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The ultimate goal of the project:
Interprete the solution of the cell equation in Hamilton-Jacobi as a
ground state, that is, as a zero temperature limit of Gibbs measures.

@ The cell problem and its semidiscrete approach

H(z,du(z) + P) = H(P)
@ The Frenkel-Kontorova model and the associated standard map

“+o0
inf{ Z E(zg, 1) @ {xktrez conﬁguration}
k=—oc0

© Gibbs measures and zero-temperature phase transition

Hg — Pmin, B = T7!' — +oo0.
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© The cell problem and its semidiscrete approach

@ The Frenkel-Kontorova model and the associated standard map

© Gibbs measures and zero-temperature phase transition
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1

The cell equation for Tonelli Hamiltonian

o Notations: We consider an Hamiltonian H (z,p), C?(T¢ x R9),
periodic in x, strictly convex in p and superlinear in p
H(z,p)

inf 0, H(z,p) >0, lim inf =400
2E€Td peRd ¥ (@) Ipll—+o0 zeTd ||p]|
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The cell equation for Tonelli Hamiltonian

o Notations: We consider an Hamiltonian H (z,p), C?(T¢ x R9),
periodic in x, strictly convex in p and superlinear in p
H(z,p)

inf 0, H(z,p) >0, lim inf =400
2E€Td peRd ¥ (@) Ipll—+o0 zeTd ||p]|

o The cell equation: For every P € R?, find a constant H(P) and a
continuous periodic function u(x) such that

H(z,Du(z) + P)= H(P), VazeT?

in the viscosity sense.
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The cell equation for Tonelli Hamiltonian

o Notations: We consider an Hamiltonian H (z,p), C?(T¢ x R9),
periodic in x, strictly convex in p and superlinear in p
H(z,p)

inf 0, H(z,p) >0, lim inf =400
2E€Td peRd ¥ (@) Ipll—+o0 zeTd ||p]|

o The cell equation: For every P € R?, find a constant H(P) and a
continuous periodic function u(x) such that

H(z,Du(z) + P)= H(P), VazeT?

in the viscosity sense.

e Viscosity subsolution: for any x¢ and ¢ € C*(T4), if u — ¢ admits
a local maximum at zq, then

H(zo, Dé(z0) + P) < H(P).
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The interest of the cell equation

e Generating functions: If it happens that u and H are smooth,
then S(x, P) := P - x + u(x, P) generates a change of symplectic
coordinates

p =25(,P) o 1X =@
X =2%(P)’ P =p— Du(z, P)

Universidade de S3o Paulo Cell equation and ground states  5/31



The interest of the cell equation

e Generating functions: If it happens that u and H are smooth,
then S(x, P) := P - x + u(x, P) generates a change of symplectic
coordinates

p =25(,P) o 1X =@
X =2%(P)’ P =p— Du(z, P)

o Integrable Hamiltonian: The new Hamiltonian becomes

H(X,P)= H(P) depends only on P: it is said integrable. The new
equations of motion are

. OH . oH

X=—, P=——=0.
oP’ 0X

The motion lives on a d-dimensional torus parametrized by a

constant rotation vector w(P) = g—g.
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1.
The classical main result

Theorem|Lions, Papanicolaou, Varadhan (1996)] Let H(x,p) be periodic
in z, C%(T? x R?), superlinear and strictly convexe in p.

For every P, there exists a unique constant H(P) and a periodic viscosity
solution u(z) of

H(z, Du(x) + P) = H(P), Vz €T
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The inverted pendulum example

The inverted pendulum example:

mlf = mg sin 6
.
27

I d
Z= —%V(ac)

e
(2m)?

T

Viz) = — 1- cos(2m)]
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The inverted pendulum example

The inverted pendulum example:

mlf = mg sin 6
.
27

| o d

T = —%V(ac)

9 c

" V()= -
ENCTE

T

1- cos(27mc)]

L(z,v) := %vz —V(x)

Hr,p) = 3" +V(2)

d (0L 9L
&(%):%
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1

The inversted pendulum example

H(x,p) is constant along the

flow
08y ‘ - black dot:
0.4 i H(z,p) = Vinin,
| elliptic fixed point
o.z\/_\/ - green dot:
0 H(l’,p) :Vmaxy
‘ X hyperbolic fixed point
-0.2 \ - red trajectories:
_ ‘ H(%?) = Vmaa:y
' heteroclinic trajectory

- green trajectories:
H(xap) > Vmaa:y

Phase space of the pendulum the flow is invariant on

circles, graphs over x
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The inverted pendulum: the cell problem

@ The cell problem: The viscosity solution of
1 _
5 Dulz) + P2 +V(z)= H(P)

is explicit and for any P: u(z) and H are unique.
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The inverted pendulum: the cell problem

