is pattern equivariant with respect to a quasi-
pertodic set, then the Mané potential is also pattern equivariant.

Proof. See proposition 24 in [22]. O

We assume from now on that inf,.g E(x,z) > E. We choose once for
all ng > 0 such that

(4.1) Vo,y€R, |ly—z| <n = E(x,y)—E > n.

Lemma 14. Assume thal E is a weakly twist interaction model satisfying
inf, E(x,z) > E. Then, there exist constants Ay, By > 0 such that for

any (o, ..., r,) € R with g = z and z,, = v,
(4.2) n < Agly — x| +BOZ(E(xk,1,xk) — F).
k=1
Proof. If (zo,...,%,) is not monotone, then by lemma 23 in [22] there
exists a subset of distinct indices {ig, ...,i,} of {0,...,n}, with ig = 0,
i, = m, such that (z;,,...,z; ) is strictly monotone, and
(4.3)
E(zo,...,2n) —nE > E(x,,...,7;) — cE + Z (E(zj,z;) — E).
§#li0r i}
If (o, ..., x,) is monotone, we choose o = n and i;, = k for all k. In both

cases, we obtain
E(zg,...,2,) —nE > E(x,...,7;,) — cE + (n— o)ne.

We now consider the set of indices I C {0,...,0 — 1} such that k € I if
and only if |z;, — x;,,,| > no. If k € I, we use an a priori lower bound

E(w,, 24,,,) — E>FE,.,—F
where E,;, = inf, jer E(x,y). If k & I, the definition of 7, gives
E(x;,,x,,,) — E > np.
Hence, we have
Bz, ..., 2,) — 0E > |I|(Epin — E) + (0 — |I])n0.
Combining the estimates above, we obtain

E(xg,...,2,) —nE > |I|(Epin — E —n9) + nnp.

By monotonicity of (z:y, .., 21, clearly || < |z;, —i| /0 = [£u—2ol/70,
so that
ng 5 noly—xl—F—Z(E(l’k,l,l’k)—E)
"o o=
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We show in the following lemma that the infimum in the definition
in S(x,y) is actually a minimum, and that the number of points realiz-
ing the minimum is bounded from above by a quantity proportional to
ly — x|. Besides, we prove that the successive jumps of Mané calibrated
configurations are uniformly bounded from above and from below.

Proposition 15. Suppose that E is a weakly twist interaction model ful-
filling inf, E(z,z) > E.

(i) For every x # y, there are an integer n > 1 and a strictly mono-

tone configuration (xg, ..., x,), with o = = and x,, =y, fulfilling

S(z,y) = Z E(zg_1,7) — nE.
k=1

(i) There exist constants A > 0 and B > 0 such that, for every pair
of points x,y € R, if (xo...,x,) € R"! satisfies xg =z, z, =y,
and S(x,y) = > p_ E(xy—1,24) — nE, then

q

S(xp, Tq) = Z E(zp-1, 7)) — (p—q@E, VO<p<qg<n,

k=p+1
(zo,...,x,) s monotone and n < Aly— x|+ B.
Besides, forn > 2, (zg,...,x,) is strictly monotone.

(11i) The Mané potential admits a negative sublinear lower bound in
the following sense:

Va>0,38>0, Vz,y € R, S(z,y) > —aly — x| — .

(i) There exist constants 0 < r < R such that every Mané calibrated
subconfiguration (z,,...,x,) with ¢ —p > 2 is strictly monotone
and satisfies

Vp<k<gq, r<|opp—a <R
Proof. We assume in all items x < y. The other case x > y is similar. We
start by proving item ii.

Item ii. Let (xg,...,x,) be a configuration satisfying

S(x,y) = ZE(mk,l,xk) —nk.

k=1
Obviously for 0 < p < ¢ < n,

q

S(zo,2q) + D Blwror,zx) = (0= ) B + S(g, 1) <

k=p+1

< ZE(xk_l,xk) —nE = S(xg, 1) < S(x0, 74) + S(2p, 74) + S (4, )
k=1
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implies that S(xz,, z,) = Y 1_ 1 E(xr-1,21) — (p — ¢) E. Inequality (4.3)
shows that (zo,...,z,) must be monotone, since otherwise one could de-
crease strictly the Mané potential

S(z,y) = E(zo,...,7,) —nE > E(xy,...,7;,) — ok > S(x,y).

For n > 2, the configuration is actually strictly monotone, since otherwise
there would exist 1 < j < n such that z;_; = z; and we would obtain the
same contradiction as above

y) = [ZE((L’k_l,(L’k) — (n — ].)E] + [E(xj_l,xj) — E]
k#j
> S(x,y) + in£ E(z,r) — E.
xre
The estimate (4.2) thus implies n < Ag|ly—x|+BoS(z,y). We conclude us-

ing the a priori sublinearity estimate for the Mané potential in lemma 12,
so that n < Aly — x| + B, with A = Ay + ByC and B = ByC.

Item i. Let us consider a sequence Sy > S(z,y) converging to S(z,vy).
Item i of lemma 13 shows there exists a strictly increasing configuration
(zf, ... ,xfle), with 2§ = 2 and zf = y, such that

Sg > Z LCk 1, Tk —ngE)

The estimate (4.2) implies ny < Agly—xz|+BoSe. As Sy — S(x,y), we may
assume ny = n is constant. We then extract a subsequence of (zf, ..., x%)
converging to some (zo, ..., x,) satisfying

S(z,y) >Z (Tp—1, Tk) —nE)>S(:p Y).

The previous item Shows that (g, ...,xy,) is strictly monotone.

Item iii. Let > 0 and o = /A, where A is the constant obtained in
the first item. Thanks to item i of definition 8, there exists 3 > 0 such
that

Vn>1, Y(zo,...,7), E(xo,...,7,)—nE>—an-p.

[tems i and ii of the present proposition ensure that there is a particular
configuration (zo,...,x,) such that

S(:E7y) :E(mOa"wxn) _nEZ —o/n—ﬂ’
> —a/(Aly — 2|+ B) = ' = —aly — 2| -
with §:= o' B+ (.

Item . Let (z,,...,2,) be a Mané calibrated subconfiguration. It
is strictly monotone for ¢ — p > 2 as a consequence of item ii. From
lemma 12, we have

S, xps1) < C|lzgr — x| + 1)
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for some constant C. From the superlinearity of the interaction, there
exists a constant B > 0 such that

(C —f- 1)|{L‘k+1 — {L‘k| — B S E(:Ek,ka) — E = S(ZEk,ZEk+1).

Therefore, |25 — x| < B + C := R. With respect to the lower bound,
let first 1y > 0 be defined as in (4.1). Note then that for p < k < g — 1,

S(ka ZEk+1) - S(xku xk—l—?) - S<x/€+17 $k+2)

< E(wg, Trgo) — E(Trgr, Try2)

(4.4) < CEL(2R) |wprr — .
We claim that |24, — x| > 10/ (Cfi, (2R) +1) =: 7. Indeed, otherwise by

the very definition of 1y we would have 1y < E(zy, Tps1)—E = S(zk, Trt1),
but (4.4) shows that S(z, 2e41) < O (2R) no/ (CF,(2R) + 1) < 1o, and
we would reach a contradiction. The equality S(z,—1,2,) = S(z4-2,7,) —
S(xg_2,74-1) allows to discuss the case of the last index in a similar way.

O

The regularity of the Mané potential is an immediate consequence of
the previous proposition.

Corollary 16. For a weakly twist interaction E fulfilling inf, E(x,x) >
E, the Mané potential is Lipschitz continuous.

Proof. Let I,J C R be both open intervals of length 1. It is enough to
argue that S|rx, is Lipschitz. Items i and ii of proposition 15 guarantees
there exists N = N(/,J) > 0 such that
b) = mi i E(xg,...,2,) —nE
S(a,b) 12311§IIN (a:xg,r.l.l.,rin:b) [ (0,1 2n) =7 }’
for all a € I and b € J. Therefore, given x,z € I and y,y € J, items i
and iv of proposition 15 provide the estimate

1S(2,y) = S(&,§)] < max{ max |E(z,0) - E(3,0) + E(b,y) = E(b,9)],

le—al<R

ly—bl<R
i—al<
§-bl<R

Since F is locally uniformly Lipschitz, we conclude that
U

The existence of Mané calibrated configurations such as those required
among the hypotheses of theorem 11 was actually proved in [22] by adopt-
ing a viewpoint focus on minimization of Lagrangians, a similar strategy
to the one inaugurated by Mather [27]. The next result guarantees the
existence of these configurations in a more direct way.
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Lemma 17. Assume that E is a weakly twist interaction model such that
inf, E(z,x) > E. Then E admits increasing as well as decreasing Mané
calibrated configurations which have bounded jumps and are unbounded
from above and below.

