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|. Summary - Main goal

Apply some methods in dynamical systems to solve

o %(t,x) + H(z,Vu(t,z)) =0, (non stationary Hamilton-Jacobi),
e H(z,Vau(z)) = H, (cell equation),
o dus(z) + H(xz,Vus(x)) =0, (discounted cell equation)

where H(z,p) : T¢ x R? = R is C?, periodic in z, strictly convex and
super-linear in p, autonomous

2 X
o |Zen] > alsy),

) . H(z,p
e limp 100 mf:ml\pl\ZR W =t

H(xz,p) is called a Tonelli Hamiltonian
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|. Summary - known results

Solutions in the viscosity sense
Consider the cell equation
H(z,Vu(z)) = H
u is said to be a sub-solution in the viscosity sense if

e Vg € T, Vo € CL(T4 R), if ¢(z0) = u(zo) and YV, ¢(z) > u(z),
e then H(xo, Vé(z0)) < H.

Existence of solutions In all 3 equations a solution exists in the
viscosity sense

o %l:(t,x) + H(z,Vu(t,x)) =0, u(t, x) is unique,
o H(x,Viu(z)) = H, @(x) is not unique, H is unique,
e dus(z) + H(z, Vus(z)) =0, ugs(z) is unique.
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|. Summary - Solutions

Explicit solution of the non stationary Hamilton-Jacobi equation

ou
{ SH(t,2) + H(z, Vu(t,z)) = 0
uw(0,2) = up(x)

the unique solution is given by

0
uta)= it u(-0)+ [ 26.9) s,
wecz(([o—)t,O],R% —t
7(0)==

where L(x,v) is the Legendre transform of H(x, p)

L(z,v) = sgp{v p—H(z,p)}
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|. Summary - Solutions
Explicit solution of the effective energy

H(z,Vu(x))=H

then the effective energy is given by

_ 1 /0
—H = 1 inf - L ) d.
tmo0 yeC2([ot0] 2Y) [t /—t (9) S}

Weak KAM theorem [Fathi, 1997]

{ g—?(tx) + H(z,Vu(t,z)) =0
u(0,2) = up(x)
u(t,z) +tH — u(z) in the C° topology

u(x) is called weak KAM solution
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|. Summary - Solutions

Explicit solution for the discounted cell equation
dus(x) + H(x,Vus(z)) =0

the unique solution is given by

0
ws(z)=  inf /esﬁws),ws»ds,
YEC?((—00,0,RY) J — o
v(0)==x

Weak KAM theorem [Davini,Fathi,lturriaga,Zavidovique, 2016]

lim (w(w) + H) =a(z) in the C° topology
6—0 1)
H(z,u(x)) = H
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|. Summary - Characteristics method

Weierstrass-Tonelli solution ~ Assume uy € C?(T4)

ou
{ 5 + H(z,Vu(t,z)) =0,
U(va) = UO(I)

Then a C? solution exists uniformly in x for a short time 0 < t < ¢
t .
ult, @) = uo(X1.0(0)) + / L(X1a(s), Xpa(s)) ds
0

where X ,(s), P;»(s) are solutions of the Hamiltonian flow

. OH
X — (X, Prt), Xo4(t) =
it ap (Xats Put) t(t) =z
. OH
PLE7t = _%(Xw,t; Px,t)a Pw,t(o) = VUO(XZD7t(O))
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|. Summary - Characteristics method

Remark The Weierstrass-Tonelli solution is a minimizer

0
u(t,r) = inf {uo(v(—t)) +/
7602(([;@0],11@) —t
~y(t)=x

L(7,) ds}

pv < H(z,p) + L(z,v),

b ou

ut10) = wo(aO) < [ [0 + HOWT0) + Lovi)] ds = [ 203 ds

0
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|. Summary - Dynamic programming

Dynamic programming for the discounted equation

Sus(z) + H(z, Vus(z)) =0

0
us@) = ot TG (s) ds
VO (o0 01" J oo
v(0)=x

us(x) = inf {e’t‘su(;(’y(ft)) +/
veC (([Of)t,OLR") —t
7(0)=x

0
e L(1(s), 7(s)) ds}

Dynamic programming for the cell equation

S

Sa(),  H(a(e), Vi) = A
0

a(x) —tH = inf - {ﬂ(’y(—t))Jr/ L(m)ds}

yeC?([—t,0 —t
v(0)==
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|. Summary - Lax-Oleinik operator

Definition - Lax-Oleinik operator For every uy € C°(T%)

