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ABSTRACT. LivSic theorem asserts that, for Anosov diffeomorphisms, a Lipschitz
observable is a coboundary if all its Birkhoff sums on every periodic orbits are
equal to zero. The transfer function is then Lipschitz. We prove a positive
Livsic theorem which asserts that a Lipschitz observable is bounded from below
by a coboundary if and only if all its Birkhoff sums on periodic orbits are non
negative. The new result is that the coboundary can be chosen Lipschitz with
a uniform control on the Lipschitz norm. In addition our result holds true for
possibly non invertible and not transitive C' maps. We actually prove the main
result in the setting of locally maximal hyperbolic sets for general C' map. The
construction of the coboundary uses a new notion of the Lax-Oleinik operator
that is a standard tool in the discrete Aubry-Mather theory.

1. Introduction and main results. A C" dynamical system, r > 1, is a couple
(M, f) where M is a C" manifold of dimension dj; > 2, without boundary, not
necessarily compact, and f : M — M is a C" map, not necessarily injective nor
transitive. The tangent bundle T'M is assumed to be equipped with a Finsler norm
|| - || depending C"~! with respect to the base point. A topological dynamical system
is a couple (M, f) where M is a metric space and f : M — M is a continuous
map. We recall several standard definitions. The theory of Anosov systems is well
explained in Hasselblatt, Katok [15], or in Bonatti, Diaz, Viana [1].

Definition 1.1. Let (M, f) be a C" dynamical system and A C M be a compact
set strongly invariant by f, f(A) = A. Let dpy = d“ 4+ d*, d* > 1,d* > 1, (d* and
d® denote the dimensions of the unstable and stable vector spaces respectively).

i. A is said to be hyperbolic if there exist constants A* <0 < A\*, Cy > 1, and a

continuous equivariant splitting over A, that is
(a) Ve € A, TuM = E}(z) ® Ej (),
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(b) the two maps

A —  Grass(TM,d") A — Grass(TM,d®)

T E¥(x) T Ef(x)

are C°,
(c¢) the tangent map is hyperbolic in the following sense
Vo e, Ty f(E"(z)) = E*(f(x)), Tof(E*(z)) € E°(f(2)),

Vo € B} (), |Tof"(v)]| < Cae™ v,
Vo € Ef(x), [ITof"(0)l| = O3t e [lu]l.

ii. A is said to be locally mazimal if there exists an open neighborhood U of A of
compact closure such that

Vo € A, Vn>0,{

() f(U) = A.

We also consider a Lipschitz continuous observable ¢ : U — R. We want to
understand the structure of the orbits that minimize the Birkhoff averages of ¢. We
recall several standard definitions.

Definition 1.2. Let (M, f) be a topological dynamical system, A C M be an
f-invariant compact set, U 2 A be an open neighborhood of A, and ¢ : U — R be a
continuous function.

i. The ergodic minimizing value of ¢ restricted to A is the quantity

n—1
ép = lim L, > do fra). (1.1)
k=0

n—+oo N x€A

ii. A continuous function v : U — R is said to be a subaction if
Ve UNf 1 U), ¢(x)— ¢a > uo f(x) — u(x). (1.2)

iii. A function v of the form ¢ = u o f — u for some w is called a coboundary.
iv. The Lipschitz constant of ¢ is the number

: [¢(y) = ¢(=)]
Lip(¢) := sup —o——F,
) z,y €U, z#y d(x,y)
where d(+, ) is the distance associated to the Finsler norm.

The first main result is the following. We would remark that the new result here
is the fact that w is Lipschitz continuous, improving the known Holder regularity.

Theorem 1.3. Let (M, f) be a C' dynamical system, A C M be a locally mazimal
compact hyperbolic set, ¢ : M — R be a Lipschitz continuous function, and o be
the ergodic minimizing value of ¢ restricted to A. Then there exist an open set Qag
containing A and a Lipschitz continuous function u : M — R such that

Ve Qag, qﬁ(x)—q/;AZuof(x)—u(x)
Moreover, Lip(u) < KpLip(¢) for some constant K, depending only on the hyper-
bolicity of f on A.

The constant K, is semi-explicit

N 1)di Q 1 -
Kj = max <( as + 1)diam( AS)7 Kas - exp AS)) )
£AS 1 —exp(—Aas)
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where
Oas = {CC eEM: d(:mA) < GAS}
and €45, Kag, Aas are constants of the shadowing lemma defined in Theorem 1.5,
and N4g denotes a covering number of Q45 by balls of radius €45/2.
The positive Liv8ic theorem becomes then a simple corollary of the Theorem 1.3
by taking ¢ > 0. Notice that the dynamical systems (A, f) we are studying possess
a dense set of periodic orbits (see Corollary 6.4.19 in [15]).

Corollary 1.4. Let (M, f) be a C' dynamical system, A C M be a locally mazimal
compact hyperbolic set, and ¢ : M — R be a Lipschitz continuous function. Assume
the Birkhoff sum of ¢ on every periodic orbit on A is non negative. Then there exist
an open neighborhood  of A, a Lipschitz continuous function v : M — R, such that

Ve e, ¢(x) —uo f(x)+u(z) > 0.

The proof of Theorem 1.3 depends on a new version of the shadowing lemma. We
recall that a sequence (z;)o<;<n Of points of M is said to be an e-pseudo orbit (with
respect to the dynamics f) if

Vie[0,n—1], d(f(zi),ziq1) <e.
The sequence is said to be a periodic e-pseudo orbit if z,, = zq.

Theorem 1.5 (Improved Anosov shadowing lemma). Let (M, f) be a C' dynamical
system and A C M be an f-invariant compact hyperbolic set. Then there exist
constants eas > 0, Kas > 1, and Aas > 0, such that for every n > 1, for every
eas-pseudo orbit (z;)o<i<n 0 the neighborhood Qas = {x € M : d(z,A) < eas},
there exists a point y € M such that

Vie [[0771]]7 d(xlvfl(y)) < Kas Zd(f(xkfl)axk) exp(_)‘AS|k - Z|)7 (13)
k=1

> d(wi, f'(y) < Kas Y d(f(zp-1), 2. (1.4)

=0 k=1

Both equations (1.3) and (1.4) are new for two reasons: the map f is not necessarily
invertible (the proof could actually be extended in infinite dimension), the distance
between the pseudo orbit (z;)"_, and the shadowing orbit (f?(y))™, is not bounded
by the number of jumps n (an estimate that the standard Anosov shadowing lemma
would give) but by the sum of the errors d(f(z;—1),x;).

In order to obtain a periodic shadowing point in A, we assume in addition in the
next corollary that A is locally maximal.

