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Abstract

Let H(x, p) be a Tonelli Hamiltonian defined on T¢ x RY. We show
how to approximate the solutions of the cell equation H(x,du) = H by
discrete weak KAM solutions. The cell equation is a degenerate PDE of
first order that can be solved using the weak KAM theory developed by
Mather and Fathi [Mat91, Mat93, Fat08]. Discrete weak KAM theory is
similar to the Frenkel-Kontorova theory developed by Aubry and Le Daeron
[ALDS83] or Chou and Griffiths [CG86] in dimension one. The theory has
then been more thoroughly developed by Gomes [Gom05] and by Garibaldi
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and Thieullen [GT11] in higher dimension. The discrete weak KAM ap-
proach approximates the Lagrangian trajectories by one-dimensional chains
of atoms. By introducing a family of discrete actions {£;(x, y)}-o related to
the Legendre-Fenchel transform of H, we show that the solutions of additive
eigenvalue problem u.(y) + L, = inf cpa{u-(x) + L:(x,y)} with unknowns
(Ly, ur) converges in a sense to be defined to a solution of the cell equation
with unknowns (H, u).

Keywords: discrete weak KAM theory, Frenkel-Kontorova models, Aubry-
Mather theory, discounted Lax-Oleinik operator, ergodic cell equation, short-
range actions, additive eigenvalue problem

1 Introduction

We consider in this article a periodic time-independent C> Hamiltonian H : T¢ x
RY — R with integer d > 1 satisfying the following assumptions:

(L1) Positive Definiteness: H(x, p) is strictly convex with respect to p, i.e., the
second partial derivative %p’f (x, p) 1s positive definite as a quadratic form
uniformly in x € T¢ and ||p|| < R, for every R > 0;

(L2) Superliner growth: H(x, p) is superlinear with respect to p, uniformly in
x, that is,

H
fim inf 2P _ Lo
Ipll—+e0 xeTd || p||

We will say that H is a Tonelli Hamiltonian. The PDE cell equation
H(x, P + du(x)) = H(P),

is a degenerate PDE equation of first order; P € R? is a parameter, (H, u) are the
two unknowns: H(P) is a scalar and u(x) is a continuous periodic function solu-
tion in the viscosity sense. The constant H(P) is unique and called the effective
energy. This equation has first been studied by Lions, Papanicolaou and Varadhan
[LPV8T7]. A comprehensive treatment may be found in Crandall, Ishii and Lions
[CIL92], Bardi and Capuzzo-Dolcetta [BCD97] or Barles [Bar94]. Some recent
overviews may be found in the articles [Ish13, Bar13]. A new approach has been
initiated by Fathi [Fat97a, Fat97b, Fat08] by transfering the problem into a La-
grangian setting. Let L(x,v) be the Legendre-Fenchel transform of H(x, p). We
call L the Lagrangian of the system and we notice that L is again C2, strictly
convex with respect to v, and superlinear. The Legendre-Fenchel transform of
H(x, P + p) is the Lagrangian L(x,v) — Pv. The constant H(P) is also called the
Mariié critical value; it has been considered for the first time by Mafié [Mn96]
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and then developed by Contreras and Iturriaga [CI99]. The ergodic definition of
the Mafié critical value is given by many equivalent definitions. We choose the
following definition

_ 1 (°
-AP)=tim ot 3 [ o= Po@-yen)] )

t—+00 y:[-1,0]>R? —t

where the infimum is taken over absolutely continuous paths over [—#,0]. (Note

that the limit exists since the function inf, f_ Ot is super-additive as a function of ¢).
The unknown u(x) is called weak KAM solution by Fathi [Fat97a, Fat97b, Fat08].
It is easy to see that the PDE cell equation is equivalent for Tonelli Hamiltonian to
an additive eigenvalue problem for a semi-group of non-linear operators. We call
ergodic cell equation

T'lu]l =u-tH(P), Vt>0, (2)

where T is the (backward) Lax-Oleinik semi-group defined by

0
T = nf  Jutr-o)+ f Ly.y)ds - P(©0) = y(-0)|.  (3)
yi=L0]—> —t
y(0)=x

The infimum in T’ is taken over absolutely continuous paths over [—¢,0] with
terminal point x. For Tonelli Hamiltonian, the infimum is actually attained by a
C? curve thanks to Tonelli-Weirestrass theorem.

Weak KAM theory is a theory about the structure of the set of continuous
paths that minimize the action of the Lagrangian L. A similar theory exists in solid
state physics that studies the configurations of a chain of atoms that minimize an
interaction energy E. The central model is described by a (generalized) Frenkel-
Kontorova model. The configuration of a chain of atoms {x,,},cz is supposed to be
infinite and each x, denotes the position of the n-th atom of the chain in R? (not
in T¢). The interaction energy E(x, y) is supposed to be short range and periodic:
E(x,, x,4+1) models the interaction energy between the two nearest atoms and E
satisfies the translation-invariance property E(x + k,y + k) = E(x,y) for every k €
Z%. In general E(x,y) models both the internal interaction between nearest atoms,
and the external interaction with the substrate. The original Frenkel-Kontorova
model [FK38] is given by an interaction in dimension d = 1,

+

? K (1= cos(2mx)) - P(y — x).

1
Ep(x.y) = Zly—x 22

In solid state physics, it is more appropriate to write the elastic interaction as
%Iy—x—PI2 instead of %Iy—xlz—P(y—x) where P denotes the mean distance between
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two successive atoms of the chain. In Aubry-Mather theory, the interaction energy
is decoupled into two parts

Ep(x,y) := E(x,y) — P(y — x), where P € R".

Here P represents a cohomological term. In the case of Frenkel-Kontorova, the
interaction has the form E(x,y) = W(y — x) + KV(x) where W describes the inter-
nal energy between two successive atoms, V represents the action of the external
periodic media on the chain, and K is a coupling factor.

The main problem in the Frenkel-Kontorova model is to understand the set of
configurations that minimize the total energy .., Ep(X,, X,+1) in a precise sense.
Chou and Griffiths [CG86] highlighted first the importance of the two following
quantities: E(P), the effective energy of the system (or the ground energy in Gibbs
theory), and u(x), the effective potential which is a continuous periodic function
that calibrates the interaction energy. They showed that (E(P), u) can be seen as
unknowns of a discrete additive eigenvalue problem. We call discrete backward
Lax-Oleinik equation, the equation

u(y) + E(P) = inf) {u(x) + Ep(x, )} “4)

We emphasize the fact that, although u is periodic, we consider u : RY — R as a
function of R? and the optimal point x € arg min{u(x) + Ep(x, y)} as a point in R¢,

A particular discrete Lax-Oleinik equation is given by choosing the following
interaction action Ep(x,y) = Lp.(x,y) where

- X

Lpo(x,y) = L(x, 2=) = P(y - ). 5)
(Notice that the physical dimension of H or L is an energy ML*T~2, while the
discrete action L.(x, y) has the dimension time X energy).

Our first objective is to show that, for any solution u. of the discrete eigenvalue
problem (4) with Ep = Lp,, there exists a sub-sequence 7; — 0 such that u.,
converges to a solution of the ergodic cell equation (2). We notice that without
loss of generality we may assume P = 0. Our first main result is the following:

Theorem 1. Let H(x, p) : TY x R — R be a C?, time-independent, periodic in x,
Tonelli Hamiltonian (satisfying the hypotheses (L1) and (L2)). Let L(x,Vv) be the
Lagrangian associated to H, and L.(x,y) be the one-parameter family of discrete
actions

x), for every T € (0, 1]. (6)

We call discrete (backward) Lax-Oleinik equation, the equation

L.(x,y) = TL()C, J

() + Lo = min{uc(0) + Le(x, )}, Yy RS, (7
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where the two unknowns are L. which is a scalar, and u, : R¢ — R which is a C°
periodic function. Then the following conclusions holds.

i. Equation (7) admits a solution (L., u;). The constant L. is unique and is
called the effective action of L.(x,y). The function u, may not be unique.
We call discrete weak KAM solution any u. solution of (7).

ii. There exists a constant C > 0 such that

“57 +HO)| <Ct, Vre© 1]

iii. There exist constants C,R > 0 such that, for every T € (0, 1] and for every
discrete weak KAM solution u, of (7),

(a) Lip(u;) < C, in particular ||lu.|l < C if min(u,) = 0,
(b) Yy € RY, if x € argmin_a {u(x) + L (x,y)} then |ly — x|| < TR.

iv. There exist a subsequence t; — 0 and discrete weak KAM solutions u., such
that u;, — u uniformly. Moreover every such u is a solution of the ergodic
cell equation (a weak KAM solution in Fathi’s terminology) or equivalently
a viscosity solution of the PDE cell equation

T'[u] = u—tHQO), ¥Vt >0 < H(x,du(x)) = H().

The convergence of the solutions of the discrete Lax-Oleinik equation to the
solutions of the ergodic cell equation has been addressed by Gomes [GomO5]
and Camilli, Cappuzzo-Dolcetta, Gomes [CCDGO08], but their proofs require a
particular form of the Lagrangian: there exists a (uniform) constant R > 0 such
that for every x, h, v, w

L(x + h,v+w) —2L(x,v) + L(x — h,v — w) < R(hI* + [w]>)

that we do not assume. Several other numerical schemes have been studied for
computing the effective Hamiltonian, see [GO04], [Ror06], [FR10] but the proper-
ties (i)—(iv) are not stated explicitly, see also [BFZ12] for a mechanical Lagrangian
of the form L(z, x,v) = W(v) + V(¢, x).