Proof. We make use of R,r > 0, the constants that bound the successive
jumps of calibrated configurations according to item iv of proposition 15.
In particular, given A € R with |A| > R, from proposition 15 we consider
a subconfiguration (:c;f‘, e ,x’;), with p < 0 < ¢, such that

5] < R,
r< ’xﬁﬂ - x?’ <R V&,
S(—A,A) = E, (v, ...,22) — (g —p)E.

P> q
Note that (7, ..., ) is increasing for A > 0 and decreasing for A < 0.
By denoting 23 := z) = —A for all k < p and zi} = 27 = A for all

k > ¢, we have a configuration (zi)rez that belongs to the compact set

[Ticz [ = (li] + 1)R, (Ji] + 1)R]. Hence, as either A — 400 or A — —o0,
we are able to obtain an accumulation point (yx)rez. By taking into
account a suitable subfamily, we may suppose that (yx) is the limit of
(z3}). Obviously (y;) fulfills for all k € Z, r < |yr1 — x| < R. Tt only
remains to show that it is a calibrated configuration. However, thanks
to the continuity of the Mané potential, from item ii of proposition 15, it
follows for all 7 < 7,

O

From the previous lemma, one has the following consequence of theo-
rem 11.

Theorem 18. Let E(x,y) be a weakly twist interaction model satisfying
inf, E(x,x) > E. Then there exist a weak KAM solution u and a u-
calibrated (and thus Mané calibrated) configuration (xy)rez. There exist
constants K > 0 and 0 < r < R such that every weak KAM solution
w is Lipschitz with Lip(u) < K, and every Mané calibrated configuration
(xk)kez 1s strictly monotone and satisfies

VkeZ r<|rpy — x| <R.

The results in the previous theorem and lemma 10 constitute the first
two statements of theorem 5.
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5. LINEARLY REPETITIVE QUASI-PERIODIC SETS

Our main goal is to show that, in the context of linearly repetitive
quasi-periodic sets (see definition 19 below), all weak KAM solutions are
of one three types, which may be described according to their kind of
growth (linear versus sublinear), to the ordering of their calibration, or
to the existence or not of calibrated configuration traversing the real line.
Proposition 29 and corollary 30 gather the core of this classification. Along
with proposition 31, they complete the statement of theorem 5. One of the
essential ingredients to reach the classification is the notion of fundamental
configuration, that is, a finite configuration that performs the minimum
sum of a certain fixed number of interactions. In the linearly repetitive
framework, with the hypothesis of non-degeneracy inf,cgr E(x,z) > E, all
these fundamental configurations are shown to be ordered in the same
way as long as a large enough number of interactions is considered. This
define a preferred ordering. The linearly repetitive and non-degenerate
framework allows to show that the Mané potential has sublinear growth
according to this preferred ordering (see proposition 24). In fact, the
understanding of the behavior of the Mané potential against the ordering
introduced by these sufficiently large fundamental configurations is the
key element for the study of the possible types of weak KAM solutions.

We begin by reestablishing repetitivity, now in more quantitative terms.

Definition 19. A discrete set w C R, is said repetitive if for every R > 0,
there exists M (R) > 0 such that, for any open interval .J of length at least
M (R) and any pattern P of diameter at most R, there is ¢ € R for which
P+t is a pattern of wN.J. Besides, whenever there are positive constants
A and B such that M(R) < AR+ B for all R, w is said to be linearly
repetitive.

First note that the repetitivity implies that the quasi-periodic set w is
relatively dense, i.e. there is no arbitrary large gap between consecutive
elements. More quantitatively, there is a constant Ry > 0 such that

(5.1) wNI#0Q for any interval I of length greater than Ry.

We assume from now on that the interaction is pattern equivariant with
respect to a quasi-periodic set.

Definition 20. For a given interaction F, a fundamental configuration of

size n. > 1 is a finite sequence (zo, ..., 2,) such that
E(z0,...,2,) = min _E(xzg,...,x,).
x07"'7Z7L6R

We denote by T',(E) C R™™! the set of fundamental configurations of size
n.

The above minimum exists because of the superlinearity of E. More-
over, by definition of E, for any sequence of fundamental configurations
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(280,020

_ 1 _
E(zy,...,z) <nE and lim —E(z,..., %) =E.

n—-+oo 1 T
We show in the next lemma that minimizing configurations are strictly
monotone provided that their endpoints are sufficiently far apart from
each other. Recall that ¢, is the constant that characterizes the pattern
equivariance of E(x,y) (see definition 4).

Lemma 21. Let E be a weakly twist interaction model that is pattern
equivariant with respect to a quasi-periodic set w. Then there exists a
constant L > 0 such that every minimizing configuration (xo,. .., x,) sat-
isfying |z, — xo| > L is strictly monotone.

Proof. The proof is by contradiction. To simplify, assume zg < x,. In

the case the configuration is not monotone, by lemma 23 in [22] there are
indices ip = 0 < iy < -+ < i, = n such that (z;,,2;,...,x;,) is strictly
monotone and

n—1 o—1
(5.2) Y Blrk i) 2 Y Elwg,wi,,)+ Y Elry,).

k=0 k=0 J¢{io,..vio}
In the case the configuration is monotone but not strictly monotone, we
obtain the existence of o and (i,...,i,) as above but with an equality
in (5.2) instead of an inequality. We now use the pattern equivariance
of E to transport the points x;, j ¢ {io,...,%}, to new locations Z;

inside the interval (zg,x,). Let P be the set of all patterns of the form
P, = (z — Ry — <, + Ro + <) Nw where z is any point. By repetitivity,
there exists L > 0 such that any interval of length L contains a translate
of any pattern in P. Then, for x,, —xg > L, there are Z;, j ¢ {io, ..., %0},
such that

Pf]- C (ZL‘Q,ZL’n) and P;.

J —Zi’j :P%. — Iy.
By pattern equivariance E(x;, x;) = E(Z;, Z;).

Whenever z; € (z;,,2;,,,) for some j and s, by Aubry crossing Lemma
E(l‘is, ZL’Z‘S+1> -+ E(Zij, i‘]) > E(l’z‘s, jj) + E(i’j, (L’Z‘5+1).

We may re-index the new set {z;,,...,x;, } U{Z;} as {Z,,...,T;,,,} and
again apply again Aubry crossing Lemma to other points Z; distinct from
{Ziy, .-, Zi,,, }. We finally obtain a new monotone sequence (Zo, .. ., Zn),
with 79 = o and Z,, = x,, satisfying

n—1 n—1

> E(wgwp) > Y B(F, ).

k=0 k=0
The strict inequality shows that (zo,...,z,) is not minimizing. We have
obtained a contradiction.

We are led to consider the situation in which all the new points ;

belong to {x;,,...,x;,_,}. By re-indexing, one obtains a monotone but
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not strictly monotone configuration xg = 29 < 71 < ... < Ty 1 < Tp, = Ty,
fulfilling

1

3
|

i

—

E(wg, wp1) = ) BTy, Tia)-

k=0 k=0
Proposition 25 of [22] implies that (Zg,...,Z,) is not minimizing, and
therefore (zo, ...x,) is not minimizing. We have reached again a contra-
diction. 0

Note that (zg,...,2,) € I',(F) implies E(zq,...,2,) = min, T"[0](x).
In the next lemma, we guarantee that any configuration (y_,, ..., 4o), with
endpoints sufficiently apart from each other, such that E(y_,,...,yo) =
T"[0](yo) has (uniformly) bounded jumps.

Lemma 22. Let E be a weakly twist interaction model that is pattern
equivariant with respect to a quasi-periodic set w. Then there exist con-
stants L > R > 0 such that, for every configuration (y_, ..., yo) satisfying

|Y—n —vo| > L and E(y—y,...,y0) = T"[0](v0),
(5.3) ly_ri1 —y—i| <R, V1<k<n.

Proof. Although we deal with a more general context, the proof is very
similar to the one of proposition 39 in [22].

Part 1. We prove first an intermediate result: there exists a constant
R’ > 0 such that

|Ynt1 = Y| < R, [Ynt2 = Yni1] < R'.
For the first estimate, denoting E**? := sup,.g E(z, z), since T"[0](yo) <
E(y—n+17 Y—n+1,Y—n+2, - - 790)7 one has
E(y—m y—n+1) — E* < E<y—n+17y—n+1) - Esup < 0.

