
.

LIPSCHITZ SUB-ACTIONS FOR LOCALLY MAXIMAL

HYPERBOLIC SETS OF A C1 FLOW

XIFENG SU AND PHILIPPE THIEULLEN

Abstract. Livšic theorem for flows asserts that a Lipschitz observable
that has zero mean average along every periodic orbit is necessarily
a coboundary, that is the Lie derivative of a Lipschitz function smooth
along the flow direction. The positive Livšic theorem bounds from below
the observable by such a coboundary as soon as the mean average along
every periodic orbit is non negative. Previous proofs give a Hölder
coboundary. Assuming that the dynamics is given by a locally maximal
hyperbolic flow, we show that the coboundary can be Lipschitz. We
introduce a new tool: the Lax-Oleinik semigroup, inspired by Fathi’s
weak KAM theory.
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1. Introduction and main results

A Cr flow, r ě 1, is a triple pM,V, fq whereM is a Cr`1 manifold without
boundary of dimension d ` 1 ě 3, not necessarily compact, equipped with
a smooth Riemannian metric, V : M Ñ TM is a complete Cr vector field
that never vanishes, f “ pf tqtPR is a flow with infinitesimal generator V ,
that is a one-parameter group of Cr bijective maps satisfying

@ s, t P R, @x P M,
d

dt
f tpxq “ V ˝ f tpxq, f0pxq “ x, fs`t “ fs ˝ f t.

Definition 1.1. Let pM,V, fq be a Cr flow, r ě 1, and Λ Ď M be a compact
invariant set (@ t P R, f tpΛq “ Λq.
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2 XIFENG SU AND PHILIPPE THIEULLEN

(i) Λ is said to be hyperbolic if there exist constants CΛ ě 1, λs ă 0 ă

λu, and a continuous splitting of Λ, TxM “ Eu
Λpxq ‘E0

Λpxq ‘Es
Λpxq

for every x P Λ, du :“ dimpEu
Λq ě 1, ds :“ dimpEs

Λq, such that,
(a) the splitting is equivariant: for every x P Λ,

Txf
tpEupxqq “ Eupf tpxqq, Txf

tpEspxqq “ Espf tpxqq,

Txf
tpV pxqq “ V ˝ f tpxq,

(b) the splitting is transversally hyperbolic

@x P Λ, @t ě 0,

$

’

&

’

%

@v P Es
Λpxq, }Txf

tpvq} ď CΛ e
tλs

}v},

E0
Λpxq “ V pxqR,

@v P Eu
Λpxq, }Txf

tpvq} ě C´1
Λ etλ

u
}v}.

(ii) Λ is said to be locally maximal if there exists an open neighborhood
U Ě Λ of compact closure such that Λ “

Ş

tPR f
tpUq.

We extend in the following definition the notion of ergodic minimizing
value and the notion of subaction. See Garibaldi [9] or Jenkinson [13] for
a complete review on the subject. We recall that the Lie derivative of a
Lipschitz function u :M Ñ R that is differentiable along the flow generated
by a vector field V is the function,

LV ruspxq “
d

dt

ˇ

ˇ

ˇ

t“0
u ˝ f tpxq.

Definition 1.2. Let pM,V, fq be a C1 flow, Λ Ď M be a compact invariant
set, U Ě Λ be an open neighborhood of Λ, and ϕ : U Ñ R be a C0 bounded
function.

(i) The ergodic minimizing value of ϕ (restricted to Λ) is the quantity

ϕ̄Λ :“ lim
tÑ`8

inf
xPΛ

1

t

ż t

0
ϕ ˝ f spxq ds.

(ii) A continuous function u : U Ñ R is said to be an integrated sub-
action of ϕ on pU,Λq if for every x P U and t ą 0 such that
@ s P r0, ts, fspxq P U ,

u ˝ f tpxq ´ upxq ď

ż t

0
pϕ ˝ fspxq ´ ϕ̄Λq ds.

(iii) A continuous function u : U Ñ R is said to be a subaction of ϕ on
pU,Λq if u is differentiable along the flow, LV rus is C0, and

@x P U, ϕpxq ´ ϕ̄Λ ě LV ruspxq.

If u and LV rusare both Lipschitz continuous, we say that u is a
Lipschitz continuous subaction.
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Notice that, if we choose a fixed time of iteration τ ą 0, if we define a
discrete map by F :“ f τ and an integrated observable by Φpxq :“

şτ
0 ϕ ˝

f tpxq dt, if

Φ̄Λ :“ τ ϕ̄Λ “ lim
nÑ`8

1

n
inf
xPΛ

n´1
ÿ

k“0

Φ ˝ F kpxq,

an integrated subaction u for ϕ with respect to the flow is also a subaction
for Φ (item ii of Definition 1.2 of [19]) with respect to the map F

@x P Λ, Φpxq ´ Φ̄Λ ě u ˝ F pxq ´ upxq.

Our main result is the following.

Theorem 1.3. Let pM,V, fq be a C1 flow, Λ Ď M be a locally maximal
hyperbolic compact connected invariant set. Then there exist an open neigh-
borhood Ω of Λ, a constant KΛ ą 0, such that, for every Lipschitz continuous
function ϕ :M Ñ R, there exists u : Ω Ñ R on pΩ,Λq satisfying

(i) u is Lipschitz continuous, Lippuq ď KΛLippϕq,
(ii) u is differentiable along the flow,
(iii) LV rus is Lipschitz continuous, LippLV rusq ď KΛLippϕq,
(iv) @x P Ω, ϕpxq ´ ϕ̄Λ ě LV ruspxq.

Proof. The proof readily follows from the Theorems 2.3 and 3.3, and a
smoothing technique using a regularizing operator. The proof is done at
the end of section 3. □

The existence of a Lipschitz subaction is proved under the hypothesis that
the observable ϕ is Lipschitz and the flow f is C1. We could expect a more
regular subaction under the hypothesis of a C2 flow and a C2 observable.
Actually it is false in general as it was observed by Bousch-Jenkinson [4]
for an example of a trigonometric polynomial under the doubling map on
the circle. The Lipschitz regularity is in some sense optimal for a general
statement

Notice that we recover the positive Livšic theorem mentioned in the ab-
stract. For hyperbolic compact sets, the set PpΛ, fq of periodic measures
1
T

şT
0 δfspxq ds, where x P Λ and fT pxq “ x is a periodic point of least pe-

riod T , is dense in the space of invariant probability measures M1pΛ, fq

supported in Λ. The ergodic minimizing value admits then the equivalent
definition

ϕ̄Λ “ inf
µPM1pΛ,fq

ż

ϕdµ “ inf
µPpΛ,fq

ż

ϕdµ.

The ergodic maximizing value of ϕ is defined similarly by

¯̄ϕΛ :“ lim
tÑ`8

sup
xPΛ

1

t

ż t

0
ϕ ˝ fspxq ds ě ϕ̄Λ.

A bound from above ϕ ´ LV rus ď ¯̄ϕΛ is obtained similarly. Actually it is
easy to obtain both bounds simultaneously.
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Corollary 1.4. Let pM,V, f,Λ, ϕq as in Theorem 1.3. Assume ϕ̄Λ ă ¯̄ϕΛ.
Then there exists a Lipschitz continuous subaction u : Ω Ñ R (satisfying
i–iii of Theorem 1.3) defined in a neighborhood of Λ such that

ϕ̄Λ ď ϕ´ LV rus ď ¯̄ϕΛ.

In the case M is compact and f is a transitive Anosov flow, if ϕ̄M “ ¯̄ϕM ,
the classical Livšic Theorem asserts that ϕ is a regular coboundary in the
sense ϕ ´ L rus “ ϕ̄Λ where u : M Ñ R possesses the same regularity as f

(see [6]). Corollary 1.4 is thus also valid in the case ϕ̄M “ ¯̄ϕM . Nevertheless
we do not assume in the present paper that f is transitive on Λ and we do

not know whether Corollary 1.4 is still true in the case ϕ̄M “ ¯̄ϕM .
The plan of the article is as follows. In section 2, we show that for locally

maximal hyperbolic compact invariant set Λ, every Lipschitz continuous
function ϕ satisfies a criterion called “positive Livšic criterion”. In section
3, we prove Theorem 1.3 without assuming that Λ is hyperbolic: we show
that any Lipschitz continuous function satisfying the positive Livšic criterion
admits a Lipschitz continuous subaction. We introduce a nonlinear semi-
group analogous to the “Lax-Oleinik semigroup” in [7]. A fixed point of the
Lax-Oleinik semigroup provides a Lipschitz continuous integrated subaction.
We conclude the proof by using a regularizing operator.

The interest of splitting the proof in two distinct parts leads to the ex-
istence of a Lipschitz continuous subaction even in the case the flow is not
uniformly hyperbolic, nor does it satisfy the shadowing lemma. The Lax-
Oleinik semigroup gives an explicit construction of the subaction in addition
to more regularity. We obtain a Lipschitz regularity contrary to the previ-
ous proofs that give only Hölder regularity (see Lopes, Roasa, Ruggiero [15],
Lopes, Thieullen [16], or Pollicott, Sharp [18]). In both papers, the stable
manifolds are used to construct the subaction and it is known that the stable
manifolds is in general Hölder and not Lipschitz. Huang-Lian-Ma-Xu-Zhang
[12] obtained a Lipschitz continuous integrated subaction uT : Ω Ñ R, for T
sufficiently large in the sense

@x P Ω,

ż T

0
ϕ ˝ fspxq ds ě uT ˝ fT pxq ´ uT pxq ` T ϕ̄Λ.

There is no reason in their paper that uT may be chosen independently of
T . We show that u may be chosen independently of T and that the above
inequality may be differentiated in T .

Question 1.5. (i) The Mather beta function is obtained by minimizing
an action of an arbitrarily long path with a fixed homology. The
Mather alpha function is also obtained by minimizing the action
of an observable modified by a cohomology (to be clarified in our
setting). As our main tool is a notion of penalized action of an
observable (see (2.1)), it would be interesting to extend both Mather
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beta and alpha functions to that framework and see how they are
related to the stable norm, (see [18], [17]).

(ii) An approximate positive Livšic of error ϵ could be expected as in
[14] and [10]. The ergodic minimizing value ϕ̄Λ is replaced by the

infimum of 1
T

şT
0 ϕ˝ fspxq ds over all periodic point x of period least

T ď ϵ´1. In these papers an approximate Livšic theorem is proved
and the coboundary is Hölder continuous and depends on ϵ. It
would be interesting to extend their result for positive Livšic theo-
rem with a better regularity.

