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I.1. The standard model of velocity alignment

The Cucker-Smale model: A standard model of a kinetic approach
of velocity alignment

Ouf +v-0uf + divy((=Vo® + (1 — |v|*)v) f) + div, (T[f]f) = 0

e —V,P : a confinement potential,

e (1—|v[*)v : a self-propelled term,

o U[f])(z,v) = {(w—v)K[f](x,dw) : the velocity alignment
o K[f](z,dw) : a probability-valued function

S o(w)(y — ) f (y, w) dydw
Sy — ) f(y, w) dydw

1 is the communication weight

<K[f]($, ')a‘P> =

e no diffusion term
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1.2. The BDG model
The BDG model: Bertin, Droz Gregoire (2009)

atf+v'vmf:Q[faf]v f=f(t,$,’l)>

Q[f,f] = Q-‘r[f,f] 7@—[.}(‘7.]0]
Q- 1/, £1(d6) = f j B(61 — 02)7[Ormialbs 0) g (d0) F(d6r) £ (d)

Q_Lf. £1(d0) = — £ (do) jﬂ(e —0,)£(d81), (61, 02),

e g(d¢) : the randomness about 0, 7[O;4]8g : about 7[O,,:4
o [3(01 — 05) : the scattering cross-section
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1.3. The frontal collision

Discontinuity of the mid-point

\_.
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0 0 ™ — eZ@m,id = T 5
1 # 2+ |6191 +6192|7

@ |91—92‘<7T,

791-592 + |91 — 92‘ > T,

Omia = 0<601,05 < 2.
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[.5. Main hypotheses

Homogeneous Maxwell BDG equation in R?:

0 f(dv) = Qf, f]
OLf, £(dv) ﬂ ”1+ 2]ﬁ (dv) f(dvr)d(dvs) — f(dv) Jf dvy)

Q[fvf]*Q+[fvf]_Q*[f7f]
Q+f, 1= g (M[1/218) » (A[1/2]81),
o T[w]:v—v+w
o A[1/2]:v— fv
e =1

e g(dw) : a centered probability measure
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1.6. Simple observations

Remark
Let g € Z(R?) satisfying {vg(dv) = 0.

e Mass and momentum are preserved

[[2]ats. s = [g].

e The energy is not preserved

e Without loss of generality we may assume

| #tay =1, Jorta -0
e The BDG model has the form

of = Q+Lf f1 -1
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1.7. Mild solution

Definition
A mild solution is a continuous function f € C°([0, +0), Z5(R?))
equipped with the Wasserstein 2 metric satisfying

F(t) = 70, ) + f e~ =IQ [f(s, ). f(5.7)] ds.

0

The Wasserstein 2 metric is
W22(f1, f2) = inf { f ‘7}1 — ’U2|2 W(d’l)l, d?)g) :

me PR x RY), pifim = f1, pofim = fz}
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1.8. Main result

Theorem (Ayot, Brull, Th)
Let g€ P5(R%,0). Then for every fo € P2(R%,0)
1 There exists a unique mild solution f € C°([0, +00), Z2(R%,0)).

2 There exists a unique equilibrium state

Qlfz: f] =0, fo € Z2(R%,0)
8 The convergence is exponential
W3 (f(t,), fo) < € PPWE (fo, foo)-
4 Let s = (d+4)/2. If in addition g, fo € H*(RY) then

Hf(tv ) - fOOHLl(Rd) < C’e_t/(d+4).
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II.1. A fixed point approach

Definition
A mild solution f e C°([0, +0), Z5(R%,0)) is a fixed point of

t

F(t) = e F(0,) + f e =IT[f(s, )] ds,

0

where by denoting A[1/2] : v — v/2

T(7)(de) = Q- [f. )(de) = [[ (0r + v2) /20t fdun) faoa)
T11] = g+ (A[1/2120) = (12129

A mild solution is a fixed point

o[f1=f
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I1.2. Properties of Ws

Lemma
Let py, po, V1,00 € PQ(Rd). Then

W3 (k1 * iz, v1 % vo) < Wi (i, v1) + Wi (2, 1),
WE /21, A[1/2080n) < W3 (1,0,
Corollary
Let TI] = Qu1f, £1 = g« A[/286) « (A[1/218). Then
WTLALTLRD < 5WE(, f2).
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11.3. Proof of Theorem ABT. Item 1.

Theorem (ABT. Item 1)
Let g, fo € P5(R?,0). Then there exists a unique mild solution.

Proof.
Recall T[f] = g » (\[1/2]8f) » (A\[1/2]8f). Define
Bf](t) = ' £(0) + f =T f(s)] ds.

0

Then @ is contracting in the Wasserstein distance.