With respect to the second estimate, introducing E™/ := inf, ,cr E(z,y),
note that 7™ [0] (yO) < E(y7n+2, Y-nt2,Y-n+2,Y—n+3; - - - 73/0) ObViOUSIy m-
plies E(y,n, Y—n+1, y,n+2) < E(y,n,% Y—n+2, y*n+2)7 so that

E(y—n—i-l;y—n—i-Q) _ [sup < Esup _ Eznf

Superlinearity ensures there is R’ > E**? — E"/ such that if |z —y| > R/,
then

E(z,y) — B > |z —yl.
Therefore, we necessarily have |y_, 1—y_,| < R and |y_p10—y_ni1| < R
Part 2. Lemma 21 shows that (y_,,...,yo) is strictly monotone. To fix

ideas, suppose that (y_p,...,yo) is increasing. Let I denote the interval
(Y—n — Ro — 0, Y—n+2 + Ro + ) and

s:=2R'+2Rg+ 250 > |y_nio — Y_n| + 2Ry + 2<.
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By repetitivity, any interval of length at least M (s) contains a translate
I+t,wn(l+t)=(wnNI)+t, and by pattern equivariance,
Va,ye [yfn7yfn+2]> E(x—i—t,y—i—t):E(x,y)

Define R := M(s). We claim that |y_p41 — y—x| < R for every 1 < k <
n — 3. The proof is by contradiction. Indeed, if this is not the case, based
on the foregoing there exists ¢ > 0 such that

[Z/fn — Ry — <0, Y—nt2 + Ro + €0] +tC (y*’w ’y—k+1)7
V$7y€ [yfn7yfn+2]> E($+t,y+t) :E(xay)

Aubry crossing lemma (lemma 22 of [22]) shows that

E(Y—t Y=k+1) + EW—ns Y=nt1, Y=nt2) =
= E(y—ku y—k—H) + E(y—n + 4 Ynt1 1, Ynyo + t)
> Byt Ynt1 T 4Yk11) + E(n + 1, Y2 +1)
=Bk, Yni1 T Y k11) + E(Yns Ynya)-
Shifting y_,, 1 to the position y_,, .1 + ¢, one obtains

Tn[o] (yO) = E(y*na Y-nt+1,Y—n+25 - s Y=ky Y—k+15 - - - 73/0)
> E(y—rm ?J—n+2> ey Yk, y—n-i—l + ta y—k:-i—la o 7?/0)'

We have obtained a configuration of n 4+ 1 points ending at y, that de-
creases strictly 7"[0](yo). That contradicts the optimality of (y_,, ..., %o)-
O

We gather in the following lemma several conclusions that are proved in
the lemmas 41 and 42 in [22]. We actually simplify the proof and and we
only use the results of that work exclusively related to the twist condition
to obtain the lemma below in a more general framework.

Lemma 23. Let E be a weakly twist interaction that is pattern equivariant
with respect to a quasi-periodic set w. Assume inf, E(x,x) > E. Then
there exist constants ¢ > 0, R > 0 and an integer N > 0 such that, for
everyn > 1, for every (zq,...,2,) € Tn(E),

(i) |2n = 20 = 1o,
(7’7’) V0 < 1< n, ’ZiJrl - ZZ'| < R7
(1i) if n > N, then (zo, ..., z,) is strictly monotone.

Proof.
Item i. Inequality (4.2) shows that
n < Aoz, — 20| + Bo [E(zo, ey Zn) — nE’}

As (20,...,%,) is a fundamental configuration, one has E(z,...,2,) <
nE, so that |z, — zg| > ne, with ¢ = 1/A,.

Item ii. For L > 0 as in lemma 22, denote N := (%} If n > N,
then |z, — 29| > L and item ii is a consequence of lemma 22. If n < N,
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let E*F := sup, E(x,z) and E™ := inf,, F(z,y). The superlinearity
provides the existence of R > 0 such that |z — y| > R implies

E(z,y) > N(E*** — E™) + E**.
By contradiction, assume |z_j11 — 2| > R for some 1 < k < n. In
particular, E(z_y, 2 1) — B > N(E**? — E™f). Then, using the a

priori bound E(z_g, z_¢11) > E™ for { # k, as well as £ < E** we
obtain the contradiction

0> FE(20,..-,20) —nE > (N —n+1)(E™ — E™) > 0.

Item wii. If n > N, then |z, — 29| > L and (zo,...,2,) is strictly
monotone thanks to lemma 22. O

In the next result, we highlight fundamental properties of the growth
of the Mané potential when the quasi-periodic set is linearly repetitive
(recall definition 19).

Proposition 24. Let E(x,y) be a weakly twist interaction that is pattern
equivariant with respect to a linearly repetitive quasi-periodic set w. As-
sume that inf, E(x,x) > E. Suppose there exists a sequence {K(n)}, of
positive integers diverging to infinite for which, associated with each n,

there is an increasing fundamental configuration 2" = (zg,...,z?((n)).
Then
(i) the Mané potential has sublinear growth for positively ordered
variables

Va>0,3>0, Ve <yeR, |S(z,y)| <aly—z|+ 5;
(ii) the Mané potential grows linearly for negatively ordered variables
dv>0,0>0, Ve >y, S(z,y) >y — x| —4.
(7ii) for m large enough, any fundamental configuration of size m is
increasing.

Similarly if there exists a sequence of decreasing fundamental configura-
tions whose sizes tend to infinity, then the Mané potential has sublinear
growth for negatively ordered variables

Va>0,38>0, Vo >y eR, [S(z,y)| <aly — =+ 5,

the Mané potential grows linearly for positively ordered variables
vy >0, 0>0, Ve <y, S(z,y) >y — x| — 9,

and all sufficiently long fundamental configuration is decreasing.

Proof. We prove the case where fundamental configurations are increasing.
The other case will be deduced from the symmetric interaction £ (z,y) =

Item i. Proposition 15 shows that S admits negative sublinear lower
bounds. It is enough to show that S also admits positive sublinear upper
bounds.
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Let C' > 0 be the constant in lemma 12 that gives a priori growth of
S, that is,
Va,y €R, [S(z,y)| < C(ly —z[ +1).
The repetitivity assumption says there exist constants A, B > 0 such that
VR >0, M(R) < AR+ B,

where M is the repetitivity function introduced in definition 19. As we
will avoid working with overlaps, there is no loss of generality in assuming
A > 1. Denote

o, :=inf{a>0:38>0, Vo <y, S(z,y) <aly—z|+ 5}.
We want to show that o, = 0. By contradiction, assume «, > 0. Let o €
(v, 2ar,). We will reach an absurd by considering a large index n (to be
completely defined later) and a corresponding fundamental configuration
(28, .. ,z?{(n)). Initially, applying lemma 23, we require that n be large
enough so that (27, ... 72?(@)) is strictly increasing and, for some ¢ > 0,
Zgmy — %0 = OK(n) > 2¢.
Denote
Iy := (20, 2gny) and  P:=(z5 — Ro, 2k, + Ro) Nw.

Note that the pattern P has diameter ¢ = ZRmy — 20t 2Ry greater than
2¢p. By repetitivity, we may find a sequence (tx)rez C R such that, for all
k, P 4ty is a pattern of w and

0 < min(P + t41) — max(P + t,) < M(¢) — ¢.

Define (ay,bx) = Ix := Iy + t and let 1] = (by,ars1) be the interval in
between [, and [j,;. Then

[T < M(€) — €+ 2(s0+ Ro) < (A= 1)+ B +2(qo + Ro) = A'|I| + B,
where A’ = A —1 and B’ = 2A(g, + Ry) + B. Note thus that, for p < ¢,

q—1 q—1
jag — ap| =Y (| + [I[]) < A> Ll + B'(qg—p).
k=p k=p

By pattern equivariance,
Slag, bx) < E(2g + thy - 2y + ) — K(n)E
= FE(zq,. -, 2km) — K(n)E <0.
By sub-additivity of .S,

[ary

q—1
S(ap, ag) <> [S(ar, b) + S(bx, ar1)] <> Sy, arin).
k=p

P

Q

T

By the choice of «, there is § > 0 such that
S(br, ar+1) < ol x| + 5.
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These estimates provide

—_

q—

q—1
« aB’
S(ap7aq)+Z|aq_ap| < S(bkaak+1)+a2|[k|+ 1 (¢ —p)
k=p k=p
aB’
< afa, - ayl + (S + 8) (¢~ p)

Since |a, — a,| > Zk_p |Ix| = (¢ — p)|Lo|, we obtain
aA’ aB’
i

Stap,aq) < (A’+1 A1 +5) 1 |)‘aq_ap'
The distance between a; and agyq is at most
|Ie] + 1] < (A" +1)|y| + B' := H,.
If y — 2 > Hy are any given points, we choose p < ¢ such that = € I, U L

and y € I ~1UI;_,. Hence, by the sub-additivity and the a priori growth
of the Mane potentlal,

S(x,y) < S(x,a,) + S(ap, a,) + S(aq,y)

< (A(fjl_/l + (A(f‘fll —|—5>|]1|>|aq a,| + 20 (Ho + 1)

< a’|aq — ap| + g,

with

, aA 200, B’ 1 ,
= — d = 2C(H 1).
A’+1+<A’+1+6>|Io| and - §'=20(Ho +1)

Suppose first y —x > nHy. Then, using 0<z—a, <Hpand 0 <a,—y <
Hy, we see that |a;, — a,| < (1+ 2)|y — z| and therefore

S(z,y) < 0/(1 + 5)!1/ — [+ 4.
If however y — x < nHy, then
S(z,y) < C(nHy+1) < C’(nHo + 1)+ 6" = p".
We focus on a strictly bigger constant A, T < %
sufficiently close to «a, and then n large enough so that

= (et () e (0 2) <z

We have obtained two constants 0 < o’ < «, and 5" > 0 such that
Vo <y, S(v,y) <o'ly —a|+ 5"

The existence of o’ contradicts the definition of «,. We have thus proved
that o, = 0.