2. The positive Livšic criterion

The positive Livšic criterion below is a new concept similar to the notion
of the (discrete) positive Livšic criterion introduced in Definition 3.2 of [19]
or the notion of rectifiable orbit introduced in Lemma 1.1 in [3]. The fact
that a Lipschitz function on a locally maximal compact invariant hyperbolic
set satisfies the positive Livšic criterion is the key ingredient of the proof
of the existence of a Lipschitz subaction (instead of a Hölder subaction as
in [16]). The proof of this criterion is strongly related to a version of the
shadowing lemma in the continuous setting, to the fact that a pseudo orbit
(defined in the continuous setting in Definition 2.6) is shadowed by a true
orbit.

The penalized action of a piecewise C1 continuous path z : r0, T s Ñ M ,
with penalized constant C ě 0, is the real number given by

Aϕ,Cpzq :“

ż T

0

“

pϕ´ ϕ̄Λq ˝ zpsq ` C}V ˝ zpsq ´ z1psq}
‰

ds.(2.1)

Notice that the second term in the penalized action, Lpx, vq :“ }V pxq´v},
is similar to the standard Lagrangian term, Lpx, vq “ 1

2}V pxq ´ v}2, used
to embed the flow of a vector field V (see (1.20) in [5]) in a Lagrangian
problem.

Definition 2.1 (Positive Livšic criterion). Let pM,V, fq be a C1 flow, Λ be a
compact connected invariant set, Ω Ą Λ be an open neighborhood of Λ with
compact closure, and C ě 0 be a non negative constant. Let ϕ : Ω Ñ R be a
C0 bounded function and ϕ̄Λ be the ergodic minimizing value of ϕ restricted
to Λ. We say that ϕ satisfies the positive Livšic criterion on pΩ,Λq with
penalized constant C if

inf
Tą0

inf
z:r0,T sÑΩ

Aϕ,Cpzq ą ´8,

where the infimum is realized over T ą 0 and the set of piecewise C1 con-
tinuous paths z : r0, T s Ñ Ω.

The following lemma justifies the introduction of the positive Livšic cri-
terion in the case there exists a C1 subaction.



6 XIFENG SU AND PHILIPPE THIEULLEN

Lemma 2.2. Let pM,V, fq be a C1 flow and ϕ : M Ñ R be a C0 bounded
function. Assume there exists a C1 subaction u :M Ñ R, ϕ´ ϕ̄Λ ě LV rus.
Then ϕ satisfies the positive Livšic criterion with C :“ }du}8: for every
T ą 0, for every piecewise C1 continuous path z : r0, T s Ñ M

Aϕ,Cpzq ě ´2Oscpuq,

where Oscpuq “ supxPM upxq ´ infxPM upxq.

Proof. For any C1 function u, the Lie derivative admits the equivalent form

LV ruspxq “ dupxq ¨ V pxq.

Then
ż T

0

´

ϕ ˝ zpsq ´ ϕ̄Λ ` }du}8}V ˝ zpsq ´ z1psq}

¯

ds

ě

ż T

0

´

du ˝ z ¨ V ˝ z ` }du}8}V ˝ z ´ z1}

¯

ds

“

ż T

0

´

du ˝ z ¨ pV ˝ z ´ z1q ` }du}8}V ˝ z ´ z1}

¯

ds`

ż T

0
du ˝ z ¨ z1 ds

ě

ż T

0
du ˝ z ¨ z1 ds “ u ˝ zpT q ´ u ˝ zp0q ě ´2}u}8. □

The following theorem shows that the conclusions of Lemma 2.2 are still
valid without the assumption of the existence of a C1 subaction.

Theorem 2.3. Let pM,V, fq be a C1 flow, Λ be a locally maximal hyperbolic
compact connected invariant set as in Definition 1.1. Then there exist an
open neighborhood Ω of Λ of compact closure and constants CΛ ě 0, δΛ ě 0,
such that for every Lipschitz continuous ϕ : Ω Ñ R, for every piecewise C1

continuous path z : r0, T s Ñ Ω
ż T

0

“

pϕ´ ϕ̄Λq ˝ zpsq ` CΛLippϕq}V ˝ zpsq ´ z1psq}
‰

ds ě ´δΛLippϕq.

The constant CΛ depends only on the hyperbolicity of Λ. The heart of the
proof of Theorem 2.3 consists in writing the action Aϕ,Cpzq as a Birkhoff sum
of penalized actions under the dynamics of a sequence of Poincaré return
maps and apply a version of the Anosov shadowing Lemma in local charts
(see [19, Theorem 2.1]).

We choose once for all a family of adapted local flow boxes

Γ “ pΓ,Σ, E,N, F,Aq

as explained in Definition A.2. We recall that Γ :“ pγxqxPΛ is a family
of local diffeomorphisms γx : p´τ, 2τq ˆ Bxpρq Ñ M on a transverse ball
Bxpρq Ă Rd of radius ρ with respect to the norm } ¨ }x; Σ :“ pΣxqxPΛ

is a family of local Poincaré sections passing through γxp0, 0q with return
time τ̃x,y : Bxpρq Ñ p0, 2τq between Σx and Σy when x and y are forward
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admissible; E :“ pE
u{s
x qxPΛ is a family of splittings Rd “ Eu

x ‘ Es
x into

unstable and stable directions equivariant by the local return maps

fx,ypvq “ γ´1
y,0 ˝ f τ̃x,ypvq ˝ γx,0pvq, @ v P Bxpρq Ñ Bp1q

and uniformly hyperbolic with respect to a family N :“ p} ¨ }xqxPΛ of C0

norms on Rd adapted to the splitting. We will need the notion of a trap
mechanism explained in figure 1 and Definition 2.4.

ϵ

2 ϵ

ρ

−2 ϵ

−ρ

−ϵ

z̃(0)=(r̃ x , q̃x )

z̃(T )

τ

∂− D̃x( τ ,ϵ)

∂+ D̃ x (τ ,ϵ)

ℝ−2 ϵ −ϵ

2 τ

Σ̃ x Σ̃y

−τ

(τ̃ x , y ( q̃x) , q̃ x)

(τ̃ x , y (q(T )) , q(T ))

0=γ x
−1(x)

γ x
−1(Bϵ( y ))

τ−ρ τ+ρ

(τ−ρ ,τ+ρ)×Bx (ρ)

Figure 1. The trap mechanism of size pτ, ϵq. The drawing
corresponds to the pseudo orbit case where the path in blue
s ÞÑ z̃psq exits at the forward boundary B`D̃xpτ, ϵq in red.
The two yellow regions correspond to the ϵ-neighborhoods
Uxpϵq and Uypϵq in M containing respectively zp0q and zpT q.

Σ̃x “ t0u ˆ Bp1q and Σ̃y “ γ´1
x pΣyq are the local Poincaré

sections observed in the flow box p´τ, 2τq ˆBxpρq.

Notation 2.4 (The trap mechanism). Let ϵ ă 1
2τ . We introduce the notion

of a local trap box Dxpτ, ϵq of size pτ, ϵq located at some x P Λ is the open set

Dxpτ, ϵq “ γxpD̃xpτ, ϵqq where D̃xpτ, ϵq :“ p´2ϵ, τq ˆBxp2ϵq

equipped with the norm }pr, uq}x “ maxp|r|, }u}xq. We introduce a local ball
Uxpϵq of size ϵ through the chart γx

Uxpϵq :“ γxpp´ϵ, ϵq ˆBxpϵqq.

We choose ϵ small enough so that, if γxppτ ´ ϵ, τ ` ϵq ˆ Bxp2ϵqq intersects
Uypϵq, then px, yq is Γ forward admissible as in item ix in Notation A.2, that
is

Uypϵq Ă γxppτ ´ ρ, τ ` ρq ˆBxpρqq and fx,yp0q P Bypϵpρqq.
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See item i of A.2 for the definition of ϵpρq. In particular, the local return
time from Σx X Uxpϵq to Σy belongs to the interval pτ ´ 3ϵ, τ ` 3ϵq. Let

B`D̃xpτ, ϵq \ B´D̃xpτ, ϵq be the forward and backward boundary of D̃pτ, ϵq,

B`D̃xpτ, ϵq :“ tτu ˆBxp2ϵq,

B´D̃xpτ, ϵq :“ t´2ϵu ˆBxp2ϵq Y r´2ϵ, τ s ˆ BBxp2ϵq,

B˘Dxpτ, ϵq :“ γxpB˘D̃xpτ, ϵqq.

We choose a finite subset Λ˚ Ă Λ such that Λ Ă
Ť

xPΛ˚
Uxpϵq and ϵAS ă ϵ

small enough so that

ΩAS :“ tx P M : dpx,Λq ă ϵASu Ă
ď

xPΛ˚

Uxpϵq Ă U,

where U is the open set that defines the locally maximal set Λ as in Definition
1.1. Let

LippΓq :“ sup
xPΛ

`

Lipxpγxq,Lipxpγ´1
x q

˘

.

We now consider a piecewise C1 continuous path z : r0, T s Ñ M whose
image lies in some ΩAS XDxpτ, ϵq, x P Λ˚. We assume that the path z starts
close to x,

zp0q P Uxpϵq.

We denote by z̃ :“ γ´1
x ˝ z the pull backward of z by γx and discuss three

cases.

(i) The pseudo orbit case: the path z exits at the forward boundary

zpT q P B`Dxpτ, ϵq.

(ii) The escaping case: the path exits at the backward boundary

zpT q P B´Dxpτ, ϵq.

(iii) The trap case: the path stays inside Dxpτ, ϵq.

In the first case, we assume that there exists y P Λ˚ such that

zpT q P Uypϵq.

In that case px, yq is Γ forward admissible, the local return time is well
defined

τ̃x,y : Bxpρq Ñ p0, 2τq, f τ̃x,ypqq ˝ γxp0, qq P Σy.

The box coordinates (defined in different charts) of the two endpoints zp0q

and zpT q are well defined

zp0q “ γxpr̃x, q̃xq, zpT q “ γypr̃y, q̃yq.

The local Poincaré return map is also well defined

fx,ypqq “ γ´1
y,0 ˝ f τ̃x,ypqq ˝ γx,0pqq : Bxpρq Ñ Bp1q,

where γx,0 is the restriction of γx to t0u ˆBxpρq.
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In the second and third cases we don’t need to assume the existence of a
point y P Λ˚ and to define a local return time. See Figure 1 for a schematic
description of the trap mechanism.

The following lemma is crucial and gives a lower bound of Aϕ,Cpzq in the
three cases. The constant A is set arbitrarily in the second item of the
lemma but will be defined later in Lemma 2.10, A “ A ˚

3 . A large value of
A forces C2pA q to be large.