Note that the discrete Lax-Oleinik equation possesses a second form: the dis-
crete forward Lax-Oleinik equation,

MT(X) - ‘Z:T = m%)[( {”T()’) - -ET(-X’ y)}
YeR¢
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Theorem 1 is also valid for the forward Lax-Oleinik equation with the same ef-
fective action £, and possibly a different u,. From now on we only study the
backward problem.

Our second objective is to show that, by introducing a discounted factor ¢ in
the discrete Lax-Oleinik equation (7), we do not need to take a sub-sequence in
time to obtain the convergence of the discrete solution to a solution of the PDE
cell equation. Our result is twofold: for fixed T > 0, by letting 6 — 0, u.s — f—g

converges to a particular discrete weak KAM solutions u;; for 7,6 — 0 satisfying
L.

the constraint 7 = 0(9), s — =

described in [DFIZ14].
We recall that the discounted cell equation is given by the PDE

converges to the weak KAM solution u* that is

ous(x) + H(x,dus(x)) =0, (8)

where u; is understood in the viscosity sense. It is known (see [LPV87, CIL92,
Bar94, BCD97]) that the equation (8) admits a unique periodic solution us given
by the integral formula,

0
us(x) = inf{f e L(y(s), 7(s))ds : y: (=00,0] = RY, ¥(0) = x} , 9
where the infimum is taken over the set of absolutely continuous paths ending at
x. The authors of [DFIZ14] showed that a correct normalization of us converges
to some solution of the cell equation, namely

H(O
};iné (l/t(s + %) =u* (exists in the C° topology). (10)

The limit u* is a particular weak KAM solution that we call the asymptotically-
discounted weak KAM solution. We obtain a similar statement in the discrete case.
Our second main result is the following:

Theorem 2. We assume that H(x, p) satisfies the same hypotheses as in theorem
1. We call discounted discrete Lax-Oleinik equation

u(y) = min {(1 - 70)u(x) + L:(x, )}, Yy RS, (11)

where u is a C° periodic unknown function.

i. Equation (11) admits a unique solution u. s called discounted discrete weak
KAM solutions that can be written as,

tep(x) o= inf Y (1= 76) Lok gern, o).

X hiS
xozkxo k=0



(The infimum is taken over all backward configurations x_, € R? starting
at xo = x). Moreover there exist constants R,C > 0 such that, for every
7,0 € (0, 1], Lip(u.s) < C, and for everyy € R?

x € argmin {(1 — 6)u.s(x) + L:(x,y)} = |ly—x|l <R

x€R4
ii. For every v € (0,1] fixed, as 6 — 0, us — % converges uniformly in C°
topology to a Lipschitz periodic function u;. The limit u} is a particular
discrete weak KAM solution that admits the two characterizations

u (y) = sup{w(y) : wis a discrete weak KAM solution s.t.
f wdu < 0, Yu projected T-minimizing measure}

= inf { f @, (x,y)du(x) : pis a projected T-minimizing measure}.

(The notion of T-minimizing measures is explained in definition 13, and the
Marié potential @, is defined in definition 20). The limit u; is called the
asymptotically-discounted discrete weak KAM solution.

iti. There exists a constant C > 0 such that for every 7,6 € (0, 1],

lletr s — tslloo < Cg and ” (um — %) - (ué + FQ) Hm < cg_

In particular, ift — 0,6 — 0, and 5 — 0, then uT,(;—f—:g converges uniformly
in C° norm to the asymptotically discounted weak KAM solution u* defined

by equation (10).

Theorem 1 is proved in section 5 and theorem 2 is proved in section 6. Both
proofs use a new a priori bound valid for more general actions called short-range
actions (see propositions 4, 5 and 19). We also show that the infimum in the
representation formula (9) is attained by a C"! path. The last estimate item (iii)
improves similar estimates in [Ror06, FR10, BFZ12].

2 General discrete Aubry-Mather model

In order to understand better the difference between the discrete Lax-Oleinik equa-
tion (4), where Ep(x,y) = Lp(x,y), and the ergodic cell equation (2), it will be
helpful to introduce an intermediate one-parameter family of actions. Define for
every 7 > 0, x,y € RY, and P € RY,

Epo(x,y):= inf { f L(y (D), y(1)) dt — P(y — X)}.
yeC*([0,7].RY) 0
Y(0)=x, y(r)=y



Note that the infimum in the definition of Ep; is reached by some C? curve due to
Tonelli-Weierstrass theorem. Such a curve is called a minimizer. Again there is
no loss of generality by assuming P = 0. We call minimal action

Er(x,y):=  inf f L(y(®), (1)) dt. (12)
yeC((0,71RY) Jo
y(0)=x, y(r)=y
The action &,(x, y) is called by Mather [Mat93] in section 4, the variational prin-
ciple associated to L, and by Fathi [FatO8] in section 4.4 the minimal action. We
also stress that E.(x, y) has been defined over the universal covering space RY and
not over T¢.

We have just defined two families of actions: the discrete action L.(x,y)
and the minimal action &.(x,y). We are thus led to consider more general one-
parameter families of actions {E.(x,y)}.c0.1; Which cover the two previous ex-
amples. We focus on the fact that ||y — x|| and 7 should have the same order of
magnitude as T — 0: we call this property short-range. We list in what follows
the only properties on E.(x,y) we are going to use.

Main hypotheses 3. We call family of short-range actions, a one-parameter fam-
ily of functions E,(x,y) : RY x R — R indexed by 7 € (0, 1] satisfying:

(H1) E.(x,y)is continuous in (x, y);
(H2) E.(x,y) is translational periodic:
E.(x+ky+k) =E.(x,y), VYkeZ’ and Vx,yeR%

(H3) E.(x,y) is uniformly coercive:

lim inf inf LlE.(x,y) = +oo;
R—+oco 7€(0,1] |[x—y|[>tR T

(H4) E.(x,y) is uniformly bounded: for every R > 0

inf inf 1E.(x,y)>—co, sup sup LE.(x,y) < +oo.
t€(0,1] xyerd 7€(0,1] [ly-xl<tR

We will also reinforce the continuity and coerciveness properties for the main step
of the proof by asking

(H5) E.(x,y)is uniformly superlinear:

) ) E_(x,
lim inf o6))
R—+00 1€(0,1] |lx—ylI>TR ”X —y”

(Note that superlinearity implies coerciveness.)
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(H6) E.(x,y) is uniformly Lipschitz: for every R > 0, there exists a constant
C(R) > 0 such that, for every 7 € (0, 1] and for every x,y,z € R4,

—if |ly — x|]| £ 7R and ||z — x|| < TR then
|E-(x,2) — E-(x,y)| < C(R)llz -y,
—if |z — x|l < TR and ||z — y|| < 7R then

|E+(x,2) = Ex(y,2)| < CR)|ly — xll.

The proof of theorem 1 will follow mainly from two results. The first one
gives an a priori bound on discrete weak KAM solutions for every short-range
actions E.(x,y); the second one shows that the two actions £L.(x,y) and &.(x,y)
are particular cases of short-range actions which are comparable in the sense that
L.(x,y) — E(x,y) = O(r?) uniformly on ||y — x|| = O(7).

We call discrete Lax-Oleinik operator,

T [ul(y) := m]g} {u(x) + E-(x,y)}, VyeR9 Vre(0,1], (13)

for every continuous periodic function u € CO(R?).
We call discrete weak KAM solution, any periodic continuous function u solu-
tion of the additive eigenvalue problem,

T.lul = u+E,, (14)

where E; is a scalar which can be understood as an additive eigenvalue. We ask
the reader to notice the two notations: the continuous time operator 7* defined in
(3) and the discrete time operator 7 defined in (13).

Proposition 4 (A priori compactness for short-range actions). We consider a fam-
ily of short-range actions {E(x,y)}r><0.1) Satisfying the hypotheses (H1)—(H6).

i. There exist constants C,R > 0 such that, if T € (0, 1] and u. is a discrete
weak KAM solution of (14), then

(a) u. is Lipschitz and Lip(u,) < C,
(b) Yy € RY, x € argmin pa {u-(x) + E-(x,y)} = |ly— x| <7R.
ii. For every Lipschitz periodic function u, lim._,o T-[u] = u uniformly. More
precisely, for every constant L > 0, there exist constants R;,C; > 0 such

that, if u is any Lipschitz function satisfying Lip(u) < Cy, and if T € (0, 1],
then



(a) Yy € RY, x € argmin o {u(x) + E-(x,y)} = |ly— x|l <Ry,
(b) I Te[u] —ulles < 7Cy.

Proposition 5 (Comparison estimate). Let H : TY x RY — R be a C?, periodic,
time-independent, Tonelli Hamiltonian and L be the associated Lagrangian. Then

i. the two families of actions {L.(x,V)}r>0 and {E(x,y)}r=0, Which is defined
in equations (6) and (12) respectively, satisfy the hypotheses (HI)—(H6);

ii. for every R > 0, there exist a constant C(R) > 0 such that, if T € (0, 1],
x,y € RY satisfy |ly — x|| < TR, then

1Ex(x,y) = Le(x,y)] < T°C(R).

Proposition 4 will be proved in section 3 by using an equivalent definition of
the effective action. Proposition 5 is proved in section 4. The proof of item (i) of
this proposition for the discrete action L. (x,y) is trivial. For the minimal action
&E:(x,y), the proof of (i) and the comparison estimate (ii) will be proved as a con-
sequence of an a priori compactness estimate for Tonelli minimizers (lemma 14).

We recall that, for Tonelli Hamiltonian, there exists a C*> minimizer of either

E(x,y) = inf f L(y,y)ds or T'[0](y) = inf E(x,y),
yO)=x, y(0)=y Jo xeR4

where the infimum is taken over absolutely continuous paths y : [0,7] — R? and

T' has been defined in (3). We say that a path y : [0,7] — R? is a characteristic

if it is obtained as the projection of an orbit of the Hamiltonian flow or the Euler-

Lagrange flow.