< 1 to choose «

Item 4. Let x > y. Item i of proposition 15 shows that there ex-
ist n > 1 and a strictly decreasing sequence (yo,...,Yn), With yo = =
and y, = y, such that S(x,y) = E(yo,...,yn). Lemma 17 shows that
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there exists a strictly increasing Mané calibrated configuration (xj)kez
with bounded jumps that is unbounded from above and bellow. Let
x; < y be the largest point of this configuration less than or equal to
y. Let z; < z be defined similarly. Then ¢ < j. If ¢ = j, item iii
of lemma 13 provides S(z;,7;) = E(x;,7;) — E. Otherwise, by calibra-
tion S(x;, x;) = E(z;,...,x;) — (j —4)E. Consider now the configuration
(Yo, - -+ Yn> Tiy - - -, T4, Yo). Then lemma 23 in [22] guarantees that

> . _ . . _ 7 )

>(n+j z+2)(316r61£E(w,x) E)
Since S has sublinear growth for positively ordered variables thanks to
the previous item, for & > 0 (to be chosen later), there exists 5 > 0 such
that

S(wiy ;) < afrj — i + 6.
As the jumps are bounded, |z; — z;| < R(j — i), we thus have
S(x,y) + CY|xj - a:z’ + B Z 2’}/"7;] - xl‘ - 6,7
with 27 := inf,er(E(z, ) — E)/R and ¢’ := 2supy,_, <z (E(z,y) — E).
We conclude by choosing @ = v and § = §' + 8 + YR, so that
S(x,y) =y —=[ -0
Item iii. Let m > N (where N is given in lemma 23) and (2o, .., zm)

be a decreasing fundamental configuration. Let R > 0 be the constant
given in lemma 23 and

1. _

Q= ﬁ(irelgE(x,x) - E).

Then on the one hand, thanks to item i, there exists 5 > 0 such that
S(zm, 20) < alzo — 2| + 5.

On the other hand, thanks to item i of proposition 15, one can find an

increasing configuration (zo, . .., x,), with g = 2, and x,, = zy, such that
S(2m, 20) = E(x0,...,7,) — nkE.
Using item 1 of lemma 23 in [22], we obtain

S(Zma ZD) Z S(zma ZO) + E(Z07 s 7Zm) - mE

= E(z0,...,%p,21,...,2m) — (m+n)E

> i — FE)>m(i — F).

> (m + n)(gchelg E(z,z) - E) > m(;relgE(x,x) E)
As item ii of lemma 23 implies |z — z,| < mR, the choice of « is contra-
dicted by the inequality

> i — E
amR+ > m(irelfR’E(.r,x) E)

for m large enough. OJ
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The previous result makes it clear that, in the linearly repetitive con-
text, the ordering of arbitrarily long fundamental configurations plays a
key role, thus introducing a preferential ordering to the model.

Definition 25. Suppose that E(x,y) is a weakly twist interaction which
fulfills inf, E(z,x) > E, and is pattern equivariant with respect to a lin-
early repetitive quasi-periodic set w. A monotone configuration is said
to be compatible with the preferred ordering or for short compatible if the
configuration is ordered as any fundamental configurations of size suffi-
ciently large. Otherwise, the configuration is said to be anti-compatible
with the preferred ordering or for short anti-compatible.

We now classify the set of weak KAM solutions u. There are three
approaches: a classification using the type of growth (sublinear versus
linear), a classification using the ordering of wu-calibrated subconfigura-
tions, and a classification using bi-infinite u-calibrated configurations. We
recall that any calibrated configuration for a weak KAM solution is also
Mané calibrated and therefore strictly monotone with a minimal spacing
as stated by proposition 15.

Lemma 26. Let E(x,y) be a weakly twist interaction that is pattern equi-
variant with respect to a linearly repetitive quasi-periodic set w. Suppose
that inf, E(z,x) > E. There exists L > 0 such that, given any weak KAM
solution u and two points oy > yo + L, there cannot exist simultaneously
an increasing u-calibrated configuration ending at xo and a decreasing u-
calibrated configuration ending at yo.

Proof. Suppose that (x_,,,...,x) is increasing, (y_,,..., %) is decreas-
ing, with x¢ > yo, and that m and n have been chosen so that yy — R <
Tom < yoand xg < y_, < g+ R. From item ii of proposition 24, we have

uw(Yo) — w(Y-n) = S(Y=nY0) = V|y—n —yo| =9
> Y|wo — 2 | = 2yR — 6 > y(x0 — yo) — 2yR — 6.

Recall any weak KAM solution is Lipschitz continuous, with Lipschitz
constant bounded by some fixed value K (lemma 10). Hence, applying
proposition 24 with a = v/2 we see that for some g > 0,

u(yo) — u(y—n) <2KR+u(x_p,) —u(zg) = 2KR — S(x_1n, o)
<OKR+ |S(_pm,20)| < 2KR + %|x0 — T |+ 8
<2KR+ %(xo — ) + %R+5.

Therefore,
2 gl
o — Yo < —<2KR+ —R—l—ﬁ—l—Q’yR—i—é).
v 2
It is then enough to take L := [5R + (4K R + 2/ + 28) /7] + 1. O

We introduce vocabulary to quickly refer to possible classes of solutions.
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Definition 27. Let v : R — R be a function. We say that
(i) w is of type I (or w has a sublinear variation) if

(54)  Va>0,3820 Va,yeR, |u(@)—uly) < alr—y|+5;

(ii) w is of type II (or w is linearly decreasing with respect to the pre-
ferred ordering) if

37,6 >0, Va,y €R, [z precedes y = u(y) —u(z) < —v|z —y| +0];

(iii) w is of type III (or u is of mixed type) it it is of type I on points
that precede 0 and of type II on points that succeed 0 according
to the preferred ordering.

Proposition 28. Let E(x,y) be a weakly twist interaction that is pattern
equivariant with respect to a linearly repetitive quasi-periodic set w. Sup-

pose that inf, E(x,z) > E. Let u be a weak KAM solution. Then, the
following properties hold.

(i) If w is of type I, any u-calibrated configuration is compatible.
(i) If u is of type II, any u-calibrated configuration is anti-compatible.
(1ii) If w is of type III, there is T > 0 such that any u-calibrated
configuration ending at x < =T s increasing and ending at x > T
18 decreasing.

An equivalent way to describe the role of T" in the last item above is to
say that, according to the preferred ordering, any u-calibrated configura-
tion that ends at a point preceding 0 by at least T" is compatible, as well
as any u-calibrated configuration that ends at a point succeeding 0 by at
least 1" is anti-compatible.

Proof. Assume the preferred ordering is the increasing order.

Item i. By contradiction, assume (z_1, ) is u-calibrated and decreas-
ing. We can extend it to an arbitrarily large decreasing u-calibrated con-
figuration (x_,,...,z_1,79). From item ii of proposition 24, there are
~v1 > 0 and 0; > 0 fulfilling

u(ro) — w(w_pn) = S(x_n,20) > Mlr_p — T0| — 1.

However, as u is of type I, it has sublinear variation, so that for a = ~; /2
there is #; > 0 such that

g
u(w0) — u(z0)| < Do~ a0l + 1
As |x_, — xo| = 00 as n — oo, we have reached a contradiction.