Lemma 2.5. Let x P Λ, Dxpτ, ϵq, Uxpϵq defined in Notation 2.4. Let T ą 0,
and z : r0, T s Ñ ΩAS XDxpτ, ϵq be a piecewise C1 continuous path such that
zp0q P Uxpϵq. Let

C1 :“ 6LippϕqLippΓqpτLippΓq ` diampΩASqq,

A ˚
1 :“ 8τLippϕqpτLippΓq ` diampΩASqq.

We discuss 3 cases:

(i) The pseudo orbit case: zpT q P B`Dxpτ, ϵq. The penalized action
Aϕ,Cpzq is bounded from below by 2 terms: the first term is a
coboundary Ψy ´ Ψx, the second term is a penalized discrete action
AC̃px, yq between the two Poincaré sections,. More precisely, let

pr̃x, q̃xq “ γ´1
x pzp0qq, pr̃y, q̃yq “ γ´1

y pzpT qq. Then for every C ě C1,

Aϕ,Cpzq ě Ψy ´ Ψx ` AC̃px, yq

where C̃ :“ C{p
?
8LippΓq3q and

AC̃px, yq :“ Φx,y ` C̃}fx,ypq̃xq ´ q̃y}y,

Φx,y :“

ż τ̃x,ypq̃xq

0
pϕ´ ϕ̄Λq ˝ γxps, q̃xq ds,

Ψx :“

ż r̃x

0
pϕ´ ϕ̄Λq ˝ γxps, q̃xq ds, Ψy :“

ż r̃y

0
pϕ´ ϕ̄Λq ˝ γyps, q̃yq ds.

(ii) The escaping case: zpT q P B´Dxpτ, ϵq. The penalized action is
bounded from below by a uniform positive value. Let A ą 0 and

C2pA q :“ max
´16

3

τ

ϵ
C1,

4

ϵ
LippΓqA

¯

.

Then for every C ě C2pA q,

Aϕ,Cpzq ě A .

(iii) The trap case: @ t P r0, T s, zptq P Dxpτ, ϵq. The penalized action
may be non positive but is uniformly bounded from below. More
precisely

Aϕ,Cpzq ě ´A ˚
1 .
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Proof. Let z̃psq “ γ´1
x ˝ zpsq “ prpsq, qpsqq be the local coordinates of z̃psq

for every s P r0, T s. By definition r̃x “ rp0q and q̃x “ qp0q. Define the
reduced observable

ψ̃ :“ pϕ´ ϕ̄Λq ˝ γx : D̃xpτ, ϵq Ñ R.

Both }ψ̃}8 and Lipxpψ̃q are bounded from above by LippϕqLippΓqp1`diampΩASqq.

As ψ̃ “ pϕ ´ ϕ̄Λq ˝ γx is Lipschitz continuous, it is differentiable almost

everywhere, with a derivative in the distribution sense in L8pD̃xpτ, ϵqq.

Item i. Assume z̃pT q P B`D̃xpτ, ϵq. Define a primitive of ψ̃p¨, wq for w
fixed by

@ t P p´2ϵ, 2τq, @w P Bxp2ϵq, F pt, wq :“ ´

ż τ̃x,ypwq

t
ψ̃ps, uq ds.

For every t P r´τ, 2τ s and for almost everywhere u P Bxp2ϵq

BF

Bt
pt, wq “ ψ̃pt, wq,

BF

Bw
pt, wq “ ´∇τ̃x,ypwqψ̃pt, wq ´

ż τ̃x,ypwq

t

Bψ̃

Bw
ps, wq ds.

Define

}DF }x :“
›

›

›

BF

Bt

›

›

›

x
`

›

›

›

BF

Bw

›

›

›

x
,

›

›

›

BF

Bw

›

›

›

x
:“ sup

pt,wqPD̃pτ,ϵq

›

›

›

BF

Bw
pt, wq

›

›

›

x
.

Using the estimate τ̃x,y ď 2τ , ´τ ď t ď 2τ and }∇τ̃x,y}x ď 1
›

›

›

BF

Bt

›

›

›

x
ď }ψ̃}8 ď LippϕqdiampΩASq,

›

›

›

Bψ̃

Bw

›

›

›

x
ď LippϕqLippΓq,

›

›

›

BF

Bw

›

›

›

x
ď }ψ̃}8 ` 3τ

›

›

›

Bψ̃

Bw

›

›

›

x
,

}DF }x ď 3LippϕqpτLippΓq ` diampΩASqq.

Let

C1 :“ 6LippϕqLippΓqpτLippΓq ` diampΩASqq.

Then for every C ě C1,

}DF }x ď
C

2LippΓq
.(2.2)

The key identity is to replace ψ̃ ˝ z̃ by the derivative with respect to t of a
function of the form F ˝ z̃. We have

ψ̃prpsq, qpsqq “
BF

Bt
pz̃psqq

“
BF

Bt

`

z̃psqqp1 ´ r1psq
˘

´
BF

Bw
pz̃psqqq1psq `

d

ds

`

F pz̃psqq
˘

.(2.3)

Using Cauchy-Schwarz inequality one obtains,

e1 :“ p1, 0q, }e1 ´ z̃1psq}2 “ p1 ´ r1psqq2 ` q1psq2,
ˇ

ˇ

ˇ

BF

Bt

`

z̃psqqp1 ´ r1psq
˘

´
BF

Bw
pz̃psqqq1psq

ˇ

ˇ

ˇ
ď }DF }x }e1 ´ z̃1psq}x.(2.4)
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We obtain the main estimate: using (2.2), (2.3) and (2.5), one has

ψ̃pz̃psqq ě
d

ds

`

F pz̃psqq
˘

´
C

2LippΓq
}e1 ´ z̃1psq}x.(2.5)

Integrating over r0, T s, we have

ż T

0
}e1 ´ z̃1psq}x ds ě

›

›

›

ż T

0
pe1 ´ z̃1psqq ds

›

›

›

x

ě }
`

T ´ rpT q ` rp0q,´qpT q ` qp0q
˘

}x(2.6)

ě }qpT q ´ qp0q}x.(2.7)

Using }∇τ̃x,y}x ď 1, we have

|τ̃x,ypqpT qq ´ τ̃x,ypqp0qq| ď }qpT q ´ qp0q}x,

}qpT q ´ qp0q}x ě
1

?
2

}
`

τ̃x,ypqpT qq ´ τ̃x,ypqp0qq, qpT q ´ qp0q
˘

}x.

By definition of pr̃x, q̃xq and pr̃y, q̃yq, by definition of the local Poincaré sec-
tion and the local return time τ̃x,y, we have

#

γyp0, fx,ypq̃xqq “ γxpτ̃x,ypqp0qq, qp0qq,

γyp0, q̃yq “ γxpτ̃x,ypqpT qq, qpT qq P Σy,

and therefore

}
`

τ̃x,ypqpT qq ´ τ̃x,ypqp0qq, qpT q ´ qp0q
˘

}x ě
1

LippΓq2
}fx,ypq̃xq ´ q̃y}y,

}qpT q ´ qp0q}x ě
1

?
2LippΓq2

}fx,ypq̃xq ´ q̃y}y.(2.8)

Using the local conjugacy to the constant flow e1

zpT q “ γypr̃y, q̃yq “ f r̃y ˝ γyp0, q̃yq

“ f r̃y ˝ γxpτ̃x,ypqpT qq, qpT qq “ γxpr̃y ` τ̃x,ypqpT qq, qpT qq

“ γxprpT q, qpT qq,

on obtains

rpT q “ r̃y ` τ̃x,ypqpT qq,

}V ˝ zpsq ´ z1psq} ě LippΓq´1}e1 ´ z̃1psq}x.
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Then using (2.5), (2.7), (2.8), one has

Aϕ,Cpzq “

ż T

0

´

ψ̃ ˝ z̃psq ` C}V ˝ zpsq ´ z1psq}

¯

ds

ě

ż T

0

´

ψ̃ ˝ z̃psq `
C

LippΓq
}e1 ´ z̃1psq}x

¯

ds

ě

ż T

0

d

ds

`

F pz̃psqq
˘

ds`
C

2LippΓq
}qpT q ´ qp0q}x

ě F pz̃pT qq ´ F pz̃p0qq `
C

2
?
2LippΓq3

}fx,ypq̃xq ´ q̃y}y.

Using the identity γxps` τ̃x,ypqpT qq, qpT qq “ γyps, q̃yq, we obtain

F pz̃p0qq “ ´

ż τ̃x,ypqp0qq

rp0q

ψ̃ps, qp0qq ds

“ ´

ż τ̃x,ypq̃xq

0
ψ̃ps, q̃xq ds`

ż r̃x

0
pϕ´ ϕ̄Λq ˝ γxps, q̃xq ds “ ´Φx,y ` Ψx,

F pz̃pT qq “ ´

ż τ̃x,ypqpT qq

rpT q

ψ̃ps, qpT qq ds “

ż rpT q´τ̃x,ypqpT qq

0
ψ̃ps` τ̃x,ypqpT qq, qpT qq ds “ Ψy.

Item ii. Assume z̃pT q P B´D̃xpτ, ϵq. Define a different primitive of ψ̃p¨, wq

by

@ t P p´2ϵ, 2τq, @w P Bxp2ϵq, F pt, wq :“

ż t

0
ψ̃ps, wq ds.

Then as above we have almost everywhere

BF

Bt
pt, wq “ ψ̃pt, wq,

BF

Bw
pt, wq “

ż t

0

Bψ̃

Bw
ps, wq ds,

›

›

›

BF

Bt

›

›

›

x
ď }ψ̃}8,

›

›

›

BF

Bw

›

›

›

x
ď 2τ

›

›

›

Bψ̃

Bw

›

›

›

x
,

and for every C ě C1,

}DF }x ď 2LippϕqpτLippΓq ` diampΩASqq ď
C

2LippΓq
.(2.9)

Using (2.3), one obtains

ψ̃prpsq, qpsqq “
BF

Bt
pz̃psqq

“
BF

Bt

`

z̃psqqp1 ´ r1psq
˘

´
BF

Bw
pz̃psqqq1psq `

d

ds

`

F pz̃psqq
˘

.

Using (2.6), one obtains

(2.10) Aϕ,Cpzq ě F pz̃pT qq ´ F pz̃p0qq

`
C

2LippΓq
}
`

T ´ rpT q ` rp0q,´qpT q ` qp0q
˘

}x.
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Either z̃pT q P r´2ϵ, τ s ˆ BBxp2ϵq,

}
`

T ´ rpT q ` rp0q, qpT q ´ qp0q
˘

}x ě }qpT q ´ qp0q}x ě ϵ,

or z̃pT q P t´2ϵu ˆBxp2ϵq, rpT q “ ´2ϵ,

}
`

T ´ rpT q ` rp0q, qpT q ´ qp0q
˘

}x

ě |T ´ rpT q ` rp0q| “ pT ` 2ϵ´ rp0qq ě ϵ.

