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The ultimate goal of the project:
To interprete the solution of the cell equation in Hamilton-Jacobi as a
ground state, that is, a zero temperature limite of Gibbs measures

@ A short introduction on the semi-discretized cell problem
@ A dynamical interpretation by the Frenkel-Kontorova model

© Gibbs measures and phase transition
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A semi-discretized cell equation

o Notations: We consider an Hamiltonian H(z, p), continuous,
periodic in x, convex in p and uniformly superlinear in p

H(z,p)
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o Notations: We consider an Hamiltonian H(z, p), continuous,
periodic in x, convex in p and uniformly superlinear in p

H(z,p)
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lpl—+oo zeRe  [|p]|

=400

e The cell equation: There exist a unique constant H(P) such that
that, for any P € R? fixed,

H(x,Du(z) + P)= H(P), VazcR?

admits a periodic solution u(x) = u(x, P) in the viscosity sense.
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A semi-discretized cell equation

e An approximate cell problem: (Hamilton-Jacobi-Belman) There
exists a unique viscosity solution u,(z) of

euc(z) + H(z, Duc(x) + P) =0, VuzecR?
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A semi-discretized cell equation

e An approximate cell problem: (Hamilton-Jacobi-Belman) There
exists a unique viscosity solution u,(z) of

euc(z) + H(z, Duc(x) + P) =0, VuzecR?
@ The value function: (of an infinite horizon problem)
0

ue(x) = ue(z, P) = inf { / [L(%"y) - P. "y} e~llds -

— 0o

7€ W(] - 00,0, RY), 7(0) =}

where L(z,v) = sup{p-v — H(x,p) : p € R?} is the associated
Lagrangian
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exists a unique viscosity solution u,(z) of

euc(z) + H(z, Duc(x) + P) =0, VuzecR?
@ The value function: (of an infinite horizon problem)

0

ue(z) = ue(z, P) = inf{/

— 0o

[L(V,"y) - P "y} elslds -
7€ W(] - 00,0, RY), 7(0) =}

where L(z,v) = sup{p-v — H(x,p) : p € R?} is the associated
Lagrangian

@ LPV result: For some subsequence of ¢, uniformly in x

euc(r) > —H(P), wuc(z)— minu. — u(x)
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A semi-discretized cell equation

@ The semi-discretized HJB equation: Let 7 > 0 be a time step.
Let t_p = —7k, k=1,2,...

+oo
Ue 7 () = inf { ZT[L(x_k,v_k) —Pov_p|(1—er)k !
k=1

d
v ERY x_pp1 =2 +TU_), T9 = x}

Roma 2011, Sapienza Zero temperature limite  6/23



A semi-discretized cell equation

@ The semi-discretized HJB equation: Let 7 > 0 be a time step.
Let t_p = —7k, k=1,2,...

—+o0

Ue - (x) = inf { ZT[L(x_k,v_k) —P-v_g|(1—er)f L
k=1

d
v ERY x_pp1 =2 +TU_), T9 = x}

o Results (Falcone, Rorro): If in addition H(z,p) is C*-smooth and
strictly convex in p, then, for some constant C,

r
sup |te - (z) —u(z)] < C—
rcRd €
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A semi-discretized cell equation

@ The discrete dynamical programming principal: The discrete
value function u(z) = uc , satisfies

u(z) — u(x — 1v)

eu(z) + sup {(1 —€T)

—L(l‘—TU,U)+P-U} =0
vER?

T
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@ The discrete dynamical programming principal: The discrete
value function u(z) = uc , satisfies

u(z) — u(x — 1v)

eu(z) + sup {(1 —€T)

—L(l‘—TU,U)+P-U} =0
vER?

T

@ versus a semi-discrete cell equation:

vs:ﬂg{u(@ _Z(x—ﬂ)) 7L(z7TU7U)+P.U} — A(P)
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A semi-discretized cell equation

@ The discrete dynamical programming principal: The discrete
value function u(z) = uc , satisfies

u(z) — u(x — 1v)

eu(x) + sup {(1—67’) —L(m—Tv,v)+P-v}:O

veERE T

@ versus a semi-discrete cell equation:

vs:ﬂg{u(@ _Z(x_ﬂ)) 7L(z7TU7U)+P.U} — A(P)

@ or a discrtet Lax-Oleinik equation

xz—x

uw(x) + L(P) = inf {u(m’) +7L (:13’,

'/ €R4

)—TP-(.Z‘—CL‘/)}
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A semi-discretized cell equation