Item 7. Suppose, by reduction to the absurd, that (x_q,x) is an in-
creasing u-calibrated pair, and extend it to an arbitrarily large increasing
u-calibrated configuration (x_,,...,z_1,%0). As u is of type II, there are
Y2 >0 and do >0

_S(x—n7x0) = u(x—n) - U(:L‘O) Z ’}/2|1'0 - l‘—n| - 62~



CLASSIFICATION OF DISCRETE WEAK KAM SOLUTIONS 31
Since S is sublinear for positively ordered variables, for some (5 > 0,
V2
S (2, wo)| < ?|I0 — T_p| + Ba.

We obtain a contradiction similar to the first item.

Item 7i1. Let us consider T of the form T := RN, where R > 0 is the
upper bounded for successive jumps of Mané calibrated configurations
obtained in proposition 15 and N > 1 will be chosen later. Assume that
(x_1,x0) is a decreasing u-calibrated pair such that o < —T. Extend it to
a decreasing u-calibrated configuration (x_y,...,2_1,20). In particular,
r_n < 0. Asuis of type I on R™, the computations in the first part imply
that

2
Nr <l|z_y—xo| < 7—(51 +d1).
1

Denote then Ny := (%(51 +01)]+1. Similarly, if (x_y, ..., xo) is increas-
ing u-calibrated configuration such that xqg > T', one obtains x_y > 0.
As wu is of type I on R, the computations of the second part lead us
to take into account Ny := [%(62 + d2)] + 1. It is enough to choose
N :=max{Ny, No}. O

Proposition 29. Let E(x,y) be a weakly twist interaction that is pat-
tern equivariant with respect to a linearly repetitive quasi-periodic set w.
Suppose that inf, E(z,x) > E. Then

(i) there are examples of weak KAM solutions of each of the three
types.
(i1) every weak KAM solution u is of one of three types:
(a) u is of type I if there exists a bi-infinite u-calibrated compat-
wble configuration;
(b) u is of type Il if there exists a bi-infinite u-calibrated anti-
compatible configuration,
(c¢) w is of type III if there is no bi-infinite u-calibrated configu-
ration.

Proof. Assume for instance the preferred ordering is the increasing order.
The case of decreasing order is similar.

Part 1. We prove the existence of weak KAM solutions of type I and II.
Lemma 17 shows that one can always ensure the existence of an increas-
ing as well as a decreasing calibrated configuration as required to apply
theorem 11. We claim that the resulting weak KAM solutions are of type
I and II, respectively. Recall from lemma 10 that any weak KAM solution
is Lipschitz continuous, with a Lipschitz constant that only depends on
the interaction model E. Recall also that the Mané potential is Lipschitz
continuous as stated in corollary 16.

The Lipschitz weak KAM solution u; obtained from the increasing cal-
ibrated configuration inherits the sublinear growth for positively ordered
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variables of the Mané potential, and it is thus of type I. More concretely,
for such a solution u; we have

Vi<t ur(ze) —ur(we) = S(z, x)

along the increasing Mané calibrated configuration (x,)ncz. Let R > 0
denote an upper bound for the successive jumps of a calibrated configu-
ration. Given y —x > 2R, we may choose k and ¢ with x € [z, 4,1) and
y € (xp_1, () so that

lur(z) —ur(y)| < |S(zy, z¢)| + 2Lip(ur) R
< |S(z,y)| + 2(Lip(u;) + Lip(S)) R.

Item i of proposition 24 shows that the Mané potential has sublinear
growth in this situation, we immediately conclude that u; has sublinear
variation.

By its turn, the solution u;; obtained from the decreasing calibrated
configuration is linearly decreasing as a consequence of the behavior of the
Mané potential for negatively ordered variables. In more precise terms,
wrr satisfies

Vk < E, U[[(yé) - ull(yk) = S(yk:ay€>7

where (y,)nez is a particular decreasing Mané calibrated configuration.
Similarly as above, for y — 2 > 2R one may find ¢ > k such that

S(y,x)—2(Lip(uH)—|—Lip(S))R < S(yr, ye)—2Lip(us) R < upr(z)—urr(y).
The fact that uy; is of type II follows thus from item ii of proposition 24.

Part 2. We prove the existence of a weak KAM solution of type III.
Let v; and v;; be weak KAM solutions of type I and II, respectively. We
may assume v7(0) = v;7(0) = 0. Define vy := min{vr,v;r}. Then vy is
again a weak KAM solution. Let vr7, 077 > 0 be constants used to describe
vrr as of type II. Since vy is of type I, let 8; > 0 be the corresponding
constant associated with «; := 7;;/2. For every x > 2(8; + 011) /i1, we
have the following inequalities

U[(l’) = U](.%) — U](O) Z —jr — ﬁ[,
vrr(z) = vir(x) — vrr(0) < =@ + 0pp,

which yield vy (x) < vp(x) — %o + Br + 077 < vr(z). Note that whenever
x < =2(Br + 611) /i1, we get

vi(z) < —arx + Br, vi(x) > —yrw — o,

so that vy(z) < vp(x) + %o + fr + 6 < vpr(z). To simplify, denote

then T := 2(B; + 6;7)/v1r- Let K > 0 be the Lipschitz constant of all
weak KAM solutions (see lemma 10). If 0 < z <y, let 7 = max{T, z},
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yr = max{7T,y}. Then T' < zp < yp and

vrrr(y) — vrir(x) < vrr(yr) — vir(er) + 2KT
=wvr(yr) — v (xp) + 2KT
< —virlyr — vr| + 011 + 2KT
< =ity — x| + 011 + 2T (K + 71r).

We have proved that vyrr is of type II on RT. Given any « > 0, there is
£ > 0 such that

Vr,y €R, |vi(z) —vr(y)| < alz —y| + 8.

If x <y <0, let 2pr = min{z, —T}, yr = min{y, —T'}. Then zr < yr <
—T and

’UHI(JZ) - UIH(y)| < \UIH(Q?T) - UHI(?/T)| +2KT
= |vi(xr) —vi(yr)| + 2KT
<alzp —yr|+ B+ 2KT < o|z — y| + Bur,

with B = 4 2T (K + «). We have proved that vy is of type I on R™.

Part 3. Conversely, we prove that every weak KAM solution u is one
of the three types. Let B, be the set of points z € R such that all
u-calibrated configurations ending at x are increasing. Let B} be the
set of points x for which all u-calibrated configurations ending at x are
decreasing. From lemma 26, note that sup(R\ B)) < inf B} + L. We
discuss thus three possibilities.

Case B = R. For every = € R, all u-calibrated configurations ending at
x are decreasing. Given A > 0, one constructs a decreasing u-calibrated
configuration ending at —A of size n sufficiently large, —A =z¢p < x_; <

- < Ty, where x_, > A and r < |z — 21| < R for every k.
By re-indexing, one has a family of sequences xgv < e < :E]_VjN with
|zd'| < R and iy, jy — +oo. Using a diagonal extraction, one obtains
a bi-infinite decreasing u-calibrated configuration (xy)kez with bounded
jumps and a minimal spacing. For every z < y — R, we choose k < ¢
so that |z —z| < R, |y — x| < R. Let 7,6 > 0 be given as in item ii
of proposition 24. Using the Lipschitz constant K of v and the fact that
(k)kez is Mané calibrated, it follows that

w(z) —u(y) > u(xy) —u(rg) — 2KR = S(zg,x0) — 2KR
> ylog — x| —0 —2KR > vy|ly — 2| — 6 — 2R(y + K).

We have proved that u is of type II.
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Case R\ B # () is unbounded from above. Note that R\ B/ is the set
of points z for which there exists an increasing u-calibrated configuration
ending at x. When it is unbounded from above, lemma 26 ensures that
B, = R and hence all u-calibrated configurations are increasing. One can
construct as above a strictly increasing bi-infinite u-calibrated configura-
tion (xg)rez that is also Mané calibrated. Let K denote the Lipschitz
constant of u. For every x < y— R, if k < £ is chosen so that |xt — x| < R
and |y — 4| < R, for every a > 0 and 5 > 0 given by proposition 24, one
obtains

lu(y) — u(x)| < |u(zy) — u(xg)| + 2KR = |S(zr, 20)| + 2K R
<alyg—azp| + B+ 2KR < aly — x|+ 4+ 2R(a + K).

We have proved that u is type I.

Case b :=sup(R\ B (u)) € R. Let a := b— L, where L > 0 is the constant
obtained in lemma 26. Then any wu-calibrated configuration ending at
xg < ais increasing, and any u-calibrated configuration ending at yg > b is
decreasing. In particular, there is no bi-infinite u-calibrated configuration.
Fix once for all an increasing u-calibrated configuration (z_j)g>o ending
at a point ro < min{a,0} and a decreasing u-calibrated configuration
(yx)k>0 ending at a point y, > max{b,0}. Both are Mané calibrated.
For + < y — R with y < xy, making use of the increasing wu-calibrated
configuration as above, given a > 0 we have that

u(y) —u(@)| < aly — 2]+ B+ 2R(a + K),

where § > 0 is guaranteed by proposition 24. For x < y — R with x > vy,
making use of the decreasing u-calibrated configuration as in the first case,
we see that

u(z) —uly) = yly —x[ =0 — 2R(y + K),
where 7,0 > 0 are the constants guaranteed by item ii of proposition 24.
These facts show that u is of type III. OJ

We highlight an immediate corollary of the proof of the result above.