In both cases, using (2.10), one obtains

Aϕ,Cpzq ě
Cϵ

2LippΓq
´
ˇ

ˇF pz̃pT qq ´ F pz̃p0qq
ˇ

ˇ.(2.11)

Using ϵ ă τ
2 one obtains

}z̃pT q ´ z̃p0q}x ď
a

p4ϵq2 ` p3τq2 ď 4 τ.

Using (2.9) one obtains

|F pz̃pT qq ´ F pz̃p0qq| ď 8 τLippϕqpτLippΓq ` diampΩASqq,

For every C ě 16
3

τ
ϵC1

|F pz̃pT qq ´ F pz̃p0qq| ď
Cϵ

4LippΓq
.(2.12)

Let for every A ą 0,

C2pA q :“ max
´16

3

τ

ϵ
C1,

4

ϵ
LippΓqA

¯

.

Then for every C ě C2pA q, using (2.11), (2.12), one obtains

Aϕ,Cpzq ě
Cϵ

4LippΓq
ě A .

Item iii. We bound from below the penalized action as in item ii. The
path may not exit the trap box and we are left to the estimate (2.10). We
then obtain

Aϕ,Cpzq ě ´|F pz̃pT qq ´ F pz̃p0qq|

ě ´8τLippϕqpτLippΓq ` diampΩASqq “ A1. □

We now prove the validity of the positive Livšic criterion (Definition 2.1)
in the context of locally maximal compact hyperbolic invariant set.

We first redefine the notion of pseudo orbit in the context of flows. In
words a pseudo orbit is a concatenation of paths of the first case (Lemma
2.5) that start in a local ball Uxi , end at a distinct local ball Uxi`1 , and at
the same time time exit the trap box at the forward boundary B`Dxipτ, ϵq.

Definition 2.6. Let Γ be a family of adapted local flow boxes as defined
in Definition A.2, ϵ ă 1

2τ , and pDxpτ, ϵqqxPΛ, pUxpϵqqxPΛ be respectively the
family of local trap boxes of size pτ, ϵq and local balls of size ϵ as defined in
Notation 2.4. Let Λ˚ Ď Λ be a finite set, and Ω Ě Λ be an open set such
that Ω Ď

Ť

xPΛ˚
Uxpϵq. A pΛ˚, τ, ϵq-pseudo orbit is a piecewise C1 continuous
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path z : r0, T s Ñ Ω such that there exist N ě 1, points x0, . . . , xN in Λ˚

and an increasing sequence of times T0 “ 0 ă T1 ă ¨ ¨ ¨ ă TN “ T such that

(i) @ i P J0, NK, zpTiq P Uxipϵq,
(ii) @ i P J0, N ´ 1K, @ t P rTi, Ti`1s, zptq P Dxipτ, ϵq,
(iii) @ i P J0, N ´ 1K, zpTi`1q P B`Dxipτ, ϵq.

The times pTiq
N
i“0 are called cutting times, and the points pxiq

N
i“0 the cutting

points. A periodic pΛ˚, ϵq-pseudo orbit satisfies in addition

(iv) x0 “ xN .

We also recall a more precise version of the Anosov shadowing Lemma
[19, Theorem 2.1] for discrete pseudo orbits between Poincaré sections. In
that version the total sum of the distance between the pseudo orbit and the
periodic orbit is bounded by the total sum of the errors made during the
shadowing approximation. The standard Anosov shadowing lemma gives a
bound of the supremum of the distances with respect to the supremum of
the errors but takes into account the number errors.

Lemma 2.7 (Adapted Anosov shadowing Lemma, [19, Theorem 2.1]). Let
Γ be a family of adapted local flow boxes, Λ˚ Ď Λ be a finite set, pxiq

N
i“0

be a periodic sequence, xN “ x0, of points of Γ so that pxi´1, xiq is forward
admissible as in item ix in Definition A.2. Let Bipρq “ Bxipρq be the adapted
balls and fi “ fxi,xi`1 : Bipρq Ñ Bi`1p1q be the local Poincaré map. Then
there exists a constant KΛ ě 1 such that, for every periodic pseudo orbits
pqiq

N
i“0 in the sense

@ i P J0, N ´ 1K, qi P Bipρ{2q, fipqiq, qi`1 P Bi`1pρ{2q,

there exists a periodic orbit ppiq
N
i“0, pN “ p0 such that

#

@ i P J0, N ´ 1K, fippiq “ pi`1,
řN´1

i“0 }qi ´ pi}i ď KΛ
řN´1

i“0 }fipqiq ´ qi`1}i`1.

The proof of Theorem 2.3 is a consequence of the following three lemmas.
In both lemmas we consider pseudo orbit that are concatenation of paths of
the first case of Lemma 2.5. We recall some notations. Let pτ, ϵq P R2

`, T ą 0,
Λ˚ Ă Λ be a finite set, ϵAS ă ϵ, ΩAS Ă

Ť

xPΛ˚
Uxpϵq be a neighborhood of

Λ, and N˚ :“ CardpΛ˚q as in Notation 2.4. Let z : r0, T s Ñ ΩAS be a
pΛ˚, τ, ϵq-pseudo orbit satisfying Definition 2.6.

In the first lemma the pseudo orbit is periodic. We use essentially item i
of Lemma 2.5 and the adapted Anosov shadowing Lemma 2.7. The proof
consists in writing the penalized action Aϕ,Cpzq of a pseudo orbit z : r0, T s Ñ

Ω as a sum of a coboundary Ψi`1 ´ Ψi and a penalized discrete action
Φipτi, qiq computed on a true orbit t P r0, τis ÞÑ f tpziq P Ω between two
Poincaré sections Σxi ,Σxi`1 at successive cutting points xi.



LIPSCHITZ SUBACTIONS FOR A FLOW 15

Lemma 2.8. Assume z : r0, T s Ñ ΩAS is a periodic pseudo orbit. Define

C3 :“ 4
?
2LippΓq3LippϕqpτLippΓq ` diampΩASqqKΛ,

A ˚
2 :“ 2ϵLippϕqdiampΩASq.

Then for every C ě C3,

Aϕ,Cpzq ě ´A ˚
2 .

Proof. Using the notations of Definition 2.6, by definition of a periodic
pΛ˚, ϵq-pseudo orbit of length N , there exist a sequence of cutting points
pxiq

N
i“0, xi P Λ˚, xN “ x0, there exists a sequence of cutting times pTiq

N
i“0,

T0 “ 0 ă T1 ă ¨ ¨ ¨ ă TN such that zi :“ zpTiq P Uxipϵq. Let pri, qiq :“
γ´1
xi

pziq be the box coordinates of zi in the chart γxi , with |ri| ă ϵ and
qi P Bxipϵq. Let τipqq :“ τ̃xi,xi`1pqq be the return time between the two
Poincaré sections Σxi and Σxi`1 passing through xi and xi`1 respectively as
in item vi of Definition A.2. Let fipqq “ fxi,xi`1pqq : Bxipρq Ñ Bxi`1p1q be
the local Poincaré map as in item vii in Definition A.2.

Using item i of Lemma 2.5 and C̃ :“ C{
?
8LippΓq3, one obtains

Ai :“

ż Ti`1

Ti

“

pϕ´ ϕ̄Λqzpsq ` C}V ˝ zpsq ´ z1psq}
‰

ds

ě Φipτipqiq, qiq ` Ψi`1 ´ Ψi ` C̃}fipqiq ´ qi`1}i`1,

where for every t P p´τ, 2τq and q P Bxipϵq,

Φipt, qq :“

ż t

0
pϕ´ ϕ̄Λq ˝ γxips, qq ds, Ψi :“ Φipri, qiq.

Notice that, though x0 “ xN , Φ0pt, qq “ ΦN pt, qq for every pt, qq, but zp0q ‰

zpT q and Ψ0 ‰ ΨN .
Then pqiq

N
i“0 is a periodic pseudo orbit as in Lemma 2.7. There exists a

periodic orbit ppiq
N
i“0, that is a sequence of points satisfying

pN “ p0, @ i P J0, N ´ 1K, fippiq “ pi`1,

N´1
ÿ

i“0

}qi ´ pi}i ď KΛ

N´1
ÿ

i“0

}fipqiq ´ qi`1}i`1.

Using the estimate }∇τi}i ď 1 from item vi of Definition A.2, the Lipschitz
constants of Φi and Ψi can be computed in the following way

›

›

›

BΦi

Bt

›

›

›

i
ď LippϕqdiampΩASq,

›

›

›

BΦi

Bq

›

›

›

i
ď 2τLippϕqLippΓq,

}Φipτipqq, qq ´ Φipτippq, pq}i ď

”›

›

›

BΦi

Bt

›

›

›

i
`

›

›

›

BΦi

Bq

›

›

›

i

ı

}q ´ p}i

ď 2Lippϕq
`

τLippΓq ` diampΩASq
˘

}q ´ p}i.



16 XIFENG SU AND PHILIPPE THIEULLEN

Summing over i we obtain

N´1
ÿ

i“0

“

Φipτipqiq, qiq ` Ψi`1pqi`1q ´ Ψipqiq
‰

“

N´1
ÿ

i“0

Φipτippiq, piq `

N´1
ÿ

i“0

“

Φipτipqiq, qiq ´ Φipτippiq, piq
‰

` ΨN ´ Ψ0.

As ppiq
N
i“0 is a (discrete) periodic orbit, denoting

wi :“ γxi,0ppiq, S :“
N´1
ÿ

i“0

τippiq,

one obtains f τippiqpwiq “ wi`1. Thus fSpw0q “ wN “ w0, pf tpw0qqtPR is a
(continuous) periodic orbit of Λ of period S, and

N´1
ÿ

i“0

Φipτippiq, piq “

ż S

0
pϕ´ ϕ̄Λq ˝ fspw0q ds ě 0.

Moreover

ˇ

ˇ

ˇ

N´1
ÿ

i“0

“

Φipτipqiq, qiq ´ Φipτippiq, piq
‰

ˇ

ˇ

ˇ

ď 2Lippϕq
`

τLippΓq ` diampΩASq
˘

N´1
ÿ

i“0

}qi ´ pi},

and

|ΨN ´ Ψ0| ď |ΨN | ` |Ψ0| ď 2ϵLippϕqdiampΩASq “ A ˚
2 .

