arXiv:2205.10135v2 [math.DS] 26 Jun 2024

LIPSCHITZ SUB-ACTIONS FOR LOCALLY MAXIMAL
HYPERBOLIC SETS OF A C! FLOW

XIFENG SU AND PHILIPPE THIEULLEN

ABSTRACT. Livsic theorem for flows asserts that a Lipschitz observable
that has zero mean average along every periodic orbit is necessarily
a coboundary, that is the Lie derivative of a Lipschitz function smooth
along the flow direction. The positive Liv§ic theorem bounds from below
the observable by such a coboundary as soon as the mean average along
every periodic orbit is non negative. Previous proofs give a Holder
coboundary. Assuming that the dynamics is given by a locally maximal
hyperbolic flow, we show that the coboundary can be Lipschitz. We
introduce a new tool: the Lax-Oleinik semigroup, inspired by Fathi’s
weak KAM theory.
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1. INTRODUCTION AND MAIN RESULTS

A C" flow, r > 1, is a triple (M, V, f) where M is a C"*! manifold without
boundary of dimension d + 1 > 3, not necessarily compact, equipped with
a smooth Riemannian metric, V : M — TM is a complete C" vector field
that never vanishes, f = (f!)i«r is a flow with infinitesimal generator V/,
that is a one-parameter group of C" bijective maps satisfying

Vs,teR, Vre M, %ft(x) =Vofiz), fA(x) =2, f*'=fof

Definition 1.1. Let (M,V, f) bea C" flow, r > 1, and A € M be a compact
invariant set (Vte R, f{(A) = A).

Date: June 27, 2024.
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(i) A is said to be hyperbolic if there exist constants Cy = 1, A* < 0 <
A¥, and a continuous splitting of A, T,M = E%(z)® E} (z) ® E5 ()
for every x € A, d* := dim(E}) > 1, d° := dim(EY), such that,

(a) the splitting is equivariant: for every z € A,

Tof'(E"(x)) = E*(f'(2)), Tof'(B*(x)) = E*(f*(2)),
Tof'(V(x)) = Vo f'(x),

(b) the splitting is transversally hyperbolic

v e B3 (x), |Tef*(v)] < Cae™ o],
VeeA, vVt >0, { ES(z) =V(2)R,
Y e BY(2), [Tef'(v)] = Cy" e ],

(ii) A is said to be locally mazimal if there exists an open neighborhood
U 2 A of compact closure such that A = (.5 f1(U).

We extend in the following definition the notion of ergodic minimizing
value and the notion of subaction. See Garibaldi [9] or Jenkinson [I3] for
a complete review on the subject. We recall that the Lie derivative of a
Lipschitz function v : M — R that is differentiable along the flow generated
by a vector field V' is the function,

d t
= % t:OUO f (.’13)

Definition 1.2. Let (M, V, f) be a C! flow, A € M be a compact invariant
set, U 2 A be an open neighborhood of A, and ¢ : U — R be a C° bounded
function.

Ly [u](z)

(i) The ergodic minimizing value of ¢ (restricted to A) is the quantity

oA = lim inflfotgéofs(x) ds.

t—+oo zel t

(ii) A continuous function u : U — R is said to be an integrated sub-
action of ¢ on (U,A) if for every x € U and t > 0 such that
Vse [Oat]a fs(x) € Ua

t
0

wo fi(x) — u(z) < f (60 f*(x) — dr) ds.

(iii) A continuous function v : U — R is said to be a subaction of ¢ on
(U, A) if u is differentiable along the flow, %} [u] is C°, and

Vo eU, ¢(x)— dr = Llul(z).

If u and %y [u]are both Lipschitz continuous, we say that u is a
Lipschitz continuous subaction.
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Notice that, if we choose a fixed time of iteration 7 > 0, if We deﬁne a
discrete map by F := f7 and an integrated observable by ® So ¢ o
fi(x)at, if

Dy i=7¢p = i £ ®oFk(x

s = i o Z

an integrated subaction u for ¢ with respect to the flow is also a subaction
for @ (item ii of Definition 1.2 of [I9]) with respect to the map F'

Vae A, B(x) - Ba > uo F(x) — ulx).
Our main result is the following.

Theorem 1.3. Let (M,V, f) be a C* flow, A € M be a locally mazimal
hyperbolic compact connected invariant set. Then there exist an open neigh-
borhood Q2 of A, a constant K > 0, such that, for every Lipschitz continuous
function ¢ : M — R, there exists u: Q — R on (Q, A) satisfying
(i) w is Lipschitz continuous, Lip(u) < KxLip(¢),

(ii) u is differentiable along the flow,

(ii1) Ly |u] is Lipschitz continuous, Lip(:Zy[u]) < KxLip(¢),

(v) Va e, ¢(x) — x> Ly[ul(z).

Proof. The proof readily follows from the Theorems [2.3] and [3.3] and a
smoothing technique using a regularizing operator. The proof is done at
the end of section Bl O

The existence of a Lipschitz subaction is proved under the hypothesis that
the observable ¢ is Lipschitz and the flow f is C'. We could expect a more
regular subaction under the hypothesis of a C? flow and a C? observable.
Actually it is false in general as it was observed by Bousch-Jenkinson [4]
for an example of a trigonometric polynomial under the doubling map on
the circle. The Lipschitz regularity is in some sense optimal for a general
statement

Notice that we recover the positive LivSic theorem mentioned in the ab-
stract. For hyperbolic compact sets, the set Z(A, f) of periodic measures
% Sg dfs(z) ds, where z € A and f¥(z) = z is a periodic point of least pe-
riod T, is dense in the space of invariant probability measures . (A, f)
supported in A. The ergodic minimizing value admits then the equivalent
definition

= inf J d,u— 1nf jqﬁdu

pedy (A, f)

The ergodic maximizing value of ¢ is deﬁned similarly by

- t _
ép = lim sup = f po fo(x)ds = Pa.
0

t—+00 xEA

A bound from above ¢ — Ly u] < (;ZSA is obtained similarly. Actually it is
easy to obtain both bounds simultaneously.
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Corollary 1.4. Let (M,V, f,A,¢) as in Theorem . Assume ¢p < gzZSA.
Then there exists a Lipschitz continuous subaction u : @ — R (satisfying
@ of Theorem defined in a neighborhood of A such that

or < ¢ — Ly[u] < Pa.

In the case M is compact and f is a transitive Anosov flow, if ¢rr = dar,
the classical LivSic Theorem asserts that ¢ is a regular coboundary in the
sense ¢ — Z[u] = ¢ where u : M — R possesses the same regularity as f
(see [6]). Corollary [1.4|is thus also valid in the case ¢y = ¢ar. Nevertheless
we do not assume in the present paper that f is transitive on A and we do
not know whether Corollary [1.4]is still true in the case ¢y = qu M-

The plan of the article is as follows. In section 2, we show that for locally
maximal hyperbolic compact invariant set A, every Lipschitz continuous
function ¢ satisfies a criterion called “positive LivSic criterion”. In section
we prove Theorem without assuming that A is hyperbolic: we show
that any Lipschitz continuous function satisfying the positive Liv§ic criterion
admits a Lipschitz continuous subaction. We introduce a nonlinear semi-
group analogous to the “Lax-Oleinik semigroup” in [7]. A fixed point of the
Lax-Oleinik semigroup provides a Lipschitz continuous integrated subaction.
We conclude the proof by using a regularizing operator.

The interest of splitting the proof in two distinct parts leads to the ex-
istence of a Lipschitz continuous subaction even in the case the flow is not
uniformly hyperbolic, nor does it satisfy the shadowing lemma. The Lax-
Oleinik semigroup gives an explicit construction of the subaction in addition
to more regularity. We obtain a Lipschitz regularity contrary to the previ-
ous proofs that give only Holder regularity (see Lopes, Roasa, Ruggiero [15],
Lopes, Thieullen [16], or Pollicott, Sharp [18]). In both papers, the stable
manifolds are used to construct the subaction and it is known that the stable
manifolds is in general Holder and not Lipschitz. Huang-Lian-Ma-Xu-Zhang
[12] obtained a Lipschitz continuous integrated subaction ur : @ — R, for T
sufficiently large in the sense

Vaeq, f bo f(x)ds > ur o f(x) — ur(z) + T

There is no reason in their paper that ur may be chosen independently of
T. We show that u may be chosen independently of T" and that the above
inequality may be differentiated in 7.