Corollary 30. Let E(x,y) be a weakly twist interaction that is pattern
equivariant with respect to a linearly repetitive quasi-periodic set w. Sup-
pose that inf, E(z,r) > E. Given a weak KAM solution u, with respect
to the preferred ordering,
(i) w is of type I if, and only if, for any y € R, every point belonging
to argmin{u(-) + E(-,y)} precedes y,
(11) u is of type I if, and only if, for any y € R, every point belonging
to argminf{u(-) + E(-,y)} succeeds y,
(iii) if u is of type III, if and only if, there exists an interval I of length
at most L, where L > 0 is given as in lemma 20, for which, for all
y preceding I every element of arg min{u(-) + E(-,y)} precedes y,
and for all y succeeding I every element of arg min{u(-)+ E(-,y)}
succeeds .
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The next proposition shows that solutions of the same type not only
have the same asymptotic behavior characteristics but actually lie at a
uniform distance from each other.

Proposition 31. Let E(x,y) be a weakly twist interaction that is pattern
equivariant with respect to a linearly repetitive quasi-periodic set w. As-
sume inf, E(x,z) > E. If u and v are two weak KAM solutions of the
same type, then sup,cg |u(z) —v(z)| < 4o0.

Proof. Assume the preferred ordering is the increasing one. There are
three cases depending on the types of u, v.

Assume that v and v are of type I. Let (xy)rez be an increasing bi-
infinite u-calibrated configuration. We may assume |z9| < R, where R
is given by proposition 15. We first show by induction that, if ¢ is some
constant, if u(xy) > v(xy) + ¢ for some k, then w(xgr1) > v(Tgpt1) + ¢
Indeed, using the fact that v is a sub-action, we see that

w(rpyr) = ulzy) + E(zg, 2ppr) — E
> v(zy) + E(xg, xpy1) — E+ ¢ > v(xgg) + ¢
Starting with ¢ = u(zg) — v(xg), one thus obtains
VE>0, u(zy) — v(xg) > u(xg) — v(xo).

We then extend the above inequality to every x > 0. We choose k > 0
such that | — x| < R. Using the Lipschitz constant K of u and v, one
has

Ve >0, u(z) —v(z) > u(xg) —v(rg) — 2KR > u(zg) — v(zo) — 2KR.
By permuting the role of v and v, one obtains

sup |u(z) —v(z)] < sup |u(y) —v(y)| + 2K R.
x>0 y€[-R,R]

Similarly if u(xy) < v(xg) + ¢ for some k£ < 0, by induction one gets
u(zg—1) < v(xk_1) + c. One concludes as before that

Vo <0, u(z) —v(xr) <u(rg) —v(zg) +2KR, and
sup [u(z) —v(z)] < sup fuly) —v(y)| +2KR.

y€[-R,R

If w and v are of type II, the proof is completely analogous using de-
creasing bi-infinite u-calibrated and v-calibrated configurations.

Assume that v and v are of type III. Let T" > 0 be the maximum of
the respective constants for v and v as given in proposition 28. Through
decreasing u-calibrated and v-calibrated configurations ending at T, in a
similar way as above, we get sup,~ |u(z) —v(z)| < |u(T) —v(T)|+2KR.
Then using increasing u-calibrated and v-calibrated configurations ending
at =T, we obtain sup,«_,|u(x) —v(x)| < |u(-T) —v(-T)|+2KR. O
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6. PERIODIC INTERACTION MODELS

Theorem 5 illustrates that, when the non-degeneracy condition is satis-
fied (inf, E(x,z) > E), the asymptotic behaviour of a weak KAM solution
is related to the one of calibrated configurations. A noticeable point in
the proof is the existence of unbounded Mané calibrated configurations,
at least in one direction. We show the non-degeneracy hypothesis is neces-
sary for these results by providing an example of a degenerate interaction
for which any Mané calibrated configuration is bounded but admitting
a weak KAM solution with linear growth. In more precise words, we
prove in this section theorem 7. Unexpectedly, the example falls in the
classical framework of a periodic interaction mechanical model of Frenkel-
Kontorova type.

Hypotheses 32. Let E : RxR — E be an interaction model satisfying all
the assumptions (H1-4) of hypotheses 2. We will say that F is a periodic
interaction model whenever

(Hper) £ is periodic: Va,y € R, E(z,y)=E(z+1,y+1).

Periodicity suggests to introduce another interaction £ : R x R — R
defined as
EPe" = min £ k).
(z,y) = min E(z, y + k)
Note that EP" : T x T — R may be seen as a function on the torus, that
is, EP°" is doubly periodic. But we will see it is important to keep the real
line orientation and consider configurations on R and not on T. It is easy
to verify that the two ground actions coincide,
E = EP,

As in definition 8 and in (2.1), we may similarly introduce periodic ver-
sions of the Mané potential and Lax-Oleinik operator (now acting on
periodic functions):

n—1

Va:,y € R7 Sper(xay) = inf inf Z (Eper(l'k,$k+1) — E),

n>1 x=x0,...,cn=Y o
Vue CUT), Vy eR, T [ul(y) := in£ {u(z) + E"(z,y)}.
e
It is easy to check the following properties.

Lemma 33. Let E be an interaction model satisfying the hypotheses (32).

(i) The periodic Mané potential for the interaction EP®" is related to
the Mané potential by

Ve,y e R, SP(z,y) = ’ilelg S(x,y+ k).
(ii) If u € C°(R) is I-periodic, then
T u=u+F <& Tlu=u+E.
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(111) If w is a 1-periodic weak KAM solution (for either E or EP*"),
the optimal points in the two definitions of T and TP coincide
modulo Z: for every y € R, we have

argmin{u(x) + E*(z,y) — E} = argmin{u(z) + E(x,y) — E} + Z.

z€R z€R

By taking into account the periodic potential
V(z) :=1— cos(2mz),

we will focus on the following version of the standard Frenkel-Kontorova
model

1
(6.1) Ex\(z,y) := §|y —x— \*+ KV(z), A€ER, K eR,.

Note that F) satisfies assumptions (H1-4) of hypotheses 2, but it may be
degenerate. Let F\ denote the corresponding ground action.

We now fix K > 0 and discuss the properties on the periodic inter-
action model (6.1) with respect to A\. Denote by Sy(z,y) the respective
Mané potential. Since the interaction Ejy may be written as a sum of
even functions, the Mané potential and the ground action preserve some
symmetries:

So(0,9) = So(0, —y),
So(z,y) + KV(y) = So(y,x) + KV (x),

E>\+1($7y) = E)\(may)v E—)\(‘Tuy> = E)\<—l’, _y>7
1
EA(%Q) - 5)\2 = EO(x7y) - )\(y - I’),
Exi = E), E_\ = E\.

We resume in the next proposition the main properties of the Mané po-
tential and of the Mané calibrated configurations that will give theorem 7.
More precisely, for suitable parameters K and A, this model is degenerate
(item iii), the Mané potential defines a weak KAM solution (item vi) of
linear growth (items i and ii) but all Mané calibrated configurations are
bounded (item vii).

Proposition 34. Let K > 0 and ¢o(K) := min{v/1+ 2K — 1, ;5}. Then
for every |\ < ¢o(K), we have

(Z) v y e R7 SO(an) > CO(K)<|y‘ T %)7

(”) Elcl(K) > CO<K)7 v T,y € R,_So(l’,y) < 01<K)<|y - {L‘| + 1);

(iti) By = infyer Ex(z,2) = 3X\?, By = Ex(z,2) & z€Z

(iv) Sx(z,y) = So(z,y)=Ay—=), Sx(0,y) = (co(K) —|A])|y|—5c0(K),
(v)Vi<j<k, i,jkeZ S\(i,k)=5S\(i,7) + S\(Jj, k),

(vi) Sx(0,x) is a uniformly Lipschitz weak KAM solution,

(vii) if (Tg)rez 15 a Mané calibrated configuration for the interaction

E\, then there is an integer n such that xj € [n,n+ 1], Yk € Z.