Using the shadowing Lemma 2.7 and C̃ “ C{p2
?
2LippΓq3q, one obtains

N´1
ÿ

i“0

Ai ě ΨN ppN q ´ Ψ0pp0q

`

´

C̃ ´ 2LippϕqpτLippΓq ` diampΩASqqKΛ

¯

ˆ

N´1
ÿ

i“0

}fipqiq ´ qi`1}i`1 ě ´A ˚
2 . □

In the second lemma the pseudo orbit may not be periodic. Let pxiq
N
i“0

be the cutting points of that pseudo orbit. We consider Λ˚ as the set of
vertices of some graph where px, yq is an ordered edge if px, yq is Γ admissible.
Then pxiq

N
i“0 can be seen as a non injective path in that graph. We show

that it can be decomposed into a self-avoiding path pxi0 , xi1 , . . . , xirq, i0 “

0, ir “ N , that connects periodic cycles pxik , xik`1, . . . , xik`1´1q pinned at
xik`1´1 “ xik . The cardinality of the self-avoiding path, or the cardinality
of the periodic cycles is less that the cardinality of Λ˚ (see Figure 2).
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x0

xN−1

xi k−1

xi k

z(0)

z(T )

xN

x1

Figure 2. A periodic pseudo orbits (in dash blue)
pxik´1

, xik´1`1, . . . , xik´1q where xik´1
“ xik´1 followed by

an edge of the self-avoiding path pxik´1, xikq (in blue). The
figure corresponds to ir “ N and ir´1 “ N ´ 1 since the
last periodic pseudo orbit is followed by an edge of the self-
avoiding path pxN´1, xN q.

Lemma 2.9. We do not assume that the pseudo orbit z : r0, T s Ñ ΩAS is
periodic. Let x0, . . . , xN the cutting points (Definition 2.6). Then there exist
r P J1, N˚K and i0 “ 0 ă i1 ă ¨ ¨ ¨ ă ir “ N , such that

(i) xi0 , xi1 , . . . , xir´1 are distinct,
(ii) if k P J1, r ´ 1K then

(a) either ik “ ik´1 ` 1, then pxik´1
, xikq is an edge of the self-

avoiding path,
(b) or ik ě ik´1 ` 2, then pxik´1

, xik´1`1, . . . , xik´1q, is a periodic
cycle pinned at xik´1 “ xik´1

, followed by an edge pxik´1, xikq

of the self-avoiding path,
(iii) if ir ě ir´1 ` 2, then pxir´1 , xir´1`1, . . . , xirq with xir “ xir´1 is the

last periodic cycle.

Proof. By definition of a pΛ˚, τ, ϵq-pseudo orbit, we have

zpTiq P Uxipϵq, @ t P rTi, Ti`1s, zptq P Dxipτ, ϵq, zpTi`1q P B`Dxipτ, ϵq.

In particular Uxipϵq
Ş

Uxi`1pϵq “ H and xi ‰ xi`1. Assume by induction
that we have constructed indices i0, . . . , ik in J0, N´1K satisfying the 3 items
and such that

@ i ě ik, xi R txi0 , . . . , xik´1
u.

Let be I :“ ti ě ik ` 1 : xi “ xiku. If I “ H, then ik`1 “ ik ` 1. If
I ­“ H, j “ maxpIq, then j ą ik ` 1. Either j ă N , then ik`1 “ j ` 1,
xik`1´1 “ xj “ xik , or j “ N , then k “ r ´ 1, ir “ N , xir “ xir´1 , and the
induction step is proved. □

In the third lemma we bound from below the penalized action Aϕ,Cpzq of
any pseudo orbit. We concatenate periodic pseudo orbits and a finite number
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of trap paths. The number of trap boxes N˚ that cover Λ is involved in the
computation.

Lemma 2.10. Let C ě C3 as in Lemma 2.8 and

A ˚
3 :“ pA ˚

1 ` A ˚
2 qN˚.

Then for every pΛ˚, τ, ϵq-pseudo orbit z : r0, T s Ñ ΩAS, we have

Aϕ,Cpzq ě ´A ˚
3 .

Proof. Using the notations of Lemma 2.9, we decompose the pseudo orbit
z : r0, T s Ñ ΩAS into r pseudo orbits zk : rTik , Tik`1

s Ñ ΩAS where k P

J0, r ´ 1K.
Either ik`1 “ ik ` 1. Then zkprTik , Tik`1

sq is included into the trap box
Dxik

pτ, ϵq and item iii of Lemma 2.5 implies

Aϕ,Cpzkq ě ´A ˚
1 .

Or ik`1 ě ik ` 2. Then both zpTikq, zpTik`1´1q belong to Uxik
pϵq. The

path zk : rTik , Tik`1
s Ñ ΩAS is the concatenation of two paths (one path if

k “ r´ 1): the periodic cycle z1
k : rTik , Tik`1´1s Ñ ΩAS followed by the trap

path z2
k : rTik`1´1, Tik`1

s Ñ ΩAS included in the trap box Dxik
pτ, ϵq that is

part of the self-avoiding path. Lemma 2.8 and item iii of Lemma 2.5 imply

Aϕ,Cpz1
kq ě ´A ˚

2 , Aϕ,Cpz2
kq ě ´A ˚

1 .

We conclude the proof using the fact that the path z is the concatenation
of N˚ paths zk. □

Proof of Theorem 2.3. Let pτ, ϵq P R2
`, Λ˚ Ă Λ a finite set, ϵAS ă ϵ,

ΩAS Ă
Ť

xPΛ˚
Uxpϵq, and N˚ :“ CardpΛ˚q as in Notation 2.4. Define A ˚

3 as
in Lemma 2.10, and C3 as in Lemma 2.8. Let

C4 :“ maxpC3, C2pA ˚
3 qq,

where C2pA q has been defined in Lemma 2.5.
Let z : r0, T s Ñ ΩAS be a piecewise C1 continuous path. We first decom-

pose z into N ě 1 subpaths zk : rTk´1, Tks Ñ ΩAS , where

T0 “ 0 ă T1 ă ¨ ¨ ¨ ă TN´1 ď TN “ T,

and px0, x1, . . . , xN´1q are points in Λ˚ satisfying

‚ @ k P J0, N ´ 1K, zpTkq P Uxk
pϵq,

‚ @ k P J1, N ´ 1K, zpTkq P BDxk´1
pτ, ϵq,

‚ @ k P J1, NK, zprTk´1, Tksq Ď Dxk´1
pτ, ϵq.

Notice that zpTN q “ zpT q may not belong to the boundary of a trap box
and TN´1 “ TN if zpT q belongs to the boundary of a trap box. We then
concatenate the subpaths zk into r ě 1 longer blocks zk : rTik´1

, Tiks Ñ ΩAS ,
where i0 “ 0 ă i1 ă ¨ ¨ ¨ ă ir “ N , such that each subpath zk is one of the
following 3 types:
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‚ type I: ik “ ik´1 ` 1; the subpath zk is an escaping path exiting at
the backward boundary zpTikq P B´Dxik´1

pτ, ϵq,

‚ type II: ik ě ik´1`2; the subpath zk is the concatenation of 2 paths,
a pΛ˚, τ, ϵq-pseudo orbit z1

k : rTik´1
, Tik´1s Ñ ΩAS where zpTik´1q P

B`Dxik´2pτ, ϵq, followed by a second path z2
k : rTik´1, Tiks Ñ ΩAS

consisting in an escaping path where zpTikq P B´Dxik´1pτ, ϵq,

‚ type III: k “ r, zr : rTN´1, TN s Ñ ΩAS is a trap path.

Notice that type III may only happen as a terminal path zr´1.
If zk is of type I, if C ě C2pA ˚

3 q, then item ii of Lemma 2.5 implies that

Aϕ,Cpzkq ě A ˚
3 ě 0.

If zk is of type II, Lemma 2.10 implies Aϕ,Cpz1
kq ě ´A ˚

3 for the first path,
item ii of Lemma 2.5 implies Aϕ,Cpz2

kq ě A ˚
3 for the second path. Then we

obtain the crucial estimate

Aϕ,Cpzkq “ Aϕ,Cpz1
kq ` Aϕ,Cpz2

kq ě 0.

In conclusion the penalized action is non negative either for an escaping
path, or for a pseudo orbit followed by an escaping path. We are left to the
terminal path Aϕ,Cpzr´1q ě ´A ˚

1 . The total penalized action is bounded
from below by A ˚

1 . To conclude we observe that Lippϕq can be factorized
in the two constants C4 and A ˚

1

CΛ :“
C4

Lippϕq
, δΛ :“

A ˚
1

Lippϕq
. □

3. The continuous Lax-Oleinik semigroup

We consider in this section a C1 flow pM,V, fq, a compact connected in-
variant set Λ, and an open set U containing Λ of compact closure. We do
not assume that Λ is hyperbolic. We show that any Lipschitz observable
satisfying the positive Livšic criterion on pU,Λq admits a Lipschitz subac-
tion on U as in Definition 1.2. The subaction is obtained as a fixed point
of some nonlinear semigroup, called Lax-Oleinik semigroup. A similar def-
inition exists in the context of weak KAM theory, see Fathi’s monograph
[7].

As Λ is connected, we may choose U connected. We choose the following
definition for the distance function between two points.

Definition 3.1. Let U be a connected open set with compact closure. The
distance function between two points p, q P U is defined by

dU pp, qq “ inf
!

ż 1

0
}z1psq} ds : z : r0, 1s Ñ U is continuous,

piecewise C1, zp0q “ p and zp1q “ q
)

.

Notice that dU pp, qq can be obtained by taking the infimum over paths de-
fined on any interval r0, T s instead of r0, 1s.
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Definition 3.2 (Lax-Oleinik Semigroup). Let ϕ : U Ñ R be a C0 bounded
function and C ě 0 be a constant. Assume ϕ satisfies the positive Livšic
criterion on pU,Λq with penalized constant C as in Definition 2.1.

(i) The Lax-Oleinik semigroup on pU,Λq of generator ϕ is the nonlinear
operator acting on bounded functions u : U Ñ R defined for every
t ą 0 by, for every q P U ,

T truspqq :“ inf
z:r´t,0sÑU

zp0q“q

!

u ˝ zp´tq `

ż 0

´t

“

ϕ ˝ z ´ ϕ̄Λ ` C}V ˝ z ´ z1}
‰

ds
)

where the infimum is taken over the set of piecewise C1 continuous
paths z : r´t, 0s Ñ U ending at q.

(ii) A weak KAM solution of the Lax-Oleinik semigroup is a bounded
function u : U Ñ R solution of the equation

@ t ą 0, T trus “ u.