WL, 2111(0)
< WA, L0) + 5 [ e IWHE). falo)ds,

0

We obtain the contraction property

sup W2@LA] (0, 3[72](0) < 2 sup W2( (1), 1a(0)).

t=0 t=0
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11.4. Proof of Theorem ABT. Item 1. last and final

Proof. Last and final.
The previous proof implies existence, uniqueness of the mild solution.
The same computations give a stability result

W3(f1(1), f2()) < e PW3(£1(0), £2(0))

and exponential convergence to the unique equilibrium state

W3 (f1(t), f) < e PW3(£1(0), fo0)

Remark
Compare to CCDW the equation is always stable with a unique
equilibrium state.
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II.5. Higher regularity in H*®

Lemma
Let s > 0. If g, fo € H*(RY) n 225(R%,0) then the mild solution belongs
to H*(R%) at all time and

1f () s ray < € follz=ray + (1 — € )| g] e ey

Proof.
The L? Sobolev norm is defined by

Zn(t) = f (1+ [€P)*|F (¢ )2 de
[EI<R
Then, thanks to 8 =1,

0f1.6) = ) (1.5) ~ Ft.0),
% 7lt) < ~220(0) + 219l v 7).

The end of the proof uses Gronwall’s lemma. E]
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I1.6. Fourier-Toscani distance

Remark
The previous estimate does not imply the L? convergence to the
equilibrium state.

Definition
If p,v e P5(R% m) (same mass, same moment of order 1) then
do(p,v) = sup M
’ £eRd ‘f|2
Property

e Convexity
da(afi + (1= ) fo,ag1 + (1 — a)g2) < ada(f1,91) + (1 — a)da(f2, 92)
e Sub-additivity

da(f1 * f2,91 * g2) < da(f1,91) + d2(f2, 92)
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I1.7. Exponential convergence for da

Lemma
If g, fo € 22(R1,0) and t € [0, +0) — f(t) € P(R%,0) is the mild
solution, then

(fo) +2M2(9) 2
5 .

do(F(1), f) < 22

Proof.
let H(t,&) = |(€) — 2(€)|/1€*. Then

1
67i<v,§> =1- i<’l), €> - <U7 £>2 f (1 - 8)eiis<’u’£>ds7
0

A _oon(s) - nee),
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I1.8. Exponential convergence in L?

Lemma
If s> (d+4)/2, f1, fa € H*(RY) satisfies § f1(v)dv = § f2(v) dv,
§ fiw)vdv = fo(v)vdv, then

If1 = fol2a ey < C(s)da(fr, f2) 1 — fol

Hs=(Rd)

Proof.
A simple application of Cauchy-Schwarz

[ AGEEAGIRE

< [ OSREN ) a1 - Ao

d 1/2
< dz(f17f2)<Ld (1+;|2)S_2) Ifr = foll zrs ray-
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11.9. Proof of Theorem ABT. Item 4.

Theorem (ABT. Item 4)
Let s = (d+4)/2. If g, fo € H*(RY) n P,(R?,0) then

If () = folrray < < Ce~t/(d+4)
Proof.
Let f:[0,400) — r@(Rd,o)
1l < O My ()@ A+
sup | f(t)||zs < +0
=0

1£(t) = fullie < Cda(f(1), fo)l £ (E) = fol
Su%)Mg(f(t)) < 400

Hs

1F(t) = foollr < Cda(f(2), foo)?/ 4D
da(f(t), f) < Ce "2
I£(t) = foollzr < Ce™/(d+)
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III.1. A general test case

Recall: BDG with a non zero scattering cross section

0uf () = QL.
QL7110 = [[ o[22 Jrotde)s(on - va) fian)i(aee)

- o) | 8o = ) o)
Lemma
Assume

1 V2 02

g(v) = \/@exp(—m)v Bv) = exp(—@).

Assume b? > 403. Then there exists a Gaussian equilibrium state fy
given by

2

1 v 1 2 1
fo(v) = exp( —) with — + < = =—.
A /271'(7]20 20? 012‘ b 203
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II1.2. Experiment 1.
2 2
v v
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11.3. Experiment 2.

1 v? 02
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I1.4. Experiment 3.

1/2 (v —3)? (v +3)?
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I1.5. Conclusion and perspective

Recall: BDG non homogeneous with a non zero scattering cross
section

ouf(d) +v- Vo f = QL. f]
QA A1) = ([ 7[5 2 001 —v2) o))

—fwwfﬁw—vnﬂmm

o We only studied the homogeneous case and in the Maxwell

setting 5 =1
e Using Schauder fixed point theorem, there exists an equilibrium
2M.
Qlfeo fc] =0, fo € QQ(Rdam)a Ma(f) < 1—|12—(g;| + m?
[e¢]
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I1.6. Conclusion and perspective

e We don’t know the regularity of fy for general
e We can’t prove the convergence (even in the homogeneous case)

e We have not studied the Cauchy problem for the non
homogeneous case (even for = 1)

e For the true model where the velocities have norm 1, the Cauchy
problem and the convergence to some equilibrium is known only
for g =dp and 8 =1

e The hydrodynamics limit would be interesting

e The comparison with traffic flow, opinion formation model should
be done

Thank you

Ph. Thieullen Velocity alignment 27/27



	Summary
	BDG model
	Ideas of the proof
	Some numerical experiments