Corollary 1.6 (Anosov periodic shadowing lemma). Let (M, f) be a C* dynamical
system and A C M be a locally mazximal compact hyperbolic set. Then there exists
a constant Kaps > 1 such that for every n > 1, for every periodic € 5-pseudo
orbit (x;)o<i<n of the neighborhood Qas :={x € M : d(z,A) < eas}, there exists a
periodic point p € A of period n such that

Zd(iﬁi,fi(l?)) < KAPSZd(f(l'}gfﬂ,l‘k), (1.5)
i=1 k=1

14exp(—Aas)

T—oxp(—21s)’ and €as, Kas, Aas are the constants given in

where KAPS = KAS
Theorem 1.5.
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Notice that the standard shadowing lemma would give the estimate

d(zx;, f° <K d . 1.6
pJax d(wi, f1(p) < Kaps | max  d(f(xr), k1) (1.6)

We conclude the introduction by comparing our results with other results related
to the positive Livsic theorem.

e The existence of a Lipschitz subaction is the first unavoidable step for proving
Contreras’ theorem [5] claiming that, for a generic observable, the Mather set is
a unique periodic orbit. The proof in [5] was nevertheless done only for one-sided
subshifts or expanding maps. A multidimensional version of Contreras’ theorem
is worth considering without coding.

e Weaker versions of Theorem 1.3 were known. The regularity of the subaction
in [20], [21], and [19] is only Holder. In Bousch’s article [4], the setting is
more abstract. The existence of a C-Lipschitz subaction is proved under the
condition (1.1) similar to our “discrete positive Livsic criterion with distortion C”
(Definition 3.2). Our main contribution is twofolds: we emphasize the role of the
Lax-Oleinik operator and the role of the ergodic minimizing value in section 3;
we mainly show in sections 2 and 4 how to compute the constant C' = K Lip(¢)
with respect to the Lipschitz norm of ¢ for some constant K, depending only
on the hyperbolic set, compared to (3.2) in [4] where the supremum of ¢ is used.

e Huang, Lian, Ma, Xu, and Zhang quote Bousch’s result in [17, Appendix A] and
obtain an integrated version % kN;OI [6 — @] > un o f¥ —uy for some large
integer N > 1 and some uy Lipschitz. The size of N and the Lipschitz size of
u is not clearly explained. We show it is true for V = 1 and gives a precise
estimate of the Lipschitz norm of the subaction in terms of the Lipschitz norm
of the observable.

e The improved Anosov shadowing lemma may be used in other contexts. As we
do not assume f to be invertible, the lemma is also true in infinite dimension
where the tangent map admits an equivariant splitting with a finite dimensional
unstable direction and a possibly infinite dimensional stable direction that could
contain the kernel of the tangent map. This abstract setting could be applied
for instance in the study of compact attractors for the Navier-Stockes equation.
A review of the dynamical aspects of these equations is developed in [22].

e We introduce in section 3 a notion of calibrated subactions for maps, that is
stronger than the notion of subaction (Definition 1.2). Calibrated subactions
or weak KAM solutions have been introduced in the continuous setting for
Lagrangian dynamics by Fathi [6], and in the discrete setting for twist maps in
[12]. The main advantage of our construction is that it enables us to construct
backward calibrated orbits and obtain, both numerically and theoretically,
the Aubry set (defined in Definition 11 of [20]) as a-limit sets of these orbits.
We leave as a question the fact that the Aubry set could be obtained as
¢ — & =wuo f—u} over all subactions .

e We highlight the notion of “discrete positive Livsic criterion” (Definition 3.2)
because it implies the existence of a Lipschitz subaction even in the case the
dynamics is not hyperbolic. As the referee suggested, for instance, the proof in
section 3 could be used for showing the existence of a weak KAM solution in
Aubry-Mather theory. In this framework M = T? x R?, E: RY x R — R is
a ferromagnetic generating function, f : M — M is the twist map associated
to E. Adapting the proof in section 3, it is not difficult to obtain a Lipschitz
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calibrated subaction as in Definition 3.1, defined on the whole set M, also
referred as weak KAM solution.

e We intend to extend Theorem 1.3 in the continuous setting for Anosov flows,
see [25]. The main technical estimate of the present paper, Theorem 2.1, is used
again in [25] for the Poincaré maps.

The plan of the proof is the following. We revisit the Anosov shadowing lemma
in section 2. We extend in section 3 to any C' maps the techniques of construction
of a coboundary in [12], valid only for twist maps, by introducing a new Laz-Oleinik
operator, Definition 3.1, and by showing under the assumption of positive Livsic
criterion the existence of calibrated subactions, Proposition 3.3. We then check in
section 4 that a locally maximal hyperbolic set satisfies the positive Livsic criterion
and prove the main result. The proof of Theorem 1.5 requires a precise description
of the notions of adapted local hyperbolic maps and graph transforms with respect to
a family of adapted charts. We revisit these notions in Appendix A for non invertible
hyperbolic maps.

2. An improved shadowing lemma for maps. We show in this section an
improved version of the shadowing lemma, Theorem 1.5 that will be needed in the
next section to check the existence of a fixed point of the Lax-Oleinik operator.

The heart of the proof is done through the notion of adapted local charts. In
appendix A, we recall the notion of adapted local dynamics in which the dynamics is
observed through the iteration of a sequence of maps which are uniformly hyperbolic
with respect to a family of norms that are adapted to the unstable/stable splitting
and the constants of hyperbolicity.

The following Theorem 2.1 is the technical counterpart of Theorem 1.5. We
consider a sequence of local hyperbolic maps as described more rigorously in Appendix

A
fi Bi(p) - Rd7 Bi(p) CRY= El®E;} = zerl ® f+17 A =Tofi,

where E}' /% are the unstable /stable vector spaces, A; is the tangent map of f; at the
origin which is assumed to be uniformly hyperbolic with respect to an adapted norm
| - ||: and the constants of hyperbolicity (o%,0%, 7, p). The constants ¢ < 1 < o*
represent the contraction term and the expansion term along respectively the stable
and unstable direction. The constant n > 0 represents the size of the perturbation
of the non linear term f;(v) — f;(0) — A;v. The constant p > 0 represents the size of
the domain of definition of f;; B;(p) is the ball of radius p for the adapted norm
Il 1, and || £:(0)|l; < e(p) is the size of the shadowing constant with €(p) < p.

As previously said, the maps f; are not supposed to be invertible. In particular
that hypothesis will prevent us to use the backward graph transform along the stable
direction. The forward graph transform along the unstable direction is though well
defined and recalled in Appendix A.3.