Notice that a weak KAM solution is a particular integrated subaction
(item ii of Definition 1.2). Indeed, taking zpsq “ f sppq, one obtains V ˝zpsq “

z1psq and

u ˝ f tppq “ T truspf tppq ď uppq `

ż t

0
pϕ ˝ z ´ ϕ̄Λq ˝ fsppq ds.

Theorem 3.3. Let pM,V, fq be a C1 flow, Λ be a compact connected in-
variant set, and U Ě Λ be a connected open set of compact closure. Let
ϕ : U Ñ R be a bounded Lipschitz continuous function and C ě 0 be a
constant. Assume ϕ satisfies the positive Livšic criterion on pU,Λq with pe-
nalized constant C. Then there exists a weak KAM solution u : U Ñ R that
is C-Lipschitz. Moreover u is a Lipschitz continuous integrated subaction.

The proof of Theorem 3.3 requires the following two lemmas. We first
extend the definition of a penalized action between two points.

Definition 3.4. Let ϕ : U Ñ R be a bounded continuous function and
C ě 0 be a constant. The penalized action of ϕ between two points p, q P U
with a penalized constant C and a time laps t ą 0 is the quantity

A t
ϕ,Cpp, qq :“ inf

z:r0,tsÑU
zp0q“p, zptq“q

ż t

0

“

ϕ ˝ z ´ ϕ̄Λ ` C}V ˝ z ´ z1}
‰

ds,

where the infimum is realized over the set of piecewise C1 continuous paths
starting at p and ending at q.

Notice that the Lax-Oleinik admits a simpler definition

T truspqq “ inf
pPU

tuppq ` Aϕ,Cpp, qqu.

We show in the first lemma that the penalized action between two points
is C-Lipschitz.
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Lemma 3.5. Let ϕ : U Ñ R be a bounded Lipschitz function and C ě 0 be
a constant. Then for every p, p̃, q, q̃ P U

(i)
ˇ

ˇA t
ϕ,Cpp, qq ´ CdU pp, qq

ˇ

ˇ ď t
`

LippϕqdiampUq ` C}V }8

˘

,

(ii)
ˇ

ˇA t
ϕ,Cpp, qq ´ A t

ϕ,Cpp, q̃q
ˇ

ˇ ď CdU pq, q̃q,

(iii)
ˇ

ˇA t
ϕ,Cpp, qq ´ A t

ϕ,Cpp̃, qq
ˇ

ˇ ď CdU pp, p̃q,

where diampUq “ supp,qPU dU pp, qq.

Proof. Item i. Let z : r0, ts Ñ U be a path joining p and q. Then

ˇ

ˇ

ˇ

ż t

0

“

ϕ ˝ z ´ ϕ̄Λ ` C}V ˝ z ´ z1}
‰

ds´ C

ż t

0
}z1psq} ds

ˇ

ˇ

ˇ

ď t
`

LippϕqdiampUq ` C}V }8

˘

.

We conclude the proof of item i by minimizing over such paths.

Item ii. Let z̃ : |0, ts Ñ U be a path joining p and q̃, and τ ą 0, ϵ ą 0
supposed to be small. By definition of the distance dU as an infimum there
exists a path wτ : rt´ τ, ts Ñ U joining z̃pt´ τq and q such that

ż t

t´τ
}w1

τ psq} ds ď dU pz̃pt´ τq, qq ` ϵ.

Let z : r0, ts Ñ U be the path obtained by concatenation of the restriction
z̃ : r0, t´ τ s Ñ U and wτ . Then

A t
ϕ,Cpp, qq ď

ż t

0

“

ϕ ˝ z ´ ϕ̄Λ ` C}V ˝ z ´ z1}
‰

ds

ď

ż t

0

“

ϕ ˝ z̃ ´ ϕ̄Λ ` C}V ˝ z̃ ´ z̃1}
‰

ds

` 2τ
`

LippϕqdiampUq ` C}V }8

˘

`

ż t

t´τ
C
“

}w1
τ psq} ` }z̃1psq}

‰

ds.

Letting τ Ñ 0 one obtains

A t
ϕ,Cpp, qq ď

ż t

0

“

ϕ ˝ z̃ ´ ϕ̄Λ ` C}V ˝ z̃ ´ z̃1}
‰

ds` CdU pq̃, qq ` ϵ.

Letting ϵ Ñ 0 and minimizing over z̃ one obtains

A t
ϕ,Cpp, qq ď A t

ϕ,Cpp, q̃q ` CdU pq, q̃q.

We conclude the proof of item ii by permuting q and q̃.

Item iii. The proof is similar. We set τ ą 0 and ϵ ą 0 small. We choose
a path z̃ : r0, T s joining p̃ and q such that

ż t

0

“

ϕ ˝ z̃ ´ ϕ̄Λ ` C}V ˝ z̃ ´ z̃1}
‰

ds ď Aϕ,Cpp̃, qq ` ϵ.

We choose a path wτ : r0, τ s Ñ U that joins p and z̃pτq such that
ż τ

0
}w1

τ psq} ds ď dU pz̃pτq, pq ` ϵ.
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Define z : r0, ts Ñ U as the concatenation of wτ and the restriction z̃ :
rτ, ts Ñ U . Then

A t
ϕ,Cpp, qq ď

ż t

0

“

ϕ ˝ z ´ ϕ̄Λ ` C}V ˝ z ´ z1}
‰

ds

ď Aϕ,Cpp̃, qq ` 2τ
`

LippϕqdiampUq ` C}V }8

˘

`

ż τ

0
C
“

}w1
τ psq} ` }z̃1psq}

‰

ds` ϵ.

We conclude as before by letting first τ Ñ 0 and then ϵ Ñ 0. □

We show in the second lemma basic properties of an action-like functional.

Lemma 3.6. Let T be the Lax-Oleinik semigroup on pU,Λq of generator ϕ
as defined in Definition 3.2. Then for every s, t ą 0, every bounded function
u, v : U Ñ R,

(i) T t ˝ T srus “ T t`srus,
(ii) u ď v ñ T trus ď T trvs,
(iii) @c P R, T tru` cs “ T trus ` c,
(iv) for every uniformly bounded family putqtą0,

inf
tą0

T srutspqq “ T srinf
tą0

utspqq.

(v) supqPU |T truspqq ´ T trvspqq| ď supqPU |upqq ´ vpqq|.

(vi) T trus is C-Lipschitz.

Proof. Part 1. We prove item i. We rewrite the Lax-Oleinik operator

T truspqq “ inf
pPU

␣

uppq ` A t
ϕ,Cpp, qq

(

.

The penalized action between two points satisfies the inf-convolution prop-
erty

A s`t
ϕ,C pp, qq “ inf

rPU

␣

A s
ϕ,Cpp, rq ` A t

ϕ,Cpr, qq
(

.

Then by permuting the two infimum

T s`truspqq “ inf
pPU

inf
rPU

␣

uppq ` A s
ϕ,Cpp, rq ` A t

ϕ,Cpr, qq
(

“ inf
rPU

␣

T srusprq ` A t
ϕ,Cpr, qq

(

“ T t ˝ T sruspqq.

Part 2. Items ii– vi are easily proved. □

Proof of Theorem 3.3. Step 1. Let u : U Ñ R be a bounded function
and t ą 0. We show that T trus is C-Lipschitz uniformly in time t. Indeed
for every p, q, q̃

uppq ` A t
ϕ,Cpp, qq ď uppq ` A t

ϕ,Cpp, q̃q ` CdU pq, q̃q.

Minimizing over p and permuting q and q̃ one obtains
ˇ

ˇT truspqq ´ T truspq̃q
ˇ

ˇ ď CdU pq, q̃q.
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Step 2. Let v “ inftą0 T
tr0s. The function v is well defined because of the

positive Livšic criterion. We show that T srvs ě v for every s ą 0. Indeed
using item iv of Lemma 3.6

T srvs “ T srinf
tą0

T truss “ inf
tą0

T srT truss “ inf
tą0

T s`trus “ inf
tąs

T trus ě v.

In particular s P p0,`8q ÞÑ T sruspqq P R is non decreasing.

Step 3. Let u “ supsą0 T
srvs “ limnÑ`8 Tnrvs. We show that u is a

weak KAM solution, that is,

@ q P U, @ t ą 0, T truspqq “ upqq.

Let t ą 0 fixed. On the one hand, u ě Tnrvs for every n ě 1, then
T trus ě T t`nrvs for every n ě 1. Letting n Ñ `8 and using the continuity
of T t for the uniform topology, one obtains T trus ě u. On the other hand,
let q P U fixed, and pϵnqně1 be a sequence of positive real numbers tending
to 0, then there exists pn P U such that

Tnrvsppnq ` A t
ϕ,Cppn, qq ď T t`nrvspqq ` ϵn ď upqq ` ϵn.

Let p P Ū be an accumulation point of ppnqně1 and p̃ P U supposed to be
closed to p. As Tnrvs and A t

ϕ,Cp¨, qq are C-Lipschitz, one obtains

Tnrvspp̃q ` A t
ϕ,Cpp̃, qq ď 2CdU pp̃, pnq ` upqq ` ϵn.

Letting n Ñ `8 one obtains, upp̃q “ limnÑ`8 Tnrvspp̃q and

T truspqq ď upp̃q ` A t
ϕ,Cpp̃, qq ď 2CdU pp̃, pq ` upqq.

Minimizing over p̃ we have T truspqq ď upqq and therefore T trus “ u. □

We conclude the proof of our main result Theorem 1.3. We use a notion
of regularizing operator that has been suggested to us by Bony [2]. Theorem
3.3 shows the existence of a Lipschitz continuous integrated subaction u0 :
Ω Ñ R (item ii of Definition 1.2) defined on an open set Ω Ě Λ. We cover Λ

by a finite set of open sets pDiq
N
i“1. Let U :“

ŤN
i“1Di. We then construct

a family of nonlinear operators pRiq
N
i“1 that are regularizing on each Di in

the following sense:

‚ if u is a Lipschitz continuous integrated subaction on Ω, then v :“
Rirus is also a Lipschitz continuous integrated subaction on Ω,

‚ if u is locally a subaction at x P Ω, then v is locally a subaction at
x,

‚ v is locally a subaction at every point of Di.

We say that u is locally a subaction at x P U if there exists a neighborhood
W of x such that

$

’

&

’

%

u is differentiable along the flow in W,

LV rus is Lipschitz continuous in W,

@ y P W, LV ruspyq ď ϕpyq ´ ϕ̄Λ.