3 Short-range actions

This section is mainly devoted to the proof of proposition 4 and more generally to
results that are valid for every family of short-range actions. We begin by recalling
some properties of the discrete Lax-Oleinik operator (13). The main point is that
discrete weak KAM solutions exist and that the additive eigenvalue E. is unique.
We also show different ways to compute E.. The following estimates are obvious.

Proposition 6. For any u,v € CO(T?), and c € R, for any subset U of nonnegative
continuous periodic functions, we have

i. ifu<v,then T (u] <T.[v];

ii. ([T [ul = Tr[v]lleo < [l = Vloo,
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ii. T.(u+c]=T.u]l+cs
iv. T.[inf,cq; u] = inf,cq; To[u].

The following theorem, though fundamental, is easy to establish. Different
proofs may be found as for instance in [Nus91], [GomO05] and [GT11]. We will
nevertheless give a different proof using the discounted Lax-Oleinik operator de-
fined in section 6.

Theorem 7 (Lax-Oleinik equation for short-range actions). Let {E(x,y)}rc.1 be
a family of short-range actions satsifying the hypotheses (HI)—(H4). Then for
every T € (0, 1] there exists a unique scalar E,, called effective action, such that

T [ul=u+E;

admits a continuous periodic solution u.
Solutions of this equation are called discrete weak KAM solutions.

Proof. The proof of the existence of u is done in section 6, we just prove the
uniqueness of the effective action. Suppose there exist u,v € C°(T¢) and A, u € R
such that

T ul=u+A4 and T.[v]=v+pu.

Therefore, there exist ¢ and y, such that
u®) <vy) +c, YyeT9 and uy.) =v(y.)+c.
Consequently, for any y € T¢, we have

u(y) + A =T-[ul(y) < TvI(y) + ¢ = v(y) + ¢ + .

Taking y = y, implies A < u. The opposite inequality holds similarly. O

The additive eigenvalue £, may be seen as a discrete analogue of Mafié critical
value —c[0]. The discrete weak KAM solutions play the role of the discrete vis-
cosity solutions. The following proposition recall two ways of computing directly
the effective action.

Proposition 8. Under the hypotheses (HI1)—(H4), the effective action can be com-
puted either by

E. = sup inf {ET(X, Y) - [M(y) - M(X)]},

MECO(Td) X,y € R4

= sup inf {E.(x,y)—[v(y) —v(x)]}, (15)

veB(RA) XY eRd
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(where B(R?) denotes the space of bounded functions not necessarily periodic) or
as a mean action per site

k—1
_ . ) 1
Ec=lim inf o Z(; E(2is2is1)- (16)

k—+eo 7o,z €RY

Property (15) is called the discrete sup-inf formula and is analogue to the sup-
inf formula introduced by [CIPP98] for continuous-time Tonelli Hamiltonian sys-
tems. Equation (16) shows that the effective action is similar to the notion of
ground state for one-dimensional chains of atoms {z;};cz« as in [CG86].

.....

additive ( i.e., E(k + [) > E(k) + E(l)), which implies in particular that the limit
limy_, o0 1 E-(k) = sup,, 1 E-(k) exists.
The second equality of property (15) is new and we give a proof.

Proof of proposition 8. Part 1. Let be

A:= sup inf {Ei(x,y) = [u(y) — u(x)]}.

MECO(Td) X,yGRd
Let u be a discrete weak KAM solution of (14). Then
u(y) —u(x) + E; < E.(x,y),  YxyeR".

In particular, on obtains 1 > E.. Conversely, let v be a bounded function and
¢ = Sup_pa{v(2) — u(z)}. On the one hand v(z) < u(z) + ¢ for every z € R¢, and by
the monotonicity of 7, we obtain

T:[vI(z) < T [ul(2) +c, VzeR”

On the other hand, for every € > 0, one can choose y. € R? such that v(y.) >
u(ye) + ¢ — €. Consequently,

T [vIe) = ve) < (Te[ul(ye) + ¢) = (u(ye) + ¢ — €)
= T [ul(ye) — u(y) + € = E; + €.
In particular, inf,cpe{T:[v](z) — v(2)} < E., and by taking the supremum over v €

L2(R?), we obtain A < E,. The argument we have presented above is similar to
the maximum principle for viscosity solutions.

Part 2. Let be

k—+00 7,z eRd Kk £

k-1
1

A:= lim  inf ZET(Z,',ZHI)-
i=0

12



We choose again a discrete weak KAM solution u of (14). On the one hand, since
u(.)]) - M(.X) + ET < ET(-x7 y)’ A X,y € Rda

and u is bounded, we obtain immediately £, < A. On the other hand, for any
xo € RY, one can find an optimal backward point x_; such that

u(xo) + Er = u(x_y) + E+(x_1, Xo).

Continuing with this procedure, one can find a one-side backward sequence {x_;};%)
such that
u(x_y) + Er = u(x_ges1) + Ec(X_(er1)> Xp)-

Therefore,
k—
u(xo) —u(x_) =
,Tzlzfe Rd ZE (Zl’ ZH—I) Z(; T(X (l+1)’ f + ET,
and by letting k — +oo, we obtain A < E.. -

The previous proof has brought to light three important definitions that we
recall here (see [CLTO1], [GT11]).

Definition 9. Let {E.(x,y)}e1; be a family of short-range actions. Let u be a
countinuous periodic function. Then

1. u is called sub-action for E (x,y) if

u(y) — u(x) < E-(x,y) — E; Vx,yeRY,

ii. a configuration (x;)icz 1S said to be calibrated with respect to a sub-action
uif
E (X, Xp1) = u(xper) — u(xy) + E- VkeZ,

ii. u is a discrete weak KAM solution for E (x,y) if and only if, u is a sub-
action and

VyeR?y AxeR?, st u(y) —u(x) = E.(x,y) —

We also observe the following a priori bound for the effective action which is
immediate from (16). For every 7 > 0,

—o0 < inf E.(x,y) <E. < inf E.(x,x) < +0o0,
x,yeR4 x€R4
P g 1 (17)
—co < inf —E; and sup —F < +oo.
@1l T re@,1] T
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The bounds are finite thanks to the translational periodicity, coercivity and hy-
pothesis (H4).

We now come to the proof of proposition 4. We show that the Lipschitz norm
of discrete weak KAM solutions (14) is uniformly bounded with respect to 7. We
also show that calibrated configurations (x;)icz have uniformly bounded jumps.
Notice that item (iii) of theorem 1 is obtained as a particular case by taking as
short-range action £, = £,.

Proof of proposition 4. We begin by fixing the constants C and R: let be

ET s - E_T
Ci:=2  sup %,
7€(0,1], |ly—xlI<T T
ET s - ET
R = inf{R >1: in —(x Y) > Cl}, (18)
7€(0,1], |ly—xII>7R Iy — xI|
ET s - E‘r )
C := max (Cl, sup (*,7) (x Z))
ly=xl, lly-xll<T(R+1) llz = ¥l

Notice that C; is finite thanks to (H4) and equation (17), R is finite thanks to (HS)
and C is finite thanks to (H6).
Step 1.We show a partial proof of item (ia), namely
ly —xll>7 = u(y) — ur(x) < Cilly — xl|.
Indeed, by choosing n > 2 such that (n — 1)t < |ly — x|| < nt and by choosing
X; = x + £(y — x), we obtain nt < 2|y — x|,
ur(xie1) — ue(x;) < Ec(x;, xi01) — E;,  and
ET(-x’ ) - ET
1Y) = (%) S n7_sup —E T < Cfly )
lly—xll<T
Step 2. We prove item (ib). Let be y € R¥. Let x be a calibrated point for u,
that is a point satisfying
ur(y) — ur(x) = E-(x,y) — E‘r-
Choose some R > 1 as in (18) and assume by contradiction that [y — x|| > 7R.
Then the first part of the proof may be used and we obtain the absurd inequality
Cilly = xll = ur(y) — ur(x) > Cilly — xl|.

Step 3. We end the prove of item (ia). Let be y, z € RY, either ||z — y|| > T and
we are done by the step 1, or ||z — y|| < 7. Let x be a calibrated point for u,. Then
ly —xll < 7R, llz — x| < (R + 1),

MT()’) - MT(X) = ET(X’ .Y) - ET’ MT(Z) - MT(X) < E‘r(x’ Z) - ET’
UT(Z) - ur(y) < ET(X’ Z) - Er(x’y) < C”Z - }’||

14



By permuting z and y, we just have proved that Lip(u,) < C.
Step 4. We prove item (ii). Let be C’ > 0. We define R” > 0 as before

ET ) - ET ) ’
Ro=inf(R'>1: inf () = B0y y)>c}.
7€(0,1], |ly—x|[>TR’ Iy — x|

Let u be a periodic function satisfying Lip(¥) < C’ and y any point. Let x be a
point realizing the minimum of min, {u(x) + E.(x,y)}. Assume by contradiction
that ||y — x|| > TR’, then on the one hand

E.(x,y) — E:(y,y) > C’lly — xll,

and on the other hand u(x) + E.(x,y) < u(y) + E-(y,y) and

C'lly = xll 2 u(y) — u(x) = Ex(x,y) = E(y,),

which is impossible. We then estimate || 7;[u] — u||. On the one hand

T [u)(y) = u(y) < E-(y,y).
On the other hand, if x realizes the minimum of min,[u(x) + E.(x, y)]
T:[ul(y) — u(y) = u(x) — u(y) + E-(x,y)
2 =Clly - xl + inf E(x, y),
AT () —u)] = ~C'R + inf inf 1E(x,y).