38 EDUARDO GARIBALDI, SAMUEL PETITE, AND PHILIPPE THIEULLEN

Note that this model is non-degenerate for some parameters. Actually,
it will be shown in proposition 35 of appendix A (for p = 1) that this pe-
riodic Frenkel-Kontorova model is non-degenerate for large |A| compared
to K, namely:

A2 _
VO§K<§, E,\<ir€1£E,\(x,x).

Proof.

Item (i). By the symmetries of Sy, we may suppose that y > 0. Note
that Ey = 0. Thanks to lemma 13, for the computation of Sy(0,y), it is
enough to consider monotone configurations 0 = zg < 1 < ... <z, =Y.
Denote

{ia <iay1 <...<igl={0<i<n:|z,zg)N(Z+3)#0}

Clearly, 0 < x;, < %, Ti oy — Tip1 < 1, and y — x;, < 1. By positivity of
Ey, we have

n—1 B
Z Eo(zi, wi11) > Z Eo(@iy, Tiy41)-
=0 k=a

We claim that there exists a constant ¢ € (0, 1) such that, for any such

a subconfiguration, Ey(x;,,%i+1) > ¢(zj41 — 2 + 1), VE = o, ..., 5.
Using 0 < z;,,, — 74,41 < 1, the claim will imply
B
(6.2) > Bolai,, wip1) = ey — a3,).
k=«

Let us prove the claim. Denote by qp + % the smallest element of
Z+ % belonging to [z, z; 41). If we write up = g + % —x;, and vy =
Ti41 — (g + %), to show our claim it is enough to assure the existence of
a constant ¢ € (0, ) such that, for every u,v > 0,

1
F(u,v) = §(U+U)2+K(1—|—C082ﬂ'u)—C(U+U+1) > 0.

The minimum of F(u,v) over u,v > 0 takes place on the boundary of
the domain, since there is no critical points in the interior of the domain.
Hence, we have to consider the following three cases.

Case 1. On the border u = 0, note that
1 1 1
F(0,v) = §v2 —cv—c+2K > 2K — §(c+1)2+§ >0,

whenever ¢ € [0,v1+ 4K — 1].
Case 2a. On the border v = 0 and v > }l, we have

1 1 )
F(u,0)25u2—c(u+1)23—2—0120,
whenever ¢ € [0, ;5.
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Case 2b. Finally, on the border v = 0 and 0 < u < 1, observe that
Ly 1 5 1
F(u,0) oY +K—clu+1)>K—-S(c+1)"+52>0,

2 2~
whenever ¢ € [0,v1+ 2K —1].
To summarize, we have shown that the inequality (6.2) holds for the
constant ¢ = ¢o(K) = min{y/1+ 2K — 1, 55}. With the obvious estimate

ta—1

Z Eo(xi, 1) > co(K)(x;, — %)’
i=0

we conclude that So(0,y) > ¢o(K)(y — 3) for all y > 0.

Item (ii). The existence of ¢;(K) follows from lemma 12.

Item (iii). On the one hand, as Fy = lim,, o inf,, .. %E)\(IO, Ce T,

from the configuration x; = 0 for all k£, one obtains E), < %)\2.
On the other hand, let us introduce the function

. : A?
uy(x) = 71115 xo:o}?fxn:x Ex(zo,...,x,) — ne |-

Since Ey\(z,y) — ’\72 = Fo(z,y) — My — x), clearly uy(z) = Sp(0,x) — Az,
and in particular; u is a well-defined function. Note that

us(z) > (colI) — [ADfe] = Seo(K) > —1eo(K), VY €R
(6.3) ux(x) + Ex(z,y) > ur(y) + %)\2, Vax,yeR.

Define then u}*(z) := inf,ezur(xr + p). Using the constant ¢;(K) of
item (ii), it follows that

—1co(K) < uy(x) < inf [(c1(E) + [AD(Jz +p| + 1)] < 2(ca(K) + |A]),
namely, uY" is bounded. From (6.3), we obtain for every y € R,
er 2 . .
w3 (y) + 3A° < inf nf) [ur(z + p) + Ex(z,y + q)]
= 1161£ (5 () + EY (2, y)].

Therefore, we clearly get

M2,

D=

_ 1
— 7 . - per . .per >
E)\ n1—1>r—ir-loo ato,..l.r,}vfnGR n [E)\(l'o, o ,l'n) * “a (370) “a (I’n)] -

Item (iv). It follows from E) = 1A%

Item (v). From item (iv), it is enough to prove the relation for A = 0. In
addition, since Sy(m,n) = So(0,n — m) for any integers m < n, one just
needs to argue that Sy(0, k) = kSp(0, 1) for all positive integers k. Such a
fact follows from
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To see that the equality above holds, note first that clearly Sp(0,k+1) <
So(0, k) + So(k, k+1) = Sp(0, k) + Sp(0,1). Recall that we may consider
only monotone configurations (g = 0,...,2, = k+ 1) in the expression
defining Sy (0, k + 1) (lemma 13). Observe that for u,v > 0 and j € Z,

1

o o . 1 1
Eo(j—u,j+v) = [Eo(j —u,j) + Eo(j, j+v)] = §(U+v)2—§u2— 502 > 0.

For m = max{0 < i < n:x; < k}, this inequality implies the configura-
tion obtained by concatainnaiting the configurations (zg = 0, ..., 2z, k)

and (k,zy41,...,2, = k+ 1) does not increase the total energy. This
ensures the opposite inequality So(0,%k + 1) > Sy(0, k) + So(0,1).

Item (vi). Thanks to item (iv), it is enough to argue that Sy(0,-) is a
weak KAM solution. Note first that  — Sy(0, x) is a continuous function.
Obviously, for all z and y

So(0,7) — So(0,2) < So(x,y) < Eo(x,y) — Ey = Eo(x,y).

On the other hand, for each positive integer k, there exists a subconfigu-

ration (zf, ...,k ) such that

1
So(0,y) + T > Fo(0, 2%, . .. 7$Zk7y) > 0.
In particular, as
0< Bo(ay,.y) < S(0,y) +1  Vk>1,

the superlinearity implies the sequence {xflk} is at a bounded distance
from y, and therefore admits an accumulation point. Passing to a subse-
quence if necessary, we then assume that wff% — Z. We have for all k

S0(0,) + 1 2 So(0,24,) + Eofat, ).
which thanks to the continuity yields
50(0,y) = S0(0,2) + Eo(Z, y).
We next show that the minimum in
S\(0,y) = min [S\(0,2) + Ex(z,y) — E)],
is attained at some x which satisfies |y — 2| < R for some R > 0 indepen-

dent of y. The infimum is realized at some x thanks to the superlinearity
of E). Using item (ii), one obtains

Sx(@,y) < (a(K) + [A)(Jy — 2]+ 1), Vz,y€eR.
On the one hand,
Sy (0,y) < Sx(0,2) + Sa(z,y) < S\ (0,2) + (a1 (K) + M) (|Jy — x| + 1).

On the other hand, thanks to the superlinearity of F), there exists a
constant co(K, \) such that

E)\(l’,y) - E)\ > (Cl(K> + |>“ + 1)|y - Z’| - 02<K7 )‘)7 vxay €R.
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Using the two previous estimates and Sy(0,y) = Sx(0,7) + Ex(z,y) — E),
one gets
ly — x| < 1(K) + [N\ + (K, \) := R.
The Lipschitz constant of y — S5(0,y) depends on the Lipschitz constant
of y — FE)\(z,y) uniformly on |y — z| < R.

Item (vii). Observe that by item (iv), a Mané calibrated configuration for
E) is also Mané calibrated for Ey. So without lost of generality, we can
assume A = (.

Part 1. We show that (zy,2g,1) cannot contain an integer. By con-
tradiction, if n € (zy,xk41), the twist property (see lemma 22 of [22])
implies

So(@k, Ty1) = So(Tk, Tr41) + Eo(n, n),
= Eo(zk, Thy1) + Eo(n,n),
> Eo(xka n) + EO(”? xk’-i—l) Z So(xka xk’-i-l)a
and we reach an absurd.

Part 2. We show there cannot exist an integer p € Z such that for some
index k € Z and some integer [ > 0,

Tpo1 < Tp = Tpg1 =+ = Ty < Tppiq41, T =p €L

The other case zy_1 > zr > xkyy1 and xp € Z is done similarly. By
contradiction, on the one hand, the function

x> Eo(Tp_1,2, T, Tyi141) (x repeated | + 1 times)
reaches its minimum at x = x;, and for small € > 0 one has
Eo(Tho1, Tk + €, Tyt + € Thsig1) = So(@h—1, Thpir1) + O(€7).