Then v “ RN ˝ ¨ ¨ ¨ ˝R1ru0s is a subaction on U “
Ťk

i“1Di Ă Ω.
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Proof of Theorem 1.3. We consider a family of local flow boxes pD2
i qNi“1

indexed by a finite subset of points tx1, . . . , xNu Ă Λ

D2
i “ γxipD̃

2q, D̃2 “ p´2ϵ, τ ` 2ϵq ˆBxip3ϵq.

(See item ii of Definition A.2 for the definition of a family of local flow
boxes.) We also note

D1
i “ γxipD̃

1
iq, D̃1

i “ p´ϵ, τ ` ϵq ˆBxip2ϵq,

Di “ γxipD̃q, D̃i “ p0, τq ˆBxipϵq,

Di Ă D1
i Ă D2

i ,

choose ϵ ą 0 small enough and the number of points N large enough so that

Λ Ă

N
ď

i“1

Di and
N
ď

i“1

D2
i Ă Ω.

We construct a regularizing operator u ÞÑ Rirus for every i P J1, NK, pos-
sessing the following properties: if u is a Lipschitz continuous integrated
subaction on Ω and v “ Rirus then

‚ v is a Lipschitz continuous integrated subaction on Ω,
‚ v is locally a subaction at every x P Di,
‚ if u is locally a subaction at x P Ω then v is locally a subaction at
x,

‚ u and v coincide on a neighborhood of ΩzD2
i .

Let αi : Bxip3ϵq Ñ r0, 1s be a smooth function satisfying supppαiq Ă Bxip2ϵq
and αi “ 1 on Bxipϵq. Let βi : p´2ϵ, τ ` 2ϵq Ñ r0, 1s be a smooth function
satisfying supppβiq Ă p´ϵ, τ ` ϵq and βi “ 1 on p0, τq. We define v “ Rirus

in the following way

#

vpzq “ upzq, @ z P ΩzD1
i,

vpzq “ ṽi ˝ γ´1
xi
, @ z P D2

i ,

for some ṽi : D̃
2
i Ñ R that coincides with ũi :“ u ˝ γ´1

xi
on D̃2

i zD̃1
i.

We now construct ṽi. For every q P Bxip3ϵq, t ÞÑ ũipt, qq is Lipschitz
continuous, Btũipt, qq exists for almost every t and in the distribution sense.
Moreover the two notions of differentiability, Lebesgue almost everywhere
and in the distribution sense, coincide. We may moreover assume that Btũi
is Borel with respect to pt, qq P D̃2

i . Let ϕ̃i :“ ϕ ˝ γxi ´ ϕ̄Λ. Define for every

pt, qq P D̃2
i

ṽipt, qq “ p1 ´ αipqqqũipt, qq ` αipqqw̃ipt, qq,
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where

(3.1) w̃ipt, qq “ ũipt, qq `

ż t

´ϵ
βipsq

`

ϕ̃ips, qq ´ Btũips, qq
˘

ds

´

şt
´ϵ βipsq ds

şτ`ϵ
´ϵ βipsq ds

ż τ`ϵ

´ϵ
βipsq

`

ϕ̃ips, qq ´ Btũips, qq
˘

ds.

The first observation is the fact that w̃i is differentiable along the flow on
D̃i and that Btw̃i is Lipschitz continuous. Indeed integrating by part, as
βiptq “ 1 for t P p0, τq, one obtains

ũipt, qq ´

ż t

´ϵ
βipsqBtũips, qq ds

“ p1 ´ βiptqqũipt, qq `

ż t

´ϵ
β1
ipsqũips, qq ds “

ż t

´ϵ
β1
ipsqũips, qq ds,

Btw̃ipt, qq “ ϕ̃ipt, qq ´

şτ`ϵ
´ϵ βipsq

`

ϕ̃ips, qq ´ Btuips, qq
˘

ds
şτ`ϵ

´ϵ βipsq ds

“ ϕ̃ipt, qq ´

şτ`ϵ
´ϵ

“

βipsqϕ̃ips, qq ` β1
ipsquips, qq

‰

ds
şτ`ϵ

´ϵ βipsq ds
.

The second observation is the fact that w̃i is an integrated subaction on
D̃2

i (and in particular a subaction on D̃i). Indeed as u is an integrated

subaction, one observes for every pt, qq P D̃2
i

ϕ̃ipt, qq ´ Btũipt, qq ě 0.(3.2)

Then for every t1 ă t2 in p´2ϵ, τ ` 2ϵq, for every q P Bxip3ϵq, as βi takes
values in r0, 1s, using (3.1) and (3.2), we have
ż t2

t1

βipsq
`

ϕ̃ips, qq ´ Btũips, qq
˘

ds

ď

ż t2

t1

`

ϕ̃ips, qq ´ Btũips, qq
˘

ds

“

ż t2

t1

ϕ̃ps, qq ds´
`

ũipt2, qq ´ ũipt1, qq
˘

,

w̃ipt2, qq ´ w̃ipt1, qq

ď

ż t2

t1

ϕ̃ips, qq ds´

şt2
t1
βipsq ds

şτ`ϵ
´ϵ βipsq ds

ż τ`ϵ

´ϵ
βipsq

`

ϕ̃ips, qq ´ Btũips, qq
˘

ds

ď

ż t2

t1

ϕ̃ips, qq ds.

By construction ṽi coincides with ũi on D̃
2
i zD̃1

i. Moreover if ũi is locally a

subaction at pt, qq P D̃2
i , then ṽi is locally a subaction at pt, qq.
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Lastly if pt, qq P D̃2
i and ũ is locally a subaction at pt, qq, then by con-

struction of w̃, ṽ is also locally a subaction at pt, qq.
We now conclude the proof of Theorem 1.3. Let u0 be a Lipschitz con-

tinuous integrated subaction given by Theorem 3.3. By induction

uk :“ Rk ˝ ¨ ¨ ¨ ˝R1ru0s

is a Lipschitz continuous integrated subaction that is locally a subaction

at every point of
Ťk

i“1Di. The function uN :
ŤN

i“1Di Ñ R is the desired
Lipschitz continuous subaction. □

Proof of Corollary 1.4. Theorem 1.3 implies there exists a Lipschitz con-
tinuous subaction u1 such that

ϕ1 :“ ϕ´ LV ru1s ě ϕ̄Λ.

As ϕ and ϕ1 have both the same ergodic maximizing value, Theorem 1.3
again shows that there exists a Lipschitz continuous subaction u2 such that

ϕ1 ´ LV ru2s ď ¯̄ϕΛ.

We may assume that u2 ď 0. Let C “ Oscpu2q be the oscillation of u2 and

T “ 4C{p ¯̄ϕΛ ´ ϕ̄Λq. If u2 is constant the proof is finished. Assume C ą 0.
Define the following two nonempty compact sets

K̄ :“
!

x P Ω :

ż T

0
ϕ1 ˝ fspxq ds ď C ` T ϕ̄Λ

)

,

¯̄K :“
!

x P Ω :

ż T

0

`

ϕ1 ´ LV ru2s
˘

˝ f spxq ds ě T ¯̄ϕΛ ´ C
)

.

Indeed, we prove that K̄ ‰ H and the fact ¯̄K ‰ H can be obtained similarly.
By contradiction, we have for every x P Ω,

ż T

0
ϕ1 ˝ fspxqds ě T

ˆ

ϕ̄Λ `
C

T

˙

.

For any integer N ě 1, by concatenating x, fT pxq, f2T pxq, ¨ ¨ ¨ , fNT pxq, one
obtains

@ x P Λ,@ N ě 1,

ż NT

0
ϕ1 ˝ fspxqds ě NT

ˆ

ϕ̄Λ `
C

T

˙

.

We then get the contradiction

ϕ̄Λ “ lim
NÑ`8

inf
xPΛ

1

NT

ż NT

0
ϕ1 ˝ f spxqds ě ϕ̄Λ `

C

T
.

Notice first that K̄ X ¯̄K “ H. Indeed the existence of a point x P K̄ X ¯̄K
would imply the following absurd inequality

C ě u2pxq ´ u2 ˝ fT pxq “

ż T

0
´LV ru2s ˝ fspxq ds

ě T p ¯̄ϕΛ ´ ϕ̄Λq ´ 2C “ 2C.
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We choose a smooth function θ : Ω Ñ r0, 1s such that

@x P K̄, θpxq “ 0, @x P ¯̄K, θpxq “ 1.

Let

ϕ2 :“ ϕ1 ´ L rθu2s.

We show that

@x P Ω,

ż T

0
ϕ2 ˝ fspxq ds ě T ϕ̄Λ.

Either x P K̄ then pθu2qpxq “ 0, pθu2q ˝ fT pxq ď 0,
ż T

0
ϕ2 ˝ fspxq d “

ż T

0
ϕ1 ˝ f spxq ds` pθu2qpxq ´ pθu2q ˝ fT pxq

ě

ż T

0
ϕ1 ˝ f spxq ds ě T ϕ̄Λ.

Or x R K̄, then
ż T

0
ϕ2 ˝ fspxq ds ě

ż T

0
ϕ1 ˝ f spxq ds´ C ą T ϕ̄Λ.

We show that

@x P Ω,

ż T

0
ϕ2 ˝ fspxq ds ď T ¯̄ϕΛ.

Either x P ¯̄K, then pp1 ´ θqu2q ˝ fT pxq ď 0, pp1 ´ θqu2qpxq “ 0,
ż T

0
ϕ2 ˝ fspxq ds

“

ż T

0

`

ϕ1 ´ LV ru2s
˘

˝ f spxq ds`

ż T

0
pp1 ´ θqu2q ˝ fspxq ds

“

ż T

0

`

ϕ1 ´ LV ru2s
˘

˝ fspxq ds` pp1 ´ θqu2q ˝ fT pxq ´ pp1 ´ θqu2qpxq

ď T ¯̄ϕΛ.

Or x R ¯̄K, then
ż T

0
ϕ2 ˝ fspxq ds ď

ż T

0

`

ϕ1 ´ LV ru2s
˘

˝ fspxq ds` Oscpp1 ´ θqu2qq

ď T ¯̄ϕΛ ´ C ` Oscpp1 ´ θqu2qq ď T ¯̄ϕΛ.

Let

u3pxq “ ´
1

T

ż T

0

”

ż t

0
ϕ2 ˝ fspxq ds

ı

dt.
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Then for every x P Ω

LV ru3spxq “
1

T

ż T

0

`

ϕ2pxq ´ ϕ2 ˝ f tpxq
˘

dt “ ϕ2pxq ´
1

T

ż T

0
ϕ2 ˝ fspxq ds,

ϕ2pxq ´ LV ru3s “
1

T

ż T

0
ϕ2 ˝ fspxq ds P rϕ̄Λ,

¯̄ϕΛs,

ϕ̄Λ ď ϕ´ LV ru1 ` u2 ` u3s ď ¯̄ϕΛ. □
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Appendix A. Local hyperbolic flows

We review in this section the local theory of hyperbolic flows. Good
monographs on the subject can be found in Hasselblatt, Katok [11], Bonatti,
Diaz, Viana [1], and Fisher, Hasselblatt [8].