We conclude by taking

C” := C'R’ + sup sup LE.(y,y) — inf inf LE (x,y). O
7€(0,1] y ’ 7€(0,1] xy T

We end this section by showing a third formula for the effective action by using
Mather measures. In order to avoid 7 in the definition of the set of constraints, we
also give the definition of minimizing transshipments. We first recall what is a
transshipment measure:

Definition 10. We say that a probability measure u defined on the Borel sets of
T x R? is 7-holonomic if

ff w(x) u(dx,dv) = ff o(x + 1v) u(dx, dv), Yo e COUTY).
TdxRY TdxRd

We say that a sigma-finite measure 7 defined on the Borel sets of RY x R? is a
transshipment measure if it verifies the following properties:

15



i. k. = m for any k € Z? (where k. denotes the push forward of 7 by the map
(x,y) = (x + k,y + k) on R? x RY),

ii. 7 is a probability on each fundamental domain F x R? or RY x F where
F =[0,1)%

iii. if pr! : RYx F — R? and pr? : F x RY — R? denotes the two canonical
projections, then prl(n) = pri(n).

We first notice that the two previous definitions, 7-holonomic and transship-
ment, are similar. More precisely, by identifying F = [0, 1)¢ with T¢, we have

Lemma 11. Let be ¥, : F xR? - F x RY, W.(x,y) = (x, y%x). If t is a trans-
shipment measure, then u = (Y,).7t|pygae is T-holonomic. Conversely, if u is t-
holonomic, then © = ¥ 70 k(Y. is a transshipment.

Proof. Let mr be a transshipment measure and ¢ : T¢ — R be a bounded Borel
function, then

f f @(x) p(dx, dv) = f f @(x) n(dx, dy)
TYXR4 FxRA

= f @(x) prin(dx) = f @(y) prin(dy) (19)
F F

- f f o) n(dx, dy) = f f o) n(dx.dy)  (20)
RIXF FxR4

= ff @(x + 1v) u(dx, dv)
TdxR4

which proves that u is holonomic (equations (19) and (20) correspond to items
(iii) and (i) of definition 10). The converse is obtained by reversing the order of
the previous equalities. |

Lemma 12. Let E(x,y) : R? x R? — R be a family of short-range actions satis-
fying the hypotheses (HI)—(H4). Then

E, =inf { f f E.(x,y)n(dx,dy) : nis a transshipment },
FxR4
= inf{ ff E(x,x + tv)u(dx,dv) : uis t-holonomic }
TdxRY
See theorem 4.3 in [GT11] for a proof.

The infimum in the previous lemma can be achieved by coerciveness of E.(x, y).
Such measures are called T-minimizing.
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Definition 13. Let E.(x,y) : R? x R? — R be a family of short-range actions
satisfying the hypotheses (H1)—(H4).

i. A probability measure g on T¢ x R? is said to be 7-minimizing, if it is 7-
holonomic and satisfies

ff E.(x,x +1v)du(x,v) = E..
TdxRY

Let M. be the set of 7-minimizing measures.

ii. A projected T-minimizing is any pri"(u) where pr®" : T¢ x RY — T is the
first projection and u is any 7-minimizing measure.

iii. We call Mather set, the compact set
Mather(E,) := U{supp(u) : u is T-minimizing }.

(There is no need to take the closure since the Mather set is already equal to
the support of some measure). The projected Mather setis pr’(Mather(E.)).

4 Minimal action

The main purpose of this section is to show that the minimal action satisfies the
properties (H1)—-(H6) and that the comparison estimate of proposition 5 holds.
We first notice that (H1)—(H3) are obvious, and that (HS) is a consequence of
the superlinearity of L. Only properties (H4) and (H6) deserve a proof. We will
also show that the associated Lax-Oleinik operator satisfies a semi-group property
T = T' o T* and that & = —tH(0) which is part of the proof of item (ii) of
theorem 1. The main novelty of this section is theorem 17 which is valid for every
short-range actions satisfying the min-plus convolution property.

Proof of property (H4). Let be T > 0, x,y € R, |ly — x|| < 7R. Since y(s) :=
x + s*= is a particular path joining x to y, we obtain

sup  1&(x,y) < sup  L(x,v).

>0, |ly—x|/|I<TR x€R4, |v|I<R

Let be 7 > 0 and x,y € R?. By superlinearity, L(x,v) > |[v|| — C for some constant
C > 0. Then fOTL(y, v)ds > |ly — x|| — 7C for every absolutely continuous path
¥ : [0, 7] — R? satisfying y(0) = x and y(7) = y. One obtains

inf %8,(x,y) > -C. O

>0, x,y,€R4
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The proof of (H6) (and item (i) of proposition 5) require an a priori bound
from above of the velocity of a minimizer. We will recall the main arguments of
the proof, see [FatO8, Mat91] in the autonomous case, and [BFZ12] in the non
autonomous case for more details.

Lemma 14 (A priori compactness for Tonelli minimizers). We consider a C*
Tonelli Hamiltonian H : T¢ x RY — R. For every R > 0, there exists a con-
stant C(R) > 0 such that, for every T > 0, x,y € R? satisfying |ly — x|| < 7R, and
for every minimizer y : [0,7] — RY satisfying

¥Y(0) = x, y(r) =y, f L(y,y)ds = E(x,y),

0

we have ||y|| < C(R) and ||Y|| < C(R).

Proof By Tonelli-Weierstrass theorem, y is a C>characteristic. By choosing y(s) =
x + s©= we obtain the upper bound

E(x,y) <t sup |L(x,v)| :=71Ci(R).

x€T4, |vlI<R

By superlinearity we obtain a lower bound of L, L(x,v) > ||v|| — C5, and

1 (7 1 (7
—fII)'/IIdsS—fL(%)'/)dHCzSCl(RHCz‘
T Jo T Jo

In particular, there exists sy € [0, 7] such that ||y(so)|| < C;(R) + C,. Let be
= %(y,7) and

C5(R) := sup {H ( (x V) : xe T M < Ci(R) + Cal.
As H is autonomous, H(y(s), p(s)) is independent of s and therefor bounded from

above by C3(R). By superlinearity of H, H(x, p) > ||p|| — C4, and we obtain
lp(s)ll < C3(R) + C4. Since = g—;’(y, p), we finally obtain

OH
Il < sup{%(x, p) : x€ T |Ipll < C3(R) + Cu} := C(R).

The bound on the second derivative is done similarly using the formula

O*H (92H
pox 62 p) (% D) —

y= (% p) (% p).
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Proof of property (H6). Let be T € (0,1], x,y,z € R such that ||y — x| < 7R and
llz — x|l < 7R. By Tonelli-Weierstrass, there exists a C?> minimizer vy : [0, 7] — R¢
starting at x, ending at y, and satisfying f "L(y,¥)ds = &.(x,y). Define the path
£ :[0,7] —» R? by &(s) = y(s) + s=2 y . By lemma 14, there exists a constant
C(R) > 0 such that [|y|| < C(R). Then

Er(x,2) = Ec(x,y) < fo [L,6) - Ly, p]ds < CR)IIz - I,

where C(R) = SUpP Ry, IMISC(R)+R ||DL(X, V)” =
The minimal action actually satisfies a stronger property.

Lemma 15 (Uniformly semi-concave). Let H : T x R? — R be a C?, time
independent, periodic, Tonellli Hamiltonian. Then for every R > 0, there exists
a constant C(R) > 0 such that for every T € (0,1], x,y,h € R |ly — x||| < 7R,
Al < TR,

E.(x,y+h) +&E(x,y—h) - 28(xy)<C()||h||2

E(x+h,y)+E(x—h,y) —28E(x, y)<&||h||

1)

Proof. For every R > 0, x,y € RY with ||x — y|| < 7R, by Tonelli-Weierstrass
theorem, there exists a C> curve y : [0, 7] — R such that y(0) = x, (1) = y, and

E:(x,y) = fTL(Y(S)J’(S)) ds.
Let be h € R? satisfying ||h]| < TR, and &, & : — R? defined by
&.(8) =y(s) + Sé and  &.(s) =y(s) — S;-
In particular, &,(s) = ¥(s) + £ and €_(s) = 7(s) — 2. By Lemma 14, there exists

a constant C(R) > 0 such that |[y(s)|| < C(R) for every s € [0, 7]. Therefore, we
have

Ec(x,y +h) + Ec(x,y = h) = 2E(x, y)
< fo [L(r ) + LE-, €)= 2L(y, V)] ds

T h h h h
= f [L(r(s) + s~ 305) + =) + L(y(s) = 57 9(5) = —) = 2LOy(8). 3(5))|ds
0 T T T
||h||2 CR)

<27 sup ID*L(x, )| =~ < —||h||
xeRY, [MISCR)+R
where C(R) = 2SUD,cxa ju<ciryer DL VIl =
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Proof of item (i1) of proposition 5. Let R > 0 and C(R) be the constants given by
lemma 14. Let be 7 € (0, 1] and ||y — x|| < TR. We know that &,(x, y) admits a C?
minimizer y : [0,7] — R? satisfying ¥(0) = x, y(7) = y, E(x,y) = fOTL()/, V)ds,
VIl < C(R) and ||¥|| < C(R). Let be V;, = (0)). Then

lly(s) = xI| = [ly(s) = y(O)|| < sC(R) < TC(R),
I7(s) = Voll < sCR), | y_Tx - VOH < 1C(R) and H)’/(s) - y_TxH < 27C(R).