0
o Tu)(x) = VECQ{[TgW) Lu(r(-1)) + / L) ds)
~v(0)==

o TSt =T o T

Weak KAM Theorem [Fathi] for every u € C°(T4)

ou
5 + H(z,Vu(t,z)) =0,

w(0,2) = ug(x)
o Tug) +tH — () (in the C° topology)
e H(z,Viu(z))=H <+= T'ua|=u(z)—tH, Vt>0

o u(t,x) := T [ug](x) solves {
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Il. Discrete weak KAM approach
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lI. The discrete Lax-Oleinik operator
The cell equation

H(z,Vau(z)) = H, H(x,p) is a Tonelli Hamiltoinan

The (continous) Lax-Oleinik operator  For every u € CY(T%)

0
T u)(z) :=  inf {u(’y(ft)) +/
yec (([*)LO]JR ) —t

~v(0)=z

L(v,) ds}

The discrete Lax-Oleinik operator

E, (z,y) := TL(:L', Y z), 7>0 (small)

Tr[ul(y) = min {u(z) + Er(x.y)}, Vue COTY)
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I. The discrete cell equation

Notations

H(z,p) a Tonelli Hamiltonian
L(z,v) = sup,cpa{p - v — H(x,p)}
Er(z,y) = 7L(x, *75)

T [u)(y) = ming {u(z) + E-(z,y)}, Vu € C°(T?)

Theorem (Su, Th): first part

o I(u,, E), T.lu,]=u, + E; (non unique @, € C°(T9))
- : . RS _

o [_= ngrfoo xo,mllr’l.f”’mn - ]; E, (zk-1,zk) (unique)

o B, =—7H+0O(7?) (as 7 —0)

° U, — 1, (for some subsequence , Lip(a,) < C)

e H(z,Vau(z))=H (in the viscosity sense)

Main drawback: a sub-sequence need be taken for u.
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[I. The discounted discrete Lax-Oleinik

The discounted cell equation

dus(z) + H(z, Vus(x))) =0, (in the viscosity sense)

0
us(z) = inf / e L(v(s),%(s)) ds

’Y(O)Zw —00
The discounted Lax-Oleinik operator
0

Tiu](r) = inf {eft‘;u(’y(—t))—&—/

v(0)== —t

eI L(1(s),4(5)) ds |

The discounted discrete Lax-Oleinik operator

T; slul(y) = mgn{(lfT(S)u(x)JrET(:r,y)} E,(z,y) = 7—L<x7 Y ; x)
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Il. The discounted discrete cell equation

Notations
o dus(x) + H(xz,Vus(xz)) =0 (the discounted cell equation)
o H(x,Viu(z)) = H (the cell equation)

o Trslul(y) = ming {(1 — m0)u(z) + Er(2,y)}

e E, defined uniquely by T} [4,] = 4, + E, for some i,

Theorem (Su, Th): second part

° 3“7,5 TT,(S[UT,(S] = Urs (unique)
urs(z) = inf 1—70)*E (x_p_1,2_
s = S B )
To=x —
e urs=us+0(5) asT—0 (for fixed § > 0)
° us+ % —a (DFIZ theorem, no speed)
o U5 — % —u; asd—0 (for fixed 7 > 0, no speed)

s~ ] - s+ 4] =0(3)
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] Il. Selection principle
Recall u,;— % — U, is a distinguished solution of

TT [’H/T](y) = leln{a_r(x) + ET(x’ y)} = aT(y) + ET

Stationary plan A probability measure 7(dx, dy) on T¢ x T? s.t.

//qb m(dz, dy) = //¢ m(dz,dy) Vo € CO(TY)

Minimizing plan A stationary plan 7, is minimizing if
E, = min/ E,(z,y) (dz,dy) :/ E.(z,y) Tmin(dz, dy)

Maiié Potential Define on T¢ x T¢

n—1
b, (z,y) = inf inf Z [ET(xk,ka) - E‘T}

n>1 Z0,T1,",%n
To=T, Tn=Y k=0
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[1. Selection principle bis

Notation
o Trlur|(y) = ming{u-(z) + Er(z,y)}
o Tr s[u)(y) = ming {(1 — 76)u(z) + E7(z,y)}

Theorem: second part If T s[u;s] = urs

o U5 — —g — Uy asd—0 where T, [u,]=1u,+ E;
T

e First characterization
U (2) = sup {w(z) : Tylw] =w+ E, and //w(y) dr(z,y) <0, VW}
e Second characterization