The notion of flow boxes is standard. We need nevertheless to describe
precisely the Poincaré sections and the constants of hyperbolicity of the
corresponding Poincaré maps. As the Poincaré maps are also uniformly
hyperbolic, we recall the notion of adapted local hyperbolic maps as written
in Appendix A, Definition A.1 in [19].

A.1. Adapted local flow boxes. We consider in the following definition a
local Lipschitz map f : Bpρq Ñ Rd where Bpρq is a ball of Rd for some norm
| ¨ | and the target space is Rd equipped with a possibly different norm } ¨ }.
We assume that the source and target spaces are direct sums of an unstable
space and a stable space

Rd “ Eu ‘ Es, Rd “ Ẽu ‘ Ẽs.

We denote by P u : Rd Ñ Eu, P s : Rd Ñ Es, and P̃ u : Rd Ñ Ẽu and
P̃ s : R Ñ Ẽs, the corresponding projections. We assume that the two
norms are adapted to the splittings in the sense

"

@v, w P Eu ˆ Es, |v ` w| “ maxp|v|, |w|q,

@v, w P Ẽu ˆ Ẽs, }v ` w} “ maxp}v}, }w}q.

The balls are denoted by Bpρq, Bupρq, Bspρq in the source space, and by

B̃pρq, B̃upρq, B̃spρq in the target space. In particular Bpρq “ BupρqˆBspρq,

B̃pρq “ B̃upρq ˆ B̃spρq.

Definition A.1 (Adapted local hyperbolic map). Let pσs, σu, η, ρq be pos-
itive real numbers called constants of hyperbolicity satisfying

σu ą 1 ą σs, η ă min
´σu ´ 1

6
,
1 ´ σs

6

¯

, ϵpρq :“ ρmin
´σu ´ 1

2
,
1 ´ σs

8

¯

.

An adapted local hyperbolic map with respect to the two norms and the con-
stants of hyperbolicity is a set of data pf,A,Eu{s, Ẽu{s, | ¨ |, } ¨ }q such that:

(i) f : Bpρq Ñ Rd is a Lipschitz map,
(ii) A : Rd Ñ Rd is a linear map which may not be invertible and is

defined into block matrices

A “

„

Au Du

Ds As

ȷ

,

"

pv, wq P Eu ˆ Es,
Apv ` wq “ ṽ ` w̃,

ñ

"

ṽ “ Auv `Duw P Ẽu,

w̃ “ Dsv `Asw P Ẽs,

that satisfies
"

@ v P Eu, }Auv} ě σu}v},
@w P Es, }Asw} ď σs}w},

and

"

}Du} ď η, Lippf ´Aq ď η,
}Ds} ď η, }fp0q} ď ϵpρq,

where the Lip constant is computed using the two norms | ¨ | and
} ¨ }.
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We consider now a C1 flow pM,V, fq and an f -invariant compact hyper-
bolic set as defined in Definition 1.1.

Definition A.2 (Adapted local flow boxes). A family of adapted local flow
boxes is the set of data Γ “ pΓ,Σ, E,N, F,Aq and the set of constants
pσu, σs, η, ρ, τq satisfying the following properties.

(i) The constants pσu, σs, η, ρ, τq are chosen so that τ ą 0 and

exp
´τλs

2

¯

ă σs ă 1 ă σu ă exp
´τλu

2

¯

η ă min
´σu ´ 1

6
,
1 ´ σs

6

¯

, ϵpρq :“ ρmin
´σu ´ 1

2
,
1 ´ σs

8

¯

.

(ii) Γ :“ pγxqxPΛ is a parametrized family of C1 diffeomorphisms such
that

γx : D̃ :“ p´τ, 2τq ˆBp1q ↠ Dx Ď M, Bp1q Ă Rd,

are onto Dx :“ γxpD̃xq that is assumed to be open, where Bp1q is
the euclidean unit ball. Moreover for every x P Λ
(a) γxp0, 0q “ x,
(b) the C1 norm of γx and γ´1

x is uniformly bounded with respect
to x P Λ, that is denoted by LippΓq and chosen so that LippΓq ě

1; the local coordinates of a point q P Dx are denoted by

γ´1
x pqq “ pτxpqq, πxpqqq,

#

τx : Dx Ñ p´τ, 2τq,

πx : Dx Ñ Bp1q,

(c) the flow f is locally conjugated to the constant horizontal flow
generated by the vector field e1 “ p1, 0q,

"

@ ps, uq P p´τ, 2τq ˆBp1q, Ts,uγxp1, 0q “ V ˝ γxps, uq, (equivalently)
@ ps, uq P p´τ, 2τq ˆBp1q, fs ˝ γxp0, uq “ γxps, uq.

The pair pDx, γ
´1
x q is called a local flow box.

(iii) Σ :“ pΣxqxPΛ, where Σx :“ γxpt0u ˆ Bp1qq, is the family of local
Poincaré sections at x. Let γx,0 : Bp1q Ñ Σx and γ´1

x,0 : Σx Ñ Bp1q

be the restriction of γx to t0u ˆBp1q and its inverse to Σx.

(iv) E “ pE
u{s
x qxPΛ is a parametrized family of splitting Rd “ Eu

x ‘ Es
x

obtained by pulling backward the corresponding splitting TxM “

Eu
Λpxq ‘ E0

Λpxq ‘ Es
Λpxq by the tangent map T0γx at the origin of

Rd,

T0γxpt0u ˆ Eu{s
x q “ E

u{s
Λ pxq.

We denote by P u
x , P

s
x the corresponding projections.

(v) N :“ p} ¨ }xqxPΛ is a family of C0 norms on Rd adapted to the
splitting Rd “ Eu

x ‘ Es
x. Bxpρq denotes the ball centered at the

origin and of radius ρ with respect to the norm } ¨ }x. We assume ρ
small enough so that

Bxpρq Ă Bp1q.



LIPSCHITZ SUBACTIONS FOR A FLOW 31

The norms } ¨ }x are called local norms.
(vi) We assume that the two constants ρ ă 1

3τ are chosen small enough
so that, for every x, y P Λ satisfying

y P γxppτ ´ ρ, τ ` ρq ˆBxpρqq,

there exists a C1 function τ̃x,y : Bxpρq Ñ p0, 2τq such that
$

&

%

@ q P Bxpρq, γxpp´τ, 2τq ˆ tquq X Σy is a singleton zx,ypqq,

@ q P Bxpρq, zx,ypqq “ γxpτ̃x,ypqq, qq “ f τ̃x,ypqqpγxp0, qqq P Σy,
}∇τ̃x,y}x ď 1.

The function τ̃x,y is called local return time. We use also the nota-
tion

τx,y “ τ̃x,y ˝ γ´1
x,0 : γx,0pBxpρqq Ă Σx Ñ R.

(vii) F :“ pfx,yqx,yPΛ is the family of maps fx,y : Bxpρq Ñ γ´1
y,0pΣyq “

Bp1q, parametrized by the couples px, yq satisfying

y P γxppτ ´ ρ, τ ` ρq ˆBxpρqq,

and defined by

@ v P Bxpρq, fx,ypvq “ γ´1
y,0 ˝ f τ̃x,ypvq ˝ γx,0pvq : Bxpρq Ñ Bp1q.

In the condition on px, yq, y should be thought close to γxptτu ˆ

Bxpρqq. The map fx,y is called the local Poincaré map and cor-

responds to the Poincaré map f τx,yp¨qp¨q between the two sections
Σx,Σy.

(viii) A :“ pAx,yqx,yPΛ is the family of tangent maps of fx,y at the origin,
where x, y satisfy y P γxppτ ´ ρ, τ ` ρq ˆBxpρqq,

Ax,y :“ Dfx,yp0q,

(ix) A couple of points px, yq P ΛˆΛ is said to be Γ forward admissible,

and we write x
Γ

Ñ y, if

y P γxppτ ´ ρ, τ ` ρq ˆBxpρqq and fx,yp0q P Bypϵpρqq.

(x) For every Γ forward admissible x
Γ

Ñ y , the set of data

pfx,y, Ax,y, E
u{s
x , Eu{s

y , } ¨ }x, } ¨ }yq

and constants pσu, σs, η, ρq is an adapted local hyperbolic map as
in Definition A.1.

In less precise terms, if px, yq is Γ forward admissible, the Poincaré map

on the manifold rz P γxpBxpρqq Ď Σx ÞÑ f τ̃x,ypzqpzq P Σys is well defined; the
local Poincaré map rv P Bxpρq ÞÑ fx,ypvq P Bp1qs is a local hyperbolic map
as in Definition A.1.
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Colóquio Brasileiro de Matemática. IMPA (1999).
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[10] S. Gouëzel, T. Lefeuvre. Classical and microlocal analysis of the X-ray trans-

form on Anosov manifolds. Analysis and PDE, Vol. 14, No. 1 (2021), 301–322.
doi.org/10.2140/apde.2021.14.301

[11] B. Hasselblatt, A. Katok, Introduction to the modern theory of dynamical systems,
Cambridge university press (1995).

[12] Wen Huang, Zeng Lian, Xiao Ma, Leiye Xu, and Yiwei Zhang. Ergodic optimization
theory for axiom A flows. Preprint 2019.

[13] O. Jenkinson. Ergodic optimization in dynamical systems. Ergod. Th. and Dynam.
Sys., Vol.39 (2019), 2593–2618. https://doi.org/10.1017/etds.2017.142

[14] S. Katok. Aprroximate solutions of cohomological equations associated with
some Anosov flows. Ergd. Th. and Dynam. Sys., Vol. 10 (1990), 367–379.
doi:10.1017/S0143385700005605

[15] Lopes, A. O., Roasa, V., Ruggiero, R. Cohomology and subcohomology for
expansive geodesic flows. Discrete Contin. Dyn. Syst. Vol.17 (2007), 403–422.
doi.org/10.3934/dcds.2007.17.403

[16] A.O. Lopes, Ph. Thieullen, Sub-actions for Anosov flows. Ergodic
Theory and Dynamical Systems, Vol. 25, No. 2 (2005), 605–628.
https://doi.org/10.1017/S0143385704000732

[17] D. Massart. Aubry sets vs. Mather sets in two degrees of freedom. Calculus of Vari-
ations, Vol. 42 (2009), 429–460. doi.org/10.1007/s00526-011-0393-z
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