We are now in a position to compare the two actions

- X

LOy(s), 7)) = L, >

1Ec(x,y) = Le(x, )| < f )‘ ds < T°C(R),
0

with C(R) := 25UP,cra. |yi<recer IPLI C(R). O

[Vl

We conclude this section by improving theorem 7 for short-range actions satis-
fying the min-plus convolution property. Let us first recall the notion of min-plus
convolution of two actions &; and &,, denoted by &; ® &,, as follows:

&1 @& (x,y) = Zlg[g; [E1(x,2) + Ex(z, )] (22)

The infimum is attained since &, and &, are coercive. We will show in particular
that the effective action &, is linear with respect to 7.

Notice that the discrete Lax-Oleinik operator 7, defined in (13) for the min-
imal action &, corresponds to the Lax-Oleinik semi-group 7’ defined in (3) by
Fathi,

T'ul(y) = m]g} {u(x) + E(x,y)}, VYyeR, Vr>0. (23)
X€

Lemma 16 (Min-plus convolution property). Let H : T x RY — R be a C?,
autonomous and Tonelli Hamiltonian. Then the minimal action satisfies

Erio =6E,0E,, V1,0>0. 24)
In particular T =T o T, V1,0 > 0.

Proof. On the one hand, for any x,y,z € R, by Tonelli Theorem, one can find
absolutely continuous curves y; : [0,7] — R? with y,(0) = x,¥,(r) = zand vy, :
[, 7+0] = R? with y,(1) = z, y2(7+0) = y such that &,(x, ) = fOT L(y1(8),y:1(2)) dt

and E,(z,y) = fT TWL()/Z, v,)dt. Lety = y; %y, be the concatenation of y; and ;.
Then
T+0
E(x,2) + E(z,y) = fo L(y(®), (1)) dt = Er15(X, ).
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Taking infimum with respect to z, we obtain
ER8E,(x,y) > Ero(x,y), VYx,ye RY,

On the other hand, for any x,y € R, by Tonelli Theorem, there exists an abso-
lutely continuous curve y : [0,7 + o] — R with ¥(0) = x,y(r + o) = y and
Erio(x,y) = foﬁ(r L(y,y)dt. Take z = y(7), and see y = y; * vy, as the concatena-
tion of two paths as before. Then

Erio(X,y) 2 E:(x,2) + E5(2,y) 2 E @ E(x, ).

The semi-group property 77" = T7 o T follows from (24). O

The following theorem gives a different proof of the existence of a (continuous
time) weak KAM solution when the action E;(x, y) is given by the minimal action
&E:(x,y). What is new in this theorem is that we prove the existence of a common
additive eigenfunction of the Lax-Oleinik equation (14) using a few hypotheses:
the main hypotheses (H1) — (H6) and the min-plus convolution property (24). We
assume temporarily that E; is defined for every 7 > 0.

Theorem 17. Let {E.(x,Y)}:>0 be a family of short-range actions satisfying the
hypotheses (HI)—(H6). Assume E. satisfies the min-plus convolution property,
E... = E.:QE,, for every T,0 > 0. Then the following statements hold.

i. Foreveryt >0, E, =1E,.

ii. There exist a subsequence t; — 0 and discrete weak KAM solutions u,, for
the action E.(x,y) such that u,;, — u uniformly. Moreover any such limits u

satisfy
T.[u] =u+tE,, Vt>0.

fii. 1im,_ e + min,, E,(x,y) = E\.
Proof. Step 1. We prove property (i) for 7 € Q. We will use the notation
M
E«M) :=min{ > Edx;1,x)) : x; € RY).
=1

It is enough to prove Ey, = NE. for every integer N and T > 0 not necessarily
rational. We choose M > 0,

M
(zos.--,2m) € arg min{z En:(zi21,2) @ 5 € Rd},
i=1
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and by min-plus convolution of Ey., we choose (x;, . .., X;y) so that

N
En:(zi1,21) = Z E‘r(xi,j—lsxi,j), Xio = zi-1 and x;y = z;.
j=1

Then En-(M) = Y2, Y%L, Ex(xij-1, %) = E«(MN). By dividing by MN and by
taking M — +oo, one obtains Ey, > NE.. Conversely, we choose

M-1

(X0, ..., Xy_1) € arg min{ Z E.(xi_1,%) : X; € Rd},
i=1

and N integer translates k; € 7 j=1...N,such that k, = 0 and
l(xo + kj) — (xpr—1 + ki)l < 1.
We define a new chain (zy, . .., zyn) by concatenating the previous translates
Zicle(-0M = X v koM, i=1,...,M, j=1,...,N.

Then, using the fact ||zjy — Zp—1+(—nymll < 1

M-1

[

N
NET(M -1)= Z Er(Zi—1+(j—1)M,Zi+(j—1)M)
i=1

M

\%

2,

J

j:l =
N

ET(Zi—H(j—l)M,Zi+(j—1)M) =N sup |E:(x,y)l,
i=1 i=1 ||y—X||S1

1

N M M N
Z Z E(Zic1+(j-1m> Ziv(j-1)m) = Z Z E(Zj-1+G-1)N> Zj+i-1)N)

1 j=1

j=1 i=1

Ene(zi-1,21) = En:(M).

M=

1l
—

1

By dividing by M and by taking M — +co, one obtains NE, > Ej;.
Step 2. We prove an intermediate estimate, namely

sup ||TT[0] - E‘r” < C7

™0

where C is the constant given by the item (ia) of proposition 4. Let 7 > 0 and N
be an integer such that 7/N < 1. Let u,/y be a weak KAM solution of Ty that we
normalize by minu,y = 0. Then

TT/N[MT/N] = UyN T ET/Na
T‘r[u‘r/N] = (TT/N)N[MT/N] = Ur/N + NET/N = Ur/N + ET'
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Since |lu./n|| < C, we obtain

T:[0] < Tr[uzn] < C + Ex,
Te[0] 2 Telury = Cl = gy = C + E. 2 =C + E-,

and finally ||T.[0] — E.|| < C, for every T > 0.

Step 3. We resume the proof of property (i) for 7 ¢ Q. We choose p;,g; € N,
qgi — +oo, such that p; < ¢;t < p; + 1. Denote by o; = p; + 1 — ¢;7. Then
Tp+1 = Ty, © Ty Since ||T,,.[0] — ¢;E.|l < C, by applying T, one obtain on the
one hand

ITp,+1[0] = giE-ll < C + || T, [0 |I.
On the other hand ||T,,+1[0] — (p; + 1)E,|| < C, which implies
I(pi + DE, = q;E-|| < 2C + Sl(l()pl]” T-[011].
oe(0,

Notice that item (ii) of proposition 4 implies that || 7-[0] || is uniformly bounded
for o € (0, 1]. We conclude by dividing by ¢; and letting g; go to infinity.

Step 4. We prove item (i1). From the apriori compactness property of propo-
sition 4, one can find a constant C > 0 such that every discrete weak KAM so-
lutions u, satisfies Lip(u,) < C. Since u, is defined up to a constant, we may
assume that min(x,) = 0. By choosing a subsequence 7; — 0, we may assume
that u,, — u uniformly. Moreover the second part of this proposition implies
that || 7,[v] — v|| < oC, for every o € (0, 1] and Lipshitz function satisfying
Lip(v) < C. Let be t > 0. There exists integers N; such that N;t; < t < (N; + 1)1;.
Let be o; = t — N;7;. Then

T‘ri[un] = Ug t TiElv TN[T,'[MT;] = Ug + NiTiElv
TI[MT,'] = TI—N,'TI'[MT,'] + N1T1E15
” Tt[u‘r,-] — Ug — tEl ” < ” Tai[uri] — Uy, ” + O-ilEll-

Aso; — 0, u;, — u, Ty[u]l — u, and ||Ty,[ur,] — To,[u]ll < |lu,, — ull, we obtain
T,[u]l =u+tE,.
Step 5. We prove item (iii). We first notice

min E,(x,y) = m}%{n T,[0](y).
yeRd

x,yeR4

On the one hand,

T,[0] < T,[u — min(u)] = u + tE, — min(x) < max(u) — min(u) + tE;.
On the other hand,

T,[0] > T,[u — max(u)] = u + tE;, — max(u) > min(u) — max(u) + tE,.

In particular ||7,[0] - tE1|| < osc(u) and lim,_, ;e min,, %E,(x, y) = E;. O
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5 Proof of theorem 1

Proof of item (i) of theorem 1. The discrete action L,(x,y) is a particular case of
short-range actions. Item (i) is simply theorem 7. O

Proof of item (ii) of theorem 1. The minimal action &,(x, y) is a particular case of
short-range actions satisfying the min-plus convolution property (22). As noticed
in (23) the discrete Lax-Oleinik operator 7, defined in (13) corresponds to the
continuous Lax-Oleinik semi-group 7° defiend in (3). On the one hand theorem
17 implies

—H(0) = lim ! min &,(x,y) = &, = 18,, Yt > 0.
t—+00 [ x,yeR4 T

On the other hand, the a priori compactness property in proposition 4 for any
short-range actions, and the comparison estimate of proposition 5 implies the ex-
istence of constants R > 0 and C > 0 such that for every 7 € (0, 1],

—any discrete weak KAM solution u, of either &, or L, that satisfies min(u,) =
0, is uniformly bounded by C (actually uniformly Lipschitz bounded),

— any calibrated configuration (x_;)so (see definition 9) for any discrete weak
KAM solution satisfies ||x_x — x_;_1|| < TR, Yk > 0,

— the comparison estimate holds: |E.(x,y) — L.(x,y)| < 7°C, for every x,y
satisfying |[y — x|| < TR.

Let us show that the three previous estimates implies

&, - L] <7°C, Y1e(0,1].