On the other hand, the twist property implies there exists a > 0 (inde-
pendent of €) such that
Eo(zp_1,2x +€) = Eg(xp_1,x1 + €) + Eo(xy, 1)
> Eo(xp—1, k) + Eo(xg, x5 + €) + e

Thus
So(Th_1, Trri11) + O(€%) >

> Eo(Tp—1, Tk, T + €, -+, Tppt + €, Tp1) + Q€
> So(Th—1, Thti41) + e,
and we obtain a contradiction.

The two previous parts show that (zj)rez cannot overlap an interval of
the form [n,n + 1], n € Z. O
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Appendices

APPENDIX A. NON-DEGENERATE ALMOST CRYSTALLINE MODELS

Our aim is to provide examples of pattern equivariant interactions that
fulfill hypothesis inf, F(x,z) > E. For this purpose, we focus on one-
dimensional quasicrystals studied in [20]. More concretely, given a €
(0,1/2) and p > 0, we will consider a quasi-periodic set w(a,p) = w =
{@k}rez C R defined by

VkeZ, q.=k+ (p—1)|kal.
Note that g, — qx—1 = 1 + (p — 1)ay, where
ar = |ka] — [(k —1)a].

Since a@ < 1, we have (ap)rez € {0,1}% and ¢ — qx_1 equals 1 or p
whenever a; equals 0 or 1, respectively. As o < 1/2, a; and a1 cannot
be both equal to 1. In fact, (ag)rez is periodic if « is rational, and is
called a Sturmian sequence when « is irrational [29].

Since w is uniformly discrete, it satisfies the (finite local complexity)
property. The fact that w obeys (repetitivity) can be assured essentially
because irrational rotations on the circle are minimal. Moreover, since
these rotations are also uniquely ergodic, they satisfy an additional prop-
erty: each type of pattern occurs with a positive density (see 18] for a
modern presentation). In precise terms, they fulfill

uniform pattern distribution: for any pattern P, there is a positive
number v(P) > 0 such that for any nested sequence of bounded
open intervals Iy C I C ... C I} C ... with unbounded sequence
of lengths (|Ix|)x, the quantity

Np (1)
1]

converges to v(P), where Np([) denotes the number of patterns
in w N I equivalent to P.

The uniform pattern distribution is a consequence of the uniform limits

. #ba[m,n)
(A1) o

where #ya[m, ) is the number of times the subword b = b --- b, € {0,1}",
r > 1, appears in the word ajm, ) = Am@my1 -+ @p—1 for n >m, m,n € Z,

A discrete set that satisfies (finite local complexity), (repetitivity) and
(uniform pattern distribution) is said to be a quasicrystal. See [24] for
details.

Let us explain how to define a C? interaction model E(z,y) that is
twist and pattern equivariant with respect to w. Regarding the interac-
tion with the substrate, we introduce a pattern equivariant V' obtained
by translating two functions V; and V, according to the patterns of two
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consecutive points of w. Concretely, for V; : [0,1] = R and V,: [0,p] = R
defined as Vi (z) = V,(px)/p* = 1 — cos 27z, consider for every k € Z and
T e [qkaqk—i-l)a

Vile —qr), if geyr —aqe =1,
Vix) = .
(=) { Vo(r —qr), if g1 — qx = p.

See the figure below for the graph of an example. Let the interaction be
defined by

1
Ex(z,y) := §|y—x—)\|2+KV(a:), AeR, K eR,.

AMMMA

23 22 471

FIGURE 3. Graph of the potential V for o = 1/v/5 and p = /3

The next proposition provides examples of non-degenerate interactions
for which theorem 5 does apply. Remark that for p = 1 the quasicrystal is
nothing but the lattice Z. For p # 1, note that the quasicrystal w(q, p) is
linearly repetitive when the coefficients of the continued fraction of « are
bounded [1] (e.g. when « is quadratic by the Lagrange’s continued fraction
theorem). It is known that the set of « satisfying this condition is a Baire
meager set, of zero Lebesgue measure but with Hausdorff dimension 1.

Proposition 35. For 0 < p < 1+ a2, denote c1(\) := %2—1;383;@1?
Then for every K € (0, c1(N)),
inf E\(z,z) > Ej.

z€R

In the periodic case, that is, when p = 1, the proposition gives a simple
estimate between A and K for the non-degeneracy. For K < 2 the

] 7
periodic Frenkel-Kontorova model is non-degenerate.

Proof. Obviously inf, Ey(z,z) = A\?/2. Since

_ 1
E, = lim inf —FE\(xo,...,x,),

N—00 L0,...,Tn T
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the strategy consists in finding a long configuration by concatenating short
configurations located in each cell [gg, gr+1] so that the mean of the suc-
cessive interactions is strictly smaller than A2 /2. Let ¢ > 1. For cells
(Qk, @rs1) of length guy1 — qr = 1, we use a translate g, + y* of the sub-
configuration y* in (0, 1)

V4 0 0 . 1 J 2-1

For cells of length qr11 — qx = p, we use a translate of the homothetic
subconfiguration py‘ = (py§, ..., pygkl). More precisely, we define for

every k > 1 a configuration x{, of k2+1 points obtained by concatenating
k translates of some homothetic y* and by adding an extra translate of y§

xp = (g —q)y"s o+ (@2 — )y’ a1 + (6 — ae-1)Y",

£
@ + (qrs1 — ka>yg) e RMH

Note that x{, has 2¢ entries belonging to each interval (qo, q1), - - -, (qr—1, qr),
and an extra point of (qx, gry1). The total energy Fy(x%) consists in two
terms. The term coming from the external potential is a sum of par-
tial sums, of the form either > _ .. Vi(z)or > .. V,(z). The main
observation is that in both cases each partial sum boils down to

201
(2= cos(2my + d)), with ¢, d constants, ¢ € {1, p}.
=0

Since Zji_ol cos(2myl) = Z?i_ol sin(2myf) = 0, we thus have

Z Vi(z) =2° and Z V,(z) = p*2".

x entry into y¢+q x entry into py?+q

The term coming from the mutual interaction between neighboring atoms
can be calculated according to the cases of entries belonging to possible
cells, and presents three values. In fact, let < y be consecutive entries
into xj.. The energy 1|y — z — A takes one of the following values:

XN pyop . .

?+?<%_ > if 2,y € [qr-1,qx), With a =1,

A2 1 1 ) .

5t §<% - /\> if 2,y € [qr—1, qe11], With a = a1 =0,
A p+1lp+1 .
? 90+1 < 90+2 - A) if v € [Qk—th] and (NS [Qkan-i-l])

with Qe 7é k11

For k > 1, let #% denote the number of times the subword i € {0,1}
appears in the word a; - - - ag.1. Only three types of subwords of length 2
appear in (ag)rez: 00, 01 and 10. Introduce similarly #fj as the number
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of times the subword ij, ¢,5 € {0,1}, appears in the word a; - - ajy1.
Clearly #%, = 0. Then

Ex(xp,) = K2°(#6 + p*#1) + [§+§<%‘A)]
e n[E é(%— W] #[ 3 + e ()]
b =0+l -]+l 5 ()

We divide by k2° and let k — +o00. From (A.1), we have #&/k — pug
and a similar result for #%, #&,, #& and #%,. Since the word 1 is always

preceded and followed by 0 in (ay)g, note then that py = pgr = p10 =
(1 — poo)/2. We thus obtain

. E)\(Xﬁ) )\2 1+ Hoo 1 1
Jim =or =5 T REm (" - 1)+ ?(2“1 N A)
L—poop( p 1 — pigo (1 = p)?
T o ot\ot+1 ) ot 920+3

We want to find a condition on A > 0 so that Fy < %2 Ignoring the
nonpositive term, it is enough to choose A so that

L+ oo 1 L—poo ( p
l 2
2K (1 + (= 1))+ — <%—/\) == p(%l —/\> <0,

or equivalently

L+poo 11— pgo p? )\<1+M00 1—Moo)

2 920+1 2 20+1 +p

2°K (14 (p* 1))+ 5 5

Assume ¢ has been chosen so that 2—1,5 <A< 22%1 It suffices to rewrite the
inequality above with 2—1@ instead of A. Then K must satisfy

L+ poo 1 1 — pioo p(2 — p)

¢ 2
2K+ m(p”—1)) < 9 9l+1 92 9l+1

As A < 22—1,1, we have %2 < 2%% Hence, it is enough to choose K so that

N 14+ poo 1 — oo 1
K< + 2-p)) .
s\ 2 SRR S ey
Recalling that (1 — ugo)/2 = p1, we have
I+ po0 | 1 — poo
+ p(2—=p) =1—p+mp2—p)=1—m(l—p)

2 2

We thus have proved that E) < —2 whenever K < % % A direct

computation [29] shows that p; = « . This proves the proposition. 0
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