Conclusion:

@ The cell equation admits “approximate” solutions satisfing an
equation of the form

u(z) + E = ming {u(2’) + E(z', )},
u(x) is 1-periodic in x,
E(@',z)=E(' + 1,24 1),

B(

a’, x) is strictly convex, superlinear in ||z — 2||
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A semi-discretized cell equation

Conclusion:

@ The cell equation admits “approximate” solutions satisfing an
equation of the form

u(z) + E = ming {u(2’) + E(z', )},

u(zx) is 1-periodic in z,

E(@',z)=E(' + 1,24 1),

E(z/,x) is strictly convex, superlinear in ||x — /||

@ The nul sets
{(z',2) : &' = argmin,, {u(z) — u(z) + E(z',z) — E}}

give the set of equations describing the ground configurations of the
Frenkel-Kontorova model associated to the interaction energy
E(2, x).
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The ultimate goal of the project:
To interprete the solution of the cell equation in Hamilton-Jacobi as a
ground state, that is, a zero temperature limite of Gibbs measures

@ A short introduction on the semi-discretized cell problem
@ A dynamical interpretation by the Frenkel-Kontorova model

© Gibbs measures and phase transition
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2

The Frenkel-Kontorova model

@ The physical model: The model describes the set of configuration
of a chain of atoms at equilibrium

Elastic interaction

X, Xi Xix Xisa

Periodic potential
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The Frenkel-Kontorova model

@ The physical model: The model describes the set of configuration
of a chain of atoms at equilibrium

Elastic interaction

X Xi Xix Xisa

Periodic potential

@ The original 1D-FK:

E(z,y) = W(z,y) + V(z),

W(z,y) = %\y —z]2,V(z) = (;;)2 (1 - cos(27rx)>

Ex(z,y) = Eo(z,y) — My — ).
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2

The Frenkel-Kontorova model

@ Question: How to define a notion of configuration x := (zx)kez
with the smallest total energy

+o0o
Buot(x) = Y E(wkwx11) < Eior(y), Yy

k=—o0
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The Frenkel-Kontorova model

@ Question: How to define a notion of configuration x := (zx)kez
with the smallest total energy

+o0o
Buot(x) = Y E(wkwx11) < Eior(y), Yy

k=—oc0
e Minimizing configuration: x := (..., z_1, 2o, x1,...) such that

E(mﬂ%xwz-‘rlw'wxn) = Z;»,ln E($k7xk+1)
E@m,- s Zn) < EWYmy---,Yn)
V y configuration s.t. ¥y, = z,, and y, = x,
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The Frenkel-Kontorova model

@ Question: How to define a notion of configuration x := (zx)kez
with the smallest total energy

+o0o
Buot(x) = Y E(wkwx11) < Eior(y), Yy

k=—oc0
e Minimizing configuration: x := (..., z_1, 2o, x1,...) such that

E(mﬂ%xwz-‘rlw'wxn) = Z;»,ln E($k7xk+1)

E@m,- s Zn) < EWYmy---,Yn)
V y configuration s.t. ¥y, = z,, and y, = x,

e Remark: Let E)(x,y) := E(x,y) — A- (y — x) then

(k) kez is minimizing for E <= (2 )kez is minimizing for E
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The Frenkel-Kontorova model

o Effective potential (Chou-Griffiths): A periodic C° function u(z)

{ u(y) + E = ming{u(z) + E(z,y)}, Vy (backward)
u(z) + E = max,{u(y) — E(z,y)}, Vo (forward)

(effectif potential = discrete viscosity solution = calibrated solution
= corrector)
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{ u(y) + E = ming{u(z) + E(z,y)}, Vy (backward)
u(z) + E = max,{u(y) — E(z,y)}, Vo (forward)

(effectif potential = discrete viscosity solution = calibrated solution
= corrector)

e Ground configuration: A configuration (xy)rez such that

3 u(x) effective potential s.t.
w(rpy1) + B = u(zy) + E(xg, th41), VEkEZ
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2

The Frenkel-Kontorova model

o Effective potential (Chou-Griffiths): A periodic C° function u(z)

{ u(y) + E = ming{u(z) + E(z,y)}, Vy (backward)
u(z) + E = max,{u(y) — E(z,y)}, Vo (forward)

(effectif potential = discrete viscosity solution = calibrated solution
= corrector)

e Ground configuration: A configuration (xy)rez such that

3 u(x) effective potential s.t.
w(rpy1) + B = u(zy) + E(xg, th41), VEkEZ
o Easy results:

There exist effective potential (E is unique)
All ground configuration are minimizing
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2

The Frenkel-Kontorova model

Deep result (Aubry-Mather): Assume d =1

@ ‘“recurrent” minimizing configurations are ground configuration for
some F)
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2

The Frenkel-Kontorova model

Deep result (Aubry-Mather): Assume d =1
@ ‘“recurrent” minimizing configurations are ground configuration for
some F)
e A — E()\)is a C! concave function ( H(P)~—%E(TP))
@ ‘“recurrent” minimizing configurations admit rotation vectors

Ty — T dE
— = ——(A
M)

w:= lim
n—m—+oo 1N — M
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2

The Frenkel-Kontorova model

Deep result (Aubry-Mather): Assume d =1

@ ‘“recurrent” minimizing configurations are ground configuration for
some F)

e A — E()\)is a C! concave function ( H(P)~—%E(TP))

@ ‘“recurrent” minimizing configurations admit rotation vectors

s it M:,@(A)

n—m—+oo 1 — 1M d\
o If we Q then -
dE
A = bow=——

(@)= {r s w =~}

has non empty interior. If w ¢ Q, int(A(w)) = 0.

Roma 2011, Sapienza Zero temperature limite  13/23



The Frenkel-Kontorova model

2

Phase locking at rational rotation number:
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2

The Frenkel-Kontorova model

Phase transition with respect to K:

(1 — cos(27z))

1 K
Exk(z,y) = §|y -z - Ay —=) + 2n)?

0 005 01 015 02 025 03 035 04 045 05
1y
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2

The Frenkel-Kontorova model

Conclusion:

@ The effective Hamiltonian H(P) and the ergodic value E()) are
related by

_ 1 =
H(P,K) ~ —ﬁE(TP, 7 K)

1
Hp i (z,p) = i\p +P|? - (1 — cos(2mz))

K
(2m)?

B\ k(z,y) = %|y71¢|2 —My—2z)+ (1 — cos(2mx))

K
(2m)?
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2

The Frenkel-Kontorova model

Conclusion:

@ The effective Hamiltonian H(P) and the ergodic value E()) are
related by

_ 1 =
H(P,K) ~ —ﬁE(TP, 7 K)

1
Hp i (z,p) = 5\17 +P|? - (1 — cos(2mz))

K
(2m)?

B\ k(z,y) = %|y — :17|2 —My—2z)+ (1 — cos(2mx))

K
(2m)?
@ H can be considered as the ground energy of some configurations in

the Frenkel-Kontorova model. The ground energy is also interpreted
as the energy of the system at zero temperature.
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The ultimate goal of the project:
To interprete the solution of the cell equation in Hamilton-Jacobi as a
ground state, that is, a zero temperature limite of Gibbs measures

@ A short introduction on the semi-discretized cell problem
@ A dynamical interpretation by the Frenkel-Kontorova model
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Gibbs measures and phase transition

o Full discrete Frenkel-Kontorova:
S is a finite set (discretization in space)
x = (zx)rez € S? configuration

¥ = SZ full shift
E(x) = E(xg,21) : ¥ — R short range interaction
E(z0,...,2n) = Y p_y E o o*(x) ergodic sum

o : X — X is the left shift
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o Full discrete Frenkel-Kontorova:
S is a finite set (discretization in space)
x = (zx)rez € S? configuration

¥ = SZ full shift
E(x) = E(xg,21) : ¥ — R short range interaction
E(z0,...,2n) = Y p_y E o o*(x) ergodic sum

o : X — X is the left shift

@ Sub shift of finite type SFT:
G an irreducible directed graph on S
ZJCS = {(z1)k>0 € S? : 2} — Tp41 is admissible }
E: Zg — R a Hdlder function depending only on (xq,z1,...)
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Gibbs measures and phase transition

e Gibbs measure at temperature 3~ 1: Let C,, = [z0,...,7,] be a
cylinder of size n, then a Gibbs measure 115 is a probability measure
such that

pg is o-invariant, o.(ug) = pg
1

ws(Ch) zexp(—ﬁ [E(.’I;k,mk;+1)_Eﬂ]), Vaoely
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Gibbs measures and phase transition

e Gibbs measure at temperature 3~ 1: Let C,, = [z0,...,7,] be a
cylinder of size n, then a Gibbs measure 115 is a probability measure
such that

pg is o-invariant, o.(ug) = pg
1

3

ws(Ch) zexp(—ﬁ [E(.’I;k,mk;+1)_Eﬂ]), Vaoely
k=0

o Correctors and Ground configurations:
uz)+E= ngilg)i {u(z") + E(z')}

x is a ground configuration <= o*(z) € {E =uooc —u+ E}, Vk
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Gibbs measures and phase transition