Indeed, we choose a discrete weak KAM solution u, of &,(x,y) and a calibrated
configuration (x_; )0 for u,. Then

Er(o_pt, Xop) = ue(xop) — ur(xopor) + &,

Lo(x 41, x4) < E(xyy,x0) +7°C,

K . 2
= D Lo, x0) € &+ PCR) + = el
n ey n

By taking the limit n — +o0, and by using the mean action per site formula (16),
we obtain £, < &; + 72C. By permuting the roles of &, and £, we conclude the
proof of item (ii). O

Proof of item (iii) of theorem 1. The proof of this item follow directly from the a
priori compactness property of proposition 4. O
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Proof of item (iv) of theorem 1. We will use two Lax-Oleinik operators: 77, the
discrete Lax-Oleinik operator associated to £, and 77, the Lax-Oleinik semi-
group associated to &;. We claim there exists a constant C > 0 such that, for every
small 7 > 0, for every discrete weak KAM solution u for £,

I T[] = T-[ul |l < T°C.

Indeed, we know from propositions 4 and 5, there exist positive constants R and
C such that, for every 7 € (0, 1], for every discrete weak KAM solution u for £,

— Lip(u) < C, ||ullo < C,

~-VyeRY xearg min,pa {u(x) + L(x,¥)} = |ly — x| < 7R,

~VyeRY, xeargmin g, {u(x)+E(x,y)} = |y — x|l < 7R,

~IT"[u] —ulls < 7C,

—forevery x,y, |ly—xl| £TR = ||E(x,y) — L(x,y)| < T°C.
On the one hand, for every y and x € arg min, zq {u(x) + L.(x, )},

TT[ul(y) < u(x) + E(x,y) < u(x) + Lo(x,y) + 7°C,

T[ul(y) < T[ul(y) + T°C.

On the other hand, if x € arg min, zq [u(x) + E(x, )],
TT[ul(y) = u(x) + E-(x,y) 2 u(x) + Le(x,y) - 7°C,

T[ul(y) = T-[ul(y) - T°C.

The claim is proved. Since Lip(x;) is uniformly bounded independently of 7, we
may choose a sequence of times 7; — 0 and discrete weak KAM solutions u; for
L, such that u; — u uniformly for some periodic Lipschitz function u. Let ¢ > 0
be fixed, and N; integers such that N;t; < t < (N; + 1)7. The non-expansiveness
property of the Lax-Oleinik operator implies

T[] = T¥[u] lloo < N TV [u] = wlloo + Il = tillco — O.

The previous claim || 7% [u;] — T, [ui] llo < 77C and the estimate proved in item (ii)
of theorem 1 |&;, — L,,| < 77C, imply

I T7[u;] — u; — 7,61 |l < 172C.
By iterating this inequality, one obtain
| TV ;] — u; — Nvi&i |l < Ni22C < 17,2C.
Since u; + Nt;:&, — u + t&,, one get
T'ul =u+1tE, VYt>0.

The fact that being a solution of the ergodic cell equation (2) is equivalent to being
a solution of the PDE cell equation (1) is proved for instance in Fathi [FatO8,
theorem 7.6.2]. O
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6 Discounted discrete Lax-Oleinik operator

This section is devoted to the proof of theorem 2. Our approach follows the ar-
ticle [DFIZ14] to identify the selected discrete weak KAM solution. We have
nevertheless chosen to work with general short-range actions E;.

Proof of theorem 2. Ttems (i), (i1) and (iii), respectively, are consequences of propo-
sitions 19, 21 and 26, respectively, applied to the action E, = L,. O

Definition 18. Let {E.(x,y)};-o be a family of short-range actions satisfying the
hypotheses (H1)—(H6). We call discounted discrete Lax-Oleinik operator, the
non-linear operator

Toslul) 1= inf {(1 = 760u() + Eo(x. )

defined for every continuous periodic function u, and for every T € (0, 1] and
0 € (0, 1]. By coerciveness the infimum is actually attained.

We first improve the a priori estimates in time of proposition 4 to obtain an a
priori bound of the jumps uniformly with respect to the discounted factor 6.

Proposition 19 (A priori compactness in the discounted case). Let {E-(x,Y)}re.1]
be a family of short-range actions satisfying the hypotheses (HI)—(H6). Then the
following holds.

i. The operator T, ;s admits a unique fixed point u. s in the space of continuous
periodic functions

Uep(x) = nf 3 (1= 7O Er(X ey X0).
k=0

Pl e®NY, xo=x 4=
Urs is called the discounted discrete weak KAM solution of E;.

ii. There exist constants R > 1 and C > 0 such that, for every 7,6 € (0, 1],

E.(x, E-(x,
() < Oltrs < SUP cpa (x x)’
T

(a) inf, jcpa
(b) u.sis Lipschitz and Lip(u.s) < C,
(c) ¥y €R?,  [x € argmin i {(1-70)urs(x)+E(x, )} | = Ily—xll < 7R.

Proof. Step 1. The operator T is contracting in C° norm, i.e.

| Teslu] = TrslV]llo < (1 = 70| tt = Vlleo, ¥ u,v € CO(TY).
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Moreover, T, s preserves the ball ||ul|. < % where

Co := sup (sup (x x)’_ inf * y)).
7€(0,1] * xeRd T x,yeR4 T

Indeed, we have
T s[u](y) < (1 —16) max(u) + max E. (x, x),
xeR

Teslul(y) > (1 - 76) min(u) + min Ex(x,y),
x,yeR
C C
llulleo < 7‘) = || Trolu] lloo < (1 = 76)|Jutl]oo + TCo < 70.

In particular 7, s admits a unique fixed point . s which is inside B(0, @). We have
proved item (i). The fixed point satisfies

trs(y) = min {(1 = 76)urs(x) + E-(x,y)}, Vy € R™
xeR

By iterating backward, one obtains the explicit formula for u,;. Moreover it sat-
isfies the a priori estimate (iia)
E-(x,y) E:(x,x)

inf inf < Ours < sup sup
7€(0,1] x,yeR4 T 7€(0,1] xeRd T

which are finite thanks to property (H4). Notice that u,s explodes as }5.
Step 2. To prove part of item (iib), we use the same reasoning as in the proof
of proposition 4. For every point x, y satisfying |y — x|| > 7, we have

lurs(y) = trs(O)] < Cilly — x|, with
E.(x,
Cy:= sup sup (M+Co).

7€(0,1] |ly—xll<2t T

Indeed, we choose n > 1 so that nt < |[y—x|| < (n+1)r and define x; = x+ f'l(y—x).
We then apply » times the inequality

Urs(Xip1) — Urs(Xi) < Er(xi, Xiv1) + 76l slleo < 7C

to obtain u,s(y) — urs(x) < Cilly — x|
Step 3. We define R using the uniform super-linearity (HS5) by

E.(x,y)-C
R;:inf{R>1: inf M
(011 Iy-xli>tR [y — x]|

> Cl}.
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Then any x € argmin {(1 — 70)u.s(x) + E.(x,y)} satisfies |[y — x|| < 7R. The
proof is done by contradiction. If |[y — x|| > TR > 7, by step 2, we know that
urs(y) — ur5(x) < Ci|ly — x|, and by definition of R, we have

Urs(Y) = rs(X) 2 Er(x,y) = T0llurslle0 = Er(x,y) = 7Co > Cilly — xl|.

We obtain a contradiction, therefore ||y — x|| < TR, which is item (iic).
Step 4. We conclude the proof of item (iib). If ||z — y|| < 7 and x is a point
realizing the minimum in the definition of u,s(y),

Urs(2) — Urs(y) < E(x,2) — Ex(x,y) < Cllz = yll,

where

E.(x,2) — E.(x,
C := max (Cl, sup sup (x.2) ( y)). O
7€(0,1] [ly—xll.llz=xll<7(R+1) Ily — x|

We show in the following proposition an extension of item (ii) for general
families of short-range actions. We recall the definition of the Mafié potential @,.
We could have used the Peierls Barrier, but the two notions coincide when one of
their arguments belongs to the projected Mather set (definition 13).

Definition 20. We call Maié potential, the doubly periodic function

n—1

O (r,y) =infinf inf N [Eu,xe) - B, VxyeR”
n21 pezd (xp...x)e(®4)y! £
X0=X,Xp=y+p -

From [GT11], we know that ®.(x, y) is continuous with respect to (x, y). More-
over

—Vx € pr'Y(Mather(E,)), [y — ®.(x,y)] is a discrete weak KAM solution,
—Vy € pr'Y(Mather(E,)), [x — —®.(x,y)] is a discrete weak KAM solution.

Proposition 21. Let {E.(x,y)}-c0.1) be a family of short-range actions satisfying
the hypotheses (HI1)-(H6). Let u,s be the unique fixed point of the discounted
discrete Lax-Oleinik equation. Let M, be the set of T-minimizing measures (defi-
nition 13). Then, for T € (0, 1] fixed,

: En .
llsl—r}(} (uw - 7'_5) =u;, uniformly.

Moreover u is a Lipschitz periodic function and is characterized by

ui(y) = sup {w(y) : To[w]l =w+E, and fdedew(x) du(x,v) <0, Yu e M,}
=inf{ [[, .. ®-(x,y)du(x,v) : p € M.},
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We first start by an a priori bound which is uniform in 7,6 € (0, 1].

Lemma 22. Under the hypotheses of proposition 21, there exists a constant C > 0
such that, for every 7,6 € (0, 1],

u.s — —|| <C.
0 1ol

Proof. We denote by C’ the constant given by proposition 4 which bounds from
above the Lipschitz constant of every discrete weak KAM solution independently
of T € (0, 1].