Question 1.5. (i) The Mather beta function is obtained by minimizing
an action of an arbitrarily long path with a fixed homology. The
Mather alpha function is also obtained by minimizing the action
of an observable modified by a cohomology (to be clarified in our
setting). As our main tool is a notion of penalized action of an
observable (see (2.1)), it would be interesting to extend both Mather
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beta and alpha functions to that framework and see how they are
related to the stable norm, (see [18], [17]).

(ii) An approximate positive Livsic of error € could be expected as in
[14] and [I0]. The ergodic minimizing value ¢, is replaced by the
infimum of % S(:)F ¢o f*(z)ds over all periodic point z of period least
T < e '. In these papers an approximate Livsic theorem is proved
and the coboundary is Hélder continuous and depends on e. It
would be interesting to extend their result for positive Livsic theo-
rem with a better regularity.

2. THE POSITIVE LIVSIC CRITERION

The positive Livsic criterion below is a new concept similar to the notion
of the (discrete) positive Livsic criterion introduced in Definition 3.2 of [19]
or the notion of rectifiable orbit introduced in Lemma 1.1 in [3]. The fact
that a Lipschitz function on a locally maximal compact invariant hyperbolic
set satisfies the positive Livsic criterion is the key ingredient of the proof
of the existence of a Lipschitz subaction (instead of a Holder subaction as
in [I6]). The proof of this criterion is strongly related to a version of the
shadowing lemma in the continuous setting, to the fact that a pseudo orbit
(defined in the continuous setting in Definition is shadowed by a true
orbit.

The penalized action of a piecewise C' continuous path z : [0,T] — M,
with penalized constant C' = 0, is the real number given by

T
@) dpolz) = L [(6— Ba) 0 2(s) + CV 0 2(s) — #(s)]] ds.
Notice that the second term in the penalized action, L(x,v) := ||V (z)—v|,
is similar to the standard Lagrangian term, L(z,v) = ||V (z) — v|?, used
to embed the flow of a vector field V' (see (1.20) in [5]) in a Lagrangian
problem.

Definition 2.1 (Positive Livéic criterion). Let (M, V, f) be a C* flow, A be a
compact connected invariant set, 2 > A be an open neighborhood of A with
compact closure, and C' > 0 be a non negative constant. Let ¢ : 2 — R be a
C° bounded function and ¢, be the ergodic minimizing value of ¢ restricted
to A. We say that ¢ satisfies the positive Livsic criterion on (2, A) with
penalized constant C' if

inf inf @ o(2) > —oo,

T>0 2:[0,7]—Q 5.0(2)
where the infimum is realized over T > 0 and the set of piecewise C'' con-
tinuous paths z : [0,7] — Q.

The following lemma justifies the introduction of the positive LivSic cri-
terion in the case there exists a C'! subaction.
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Lemma 2.2. Let (M,V, f) be a C' flow and ¢ : M — R be a C° bounded
function. Assume there exists a C* subaction u: M — R, ¢ — pp = L/ [u].
Then ¢ satisfies the positive Livsic criterion with C := ||du|s: for every
T > 0, for every piecewise C' continuous path z : [0,T] — M

ye(2) = ~20sclu),
where Osc(u) = supgeps u(x) — infzeps u(x).
Proof. For any C! function u, the Lie derivative admits the equivalent form

Ly |ul(x) = du(zx) - V(x).

Then
T —
|| (60206 = 6a + laullv o) = (s)1 s

T

ZJ (duoz-Voz+HduHOOHVoz—z'H)ds
0
T T

=J (duoz-(Voz—z')—i—duHooHVoz—z’H)ds—i-J duoz-2 ds
0 0
T

>J duoz-z'ds=wuoz(T)—uoz(0) = —2|ulw. O
0

The following theorem shows that the conclusions of Lemma are still
valid without the assumption of the existence of a C'' subaction.

Theorem 2.3. Let (M,V, f) be a C flow, A be a locally mazimal hyperbolic
compact connected invariant set as in Definition [1.1. Then there exist an
open neighborhood Q) of A of compact closure and constants Cn = 0, 65 = 0,
such that for every Lipschitz continuous ¢ : Q — R, for every piecewise C*
continuous path z : [0,T] — Q

T
L [(¢ — dA) 0 2(s) + CaLip(®) |V o z(s) — 2/(s)[] ds = —daLip(e).

The constant C'y depends only on the hyperbolicity of A. The heart of the
proof of Theorem consists in writing the action 7, ¢ (2) as a Birkhoff sum
of penalized actions under the dynamics of a sequence of Poincaré return
maps and apply a version of the Anosov shadowing Lemma in local charts
(see [19, Theorem 2.1]).

We choose once for all a family of adapted local flow boxes

I'=(,%,E,N,F A)

as explained in Definition We recall that T' := (7;)zep is a family
of local diffeomorphisms 7, : (—7,27) x By(p) — M on a transverse ball
B.(p) = R? of radius p with respect to the norm || - [o; ¥ = (Z2)eea
is a family of local Poincaré sections passing through 7, (0,0) with return
time 7., : By(p) — (0,27) between ¥, and ¥, when z and y are forward
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admissible; E := (Eg/ *)eea is a family of splittings R? = E¥ @ ES into
unstable and stable directions equivariant by the local return maps

Foy(0) =700 [ 0 qu0(v), Ve Bulp) = B(1)

and uniformly hyperbolic with respect to a family N := (| - |4)zen of C°
norms on R? adapted to the splitting. We will need the notion of a trap
mechanism explained in figure [I| and Definition

2(0)=(7.4.) s (t=p.rplxBp) 5

FIGURE 1. The trap mechanism of size (7,¢). The drawing
corresponds to the pseudo orbit case where the path in blue
s — Z(s) exits at the forward boundary %D, (7€) in red.
The two yellow regions correspond to the e-neighborhoods
Uz (e) and Uy(e€) in M containing respectively z(0) and z(T').
>, = {0} x B(1) and fly = v, 1(,) are the local Poincaré
sections observed in the flow box (—7,27) x Bz(p).

Notation 2.4 (The trap mechanism). Let e < 37. We introduce the notion
of a local trap box D, (T,¢€) of size (1, €) located at some x € A is the open set

Do(7,€) = 7o (Dy(7,€)) where D, (7,€) := (—2¢,7) x By(2€)

equipped with the norm |(r,u)|, = max(|r|, |u|.). We introduce a local ball
U, (€) of size € through the chart ~,

Uz(€) := v2((—¢€,€) x By(e)).

We choose € small enough so that, if v, ((7 — €,7 4+ €) x B,(2¢)) intersects
Uy(¢), then (z,y) is T forward admissible as in item [ix] in Notation that

is

Uy(€) € v ((T — p, 7+ p) x Be(p)) and fr,(0) € By(e(p)).
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See item [i| of for the definition of €(p). In particular, the local return
time from X, n U,(€) to ¥, belongs to the interval (7 — 3¢, 7 4 3¢). Let
0T Dy(7,€) L d~ Dy(T,€) be the forward and backward boundary of D(T,¢),

0T Dy (1, €) := {1} x By(2€),
0" Dy (1, €) := {—2€¢} x By(2€) U [~2¢,7] x 0B,(2€),
0% Dy (7, ) = 7% D ().
We choose a finite subset A, < A such that A UzeA* Uz(€) and €49 < €
small enough so that
Qs i={reM:d(z,A) <eas}c | | Usle) T,
TEA 4

where U is the open set that defines the locally maximal set A as in Definition

[l Let

Lip(T') := sup (Lip, (72), Lip, (73 1))
xe

We now consider a piecewise C'' continuous path z : [0,7] — M whose
image lies in some Q45N D, (7,¢€), x € A,. We assume that the path z starts
close to z,

2(0) € Uy(e).