Theorem 2.1 (Adapted Anosov shadowing lemma). Let (f;, A;, E;L/S, |- 1l)7=, be
a family of adapted local hyperbolic maps and (o, 0% n,p) be a set of hyperbolic
constants as in Definition A.1. Assume the stronger estimate (compare to (A.1))

< mi ((1—05)2 0“—1)
min .
g 12 6

Define A\r and Kr by,
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o’ +3n 1 7

T ) ) KF = PR
1—=3n o*—3n (1 —exp(—Ar))
Let (¢;) be a “pseudo sequence” of points in the sense

Vie[o,n—1], ¢ € Bi(g) and  fi(q:) € Bis1 (g)

Then there exists a “true sequence” of points (p;)f_y, pi € Bi(p), such that
i. Vi€ [0,n—1], fi(pi) = pit1, (the true orbit),
n

ii. Vi € [0,n], llg;—pille < Ko 3 I fimt(g-1) — qulle exp(=Arlk — i),

exp(—Ar) := max (

iii. i = pilli < Kr ) | fr-1(gx-1) = axlle,
i=0 k=1
. Jnax llgi — pill: < Kr max | fro—1(qe—1) — qrllk-
Moreover assume (f;, Ai, Ef/s, Il  |l:)iez is n-periodic in the sense
firn = fir Avin = Ais Bl =B -l = 1 s

assume in addition that (q;)icz, 18 a periodic pseudo sequence in the following sense
Vi€Z, Gitn =0 i € Bi(g>7 fic1(gi-1) € Bz(g>

Then there exists a periodic true sequence (p;)icz satisfying

v. Vi € Z, fi(pi) = pit1, Pitn = Di,
n—1 ~ n
vl Z lgi —pilli < Kr Z | fr—1(qk—1) — akllx;

i=0 k=1
with Kt == Kr(1 4 exp(—=Ar))/(1 — exp(—=Ar)).

Notice that the items ii and iii are the technical counterparts of the estimates
(1.3) and (1.4). The main difficulty of the proof comes from the fact that f may not
be injective and that the backward graph transform does not exist anymore. We
use as an alternative the backward invariance of the stable cones as recalled in A.7.

For the reader’s convenience, before going into the details of the proof, we sketch
the main argument, by pointing out the following steps.

e In Step 1, we construct a grid of points Q;(j, k) and prove item i;

e The proof of item ii is divided into Steps 2-4, and the proof of items iii and iv
follows readily from item ii;

e In Step 5, we show the existence of a periodic orbit and finish the proof of items
v and vi.

Proof. Let P!, P’ be the projections onto E}, EY respectively. Let

o= %a 6i = || fi-1(gi-1) — qills (2.1)
where « is the a priori slope of the unstable graphs given in (A.2). Let C}* and C?
be the unstable and stable cone of angle « as in Definition A.6.
Step 1. We construct by induction a grid of points
Qi(j,k) € Bi(p) for i €[0,n], je€[0,n—1], and k€ [0,7]

in the following way (see Figure 1):
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FIGURE 1. A schematic description of the grid Q;(j, k) for n = 5.
The horizontal axis is the unstable direction attached at each g;,
the vertical axis is the stable direction. The dashed “horizontal
lines” are obtained by iteration of the horizontal axes by the forward
graph transform; they are graphs of small slope a. We highlight
the positions of the two points ¢; and f;_1(¢;—1) at each index 4
to show that they must be close. The points Q;(0,%), k € [0,1],
are obtained by intersecting the vertical axis with these dashed
horizontal lines. The other points are obtained recursively, starting
at ¢ = n, by taking the preimages by f;_1 of the dashed “vertically
aligned” points at index i except those on the horizontal axis.
These new points are pushed by f;ll, down and to the right of
the previously defined points Q;_1(0,%). The representation as
vertical dashed lines and the relative positions of the points Q;(j, k)
are only a convenient way to index the grid as a product (j, k) in
[0,n — ] x [0,¢]. The points p; = Q;(n — i,%) we are looking for
are located at the upper right corner of the grid. By definition
fic1(piz1) = pi.

a) For all i € [0,n], let G; o : B¥*(p) — B;(p) be the horizontal graph passing
’ K3 K3
through the point g;,
Vv € Bi(p), Gio(v) = Pq.

For all i € [1,n] and k € [1,4], let G; i : B¥*(p) — B{(p) be the graph obtained
by the graph transform of G;_j o (see Proposition A.3 and equation (A.3)),
iterated k times,

Gip=(T)iL10 o (T)ik(Gi—k,0)-

)
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Notice that |G, (0)]; < p/2 and Lip(G; i) < «, see (A.2).

(b) For all i € [0,n] and k € [0, ], let Q;(0, k) be the point on Graph(G; k) whose

unstable projection is Pg;, or more precisely,
Qi(0,k) = P'qi + Gix(P{"q)-

(¢) We then define recursively the other points starting at ¢ = n. Assume that the
points Q;(J, k), ¢ > 1, have been defined for all j € [0,n —¢] and k € [0,4]. Let
jell,n—i+1] and k € [0,i —1]. As Q;(j — 1,k + 1) € Graph(G; p41), there
exists a unique point Q;_1(j, k) on Graph(G;_1,) such that

fic1(Qi—1(5, k) = Qi(j — 1,k +1).
For j = 0, the points Q;_1(0, k) have been defined in item (b).
We will then choose p; = Q;(n — i,i). By construction

VZ S II]-an]]v fifl(pifl) = Di,
and item i is proved.

Step 2. Let h; j := ||[Pf[Q;(4,0) — Qi(4, i)] [l;- We claim that, for all i € [1,n],

a o°+ 377} o’ +3n
0 hi_1.0- 2.2
l—a2ow—3nl" " 1-a2 1o (22)
The quantity h; o corresponds to the length between ¢; = Q;(0,0) and the furthest
point Q;(0,¢) above ¢; on the vertical axis. We decompose this quantity into two
lengths @;(0,0) — @;(0,1) and @Q;(0,1) — Q;(0,7). We will also use the quantity
hi—1,1 that corresponds to the length between the vertically aligned points @Q;_1(1,0)
and Q;—1(1,7 — 1), located next to the vertical axis at index ¢ — 1 and sent by f;_1
to the points @;(0,1) and Q;(0,1%).
Proposition A.3 with slope a = 61/(c™ — o®) for the unstable graphs shows that

177 [Qi(0,0) — Qi(0,1)] |

<P lai — fii(aim)] i + 1P [ fiz1(@im1) — Qi (0, 1)] |1i

< 6 + || P [ fim1(gi-1) — Qi(0,1)] |I;

<6 + || P fic1(gi-1) — @il |li

< (1 + a)d;. (2.3)
By forward induction, using (A.4) in Lemma A.7, we justify the vocabulary “hori-
zontally aligned points”,

Qi—1(j k) —Qi—a(j k) eClty = Qi(j—1,k+1)—Qi(j —1L,k+1) eCy,
P [Qiz1(j k) — Qi1 (4", B)] llia

1
PO -1,k +1) = Qi(f — 1,k + D]l
qu?mllz[Q(J +1) — Qi(j +1)]|

hi,O S {(1 + Ol) +

In particular, taking ¥ = 1, 7 = 0, and j' = 1, one obtains with the convention

Qi(—=1,1) = fi_1(qi—1),

1Qi-1(0,0) = Qir (1,0)[li-1 < — i 3 1P [ fie1(gi—1) — Qi(0, )] li
< i 3 1P [ fie1(gi-1) — i) [l
<1 (2.4)

ot — 3y v
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By backward induction, using (A.5) in Lemma A.7, we justify the vocabulary
“vertically aligned points”,