Part 1. Let u, be some discrete weak KAM solution. Let

E.
y € arg max {us(y) = =< — ().
yeRd TO

As a fixed point of T4, the discounted discrete solution satisfies for every x,

E, E,
trg(3) = 5 = 4r(3) < (1= 70)]theg () = =5 = ()]

+ [Ec(x,Y) = ur () + ur(x) = Er] = 76U ().
Let x be a backward calibrated point for y, that is a point satisfying
E(x,y) = u(y) — u(x) + E-r-

By definition of y, we have

E, E.
Urs(x) — P ur(x) < ur5(y) — P u(y),

E;
urs(y) — pr u:(y) < —u.(x),

or u.s(y) — % < osc(u;) < C’'diam([0, 119) := C.

Part 2. Let y be a point realizing the minimum of u,s(y) — f—g —u.(y) and x be

a discounted backward calibrated point for y, that is satisfying

ur,é(y) = (1 - T(S)ur,é(-x) + E‘r(x’ )’)

Then similar to what we have done in part 1, we obtain

E, E.
trg(3) = 5 = ur(3) = (1 = 70)]teg () = —5 — ()]
+ [ET()C, y) - MT(Y) + ur(x) - ET] - TéuT(x)-

As E-(x,Y) — uz(y) + ur(x) — E; > 0, we obtain u.s(y) — & — u.(y) > —u(x) or
Urs(y) — & > —osc(u;) > —C’diam([0, 1]7). -
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The first main observation is given in the following lemma. See definition 13
for the notion of projected T-minimizing measures.

Lemma 23. For every 1,6 € (0, 1]
E,
f [um(x) - _5] du(x) <0, VY uprojected T-minimizing measure.
Td T

Proof. By definition of the discounted discrete solution u,s, we have
Urs(x + 1) < (1 = 10)ur5(x) + Er(x, x + 1v), VYx€ T,

Let 4 be a T-minimizing measure. By integrating the previous inequality, we
obtain

f f Urs(x +7v) dp(x, v)
TdxR4

< -19) f Urs(x) du(x, v) + ff E.(x,x + mv)du(x,v).
TdxRY TdxR4

The 7-holonomic property implies the equality of the two integrals containing u, .
The 7-minimizing property implies the equality of the last integral to E,. We just
have proved 76 f f u.sdu < E. for every T-minimizing measure. O

The second main observation is given in the following lemma.

Lemma 24. Let v > 0 be fixed. Let 6; — 0 be a sequence converging to 0. For
every 6;, let u.s. be a discounted discrete weak KAM solution and (x" D=0 be a
discounted backward calibrated configuration satisfying
M‘r,é;(xi_k) =1- T(Si)ur,éi(xi_k_l) + E‘r(xi_k_la xi_k)-
Let u; be the probability measure on T¢ x R? defined by
pi= 0y 10(1=18)S,

H kZ(;T ( T ) (xl—k—l’(xl—k_xl—k—l)/‘r)

Then every weak™ accumulation measure of (u;) is a T-minimizing measure.

Proof. We notice from item (iic) of proposition 19 that y; has a compact support
in T¢ x {|[v|l < R}. Let u be a weak” accumultation measure of (u;). To simplify
the notations we assume that y; — p. We first claim that u is 7-holonomic. Let
¢ : T = R be a continuous function. Then

f f P+ T i, v) = 761 = T8) ()

k>0

= 70,0(xp) + (1 = 78) D 76,1 = 76)! o' ,)
k>0

= 70,p(x}) + (1 — 76;) f f @(x) dui(x, v).
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The claim is proved by letting §; — 0. We next claim that y is T-minimizing

ffET(x, x + 1) dui(x,v)

= > w01 =0 Ec(x ¥

k=0
= > 761 = 6 e (6 ) = (1 = 76t (¥ )] = TOthe, ().
k=0
Lemma 22 implies 76;u.s, — E. uniformly, and the claim is proved. O

Proof of proposition 21. Let 6; — 0 be a sub-sequence converging to 0. Since
Lip(u.,) and ||u. s, — —£|| . are uniformly bounded, there exists a sub-sub-sequence
of 8;, (we still use the same notation) such that, for some u,

Urs, — —57 — u, holds in C’-topology.
T .

1

Part 1. We claim that u, is a discrete weak KAM solution, that is a solution of
T.[u.] = u. + E,. On the one hand, by letting 5; — 0 in

E. E, _
Mr,a;(Y) - g < (1 - T(si)[u‘r,&-(x) - g] + ET(xa }’) - E‘ra

one obtains u.(y) — u.(x) < E.(x,y) — E., for every x,y € R?. On the other hand,
for every v, there exists x; € R? such that

teg () = — = (1= 76)[urs (1) = =< | + Ex(xi.) = Er.

1 1

Proposition 19 implies there exists a constant R > 0, independent of ¢, such that
lly = xi|| < TR. By taking possibly a sub-sequence, one may assume x; — x for
some x € RY. One then obtains u.(y) — u;(x) = E.(x,y) — E;. The claim is proved.

Part 2. We recall that M, denotes the set of 7-minimizing measures. By letting
60 — 0 in lemma 23 along the sequence ¢;, one obtains

ffu,(x) du(x,v) <0, VYue M.

We have proved

u.(y) < sup {w(y) T wl=w+E.,, ffw(x) du(x,v) <0, Yu € MT}.
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Conversely, let w be a discrete weak KAM solution satisfying f f wdu < 0 for
every u € M,. Let y € R, For every 6;, let (xi_k)kzo be a discounted backward
calibrated configuration starting at y = x{. Then

j T i i i E:
tg (3) = —= = wia ) = (1= 76|t () = wiody ) = =

+ [E‘r(x[_k_l 5 xi_k) - W(xi_k) + W(xi_k_]) - ET]
- Téiw(xik_l ).

As w is a sub-action, we obtain E-(x', ,,x' ) —w(x') +w(x',_ ) — E. > 0. By
iterating these inequalities, one gets

) = T w00 2 Y =761 = 70w ) = = [ Wi diate

k>0

where y; is the probability measure defined in lemma 24. As y; converges to a
T-minimizing measure y, one obtains u.(y) — w(y) > — f f w(x) du(x,v) > 0. We
have proved

) =sup(w0) : Tl v+ B [ [y <0, vue M=o

We also proved that the only accumulation point of u,s — f—(; is the function u;
defined above. Thus

limu,s — — = u*, in the C° topology.
-0 o T6 T p gy

Part 3. As u} is a sub-action satisfying f f uidu < 0 for every u € M, one has
wi(y) — ui(x) < Do(x,y), VYx,y€RY,

u;(y) < ffd)(x, y)du(x,v) + ffuj(x) du(x,v) < ff(l)(x, y)du(x,v).

We have proved

u;(y) < inf{ff(b(x, ydu(x,v) : u€ MT}, Vy e RY.

Conversely, let y be fixed, by using a discounted backward calibrated configura-
tion (x', )0 Starting at y = x{, one obtains
E; k i i F
o () = = = 3 (1= 0 Bl xl) ~ Eo]
i %0

32



As x — —®.(x,y) is a sub-action,

ET('xi_k_l’ -xi_k) - ET > _(I)T(Xi_k’ y) + q)T(xi_k_l’y)’ Yk = 1a
E(x_,x)) — E; > ®(x" |, x)), (k=0).

(The second inequality comes from the definition of the Mafié potential written as
an infimum). By substituting these inequalities in the previous equality, we obtain

es () = == 2 D (1= 16 De(x 1 3) = Dol o )] + Do, ),

[~
> > (1 =16 D) = > (1= 16 D, ),
k>0 k>1
= Y [ =78)" = (1 =76 Dy, ),
k>0
- Vet - w0 ) = [ [0y duten,
k>0

where y; is defined in lemma 24. By taking a sub-sequence, y; converges to a
7-minimizing measure y. We have proved

u;(y) = inf{ ff(I)T(x, y)du(x,v) : p€ MT}, Vy e RY.

This completes the proof of proposition 21. O

We now prove the last part of theorem 2. The main tool is the existence of
a backward calibrated path, associated to the discounted weak KAM solution us,
having a regularity at least C'"! independent of the discounted factor 6. In the
case of the ergodic cell equation, there exists a C> minimizer which realizes the
infimum in (3) by Tonelli-Weierstrass (see [FatO8] for instance). In the case of the
discounted cell equation (8), we are not aware of a reference giving this regularity.
Neither [DFIZ14] nor [ISM11] gives the regularity C'!.

Proposition 25. Let H(x, p) : T*xR? — R be a C? Tonelli Hamiltonian satisfying
the hypotheses (L1) and (L2). There exists a constant C > 0 such that for every
x € RY, for every 6 > 0, if us denotes the unique solution of the discounted cell
equation (8), then there exists a C*' path y} : (=00,0] — R? with yX(0) = x,
I73lle < C and Lip(y3) < C, such that

0
us(x) — €°us(yy(1) = f e L(yy(s),75(s)ds, Vi <0. (25)

13

Moreover u, s — us uniformly on R,
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Proof. Part 1. Letbe T > 0, and (x;"s)nso a discounted backward calibrated con-
figuration for the discrete action £, ending at x. We note

1
Vo = —(xT"Sl x”s) Vn < —1.
T n+

We show in this part there exists a constant C > 0, independant of n, 6 and x, such
that [[v>° — v;’fl | < Crforalln < —1. Letbe x, := x7° and v, := v;°. By definition
of calibration we have

Uro(Xns1) = (1 = TOtr (X)) + Lo (Xs X1
= (1 = 76) urs(xe1) + (1 = 76) Lo(Xpo1, X)) + Le(X, X1
< (1 = 1O)utrs(x) + Lo(X, Xpy1), Yx eR?
< (1= 16 trg(xpm1) + (1 = 76) Lo (X1, X) + Lo(x, X511),  Vx € RY

In other words (x;’é)ng() is minimizing in the following sense
(1 - Té)-[:‘r(-xn—l ’ xn) + Lr(xna xn+1) < (1 - T(S)-Er(xn—la X) + -E'r(x’ xn+l)’ Vx e Rda

and satisfies the discounted discrete Euler-Lagrange equation

8£T xn) + _T(xn, xn+l) =0
ox
L
— (1 - T6) (xn 1> Vn— 1) (9 (-xna Vn) + Ta (-xna Vn)
1r0L oL oL oL
= ;[5<xn,v,,) = e vie)] = 20 = 6@ v (26)

Proposition 19 shows there exists R > 0 such that ||v;"5|| < R, Vn £ —1. The
property of positive definiteness (L.1) implies the existence of a constant @(R) > 0
such that

oL
5a (x,v).(h, h) > aR)||H|>, VYxeR? VY|V <R, Yh € R%
Ny
By integrating over ¢ € [0, 1]
d (aL

di\o (xn 1t t(xn - Xp— 1) V- lat(Vn Vn—l)))

and by taking the scalar product with (v, — v,_;), one obtains

@R~ vl < o ey = ol + (|2 + 0] 2 )

0xov
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where all norms || - || are taken over T¢ x {v € R? : and ||v|| < R||}. As ||x, — x,_1|| <
7R thanks to item (iic) of proposition 19, one obtains ||v, — v,_|| < 7C, for some
constant C > 0, uniformly in 7, § and x.