We denote by Z := v, ! o z the pull backward of z by 7, and discuss three
cases.

(i) The pseudo orbit case: the path z exits at the forward boundary
2(T) € 01 Dy(7,¢).
(ii) The escaping case: the path exits at the backward boundary
2(T) € 0" Dy(T,€).
(iii) The trap case: the path stays inside D, (7, €).
In the first case, we assume that there exists y € A, such that
2(T) € Uy(e).

In that case (x,y) is I' forward admissible, the local return time is well
defined

Foy t Be(p) = (0,27),  f=vD07,(0,9) € 2y,
The box coordinates (defined in different charts) of the two endpoints z(0)
and z(7T') are well defined
2(0) = Y (Tas Gu)y  2(T) = vy (Fy, Gy)-
The local Poincaré return map is also well defined

Fey(@) = 7,6 0 7@ 0 v50(q) : Bx(p) — B(1),
where v, o is the restriction of v, to {0} x B,(p).
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In the second and third cases we don’t need to assume the existence of a
point y € A, and to define a local return time. See Figure [I] for a schematic
description of the trap mechanism.

The following lemma is crucial and gives a lower bound of 7 ¢(2) in the
three cases. The constant o is set arbitrarily in the second item of the
lemma but will be defined later in Lemma o = . A large value of
of forces Co(27) to be large.

Lemma 2.5. Let x € A, D,(,€), Uy(€) defined in Notation[2.4] LetT >0,
and z : [0,T] — Qas N Dy (7, €) be a piecewise C' continuous path such that
2(0) € Uy(€). Let
(4 := 6Lip(¢)Lip(T)(7Lip(T") + diam(Q4s)),
)" = 8rLip(¢)(7Lip(T') + diam(Qas)).

We discuss 3 cases:

(i) The pseudo orbit case: z(T) € 0" D,(7,€). The penalized action
Ay c(z) is bounded from below by 2 terms: the first term is a
coboundary V¥, — W, the second term is a penalized discrete action
As(z,y) between the two Poincaré sections,. More precisely, let

(P2, Gx) = 75 ' (2(0)), (7y,Gy) = v, ' (2(T)). Then for every C = Ci,
.527(;570(2) = \Ify — \I’x + Aé(l‘,y)

where C := C/(v/8Lip(")®) and
A(j(x,y) =Py + é“fwy(‘j:r) - %Hya

Fn@) )
¢mu=L (6 — 30) 07 (5, ) ds,

Vom0 an) onlsads By i | (0 6a) 00y (s.) ds.

0 0
(i) The escaping case: z(T) € 0~ Dy(7,€). The penalized action is
bounded from below by a uniform positive value. Let o > 0 and
16 7 4
Cy(&7) := max (EEC&, ngp(F)d)
Then for every C = Ca(),
JZ/q;,C'(Z) > o

(i1i) The trap case: ¥Vt € [0,T], z(t) € Dy(1,€). The penalized action
may be non positive but is uniformly bounded from below. More
precisely

Ay o2) > .
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Proof. Let Z(s) = v, 1 0 z(s) = (r(s),q(s)) be the local coordinates of Z(s)
for every s € [0,T]. By definition 7, = r(0) and ¢, = ¢(0). Define the
reduced observable
)= (¢—dr) o Yo : Du(r,€) > R,

Both Hz}Hoo and Lip, () are bounded from above by Lip(¢)Lip(I')(1+diam(Q45)).

As ¢ = (¢ — ¢p) 07, is Lipschitz continuous, it is differentiable almost
everywhere, with a derivative in the distribution sense in L®(D,(7,¢€)).

Item E Assume Z(T) € 0T Dy(7,€). Define a primitive of ¢(-,w) for w
fixed by

T,y (W)
Vte (—2¢27), Ywe By(2€), F(t,w) := —J ’ P(s,u)ds.
t

For every t € [—7,27] and for almost everywhere u € B, (2¢)

oF ~ oF B - T,y (W) 0 7
S (tw) = B(tw), St w) = V(W) w) - L a%(s,w) ds.

Define

OF oF
D= |1, * |7l H - H g
H Hm ot lz * ow S;lé)( w) T
Using the estimate 7, , < 27, —7 <t <27 and HVTQC vl <
1P < e < Lip(6)diam(@a5),
0 ~ 0
1%) <Lip@Lipm. || <l +37] 2
ow ow

|IDF e < 3Llp(</>)(TLlp( ) + diam(Q45)).
Let
Cy := 6Lip(¢)Lip(T")(rLip(T") + diam(Q4s)).
Then for every C = (1,

(2.2) IDF|, < —C

2Lip(T)"

The key identity is to replace @E o Z by the derivative with respect to t of a
function of the form F o Z. We have

Br(s),als)) = S (2(5)
(23) = (a1~ (9) — S (35 (5) + = ().
Using Cauchy-Schwarz inequality one obtains,

eri=(L0), e — ()17 = (1 () + g/ (5),
04) T () ~ S (5)a 5)| < IDFLe ey — ()1
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We obtain the main estimate: using (2.2)), (2.3) and (2.5]), one has

(25) DE) > G (PEE)) = gle - 76

Integrating over [0, 7], we have

(2.6) > | (T) +7(0), (J(T) +4(0)) ]2
>

Using |V, ) < 1, we have

172,4(¢(T)) = 724 (q(0))| < [[¢(T) = q(0)]
l¢(T) = q(0)] = \}Q\ (Fey(a(T)) = T2y (2(0)), a(T) = q(0)) |-

By definition of (7, ¢,) and (7, qy), by definition of the local Poincaré sec-
tion and the local return time 7, ,, we have

'Yy(oa fﬁ,y(@b)) %E(Tx,y(qm) )
Yy(0,Gy) = Y2 (Tay(@(T)), ¢(T)) € Zy,

and therefore

| (o (a(T)) = T y(a(0)), a(T) — Q(O)) e = Lilir)zlfx,y(%) — Gylly,

(2.8) lg(T) = q(0)]» = \FL ()2 5 ey (@) — aylly-

Using the local conjugacy to the constant flow eg

2(T) = '7y(7:ya (jy) = ffy © 'Yy(oa (jy)
= 7 0 Y (Fey (@(T)), ¢(T)) = Ya(Fy + Ty (a(T)), q(T))
= Y(r(T),q(T)),

on obtains

T(T) = fy + 7~'ac7y(q(T))7
[V o2(s) = 2(s)] = Lin(T) " er — Z'(s)]-
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Then using (2.5), 1i £8). one has

> T(u? o3(s) + proasles - ~’<s>ugc) s

~ C
> @ (F(2(s))) ds + mHQ(T) —q(0)]z
C _ -
+ m“fm,y(qﬂc) - qZIHy‘
Using the identity v, (s 4+ T2,y (¢(T)), ¢(T)) = vy (s, Gy), we obtain
Tx 1/(‘1( ) ~
F(3(0)) = —f ¥(s,q(0))ds

r(0)

T,y (Ga) ~ Ta _
_ j D(s,d,) ds + j (6= Br) 07 (5,40) ds = —Byy + Vo,

0 0

Tz,y(q(T)) _ r(T)~Tz,y(a(T)) _
F(:(T)) = — f o e ds = fo (s + 7oy (a(T)), (T)) ds = 0,

Item . Assume Z(T) € 0~ D,(r,€). Define a different primitive of 9 (-, w)
by

Vite (—2¢27), Ywe By(2€), F(t,w) := ftz;(s,w) ds
0

Then as above we have almost everywhere

OF - OF Loy
ﬁ(t,w) *w(tvw)a %(tﬂﬂ) J;)aw(svw) dS
oF - oF o
|5, < Wle |50, <25,
and for every C = C1,
. . C
(29)  IDFl. < 2Lip()(rLip(T) + diam(245)) < 5
Using , one obtains
~ oF .
b(r(s),q(s)) = - (2(s))
oF oF d

= S EEN —1(9) = SoEE) () + T (FE).
Using , one obtains
(2.10) Hyo(z) = F(Z(T)) — F(2(0))

C
ECTOR
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Either 2(T) € [—2¢, 7] x 0By(2¢),
(T = r(T) +7(0),a(T) = ¢(0)) |z = la(T) — q(0)]c = €,

or Z2(T) € {—2¢} x B(2¢), r(T) = —2e€,
(T —r(T) +7(0),4(T) — q(0))].
>|T —r(T)+7r(0)| = (T+ 2e—r(0) =«
In both cases, using (2.10|), one obtains

€

211) o0(2) > g = [PET) = FEO)|
Using € < & one obtains
IZ(T) — 2(0) | < +/(4€)2 + (37)2 < 4.