Qi(4, k) —Qi(j,K)eC’ = Qii(j+1,k—-1)—Qia(j+1,K -1)eC;_,,
1P*[Qi(5, k) — Qi(5, k)]l
< (P + 3P [Qic1(G+1,k—1) — Qi1 ( + 1K — 1)]]li-1.
In particular, taking j =0, k = 0, and k' = 4, and using (2.3), one obtains
hio = ||1P7[Q:(0,0) — Qi(0,4)] Il:
< 177 [Qi(0,0) = Qi(0, )] [l + 177 [Qi(0, 1) — Qi(0, 8)] I
<1+ @)+ (0 +3n)hi—11. (2.5)
We estimate h;_1 1 using a path passing through the vertical axis
Qi-1,(1,0) = Q;—1(0,0) = Q;-1(0,i — 1) — Q;—1(1,7 — 1).
We obtain
himin <P [Qi-1(1,0) = Qi—1(0,0)][li—1
+ 1P [Qi=1(0,0) = Qi—1(0,7 — 1)] [li—1
+ 1Py [Qim1(0,i — 1) — Qi—1(1,i — 1)] [li—1
< hi—10+al|Py[Qi—1(0,i — 1) — Qi1 (1, — 1)][|;—1- (2.6)

The last inequality is obtained using P; 1 [Qi—1(1,0) — Q;—1(0,0)] = 0 and the fact
that the top horizontally aligned branch @;_1(0,7 — 1) — @;_1(1,7 — 1) belongs to
the cone C* ;. The top branch is estimated using the path

Qi—1(0,i — 1) = Q;_1(0,0) = Q;_1(1,0) = Qi_1(1,i — 1).
We obtain

1P [Qi—1(0,i —1) = Qi—1(1,i — 1)][li—1
<P [Qi-1(0,i = 1) = Qi1(0,0)][li—s
+ 1P [Qi—1(0,0) — Qi—1(1,0)][li—1
+ 1P [Qic1(1,0) = Qi1 (1,7 — D] [[i1

< Uu;_?méi +ahi—1. (2.7)

The last inequality is obtained using P ; [Qi_l((), i—1)—Q;-1(0, O)} = 0 for the
first term, (2.4) for the second term, the fact that Q;_1(1,0) —Q;—1(1,7— 1) belongs
to the cone C;_; for the third term, and the estimate

1P [Qi-1(1,0) = Qi1 (1,i — D][licy < | P71 [Qi-1(1,0) = Qi (1,0 — 1)][|i—1.

Combining (2.6) and (2.7), we obtain

c 8+ a?hi_11,

hi—11 < hi—10+

O—u

]’Li_170 + ;- (28)

< -
T 1-a?

Using (2.5) and (2.8) one obtains
hio < (14 a)d; + (0 +3n)hi—11

(1—a?)(c" —3n)
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@ 03+377}54 O’s+377h410
[ i—1,0;

< |(1
_{( +a)+1—a20“—3n 1—a?

which proves the claim of Step 2.

Step 3. We claim that, for every ¢ € [0,n — 1],

u ; ; dit1 «Q
IE71Qi0,) = i1, D]l < (1—a?)(o"—3y)  1-a2

The estimate (2.9) follows readily from (2.7) and (2.8) as

hio. (2.9)

1P [Qi(0,4) — Qi(1,4)][l; <

1
Oi+1 + ahi
—3n

ou
«

h (1—a?)(c* —3n

hio +

i1 < 0ig1-
2,1_1_a2 )1—0—1

Step 4. We simplify the previous inequalities
a o+ 3n

*+3 1
u<1, a< -, (1+a)+

! 2.10
ot —3n = =2 (2.10)

1—a?0%—3p

Then for every i € [0,n — 1], using the fact that Q;(k,i) — Q;(k
the cone C! and the estimate (2.9), one obtains

E
c
+ 1,4) belongs to

n—i—1

1P [Qi(0,1) — Qitn— i, )] [l < D> I1PH[Qilk,4) — Qi +1,9)] |l
k=0

n—i—1

k
<Y () IR lQusa 0.6+ ) — Quon(1i 4 1] i

[}

n—1i

1
1 i Oithk+1 Q
= ) . .

=
[}

Using [|P7[Qi(0,4) — Qi(n —i,1)] [|; < af|P*[Qi(0,4) — Qi(n —i,1)] [|;, the estimate
(2.11) becomes for every i € [0, n],

1Qi(0,4) — Qi(n —i,i) [l < (1 + )| P*[Qi(0,4) — Qi(n — i, d)];

n k—i
1ak=Zi+l (U“i?ﬂ)) Ok

n—1

1—
«
+1faz

k=i

Using (2.5), [|P£[Q:(0,0) — Qi(0,4)]]li = [|Q:(0,0) — Qi(0,4)[ls, and hg,o = 0, one
obtains

(= ! 3n>k7ihk,o. (2.12)

‘ 13 (/0% + 31\ ik
10 = [Qi(0,0) - Q; <= : :
hio = 1Qi(0,0) = Qi(0,9); < k_1<1—042) Ok (2.13)

As 12n < (1 — 04)? < (0, — 05)? , we have a? < 3n. Let

or = max (

0+ 3n 1 )
< —Ar).
1—a?’ o%—3n < exp(=Ar)
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Combining (2.12) and (2.13), we obtain

n—1
1Q:(0,0) = Qs(n —i,d)|; < — Za"“ 18+ 3" of " hi, (2.14)
k=i
. n k i ok—igk—t
7 -1 I I
Zvr Mo < g Y ok ok for (X )
k=i (=1 =1 k>max(i,0) T
(2.15)
In both cases, k >i¢>/for k> /{>1,
k—i _k—¢ k—i _k—¢
or o 2(k—i op o 2(k—0
r |z-£\ _ Ur( ) or IO |e—5\ _ Ur( )
O' O'F

Equation (2.15) becomes

hei ~ i
Zar hko_ o 170%;0 b0 (2.16)

1
We obtain item ii by addmg (2.14) and (2.16): for every i € [0,n],

Ips = alle = 19:(0,0) — Qu(n — i) < 5 —— ZZ <

Items iii and iv follow from

201 1—|—O’F
170’1“ 170’1*.

n
veeln], Y op <1y

i=0
Step 5. Consider now a periodic sequence (g;)jez. For every integer s > 1, consider
the restriction of that sequence over [—sn,sn] and apply item ii with a shift in
the indices ¢ = j + sn. There exists a sequence (p]) such that, for every