Part 2. Lety;;: (=00,0] — R be the piecewise affine path interpolating the
points x, at time nt. We show that y; ; is Lipschitz uniformly in n, § and (x7),1<0-
To simplify we write y = y;,. Letbe s < ¢t < 0. Either s, belongs to the
same interval ((n — 1)7,nt]. As vy is affine with speed bounded by R, we obtain
lly(2) = y(s)I| < |t — s|R. Or s,t belong to different intervals. By introducing the
points x, corresponding to the intermediate times s < nt < ¢, one obtains again
the same estimate.

Part 3. We choose a subsequence 7; — 0 and a discounted backward calibrated
configuration (x’),<o such that y; := y;"_’ s — ¥ uniformly on any compact interval
of (=00, 0] for some Lipschitz function y;. We claim there exists a uniformly
Lipschitz function V : (=00, 0] — R¢ such that

0
f V(s)ds = x—y5(t), Vt<O.
t
Let T c (—o0,0) be a countable dense subset. Let be V; : (—o0, 0) — R? such that

n n—1

1 . .
Vi(t) = ;(x’ - ) Vt € [(n - Dy, n1,), Yn < 0.

By compactness of the ball {v : ||v|]| < R}, by taking a subsequence if needed, we
may assume V(1) — V() exists forevery t € T. Letbe s < t < 0 and m < n non
positive integers such that m — 1)t; < s < mt; and (n — 1)1; < t < nr;. Part 1
implies,

IVi(2) = Vil = Vi_y = Vil < (n = m)7iC < [t = $IC + 7,C.
By letting 7; — 0, one obtains ||V(f) — V(s)|| < |t — s|C for every s,t € T. Let

V : (=00,0) — R be the unique Lipschitz extension of V. Then Vi(f) — V() for
every t € (—o0,0). Since

0
f Vi(s)ds = x —yi(t), Vt<O,
t

the claim is proved and y} is a C"! path.

Part 4. Item (iib) of proposition 19 shows there exists a constant C > 0 such
that Lip(u,,s) < C. By taking a subsequence if necessary, we may assume that
u; = U, s — u uniformly for some Lipschitz function u. We claim that

0
u(x) — eu(yi(1) = f e L(yi(s), 75(s))ds, YxeRY Vtr<0.
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Indeed using the notations in part 3, we have for every n < —1,

-1

ui(x) = (1 = 7,6) "u; 0 yi(nzy) + D (1 = 1:8) ' riLyilhry), Vickrs)).

k=n

Let be ¢t < 0 fixed, n < 0 such that (n — 1)7; < t < nt;. Then
~1 0
1= | 30 = 16 Lk, Vi) - f e L(yi(s), Vi(s)) ds |
k=n nt;
can be bound from above by the following three terms 1y, I», I5

-1 (k+1)7;
n=Y - fk IL(yiChe), Vitke)) — Leyi(s). Vi(s))| ds
k=n

Ti

(9L T;
< R' E”g,
-1 (k+1)7;
L= [a-1o™* -1 -] fk |L(yiCs), Vi(s))| ds
k=n o

<zllLl (1 - (1 =76)™") < TlILl,

-1 (k+1)7;
I = ; ﬁ [es‘s -(1- né)"‘] IL(i(s), Vi(s))| ds

< ||L]| [fo e ds — T,-i(l - T,-5)_k],
nj k=n

0 -1
<z | f eds—1; » (1= 18)* | + T,
nt; k=n

(1 =1,0)" ="
< [IL]] 5 + LI < +7ilIL]].

We finally obtain
I< R”Z—I;H% + 27,

and the claim is proved by letting 7; — 0, since nt; — t, u; — u uniformly on R¢,
and both y; — y; and V; — ¥; uniformly on any compact set of (—oo, 0].

Part 5. We claim that

0
u(x) — eu(x + tv) < f e L(x + sv,v)ds, YxeR? V<0, VYveR
t
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We choose as before n < 0 such that (n — 1)1; < t < nr;. Let be xjc = X + ktv,
Vk € {n,...,—1,0}. By definition of the discounted discrete weak KAM solution
Ui = Uz, s,

-1
1i(x) < (1= 7:60) "w(x)) + D (1 = 7:6) ' 1L, v).
k=n
0

Then the expression | ¥, (1-7:6) ', L(xi, v) - f e L(x+sv,v)ds|is estimated
in the same way as before, and the claim is proved.

Part 6. We show that u is a viscosity solution of du + H(x, du(x)) = 0. We first
show u is a subsolution. Let be x € R? fixed and ¢ : RY — R a C! function, such
that u(x) = ¢(x) and u < ¢. Using part 5, for every v € R? and ¢ < 0,

0
P(x) — e p(x + tv) < u(x) — eu(x + tv) < f L(x + sv,v)ds.

By dividing by —¢ and taking the limit # — 0, one obtains é¢(x)+d@(x).v < L(x, v).
By taking the supremum in v and using the definition of the Legendre-Fenchel
transform H(x, p) := sup,{p.v — L(x, v)}, on obtains d¢(x) + H(x, d¢p(x)) < 0.

We next show u is a suppersolution. Let be x € R? fixed and ¢ : R — R a C!
function, such that u(x) = ¢(x) and u > ¢. Part 4 implies d¢(x) + dp(x).v > L(x,v)
for v = ¥5(0) and in particular 6¢(x) + H(x, d¢(x)) > 0.

Part 7. We have proved that any accumulation function u of u,s, as 7 — 0,
is necessarily equal to us, the unique viscosity solution of éu + H(x, du(x)) = 0.
Thus u,s — us uniformly in R¢ as T — 0, and the equation (25) is proved. O

Proposition 26. Let H(x, p) : T x RY — R be a C?* Tonelli Hamiltonian which is
time-independent and periodic in x. Then there exists a constant C > 0 such that,
for every 1,6 € (0, 1], if us is the unique viscosity solution of (8) and u.s is the
unique discrete solution of (11), then

-
lurs — tslleo < C(_S'

Proof. Part 1. We first show u,s — us < C5. Thanks to proposition 25, there
exists a constant C; > 0 such that, for every x € RY, there exists a C"!' curve
Y; 1 (=00,0] — RY, satisfying v50) = x, |l¥5ll < Cy and Lip(y;) < C; uniformly
on (—o0, 0], and

0
us(x) = f P LOyA(s), 7(s) d.

(o)
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Let be x_y := y5(—k7), v_i := (X_441 — x_4)/7, for every k > 0. Then

te5(x) < D (1= 70 Lo i1, %5,
k>0
—kt

(1 = )5 (x) = us(x) < )| f » (1= 78" = e |LCxoier, voicr)
k=0 ¥ ~tk+Dr

—kt
+ Z f P [L(x_p-1, V1) — L(ys(s), ¥5(5))] dss.
=0 J-Gk+Dr
For every s € [—(k + 1)7, —kT],
lys(s) = xaall < Ci7, lys(s) — vl < Ci,
|L(X—k-1, V-i-1) — L(y5(5), Y5(s)| < IDL||Cy7,

(where ||DL|| is computed by taking the supremum of ||DL(x, v)|| over x € R¢ and
vl £ Cy). Moreover

—kt
1 1-16
Zf [0 (1] < Lo TLETD o
k>0 —(k+1)7' 6 T6

Let be C; := sup,ps L(x, 0). Then item (iia) of proposition 19 implies
-
5
Part 2. We next show u,s—us > —C g Let be x € R? and (x_;)xs0 a discounted
backward calibrated configuration for £, starting at x. then

o) = ) (1= 76 Lolpor, x.0).

k>0

T T
rs(x) = us(x) < 7C + TILY| + [IDLIC, < < (Co + LI+ IIDL||C1)5 =C

Let y : (=00,0] — R? be the piecewise linear path interpolating the points x_;
at the times —kr. Then, thanks to the property (9), or to part 5 in the proof of
proposition 25,

0
us(x) < f e L(y(s), ¥(s)) ds.

[ee)

We follow the same estimates as in part 1. Using item (iic) of proposition 19, we
notice that for every s € [—(k + 1)1, k7],

ly(s) = Xl < Xk — xpall S R, §(s) = (g — Xopm1) /T 2= Vg1,
oL
LGt v-ien) = L8 7] < |72 e

(where ||| is computed by taking the supremum of ||%(x, v)|| over x € R and
IVl < R). Let be C3 := inf, ,cge L(x,v). Then item (iia) of proposition 19 implies

s = ) 2 (G~ L = | = JR) S = o
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