Using one obtains
|[F(2(T)) — F(2(0))| < 87Lip(¢)(rLip(T') + diam(Qa4s)),

16
For every C > 3 2C

- - Ce
(212 IFE) - PEO) < o
Let for every &/ > 0,
Co(ef) 1= max (570 %Lip(F)M)
3e e
Then for every C = Cy (), using , , one obtains
4274570(2) = 4Li(1;;6(f‘) =

Item [itd. We bound from below the penalized action as in item [l The
path may not exit the trap box and we are left to the estimate (2.10). We
then obtain

Ay c(2)

—|F(E(T)) = F(2(0))]
—87Lip(¢)(rLip(I") + diam(Qag)) = . O

We now prove the validity of the positive Livsic criterion (Definition
in the context of locally maximal compact hyperbolic invariant set.

We first redefine the notion of pseudo orbit in the context of flows. In
words a pseudo orbit is a concatenation of paths of the first case (Lemma
that start in a local ball U,,, end at a distinct local ball U, ,, and at
the same time time exit the trap box at the forward boundary % D,, (7, €).

=
=

Definition 2.6. Let I" be a family of adapted local flow boxes as defined
in Definition e < 17, and (Dy(7,€))zen, (Us(€))zen be respectively the
family of local trap boxes of size (7, ¢€) and local balls of size € as defined in
Notation Let Ax < A be a finite set, and 2 2 A be an open set such
that Q@ € (J,en, Us(€). A (Ax, 7, €)-pseudo orbit is a piecewise C* continuous
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path z : [0,7] — Q such that there exist N > 1, points xzg,...,xy in A,
and an increasing sequence of times Ty =0 < T} < -+ < Ty =T such that

(i) Vie [0,N], 2(T;) € Uy, (e),
(ii) Vie [0,N — 1], Vte [T;,Tit1], 2(t) € Dy, (7€),
(iii) Vie [0,N — 1], 2(Ti+1) € 0T Dy, (7,¢).

The times (T;)Y, are called cutting times, and the points (z;)~, the cutting
points. A periodic (A, €)-pseudo orbit satisfies in addition

(iV) rog = TN.

We also recall a more precise version of the Anosov shadowing Lemma
[19, Theorem 2.1] for discrete pseudo orbits between Poincaré sections. In
that version the total sum of the distance between the pseudo orbit and the
periodic orbit is bounded by the total sum of the errors made during the
shadowing approximation. The standard Anosov shadowing lemma gives a
bound of the supremum of the distances with respect to the supremum of
the errors but takes into account the number errors.

Lemma 2.7 (Adapted Anosov shadowing Lemma, [I9, Theorem 2.1]). Let
T be a family of adapted local flow bozes, Ax S A be a finite set, (z;)Y,
be a periodic sequence, xn = xq, of points of I so that (x;—1,x;) is forward
admissible as in iteml[id in Definition[A.2 Let B;(p) = By, (p) be the adapted
balls and f; = fr; 2,1  Bi(p) — Biy1(1) be the local Poincaré map. Then
there exists a constant Kx = 1 such that, for every periodic pseudo orbits
()N, in the sense

Vie[0,N —1], ¢ € Bi(p/2), fi(q:),qi+1 € Bit1(p/2),

there exists a periodic orbit (p;)N., pny = po such that

Vie [0,N —1], fi(pi) = pi+1,
SVo g — pilli < Ka 3ot 1filas) — i liva

The proof of Theorem is a consequence of the following three lemmas.
In both lemmas we consider pseudo orbit that are concatenation of paths of
the first case of Lemma We recall some notations. Let (7,¢) € R, T > 0,
As < A be a finite set, eag < €, Q45 C UxeA* U,(€) be a neighborhood of
A, and N, := Card(A4) as in Notation Let z : [0,T] — Quas be a
(A4, 7, €)-pseudo orbit satisfying Definition [2.6

In the first lemma the pseudo orbit is periodic. We use essentially item [
of Lemma and the adapted Anosov shadowing Lemma The proof
consists in writing the penalized action 27 ¢(z) of a pseudo orbit z : [0,T] —
Q) as a sum of a coboundary V¥;;; — V¥, and a penalized discrete action
®;(7i,q;) computed on a true orbit ¢ € [0,7;] — fi(z;) € Q between two

Poincaré sections Y, X, , at successive cutting points x;.
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Lemma 2.8. Assume z: [0,T] — Qug is a periodic pseudo orbit. Define
Cs := 4v/2 Lip(I")*Lip(¢)(rLip(T") + diam(Qas)) K,
oy = 2eLip(¢)diam(Q4g).
Then for every C = Cj,
o (2) =~

Proof. Using the notations of Definition [2.6] by definition of a periodic
(A4, €)-pseudo orbit of length N, there exist a sequence of cutting points
(xi)i]\io, x; € Ay, TN = x0, there exists a sequence of cutting times (Ti)f\io,
To = 0 < Ty < --- < Ty such that z; := 2(T;) € Uy, (€). Let (ri,q) :=
7;1,1(2:1') be the box coordinates of z; in the chart v, with |r;| < € and
¢ € By, (€). Let 7(q) := Tz, 2:,,(q) be the return time between the two

Poincaré sections ¥, and X, , passing through z; and z;,1 respectively as

in item of Definition Let fi(q) = feiziii (@) @ Be(p) = Ba,,, (1) be
the local Poincaré map as in item [viil in Definition

Using item [il of Lemma and C := C/+/8Lip(T")?, one obtains

Tiv+1 B
= [T (0= 80519 + IV o 2(5) — £(5)1] ds
T;
> ®i(1i(a), @) + Wir1 — Ui + C| fi(@i) — qis i1,
where for every t € (—7,27) and g € By, (¢),
t
Pi(t,q) == J(QS — OA) 0 Va; (8,9) ds, Vi i= Di(ri, qi).
0
Notice that, though z¢ = zx, ®o(t,q) = ®n(t,q) for every (t,q), but z(0) #
2(T) and ¥g # Wy
Then (g;)Y, is a periodic pseudo orbit as in Lemma There exists a

periodic orbit (p;)I¥,, that is a sequence of points satisfying

pN =po, Vie [0,N —1], fi(pi) = pis1,
N—1

1l —pills < K DD (@) — givallisa

‘ i=0

Using the estimate |V7;|; < 1 from item [vi of Definition the Lipschitz
constants of ®; and ¥; can be computed in the following way

‘ < Lip(¢)diam(Q4s), H H 27Lip(¢)Lip(I'),

|#i(ri(a). 0) ~ ®iCrilo). D) < [| 5] + ( aq@
< 2Lip(¢) (TLip(T) + diam(Qas))[lq — pl:-

la=pl:
(2
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Summing over ¢ we obtain

2 i(7i(90), @) + Vi1 (giv1) — Wilg)]
i=0
N— N—

Z % Tz pz z Z i Tz QZ z (I)i(Ti(pi)ypi)] + \IIN - \IIO~

As (p;)Y, is a (discrete) periodic orbit, denoting
N—1

wi =Y 0(pi), Si= > Tlpi),
i=0
one obtains f7) (w;) = w;y1. Thus f%(wo) = wy = wo, (f(wo))ier is a
(continuous) periodic orbit of A of period S, and

N— s )
Z Qi (7i(pi), i) = fo (¢ — da) o f¥(wp) ds = 0.