J € [=sn,sn —1], f;(p) = p};1, and

sn

Ip5 =il <Ko > Ife-1(gr—1) — grlle exp(=Arlk — j])

j=—sn

k=—sn+1
n s—1
< Kr Z [fi-1(@-1) — all Z exp(—Ap|l + hn — j|). (2.17)
— h=-—s

Adding (2.17) over j € [0,n — 1], one obtains

ZHPJ*%H; SKFZHfl o) —ally Z exp(—Ar|j + hn — 1)

Jj=1h=—s—-1

n (s+1)n—1
<KoY lficalan) —ali Y. exp(=Arli—k]).  (2.18)
=1 k=—(s—1)n

By compactness of the balls B;(%) one can extract a subsequence over the index
s of (p})52_g, converging for every j € Z to a sequence (p;)jez. In particular we
have for every j € Z, f;(p;) = pj+1. Notice that

1+exp( Ar)

> exp(=Arlk|) = —exp(—Ap)’
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The estimate (2.17) becomes

1+ exp( )\p)
—qills < K E —
||pJ q]”] > Fl exp(— £ Hfl 1(q— 1 alli-

The estimate (2.18) becomes

! 1 + exp( )\p)

— K
]Zo”pj gjll; < - exp(—\

ZHfl v(a-1) — all,

Define p; := pj4n. As ||p; — pj||; is uniformly bounded in j and both sequences
satisfy f;(p;) = Dj+1, fi(pj) = pj+1, for every j € Z, the cone property given in
Lemma A.7 implies p; = p; for every j € Z and therefore (p;),ez is a periodic
sequence, p;4n, = p; for every j € Z. 0

The proofs of Theorem 1.5 and Corollary 1.6 are standard and consist in rewriting
a pseudo orbit under the dynamics of f as a pseudo orbit in a family of adapted
local charts.

vi of Theorem 2.1, and from the precise dCSCrlpthIl of the notion of a famlly of local
charts as described in Definition A.4. O

3. The discrete Lax-Oleinik operator. We extend the definition of the Lax-
Oleinik operator (usually defined for Hamiltonian dynamics [9] or for discrete twist
maps [12]) for general maps (bijective or not) and show how it produces a particular
subaction (item ii of Definition 1.2) that we call a calibrated subaction.

Definition 3.1 (Discrete Lax-Oleinik operator). Let (M, f) be a topological dy-
namical system, A C M be a compact f-invariant subset, & D A be an open
neighborhood of A of compact closure, and ¢ € C°(Q,R). Let C' > 0 and ¢, be the
ergodic minimizing value of the restriction of ¢ to A, see (1.1).

i. The Discrete Laz-Oleinik operator is the nonlinear operator 1" acting on the
space of functions u : £ — R defined by

Vo € Q, Tl(z) :== 1nf {u(@) + ¢(a') — dp + Cd(f(2'), )} (3.1)

ii. A calibrated subaction of the Lazx-Oleinik operator is a continuous function
u : 2 — R solution of the equation

T[u] = u. (3.2)
Item ii implies readily that a calibrated subaction is a particular subaction

Ve e QN fHR), o f(x) = Tlil o f(2) < u() + 6(x) — 6.

The Lax-Oleinik operator is a fundamental tool for studying the set of minimizing
configurations in ergodic optimization (Thermodynamic formalism) or discrete
Lagrangian dynamics (Aubry-Mather theory, weak KAM theory). It appears for the
first time without any name for expanding maps in Bousch [2, Lemma A], [3, Theorem
1] and under the name Lax-Oleinik operator for continuous Lagrangian dynamics
in Fathi [6, 7]. Then Gomes [13, Theorem 3.3] understood the connection between
the continuous and the discrete versions of the two operators. Garibaldi, Lopes
[11] extended the definition of the Lax-Oleinik operator for more general expanding
maps. Garibaldi, Thieullen [12] adapted the notion of the Lax-Oleinik operator
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for interaction models (or generating functions, or generalized Frenkel-Kontorova
models). Su, Thieullen [23] studied the discounted Lax-Oleinik operator and its
convergence to the non-discounted one. Complete reviews on Ergodic Optimization
are given in Garibaldi [10] and Jenkinson [18].

A calibrated subaction is in some sense an optimal subaction. For expanding
endomorphisms or one-sided subshifts of finite type, the theory is well developed, see
for instance Definition 3.A in Garibaldi [10]. Unfortunately the standard definition
requires the existence of many inverse branches. Definition 3.1 is new though its
use is implicit in the proof of [4, Proof of Lemma 1.1]. The extended Lax-Oleinik
operator has the further advantage that it may be used for invertible dynamics.

Definition 3.2 (Discrete positive Livsic criterion). Let (M, f, ¢, A, Q,C) be as in
Definition 3.1. We say that ¢ satisfies the discrete positive Livsic criterion on §2
with distortion constant C' if

inf it 3 ($) — b+ CA(f(r)min)) > —c0.  (33)
=0

n>1 (zg,z1,...,0,)EQn+1

The discrete positive Livsic criterion is the key ingredient of the proof of the
existence of a calibrated subaction with a controlled Lipschitz constant. Here Lip(¢),
Lip(u), denote the Lipschitz constant of ¢ and u restricted on Q respectively.

Proposition 3.3. Let (M, f,¢,A,Q,C) be as in Definition 3.1. Assume that ¢
satisfies the discrete positive Livsic criterion on ) with distortion C. Then

i. the Laz-Oleinik operator admits a C° calibrated subaction,
ii. every C° calibrated subaction u is Lipschitz with Lip(u) < C.

Notice that conversely the discrete positive Liv§ic criterion is satisfied whenever
¢ admits a Lipschitz subaction v with Lip(u) < C. When C = 0 and the infimum
in (3.3) is taken over true orbits instead of all sequences, there always exists a lower
semi-continuous subaction (1.2) as it is discussed in [24].

We recall without proof some basic facts of the Lax-Oleinik operator.

Lemma 3.4. Let T be the Lax-Oleinik operator as in Definition 3.1. Then

i if up < ug then Tuq] < Tus],
it. for every constant c € R, T[u+ ¢] = Tu] + ¢,
iii. for every sequence of functions (un)n>0 bounded from below,

T[inf u,] = inf T[uy].
n>0 n>0
The proof of Proposition 3.3 is well known in weak KAM theory, see [6, 8, 9]. We
give the proof for the convenience of the reader.
Proof of Proposition 3.3. Define
Va,y € Q, E(z,y) = ¢(x) — ¢a + Cd(f(x),y),

and
n—1
I := inf inf E E(x;,xiy1).
n21 (zg,x1,...,xn)€Q" T =0

Part 1. We show that T'[u] is C-Lipschitz whenever u is continuous. Indeed if
z',y’ €  are given,

T[u](2') = u(z) + E(x,2"), for some x € €,



LIPSCHITZ SUB-ACTIONS FOR LOCALLY MAXIMAL HYPERBOLIC SETS OF A C* MAP 669

Tl(y') <uly) + E(y,y), forevery y € (.