Results for general Holder E : Zg —R
o Ent(y) :=limy— 100 )0 —L4(Cy) In p(Cy,) : the entropy of y
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o Ent(Xf) := max{Ent(u) : p is o-inv} : topological entropy
o Eg=min{[ Edy— B Ent(p) : pis o-inv }
o Eg — E=min{[ Edu : pis o-inv }, B(Eg — E) — —Ent(Xf)
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maximal topological entropy
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Gibbs measures and phase transition

Results for general Holder E : Zg — R

o Ent(y) :=limy— 100 )0 —L4(Cy) In p(Cy,) : the entropy of y
Ent(X}) := max{Ent(u) : p is o-inv} : topological entropy
Eg=min{[ Edy— 7 Ent(p) : p is o-inv }
Eg — E=min{[ Edu : pis o-inv }, B(Eg — E) — —Ent(Zf)

any accumulation point of ug is a minimizing measure fip;, of
maximal topological entropy

b= /Ed:“mim Ent(pimin) = Ent(Eg), supp(timin) C GC

3! additive eigenfunction ug(z) of

exp (= Blus(@) + Bsl) = Y. exp (= Blusa) + B(a')

z'o(z)=x
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Gibbs measures and phase transition

Results for general Holder E : Zg — R

o Ent(y) :=limy— 100 )0 —L4(Cy) In p(Cy,) : the entropy of y
Ent(X}) := max{Ent(u) : p is o-inv} : topological entropy
Eg=min{[ Edy— 7 Ent(p) : p is o-inv }
Eg — E=min{[ Edu : pis o-inv }, B(Eg — E) — —Ent(Zf)
any accumulation point of ug is a minimizing measure fip;, of
maximal topological entropy

b= /Ed:“mim Ent(pimin) = Ent(Eg), supp(timin) C GC

3! additive eigenfunction ug(z) of

exp (= Blus(@) + Bsl) = Y. exp (= Blusa) + B(a')

z'o(z)=x
@ any accumulation point of ug is an effective potential
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Gibbs measures and phase transition

Results for short range interactions E(x) = E(xzo, T1):

@ (Brémont, Chazottes-Gambaudo-Ugalde) 115 — fipmin exists
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Gibbs measures and phase transition

Results for short range interactions E(x) = E(xzo, T1):
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@ consequence: zero temperature limit gives a selection principle to
obtain ground configurations and correctors
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o (Garibaldi, Thieullen) There exists a formal algorithm which
describes fi,:, With respect to the initial data E(x,y)
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Gibbs measures and phase transition

Results for short range interactions E(x) = E(xzo, T1):
@ (Brémont, Chazottes-Gambaudo-Ugalde) 115 — fipmin exists

@ consequence: zero temperature limit gives a selection principle to
obtain ground configurations and correctors

o (Garibaldi, Thieullen) There exists a formal algorithm which
describes fi,:, With respect to the initial data E(x,y)

@ The existence of £ and fi,,;, are related to a problem of singular
matrices: let

Mg := [e—BE(%y)}
T, yeS

LgMg = XsLg, MsRs=XsRs, > Lg(x)Rs(z) =1
xT

then \g = e 75 ~ X\oe PF and Ls(2)Rp(x) — pamin ()
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3

Gibbs measures and phase transition

e+ V2

b |A=1+V2e 4 A=l+e7
€ H _|
T R v Hon =033
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‘] 1 e~Pa  =Bb
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A=l+e+.. 3\,/ I (cre)2<b a,b,c,¢ >0 c¢>c¢
= min~ L3303
mn=l5400 & Y i _
o / . _H\&E\;ﬂwua N Mmin = C1 01 + c202 + 303
> .
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C > > - p"—p—1=0
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Gibbs measures and phase transition

Conclusion: A possible research program

@ Develop a thermodynamical formalism for the the cell problem
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Gibbs measures and phase transition

Conclusion: A possible research program
@ Develop a thermodynamical formalism for the the cell problem

@ Use the fast technics developped in MCMC (Markov chain Monte
Carlo) method to obtain the effective Hamiltonian H(P) and the
viscosity solutions u(x) as limits of quantities at equilibrium when
the system is freezing
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