i=0
Moreover

’ Z (i(a), g —(I)i(T@'(pi)vpi)]‘

N-1

< 2Lip(¢) (rLip(I') + diam(Qus)) Y g — il
=0

and

(Un — Yol < [Un|+ [Wo| < 2eLip(¢)diam(Qas) = o5
Using the shadowing Lemma n and C' = C/(2v/2Lip(I")?), one obtains

N-—1
> = Un(py) — Wo(po)
=0
+ (€ = 2Lip(9)(rLip(I') + diam(©4s)) K )
X Z I fil@) = giv1liv1 = —5" O

In the second lemma the pseudo orbit may not be periodic. Let (z;)¥,
be the cutting points of that pseudo orbit. We consider A, as the set of
vertices of some graph where (z,y) is an ordered edge if (z,y) is I" admissible.
Then ()}, can be seen as a non injective path in that graph. We show
that it can be decomposed into a self-avoiding path (z;,, zi,, ...,z ), io =
0,4, = N, that connects periodic cycles (i, , i, +1,.-.,%i,,,—1) pinned at
Ti,,,—1 = T, The cardinality of the self-avoiding path, or the cardinality
of the periodic cycles is less that the cardinality of A, (see Figure .
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FIGURE 2. A periodic pseudo orbits (in dash blue)
(Tip_ysTip_ 41, - Tip—1) wWhere x;,_, = x4, 1 followed by
an edge of the self-avoiding path (x;, —1,2;,) (in blue). The
figure corresponds to i, = N and ¢,_1 = N — 1 since the
last periodic pseudo orbit is followed by an edge of the self-
avoiding path (zy_1,2n).

Lemma 2.9. We do not assume that the pseudo orbit z : [0,T] — Qag is
periodic. Let xg,...,xN the cutting points (Deﬁm’tz’on. Then there exist
r € [1,Ng] andig =0 <iy <--- <i, = N, such that
(i) Tiy, Tiy, ..., %, are distinct,
(ii) if k € [1,7 — 1] then
(a) either iy, = ix_1 + 1, then (x;,_,,x;.) is an edge of the self-
avoiding path,
(b) orig = ix_1+ 2, then (x;,_,,Tiy_,+1,---,Tip—1), IS a periodic
cycle pinned at x;j,—1 = x;,_,, followed by an edge (x;,—1,x;,)
of the self-avoiding path,
(11) if iy = ip_1 + 2, then (., Ti,_,+1,-..,Ti,) with x; = x;. _, is the
last periodic cycle.

Proof. By definition of a (A4, 7, €)-pseudo orbit, we have
2(T;) € Uy, (€), YVt e [Ty, Tit1], 2(t) € Dy, (1,€), 2(Tiy1) € 07 Dy, (1, €).
In particular Uy, (€) (\Ug,,,(€) = & and z; # z;41. Assume by induction
that we have constructed indices g, . . ., i in [0, N — 1] satisfying the 3 items
and such that
Viz>=ig, x; ¢ {l’io, . 7$ik71}‘

Let be I :={i > ip +1:a; = 2, }. If I = &, then ig4q = i + 1. If
I + &, j = max([), then j > ix + 1. Either j < N, then ixy; = j + 1,
Tip, -1 =xj=x5,0r j =N, thenk=r—1, 1 =N, z; =wx;_,, and the
induction step is proved. [l

In the third lemma we bound from below the penalized action @7 ¢(z) of
any pseudo orbit. We concatenate periodic pseudo orbits and a finite number
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of trap paths. The number of trap boxes N, that cover A is involved in the
computation.

Lemma 2.10. Let C = C5 as in Lemma and
oA = (S + AN,
Then for every (A, T,€)-pseudo orbit z : [0,T] — Qag, we have
Ayc(2) =~

Proof. Using the notations of Lemma [2.9] we decompose the pseudo orbit
z : [0,T] — Qag into r pseudo orbits zx : [T;,,T; — QOyg where k €
[0,r —1].

Either ip11 = i + 1. Then 2 ([T, , T, ,,]) is included into the trap box
Dy, (7,€) and item fiil of Lemma [2.5 implies

Hy,c(2k) = —".

Or igy1 = ig + 2. Then both 2(T;,), 2(T5,,-1) belong to Uy, (¢). The
path z; : [T;,,T;,,,] — Qag is the concatenation of two paths (one path if
k = r—1): the periodic cycle z;, : [T, , Tj,,,—1] — Qag followed by the trap

path 2; : [T, ,—1,T;,,,] — Qas included in the trap box Dy, (7,€) that is
part of the self-avoiding path. Lemma [2.8| and item [ii] of Lemma [2.5] imply

Ay o(21) =~y dyo(ag) =~

k? k+1]

We conclude the proof using the fact that the path z is the concatenation
of N, paths z. O

Proof of Theorem 2.3l Let (1,¢) € RZ, A, = A a finite set, €45 < ¢,
Qas < Uen, Uz(e€), and N, := Card(A4) as in Notation Define 27" as
in Lemma and C3 as in Lemma Let

Cy = max(Cs, Ca( ")),

where Co(27) has been defined in Lemma
Let z : [0,T] — Qg be a piecewise C! continuous path. We first decom-
pose z into N > 1 subpaths zj : [Tp_1,Tx] — Qag, where

T0=0<T1<'--<TN—1<TN=T,

and (wo,1,...,2Tx_1) are points in A, satisfying

o Vke[0,N —1], 2(Tx) € Uy, (e€),

o Vke[l,N —1], 2(Ty) € 0Dy, _, (7€),

o Vke[1,N], 2([Tk-1,Tx]) S Dy, _,(T,€).
Notice that z(Tn) = z(T) may not belong to the boundary of a trap box
and Ty_1 = T if z(T) belongs to the boundary of a trap box. We then
concatenate the subpaths zj, into » > 1 longer blocks zj : T3, ,,Ti, ] — Qas,
where ig = 0 < i1 < --- < i, = N, such that each subpath z; is one of the
following 3 types:
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e type I: i = i1 + 1; the subpath z; is an escaping path exiting at
the backward boundary z(T;,) € 0" Dy, (7,€),
o type Il: i) > ir_1+2; the subpath z; is the concatenation of 2 paths,
a (As, T, €)-pseudo orbit 2, : [Tj, ,,Ti,—1] — Qas where 2(Tj, 1) €
0" Dy, ,(7,¢€), followed by a second path 2 : [T3,—1,T;,] — Qas
consisting in an escaping path where z(T;,) € 0~ Dy, _, (7€),
o type IIL: k =7, 2, : [Tn—1,TNn] — Qag is a trap path.
Notice that type III may only happen as a terminal path z._1.
If 2, is of type I, if C' > Cy(75*), then item il of Lemma implies that

szqg’c(zk) = 42/3* = 0.

If 2y, is of type II, Lemma implies o7y (2},) = —fy" for the first path,
item [ii] of Lemma, implies @/ ¢ (2}) = a5 for the second path. Then we
obtain the crucial estimate

%¢7c(2k) = 527(1570(2];) + 527(1570(2];/) = 0.

In conclusion the penalized action is non negative either for an escaping
path, or for a pseudo orbit followed by an escaping path. We are left to the
terminal path @7 c(z—1) = —4*. The total penalized action is bounded
from below by </*. To conclude we observe that Lip(¢) can be factorized

in the two constants C4 and 2/*
Cy i

L) M~ Tip(9)

3. THE CcONTINUOUS LAX-OLEINIK SEMIGROUP

. ]

We consider in this section a C* flow (M, V, f), a compact connected in-
variant set A, and an open set U containing A of compact closure. We do
not assume that A is hyperbolic. We show that any Lipschitz observable
satisfying the positive Livsic criterion on (U, A) admits a Lipschitz subac-
tion on U as in Definition [1.2] The subaction is obtained as a fixed point
of some nonlinear semigroup, called Laz-Oleinik semigroup. A similar def-
inition exists in the context of weak KAM theory, see Fathi’s monograph
[7].

As A is connected, we may choose U connected. We choose the following
definition for the distance function between two points.