Then by choosing y = z in the previous inequality, we obtain
Tlul(y) - Tlul(2") < E(z,y) - E(z,2") = C[d(f(2),y") — d(f(x),2")] < Cd(y',2").

Part 2. Let v := inf,,>o T™[0]. Notice that v < 0. We show that v is C-Lipschitz
and satisfies T'[v] > v. Indeed we first have

Vn>1, Vo' € Q, T"[0](2') =  inf ZE (i, ming) > 1.

0.y T =2’

In particular v is bounded from bellow by I. Moreover v is C-Lipschitz since T"[0]
is C-Lipschitz thanks to part 1. Finally we have

T[v] = T[iI;fOT"[O]] = inf T" o] > v.

n>0

Part 8. Let u := sup,,~o T"[v] = lim, 400 T"[v]. We show that u is a C-Lipschitz
calibrated subaction. We already know from parts 1 and 2 that 7™ [v] is C-Lipschitz
for every n > 0. Using the deﬁn1t10n of ¢, we know that, for every n > 1 there
exists z € A such that 1 (¢ o fi(x) — ¢a) <0, and using the fact that T"[v] is
C-Lipschitz, we have

T l(f" (@ +ZE @), [ +Z¢ o fH(z) = 6a) <
T" [v] (2’ ) S Cd(2, f"(z)) < Cdiam(), V:zr €.

In particular u is bounded from above. As T'[v] > v, we also have T'[u] > u. We
next show T'[u] < u. Let 2/ € Q. For every n > 1, T[T"[v]] = T""'[v] < u, there
exists x,, € ) such that

T"[v](xn) + E(zn, 2") < u(z’).

By compactness of (2_7 (Zn)n>1 admits a converging subsequence (denoted the same
way) to some xo, € . Thanks to the uniform Lipschitz constant of the sequence
(T™[v])n>1 and the fact that lim, 4. T"[v] = u, we obtain,

Va' € Q, Tl|(z') = inf {u(x) + BE(z,2")} < u(2s0) + E(To0,2’) < u(2).
z€Q
We have proved T[u] = u and u is C-Lipschitz. O

4. The discrete positive Livsic criterion. Let (M, f) be a C* dynamical system,
A € M be a locally maximal hyperbolic compact subset, and ¢ : M — R be a
Lipschitz continuous function. A calibrated subaction w (3.2) is in particular a
subaction (1.2)

Yz €, wuo f(z)—ulr) < ox)— oa.
Theorem 1.3 is therefore a consequence of Proposition 3.3 provided we prove that f
satisfies the discrete positive Livsic criterion (3.3).

Proposition 4.1. Let (M, f, A, ¢) be as in Theorem 1.3. Define

N 1)di Q
C = max (( 45+ E)A;am( AS), KAPS)Lip(¢)a

Qus = {z € M :d(z,A) < eas},
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where €45, Kaps have been defined in Theorem 1.5 and Corollary 1.6, Nag is a
covering number of Qas by balls of radius eas/2. Then ¢ satisfies the discrete
positive Livsic criterion on Qag with distortion C'.

For a true orbit instead of a pseudo orbit, the positive LIVSIC criterion amounts to
bounding from below the normalized Birkhoff sum Z (¢ fi(x) — (b) As we
saw in [24], this is equivalent to the existence of a bounded lower semi-continuous
subaction. To obtain a better regularity of the subaction we need the stronger
criterion (3.3).

We first start by proving two intermediate lemmas, Lemma 4.2 for periodic
pseudo-orbits, and Lemma 4.4 for pseudo-orbits.

Lemma 4.2. Let C > KapgLip(¢). Then for every periodic €as-pseudo orbit
(xz)ZL:O Of QAS;

i
L

(p(:) — da + Cd(f (%), zi41)) > 0.

Il
o

i

Proof. Corollary 1.6 tells us that there exists a periodic orbit p € A, f™(p) = p, such
that

Sd(wi,f”(p)) < KAPSnild(f(xi),xiH).
Then - =
:(Qb(xi) — Ga + Cd(f (i), wi41))
221(0?0 —6a) +Z Fi(p) + Cd(f (1), 2111))
> HZS (6o f(p) — ¢a) +ZO — Lip(¢)d(zi, f1(p)) + Cd(f (i), zi11))
Znzl(¢0J‘(>—<z§A)zo. 0

=0

Lemma 4.3. Let Nyg > 1 be the smallest number of balls of radius eas/2 that
can cover Qus. Let (x;), be a sequence of points of Qas. Then there exists
r € [1,Nas] and times 0 =19 < 11 < -+ < 7 = n such that,

i. Ve [l,r—1], VI e [0,k —1], Vj € [rk,n — 1], d(xj,zr) > €as,

it. Yk e [1,r—1], if 7 > Ti—1 + 2 then d(xr,—1,%r,,_,) < €4S,

iii. either d(xr.—1,%,,_,) < €as or d(zr,,2r._,) < €as.

Proof. We construct by induction the sequence 7. Assume we have constructed
71 < n. Define

T:={jelm+1n]:dxj,z,) <eas}
If T =0, choose 111 = 7 + 1; if T'# 0 and max(T) < n then 74,1 = max(T) + 1,
d(Tr, —1,%7,) < €as and for every j > 741, d(xj, Tr,) > €ag; if max(T) = n then
Tit1 = n. Since (z,);_4 are € apart, 7 < Nag. O
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FIGURE 2. The schematic r returns of Lemma 4.3. The orbit starts
at time 79 = 0 and waits until the last return time to the ball
By = B(%,,€4s). Either there is no return time, then 73 = 1; or
Zpn € Bo, then r =1 and 71 = n; or z,, ¢ By, then 71 > 2, 74 — 1 is
the last return and z; ¢ By for every j > 7i. The orbit restarts at
71, let By = B(2r,,€45), wait until the last return to By, and so
on.

Lemma 4.4. Let C = K, pgLip(¢) and Nag be the smallest number of balls of
radius eas/2 that can cover Qags. Let das := Nagdiam(Qag). Then for every
eas-pseudo orbit (x;)7_, of Qas,

n—1

D (¢(@:) = da + Cd(f(2:), wi11)) > —Lip(¢)d as.

i=0
Proof. We split the pseudo orbit (xi)?z_ol into r < Nag segments of the form
(xl):it_;_l according to Lemma 4.3, for 0 < k <r—1with0=1g <71 <--- < 7. = n.
To simplify the notations, denote

bi = ¢(z;) — a + Cd(f (25), Tis1).
Notice that for every i € [0,n — 1]

n

-1
_ | . .
¢ 2 ¢lai) = ¢a = lim sup > (oﬁ(xi) —¢o f’“(x)) > —Lip(¢)diam(Qas).
n 00N e o
If h41 > 7 +2 and k € [0,7 — 1] then d(z,,, 27, 1) < €as, (xZ)ZfT;_I is a
periodic pseudo orbit as in Lemma 4.2 and

Th+1—2 Tr4+1—1
> 620, > ¢ > —Lip(¢)diam(Qas).
=T} T=T}

If 7, > 7,_1 + 2 then either (z;)77"

~,or (x;);~  is a periodic pseudo orbit. In
both cases we have

—1

Tr—1
> ¢i > —Lip(¢)diam(Qas).
I=Tpr_1
Ika+1 =71, + 1 then
Te+1—1
> i = s, > —Lip(¢)diam(Qas).
P=Ty

By adding these inequalities for k € [0, — 1], we have

Tr—1

> ¢i > —Lip(¢) Nagdiam(Qas). O

i:TQ
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We recall that K spg, €45, have been defined in Theorem 1.5, Corollary 1.6, and
Nyas, 0as, in Lemma 4.4.