- (z) = inf { // O (z,z)dn(x,y) : ™ minimizing plan}

UNSW, April 2018 Dynamical approach of HJ 19/27



I. Summary Il. Discretization |Il. Numerical analysis Bibliography

II. The discrete Aubry set

Effective energy and Maiié potential

_ 1 <&
E,= 1 inf =Y E(zp_1,
1m mn e Z (xk 1 xk)

n—-+00 Tg,T1,..

k=1
n—1
¢T (x’ y) - ’I’llgfl mOv'EllI:lf s5Tn Z [ET (:Ek7 :Ek—‘rl) B ET}

TO=Z, Tn=Y k=0

The projected Aubry set & (z,7) >0, Vo cT?
ProjectedAubry(E,) := {z € T?: &, (z,z) = 0}
The Aubry set @, (z,y) + @, (y,7) >0, V(z,y) € T¢x T?

Aubry(E;) == {(z,y) € T x T¢: . (2,y) + @, (y,z) = 0}
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[I. Minimizing configuration

Definition A configuration (x1);>° __ is minimizing if

k=—oc0
m—+n B m—+n o
Z [Er(xp—1,21) — B < Z [Er(yr—1,ux) — E-],
k=m+1 k=m+1

Vm € Z7 n >0 V(yk)}x’io@ Ym+1 = Tm+1y Ym+n = Tm+n

Existence Let 7.[u,] = @, + E,, y € R?, and

Top_1 € argmin{u,(z) + E-(z,2_)}, zo=1y
zER4

® (Z_yp)n>0 is a backward minimizing configuration — Aubry(E;)

e the Aubry set is a set of uniqueness for @,

tr(y) = i iy o, (z,
“ (y) xGProjectIB(ilAlubry(ET){u (Z‘) + (ZII y)}
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I11. Numerical analysis

UNSW, April 2018 Dynamical approach of HJ 22/27



I. Summary Il Discretization 1Il. Numerical analysis Bibliography

[1l. The approximation scheme

Solve H(z,Vu(r)) = H
e compute explicitly, L(z,v) := sup,cga [p Sv— H(m,p)],
e choose a step time 7 > 0 and define  E (z,y) :=7L (m, %)
o define T [ur)(y) := mingera{u, () + E-(z,y)}
e solve T, [u,] = @i, + E, using Ishikawa's iterative method

n (n) ul™ (n)
W@ — 0, D + T fur ] min( + T [ur ])
T T 2 2
(n) — U,, min (T [ur (n )]) — E,
o —7* — H, 1, — @ for some sub-sequence 7 — 0

e H(z,Vau(z)) = H, in the viscosity sense
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[Il. The inverse pendulum

Frenkel-Kontorova model

H(z,p)=3(p+N?*—KV(z), V(z)= ﬁ(l — cos 27x)
L(z,v) = 3v* — v+ KV ()

Er(z,y)=7L(z, =) = £ (y—2)? = ANy —z) + TKV (2)
solve @, (y) + E, = min,{u,(z) + E.(x,y)}

~E. /T —H

ur — u for some subsequence

L(Va+N)?*—-KV(z) =H
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[1l. The continuous weak KAM
Explicit solutions
o L(Va+ 2?2 - KV(z ):Hr & Va:—)\i\/m
o A= [y 2KV (s)ds =
e if \> )\, then 3! H s.t. )\:fo \/mds

VO<z<1, ax)= —)\x—i—/w \/2(H + KV(s))ds
0

e If A <\, then H =0,

dz, € 11 A= / V2KV (s ds—/ V2KV (s)ds

ﬂ(x):—)\x—i—fo V2KV (s) ds, if0<z<uaz,
w(z) = —Az + [ /2KV (s) ds — fi V2KV (s)ds, ifx, <z<1
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l1l. The discrete weak KAM: H = 0

The cell equation
e 3(Vu(z) + N2 - KV(z)=H, V(z)= ﬁ(l — cos 2mx)
o U, (y) + Er = min, {t,(2) + 5= (y —2)? — My —z) + TKV (2)}

e K=1, z,=3, X=0.143 < A\, = 0.202, Ngig = 1000

Numerical approximation In black: @, in red: @,

0.3 0.3
0.2 " 0.2 KN
. .
< ~< N
T o1 . T oot ..
E o > E o >
~ N 1/2 T ‘v.\ N 1/2 T,
E) AN B S
> -0.1 \“ > -0.1 \\
. .
-0.2 \\ | -0.2 ‘\ i
~ - ~ R
-0.3 Seela- -0.3 S -
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
x @

7=1, B, ~107"2, Nie =32 7=0.1, E; ~1072°, Nier = 196
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