Definition 3.1. Let U be a connected open set with compact closure. The
distance function between two points p,q € U is defined by

1
dy(p,q) = inf {f I2(s)| ds : 2 : [0,1] — U is continuous,
0

piecewise C', 2(0) = p and z(1) = q}.

Notice that dy(p,q) can be obtained by taking the infimum over paths de-
fined on any interval [0, 7] instead of [0, 1].
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Definition 3.2 (Lax-Oleinik Semigroup). Let ¢ : U — R be a C° bounded
function and C' = 0 be a constant. Assume ¢ satisfies the positive Livsic
criterion on (U, A) with penalized constant C' as in Definition

(i) The Laz-Oleinik semigroup on (U, A) of generator ¢ is the nonlinear
operator acting on bounded functions u : U — R defined for every
t > 0 by, for every g e U,

T'[u](q) := inf {uoz(—t)—i—fo [qﬁoz—&/\—l—CHVoz—z’H] dS}
z:[—t,0]>U ¢

z(0)=¢q
where the infimum is taken over the set of piecewise C'! continuous
paths z : [—t,0] — U ending at q.
(ii)) A weak KAM solution of the Lax-Oleinik semigroup is a bounded
function u : U — R solution of the equation

vVt >0, T'u] = u.

Notice that a weak KAM solution is a particular integrated subaction
(item ii] of Definition[L.2). Indeed, taking z(s) = f*(p), one obtains Voz(s) =
Z'(s) and

t
0

Theorem 3.3. Let (M,V, f) be a C* flow, A be a compact connected in-

variant set, and U 2 A be a connected open set of compact closure. Let

¢ : U — R be a bounded Lipschitz continuous function and C' = 0 be a

constant. Assume ¢ satisfies the positive Livsic criterion on (U, A) with pe-

nalized constant C. Then there exists a weak KAM solution v : U — R that
is C-Lipschitz. Moreover u is a Lipschitz continuous integrated subaction.

wo fi(p) = TTul(f'(p) < ulp) + f (62— Bn) o f*(p) ds.

The proof of Theorem requires the following two lemmas. We first
extend the definition of a penalized action between two points.

Definition 3.4. Let ¢ : U — R be a bounded continuous function and
C = 0 be a constant. The penalized action of ¢ between two points p,q e U
with a penalized constant C' and a time laps t > 0 is the quantity

¢

o}t ,q) = inf J 0z —¢r+C|Voz—2||ds,

sc(,q) o [¢ oA I I
2(0)=p, 2(t)=¢

where the infimum is realized over the set of piecewise C'! continuous paths

starting at p and ending at q.

Notice that the Lax-Oleinik admits a simpler definition
T'[ul(q) = ;gé{u(]?) + Ap.c(p,q)}-

We show in the first lemma that the penalized action between two points
is C-Lipschitz.
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Lemma 3.5. Let ¢ : U — R be a bounded Lipschitz function and C = 0 be
a constant. Then for every p,p,q,ge U

(i) |2} c(p.q) — Cdu (p, 9)| < t(Lip(¢)diam(U) + C[V]w),
(i) |~‘Z{¢c( q) — ¢C(P7 )| < Cdy(q,q),
(iii) |, (p.q) — o} o (b, q)| < Cdu(p, D),
where diam(U) = sup,, ¢y du (P, q)-

Proof. Item[] Let z : [0,t] — U be a path joining p and g. Then

t - t
’f [¢oz—¢A+C|Voz—z’|]ds—Cf Hz'(s)”ds‘
0 0
t(Lip(¢)diam(U) + C|V [ s).

We conclude the proof of item [ by minimizing over such paths.

Item . Let Z : |0,t] — U be a path joining p and ¢, and 7 > 0, € > 0
supposed to be small. By definition of the distance dyy as an infimum there
exists a path w; : [t — 7,t] — U joining Z(t — 7) and ¢ such that

| tseas < dotete= .0+

Let z : [0,¢t] — U be the path obtained by concatenation of the restriction
zZ:[0,t — 7] - U and w,. Then

t

A} o(prq) < fo [6oz—dx+ClVoz—2|]ds
t

gf (607 —dn+C|Voz—|]ds
0

+ 27 (Lip(¢)diam(U) + C[[ V) + L_ Cllwr ()] + 12(s)]] ds

Letting 7 — 0 one obtains

¢
%gc(p, q) < f [poZ—dr+C|Voz—7|]ds+ Cdy(q,q)+e¢
0
Letting ¢ — 0 and minimizing over Z one obtains

Ay o(p,q) < Ffo(p, @) + Cdu(g, 7).
We conclude the proof of item [iif by permuting ¢ and q.

Item [i@d. The proof is similar. We set 7 > 0 and € > 0 small. We choose
a path Z : [0,7] joining p and ¢ such that

t
JO [gbo%—é/\—I—CHVOE—ZIH]dSSézfqg,c(ﬁ,q)—i-e

We choose a path w; : — U that joins p and Z(7) such that

f|w ) ds < dy(5(r),p) + e
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Define z : [0,t] — U as the concatenation of w, and the restriction Z :
[7,t] = U. Then

t

AL o(p.q) <f0 (60— ga+CIVoz—2|]ds

< y,0(p, q) + 27 (Lip(¢)diam (V) + OV )
+ [l + 12Ol as e
We conclude as before by letting first 7 — 0 and then € — 0. O

We show in the second lemma basic properties of an action-like functional.

Lemma 3.6. Let T be the Laz-Oleinik semigroup on (U, A) of generator ¢
as defined in Definition[3.3. Then for every s,t > 0, every bounded function
u,v: U —R,

(i) T o T°[u] = T"**[u],

(ii) u<v = Tu] < Tv],

(iii) Ve e R, T u + c| = T'[u] + ¢,

(iv) for every uniformly bounded family (ut)¢=o,

%E(f)T lue)(q) =T [,%EE ut](q)-

(v) supgey [T [u](q) — T*[v)(q)] < supyer [ulq) — v(g)l.
(vi) T'[u] is C-Lipschitz.
Proof. Part 1. We prove item [} We rewrite the Lax-Oleinik operator
T'[ul(e) = inf {u(p) + % o(p,)}-

The penalized action between two points satisfies the inf-convolution prop-
erty

A3 p,0) = inf { o) + A olr.a)}
Then by permuting the two infimum

T [ul(q) = inf inf {u(p) + S5 c(p,7) + Ffo(r,a)}

peU r
= inf {T[u](r) + o)} = T T [ul(g).
Part 2. Ttems are easily proved. O

Proof of Theorem [3.3. Step 1. Let v : U — R be a bounded function
and t > 0. We show that T[u] is C-Lipschitz uniformly in time ¢. Indeed
for every p,q, q

u(p) + 7} o(p, q) < ulp) + 7§ o(p, §) + Cdu(q, ).

Minimizing over p and permuting ¢ and ¢ one obtains

7" [ul(q) — T*[u](@)| < Cdu(q, Q)
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Step 2. Let v = infy~o T%[0]. The function v is well defined because of the
positive Livsic criterion. We show that T*[v] > v for every s > 0. Indeed
using item [iv] of Lemma [3.6

S — ST t —_ st _ s+1 _ t >
Tv] =T [%EET [u]] %EET [T"[u]] %EST [u] %I>1£T [u] = v.

In particular s € (0,4+0) — T*[u](¢q) € R is non decreasing.

Step 3. Let u = sup,.oT*[v] = limy 400 T"[v]. We show that u is a
weak KAM solution, that is,

VgeU, ¥t >0, T'[u](q) = u(q).