Proof of Proposition 4.1. Let (z;)_, be a sequence of points of Q45. We split
the sequence into disjoint segments (xi){g;*, O0=10<7 < - <7k < Tpy1 <
-+ < 1, = n, having one of the following form.

Segment of the first kind: 141 = 7, + 1 and d(f (24, ), T7,,,) > €as. Then

¢($Tk) - (ZEA > _Lip((b)diam(QAS)a d(f({,CTk), $7k+1) > €AS-
By choosing C' > Lip(¢)diam(Q4g5)/e€as, we obtain

(b(x‘rk) - QEA + Cd(f(ka)7x7k+1) > 0.
Segment of the second kind: Ti41 > 7 + 2 and

{ V1 <0 <71 — 2, d(f(20), Ti1) < eas,
d(f(x7k+1—1)7x7k+1) > €AS-

Then (zz):g;]l;l is a pseudo orbit. By using Lemma 4.4 and C > K 4pgLip(¢), we
have
Th41—2

D (6(x:) = da + Cd(f (), wis1)) > —Lip(¢)das,

¢(‘T7k+1*1) - é/\ + Cd(f(xﬂc+1*1)’ x7k+1) > —Lip(¢)diam(QAs) + Ceas.
By choosing C' > Lip(¢)(das + diam(Q45))/€as, we obtain
Tr+1—1
> (d(xi) — a4+ Cd(f (i), wi11)) > 0.

T
I=Tr_1

Segment of the third kind: if it exists, this segment is the last one and (z;)
is a pseudo orbit. By using again Lemma 4.4
Tr—1
Y (#(@i) = éa + Cd(f (i), zir1)) = ~Lip(@)das.
1=Tr_1

O

Proof of Theorem 1.3. The proof readily follows from the conclusions of Propo-
sitions 3.3 and 4.1. O

Acknowledgments. The authors thank the anonymous referees for their careful
reading and for several suggestions that have improved the paper.

Appendix A. Local hyperbolic dynamics. We recall in this section the local
theory of hyperbolic dynamics. The dynamics is obtained by iterating a sequence
of (non linear) maps defined locally and close to uniformly hyperbolic linear maps
that may be non invertible. The notion of adapted local charts is defined in A.3. In
these charts the expansion along the unstable direction, or the contraction along the
stable direction, is realized at the first iteration, instead of after some number of
iterations. It is a standard notion that can be extended in different directions, see
for instance, Hasselblatt, Katok [15] or Gourmelon [14]. We will not give any proof
here.

It will be important to keep in mind that we are considering maps that may not
be invertible. These maps are seen as perturbations of their tangent maps. We only
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assume that the tangent maps are invertible along the unstable direction. They
may have a kernel belonging to the stable direction. In particular, the following
description is also valid for quasi-compact maps in infinite dimension.

A.1. Adapted local hyperbolic map. A local hyperbolic map is a Lipschitz
perturbation of a hyperbolic linear map that could be non injective. The constants
(o%,0"%, 1, p) that appear in the following definition are used in the proof of Theorem
2.1.

Definition A.1 (Adapted local hyperbolic map). Let (0%, 0%, 7, p) be positive real
numbers called constants of hyperbolicity. Let R* = E* @ E* and RY = E* @ E°
be two Banach spaces equipped with two norms | - | and || - || respectively. Let
P*:R* - E* and P : R® — E* be the two linear projectors associated with the
splitting R% = E* @ E* and similarly P* : R — E* and P* : R — E® be the two
projectors associated with R = E¥ @ E*. Let B(p), B“(p), B*(p) be the balls of
radius p on each E, E*, E* respectively, with respect to the norm |- |. Let B(p),
B“(p), B*(p) be the corresponding balls with respect to the norm || - ||. We assume
that both norms are sup norm adapted to the splitting in the sense,

Yo,w € E¥ x E*, |v+ w| = max(|v], |w]),
Vo,w € E* x E*, [|v + w]| = max(||v]], [Jw]]).

In particular B(p) = B*(p) x B*(p), B(p) = B*(p) x B*(p). We also assume

U>1>0°% 7 <mi (Uuil 1708)
g g min
Y 7] 6 Y 6

€(p) := pmin (UUQ_ 1, ! _808>.

(A1)

An adapted local hyperbolic map with respect to the two norms and the constants of
hyperbolicity is a set of data (f, A, E%/*,E%/* ||, - ||) such that:

i. f:B(p) — R is a Lipschitz map,
ii. A:R%4 = R?is a linear map which may not be invertible and is defined into
block matrices

4o [A D (v,w) € B x B, [ o=A"+ D"we E",
| Ds AS| A(v +w) =0+ 0, w= D%+ A%w € E*,

that satisfies

{vveEu, JAl| > oo, {IID“IISn, Lip(f — A) <,
Vwe B, [Aw] < o*ul, 1Dl <n. IFO) < e(p),

where the Lip constant is computed using the two norms |- | and || - ||

The constant ¢“ is called the expanding constant, o° is called the contracting
constant, ker(A®) could be non trivial. The constant p represents a uniform size of
local charts. The constant €(p) represents the error in a pseudo-orbit. The constant
7 represents a deviation from the linear map and should be thought of as small
compared to the gaps c* — 1 and 1 — o®. Notice that €(p) is independent of 1. The
map f : B(p) — R? should be considered as a perturbation of its linear part A.
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A.2. Adapted local graph transform. The graph transform is a perturbation
technique of a hyperbolic linear map. A hyperbolic linear map preserves a splitting
into an unstable vector space on which the linear map is expanding, and a stable
vector space on which the linear map is contracting. It is standard to show that a
Lipschitz map close to a hyperbolic linear map also preserves similar objects that
are Lipschitz graphs tangent to the unstable direction. We recall that the operator
A may have a non trivial kernel and that we don’t assume f to be invertible.

Definition A.2. Let (6%, 0% 7, p), R = E*@® E* = E*® E* be as in Definition A 1.
We denote by G* the set of Lipschitz graphs over the unstable direction E* with
controlled Lipschitz constant and height. More precisely, let

61

)
O-u_a-s

g  ={[G: B"(p) - B*(p)] : Lin(G) < Gol<2}, (a2

and similarly G* the set of Lipschitz graphs using the norm || - ||. The graph of
G € G" is by definition the subset of B(p):

Graph(G) == {v+ G(v) : v € B*(p)}.