Let t > 0 fixed. On the one hand, v > T"[v] for every n > 1, then
Ttu] = T*"[v] for every n > 1. Letting n — 400 and using the continuity
of T* for the uniform topology, one obtains T%[u] > u. On the other hand,
let g € U fixed, and (€,)n>1 be a sequence of positive real numbers tending
to 0, then there exists p,, € U such that

T[] (pn) + g o (Pn, @) < T [0](q) + €n < u(g) + €n-

Let p € U be an accumulation point of (p,),>1 and p € U supposed to be
closed to p. As T"[v] and Wéo('» q) are C-Lipschitz, one obtains

T [](5) + A 0P, q) < 2Cdy (P, pn) + u(q) + €n-
Letting n — 400 one obtains, u(p) = lim,—, 1o T"[v](p) and
T'[u](q) < u(p) + 4 (P, q) < 2Cdy (B, p) + u(q).
Minimizing over p we have T%[u](q) < u(q) and therefore T*[u] = u. O

We conclude the proof of our main result Theorem We use a notion
of regularizing operator that has been suggested to us by Bony [2]. Theorem
[3-3] shows the existence of a Lipschitz continuous integrated subaction ug :
) — R (item [ii| of Definition defined on an open set 2 2 A. We cover A
by a finite set of open sets (D;)Y,. Let U := Uf\il D;. We then construct
a family of nonlinear operators (Ri)fil that are regularizing on each D; in
the following sense:

e if 4 is a Lipschitz continuous integrated subaction on €2, then v :=
R;[u] is also a Lipschitz continuous integrated subaction on £2,
o if u is locally a subaction at x € €2, then v is locally a subaction at
x?
e v is locally a subaction at every point of D;.
We say that u is locally a subaction at x € U if there exists a neighborhood
W of x such that
u is differentiable along the flow in W,

Zy|u] is Lipschitz continuous in W,
Vye W, Zvul(y) < ¢(y) — oa-
Then v = Ry o---0 Ry|ug] is a subaction on U = Ule D; c Q.
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Proof of Theorem [I.3l We consider a family of local flow boxes (D/)¥,
indexed by a finite subset of points {x1,...,zx} < A

D} =75, (D), D" = (=26, +26) x By, (3¢).

(See item [iff of Definition for the definition of a family of local flow
boxes.) We also note

D} = 75,(Df), Dj=(=e,7+¢€) x By, (2e),

Di = ’Yxi(D)a Di = (077—) x Bxi(€)7
D; < D, c D/,

choose € > 0 small enough and the number of points N large enough so that

N N
AcUDi and UD;’CQ.
i=1 i=1

We construct a regularizing operator u — R;[u] for every i € [1, N], pos-
sessing the following properties: if u is a Lipschitz continuous integrated
subaction on  and v = R;[u] then

e v is a Lipschitz continuous integrated subaction on 2,

e v is locally a subaction at every z € D;,

e if % is locally a subaction at x € 2 then v is locally a subaction at
':B?

e u and v coincide on a neighborhood of Q\D?.

Let o : By, (3€) — [0,1] be a smooth function satisfying supp(«;) < By, (2€)
and o; = 1 on By, (€). Let B; : (—2¢,7 + 2¢) — [0, 1] be a smooth function
satisfying supp(f;) < (—€,7 +€) and 3; = 1 on (0,7). We define v = R;[u]
in the following way

oe) =ulz),  Wre\D
v(z) =17 07;_1, Vze D!,

for some @; : D! — R that coincides with ; := u o 7.} on DI\D;.

We now construct v;. For every q € By, (3¢€), t — ,(t,q) is Lipschitz
continuous, 0:u;(t, q) exists for almost every ¢ and in the distribution sense.
Moreover the two notions of differentiability, Lebesgue almost everywhere
and in the distribution sense, coincide. We may moreover assume that 04
is Borel with respect to (t,q) € DY. Let ¢i := ¢ 07y, — ¢ Define for every
(t,q) € Dg’

Oi(t,q) = (1 — ai(q))ai(t, q) + ci(q)wi(t, q),
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where
t ~
(3.1) wi(t,q) = ai(t,q) + | Bi(s)(pi(s,q) — dtis(s,q)) ds
St_e ﬁz(s) ds [7T+e
S:re Bi(s)ds J—¢
The first observation is the fact that w; is differentiable along the flow on

D; and that du; is Lipschitz continuous. Indeed integrating by part, as
Bi(t) =1 for t € (0,7), one obtains

Bi(s)($i(s, q) — dviia(s, q)) ds.

¢
ai(t,q) — Bi(s)0sti (s, q) ds

= (1= Ait)u(t.q) + | Bi(s)ti(s, q) ds = ) Bi(s)ti(s, q) ds,

T Bi(s) (i3, q) — Spui(s, q)) ds
S:re Bi(s) ds
:6 [Bi(s)¢i(s,q) + Bi(s)ui(s,q)] ds
S:re Bi(s)ds .
The second observation is the fact that w; is an integrated subaction on

D! (and in particular a subaction on D;). Indeed as u is an integrated
subaction, one observes for every (t,q) € DY

Then for every t; < t2 in (—2¢,7 + 2¢), for every ¢ € By, (3¢), as f5; takes

values in [0, 1], using (3.1) and (3.2, we have
to _
Bi(s)(di(s,q) — dvi(s, q)) ds
t1

at'lbi(tv Q) = (gi(t7Q) -

= ng‘(@ Q) -

ta
< L (gbi(s, q) — Ot (s, q)) ds

1
to

— | d(s,q)ds — (i(ta, q) — Wi(t1,q)),

t1
Wi(t2,q) — wi(t1,q)

ta t2 i d T+e B
< t bi(s,q) ds — %(Z); J_ Bi(s)(¢i(s, q) — dtii(s, q)) ds
< ” gzgi(s, q) ds.

t1

By construction v; coincides with u; on Dg’ \[?7; Moreover if 4; is locally a
subaction at (t,q) € D/, then v; is locally a subaction at (t,q).
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Lastly if (t,q) € D? and @ is locally a subaction at (t,q), then by con-
struction of w, v is also locally a subaction at (¢, q).

We now conclude the proof of Theorem Let ug be a Lipschitz con-
tinuous integrated subaction given by Theorem By induction

up, := R o--- o Ryfug]

is a Lipschitz continuous integrated subaction that is locally a subaction
at every point of Ule D;. The function uy : Uf\i 1 Di — R is the desired
Lipschitz continuous subaction. O

Proof of Corollary Theorem [I.3]implies there exists a Lipschitz con-
tinuous subaction u; such that

¢1:= ¢ — L[] = da.

As ¢ and ¢; have both the same ergodic maximizing value, Theorem [I.3
again shows that there exists a Lipschitz continuous subaction uo such that

¢1 — Ly [uz] < oa.
We may assume that us < 0. Let C'= Osc(uz) be the oscillation of up and

T = 4C/(pa — én). If ug is constant the proof is finished. Assume C > 0.
Define the following two nonempty compact sets

K = {meQ : JOT¢1OfS(x)dS< C—l—T(EA}?

K = {a: eN: JOT (01 — Ly [ua]) o f*(z)ds > Thp — C’}.

Indeed, we prove that K # ¢ and the fact K # & can be obtained similarly.
By contradiction, we have for every z € ),

T - C
[ oresr@as=1 (m n ) .
0 T
For any integer N > 1, by concatenating xz, f' (), f>7(x),---, fN*(z), one
obtains
NT
VeeAVN>1, f
0

¢10 fP(x)ds = NT (gf)/\ + g) .