Notice that, thanks to (A.1), Lip(G) < 3 for every G € G“. Notice also that
the Lipschitz constant of G goes to zero as f becomes more and more linear, as
17 — 0, independently of the location of f(0) controlled by €(p) depending only on

(0",0%p).
Proposition A.3 (Forward local graph transform). Let (6%, 0% 1, p,€), R? = E* @
E® = E"® E®, and (A, f) be as defined in Definition A.1. Then
i. For every graph G € G" there exists a unique graph G € G* such that
{ Ve B“~(p)7 31w € BY(p), © = P*f(v+ G(v)),
G(5) = P*f(v + G(v).

#. For every Gy, Gy € G and Gy, Gy the corresponding graphs,
IG1 = Gallos < (0° +27) |G — Gaoo-
1i. The map

gv — g*
= =z A.

T { G~ G, (A.3)
1s called the forward graph transform. 3

. for every G € G*, f(Graph(G)) D Graph(G) ,
V1,42 € Graph(G) N f 1 (Graph(G)), [|If(a1) = f(g2)]| = (0" = 30) a1 — gl.

For a detailed proof of this proposition we suggest the monography by Hirsch,
Pugh, Shub [16]. As we don’t assume f to be invertible, the backward graph
transform cannot be defined.

A.3. Adapted local charts. We consider in this section a C' dynamical systems
(M, f) on a manifold M of dimension d > 2 without boundary, A C M a hyperbolic f-
invariant compact set, and Q D A an open neighborhood of A of compact closure. Let
A <0< A, Cp > 1, and T, M = E}(z) ® E3 () as in Definition 1.1. We show that
we can construct a family of local charts well adapted to the hyperbolicity of A. The
existence of such a family depends only on the continuity of x € A — E}(x) ® Ef(z)
and the C! regularity of f.
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Definition A.4 (Adapted local charts). Let (M, f) be a C' dynamical system,
U C M be an open set, and A C U be an f-invariant compact hyperbolic set with
constants of hyperbolicity (A\*, A®?). A family of adapted local charts is a set of data
'y = (I,E,N,F,A) and a set of constants (c%,0%, 7, p) satisfying the following
properties:

i. The constants (o%,0°,1, p) are chosen so that,

exp(A’) < 0’ <1< o" < exp(A*)

c*—1 1-0° ) /o =1 1-0°

PR ) €(p) -—pmm( 5 g )
where \¥, A® are the constants of hyperbolicity of A as in Definition 1.1. Notice
that €(p) < p/8.

ii. T' = (v2)zea is a parametrized family of charts such that for every = € A,
vz : B(1) € R* — M is a diffeomorphism from the unit ball B(1) of R? onto an
open set in M, 7,(0) = z, and such that the C! norm of 7,,v; ! is uniformly
bounded with respect to x.

77<min(

iiil. F = (Eg/s)g:e,\ is a parametrized family of splitting R = E¥ @ E$ obtained by
pull backward of the corresponding splitting on T M by the tangent map Ty,
at the origin of RY,

By = (Toy.) " Ex(2), E; = (Tova)” Ex(x),

and by Id = P} + P;, the corresponding projectors onto E¥, EJ respectively.
iv. N:= (|- |lz)zea is a C° parametrized family of norms. The adapted local norm
is a sup norm adapted to the splitting EY @ E? that satisfies

Vve EY, we E], |v+wly=max(||v|e, ||w]s).

The ball of radius p centered at the origin of R? is denoted by B, (p).
v. The constant p is chosen so that v, (B,(p)) C U and

Vo,ye A, [f(z) € 7(By(p)) = f(1a(Bz(p)) C v (B(1))]

vii. F = (fo,y)zyen is a family of C' maps f,, : B.(p) — B(1) which is
parametrized by couples of points (z,y) € A satisfying f(z) € ~,(By(p)).
The adapted local map is defined by

Vv e Br(ﬂ)v fm,y(v) = 7;1 o fo’ym(’u).

vil. A := (Aszy)zyea is the family of tangent maps A, , : R? — R? of foy at
the origin, that is parametrized by the couples of points z,y € A satisfying
f(x) € vy(By(p)). Let

Az y = Dfy,(0),
where D f, ,,(0) denotes the differential map of v — f5 ,(v) at v =0.
vili. For every x,y € A satisfying f(z) € v,(By(€)), the set of data

(o Avs B2 By 1 Nl [ 1ly)

is an adapted local hyperbolic map with respect to the constant of hyperbolicity
(c%,0%,1n,p) as in Definition A.1. We have

PlA, Py PlA Py

Avw = | poa,,Pr PiA, P
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{ Vo€ Eg, [Azyolly = 0"|vlle, { 1Py Awy P .y <1,
Vo e Eg, ([ Azyvlly < oo, 1Py Ay P2y <1,

{ [ fo.y(O)ly < €(p),
Vv € Bz(p), ||sz,y(v) - Am,yllz,y <,

where || - ||z,y denotes the matrix norm computed according to the two adapted
local norms || - ||z and || - [|.

The existence of a family of adapted local norms is one of the central results in
the Definition A.4. We don’t repeat the proof here.

Definition A.5 (Admissible transitions for maps). Let I'y be a family of adapted

local charts as given in Definition A.4. Let x,y € A. We say that x s yis a
I'p-admissible transition if

f(@) € 7y(By(e(p))) (& fay(0) € By(elp)) ).

A sequence (z;)}, of points of A is said to be I'y-admissible if z; Oy xi41 for every
0<7<n.

A.4. Adapted local unstable cones.

Definition A.6 (Unstable/stable cones). Let R = E%@® E° be a splitting equipped
with a norm |-|. Let a € (0,1)

i. The unstable cone of angle « is the set
C*(a) = {w e R?: |P*w| < a| P wl}.
ii. The stable cone of angle « is the set
Ci(a) == {w e R : [P w| < a|PPw|}.
Notice that the unstable cone C*(«) contains the unstable vector space E™.

Lemma A.7 (Equivariance of unstable/stable cones). We consider the notations
of Definition A.1, where (c%,0%, p,n,€) are some positive constants, R = E* @ E°
and R? = E* @ E* are two vector spaces with norms |- | and | - || respectively, and
(A, f) is an adapted local hyperbolic map. Let

ao® + 3n
o —3n

ae( 6n 1) and [ :=

)
O-’LL_O—S

Then 5 < a and, for every a,b € B(p) = B%(p) + B*(p),
i. if b—a € C*a), then f(b) — f(a) € C*(B) and

I1P“(f(b) = f(a)ll = (0" = 3n)[P*(b—a)], (A4)
i. if f(b) — f(a) € C*(a), then b—a € C*() and

1P*(f(b) = f(@)]l < (0° + 30)| P*(b — a). (A.5)
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