We then get the contradiction
NT C

_ 1 _
— lim inf *(@)ds > Gy + =
on = lim W7 ), e l@ds=ont g

Notice first that K n K = . Indeed the existence of a point z € K N K
would imply the following absurd inequality

T
C > us(x) —uz o fT(z) = L — Sylus] o £ (x) ds

> T(¢a — éa) — 2C = 2C.
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We choose a smooth function 6 : Q — [0, 1] such that
Vee K, 0(z) =0, Vzek, O(z) =
Let

P2 1= p1 — ZL[0us].
We show that

T
Ve, j 20 fi(x)ds = Top.
Either € K then (Aug)(z) = 0, (fua) o fT(x) <
f bro f(a f 610 F*(@) ds + (Bus) (x) — (Buz) o 7 (x)
> J $1 0 f(x)ds = To,.
0
Or z ¢ K, then
T T ~
| erer@as= [ oorwas—c1a
0 0
We show that
T _
Ve, J $2 0 f5(x)ds < Ton.
0
Either z € K, then ((1 — 6)uy) o fT(z) <0, (1 — 0)ug)(z) = 0,
T
L ¢2 o fs(x) dS
T

T
~ [ (01— Al o P@yds 4 [ (1 0 £a)ds

0
T
= JO (61 — Ly [ua]) o f5(z)ds + (1 — O)ug) o f(z) — (1 — O)uz)(2)
< Ty
Orzé¢ [:(, then
T T
L by 0 f*(x)ds < L (61 — Zyfus])) o f*(x) ds + Ose((1— O)un))
< TQZ:)A —C + Osc((1—0)ug)) < TQZ:)A.

x) = —}f: [fot 620 f*(x)ds |dt

Let
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Then for every x € 2

1

T T
Lrlusl@) = 7 | (02(0) = 00 1 @) dt = 2(0) = 1 | 00 5@ s

P2(x) — Ly [us] f ¢a 0 f5(x) ds € [fa, Pal,

¢A<¢ gv[U1+U2+U3]<$ .
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APPENDIX A. LOCAL HYPERBOLIC FLOWS

We review in this section the local theory of hyperbolic flows. Good
monographs on the subject can be found in Hasselblatt, Katok [11], Bonatti,
Diaz, Viana [I], and Fisher, Hasselblatt [S].

The notion of flow boxes is standard. We need nevertheless to describe
precisely the Poincaré sections and the constants of hyperbolicity of the
corresponding Poincaré maps. As the Poincaré maps are also uniformly
hyperbolic, we recall the notion of adapted local hyperbolic maps as written
in Appendix A, Definition A.1 in [19].

A.1. Adapted local flow boxes. We consider in the following definition a
local Lipschitz map f : B(p) — R? where B(p) is a ball of R? for some norm
| - | and the target space is R equipped with a possibly different norm | - |.
We assume that the source and target spaces are direct sums of an unstable
space and a stable space

RI=E'®FE°, RY=FE"®E".
We denote by P : R — E* P5:R* - E° and P*: RY > E% and
P? : R — E? the corresponding projections. We assume that the two
norms are adapted to the splittings in the sense

VYo,we E* x E*, |v+ w| = max(|v|, |w]|),
Yo,we E* x E*, v+ w| = max(|v], [w]).

The balls are denoted by B(p), B"(p), B°(p) in the source space, and by
B(p), B“(p), B*(p) in the target space. In particular B(p) = B"(p) x B*(p),

B(p) = B"(p) x B*(p).
Definition A.1 (Adapted local hyperbolic map). Let (0%, 0%, 1, p) be pos-
itive real numbers called constants of hyperbolicity satisfying
o —1 1—03) (») . (U“—l 1—(75)
:= pmin .
6 ' 6 ;  Ep p 5 g

An adapted local hyperbolic map with respect to the two norms and the con-
stants of hyperbolicity is a set of data (f, A, E¥/5, E%/* ||| -||) such that:

(i) f: B(p) — R is a Lipschitz map,

(ii) A : R - R? is a linear map which may not be invertible and is

defined into block matrices

{A“ D“] { (v,w) e E* x E?, { o = A% + D%w e E",
A= , =

o' >1>0° 77<min<

D5 AS Alv+w) =0+ W, W = D%v + ASw € E¥,
that satisfies
{ vue B, |A%| = ot o], { |ID*[ <m, Lip(f—A4)<mn,
Vwe B, |A*w| < o®||w], 1D <m, [f(O)] <e(p),

where the Lip constant is computed using the two norms | - | and
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We consider now a C' flow (M,V, f) and an f-invariant compact hyper-
bolic set as defined in Definition [l

Definition A.2 (Adapted local flow boxes). A family of adapted local flow
boxes is the set of data I' = (I',X, E, N, F, A) and the set of constants
(%, 0%,n, p,7) satisfying the following properties.
(i) The constants (o, 0,1, p, T) are chosen so that 7 > 0 and
S AU
exp(T2 ) <05<1<a“<exp<7—7)
- mi (0“71 170'5> () . (0“71 1705>
min €(p) := pmin :
n 6 ' 6 ) P P 5 ' 3

(ii) T := (72)zea is a parametrized family of C! diffeomorphisms such
that

Yo : D :=(—7,27) x B(1) » D, € M, B(1) c RY,

are onto D, := v,(D,) that is assumed to be open, where B(1) is

the euclidean unit ball. Moreover for every x € A

() 7(0,0) = ,

(b) the C*! norm of 7, and 7, ! is uniformly bounded with respect
to x € A, that is denoted by Lip(T") and chosen so that Lip(T") >
1; the local coordinates of a point ¢ € D, are denoted by

Ve (@) = (a(q), ™2 (q)), {

Ty 2 Dy — (—7,27),
7y : Dy — B(1),

(c) the flow f is locally conjugated to the constant horizontal flow
generated by the vector field e; = (1,0),

V(s,u) € (—7,27) x B(1), T5u72(1,0) = V ov,(s,u), (equivalently)
{ V(s,u) € (—7,27) x B(1), f%0~:(0,u) = vz(s,u).
The pair (D,,v; ") is called a local flow box.

(iii) 3 := (X3)zen, where ¥, := v, ({0} x B(1)), is the family of local
Poincaré sections at x. Let v, : B(1) — ¥, and 'y;é : 3, — B(1)
be the restriction of 7, to {0} x B(1) and its inverse to X,.

(iv) E = (EY*),ep is a parametrized family of splitting RY = E¥ @ E*
obtained by pulling backward the corresponding splitting T, M =
Ei(x) ® E(x) ® E{(x) by the tangent map Ty, at the origin of
RY,

Ti,({0} x BY%) = EY"(a).
We denote by P, P; the corresponding projections.

(v) N := (| - |z)zea is a family of C° norms on R? adapted to the
splitting R? = E* @ ES. B,(p) denotes the ball centered at the
origin and of radius p with respect to the norm | - |,. We assume p
small enough so that

Bu(p) = B(1).



LIPSCHITZ SUBACTIONS FOR A FLOW 31

The norms | - || are called local norms.
(vi) We assume that the two constants p < 37 are chosen small enough
so that, for every x,y € A satisfying

Y € Y((T = p, 7 + p) x Bz(p)),
there exists a C! function 7, : By(p) — (0,27) such that

Vg€ Bx(p), v2((—7,27) x {q}) n £, is a singleton 2, ,(q),

VQ? Bac(p)a Z:v,y(Q) = 'Yx(%x,y(Q)y(I) = f%z’y(q)('Yx(OaQ)) € Zy7
IVTzyle < 1.

The function 7, , is called local return time. We use also the nota-
tion
Toy = Tay O *y;é Y2,0(Bz(p)) € £z — R.
(vii) F' := (fey)zyea is the family of maps f., : Bz(p) — fy;é(Zy) =
B(1), parametrized by the couples (z,y) satisfying
y € v((t—p, 7+ p) x Bx(p)),
and defined by

Vv e Bulp), fay(v) =700 FTev® 6 np0(v) : Be(p) — B(1).

In the condition on (z,y), y should be thought close to v, ({7} x
By(p)). The map f,, is called the local Poincaré map and cor-
responds to the Poincaré map f™v()(.) between the two sections
Yo, By

(vill) A := (Azy)ayen is the family of tangent maps of f; , at the origin,
where z, y satisfy y € v, (1 — p, 7 + p) x Bz(p)),

Azy = Dfay(0),
(ix) A couple of points (z,y) € A x A is said to be I' forward admissible,

and we write z - y, if
Yy €Ye((T = p, 7+ p) x Bx(p)) and  fz,(0) € By(e(p))-
(x) For every I' forward admissible z Ly, the set of data

(fx,yan,vag/s’E;/sv H : Hl‘v H : Hy)

and constants (o%, 0% 1, p) is an adapted local hyperbolic map as
in Definition [A. 1l

In less precise terms, if (z,y) is T’ forward admissible, the Poincaré map
on the manifold [z € v (Bx(p)) € By > fTev()(2) € B, ] is well defined; the
local Poincaré map [v € By(p) — fzy(v) € B(1)] is a local hyperbolic map
as in Definition [A.1]
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