@ The cell problem: The viscosity solution of
1 _
5 Dulz) + P2 +V(z)= H(P)

is explicit and for any P: u(z) and H are unique.
e If0<P <P,: HP) = Vi

u(gj) = —Px+ fox Q(Vmam - V(S)) 6(5) ds
ifz,(P) <z <1, e
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The inverted pendulum: the cell problem

@ The cell problem: The viscosity solution of
1 _
5 Dulz) + P2 +V(z)= H(P)

is explicit and for any P: u(z) and H are unique.
e If0<P <P,: HP) = Vi

u(x) = —Px + an: 2(Vinaz — V() €(s) ds
if 0 <z <z (P), +1
if e, (P) <z <1, -1

e(x) =
e(x) =

o If P> P,: H(P) > Vs is smooth

u(x) = —Px + /U“" \/2(H(P) —V(s))ds
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1

The inversed pendulum: the cell problem

The viscosity solution of H(x, Du(x) + P) = H(P)

01

0.05

H(P)
ux,Py

(] 02 04 06 08 1
3

the effective Hamiltonian -0.09-

\/1
the viscosity solution u(z, P)
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1.
A semidiscrete cell equation

@ An approximate cell problem: (Hamilton-Jacobi-Belman) There
exists a unique periodic viscosity solution wu.(z) of

euc(z) + H(z, Duc.(x) + P) =0, VazeR?
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1.
A semidiscrete cell equation

@ An approximate cell problem: (Hamilton-Jacobi-Belman) There
exists a unique periodic viscosity solution wu.(z) of

euc(z) + H(z, Duc.(x) + P) =0, VazeR?
@ The value function: (of an infinite horizon problem)
0

ue(z) = ue(z, P) = inf { / [L(fy,"y) - P "y} e~llds -

— 0o

v € AC(] - 00,0}, R%), %(0) = =}

where L(z,v) = sup{p-v — H(z,p) : p € R%} is the Legendre
transform of H(x,p)
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1.
A semidiscrete cell equation

@ An approximate cell problem: (Hamilton-Jacobi-Belman) There
exists a unique periodic viscosity solution wu.(z) of

euc(z) + H(z, Duc.(x) + P) =0, VazeR?
@ The value function: (of an infinite horizon problem)

ue(z) = ue(z, P) = inf { /0 [L(fy,"y) - P "y} e~llds -

— 0o

v € AC(] - 00,0}, R%), %(0) = =}

where L(z,v) = sup{p-v — H(z,p) : p € R%} is the Legendre
transform of H(x,p)

e Theorem: [Lions, Papanicolau, Varadhan] For some subsequence of
€, uniformly in x

euc(x) > —H(P), uc(zr)— minu, — u(x)
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1.
A semidiscrete cell equation

@ The semidiscrete HJB equation: Let 7 > 0 be a time step. Take

t_r = —7k, k=1,2,...and piececewise affine trajectories
+oo
Ue,r(7) = inf { ZT{L(x—kaU—k) —P-o_p|(1—er)k 1.
k=1

d
v ERY x_pp1 =2 +TU_), T9 = x}
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1.
A semidiscrete cell equation

@ The semidiscrete HJB equation: Let 7 > 0 be a time step. Take

t_r = —7k, k=1,2,...and piececewise affine trajectories
+oo
Ue,r(7) = inf { ZT{L(x—kaU—k) —P-o_p|(1—er)k 1.
k=1

d
v ERY x_pp1 =2 +TU_), T9 = x}

e Theorem: [Falcone, Rorro, 2006] Remember H (x, p) is C*-smooth
and strictly convex and superlinear in p, then, for some constant C,

r
sup |te - (z) —u(z)] < C—
rcRd €
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1.
A semidiscrete cell equation

e The semidiscrete dynamical programming principal: The
discrete value function u(x) = ue , satisfies

u(x) —u(x — Tv)

eu(x)+ sup {(1 —€T)

*L(iL’*T’U,”U)+P'U} =0
vER?

T
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1.
A semidiscrete cell equation

e The semidiscrete dynamical programming principal: The
discrete value function u(x) = ue , satisfies

u(x) —u(x — Tv)

eu(z) + sup {(1767’) 7L($77"U,'U)+P'U}:0

veR4 T
(which is very close, as 7 — 0, to)

euc(z) + sup {Duc(z) - v — L(z,v) + P-v} =0
vER

euc(r) + H(xz, Duc(x) + P) =0
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1.
A semidiscrete cell equation

e The semidiscrete dynamical programming principal: The
discrete value function u(x) = ue , satisfies
u(x) —u(x — Tv)
T

eu(z) + sup {(1767’) 7L($77"U,'U)+P'U}:0

vER?

(which is very close, as 7 — 0, to)

euc(z) + sup {Duc(z) - v — L(z,v) + P-v} =0
vER

euc(r) + H(xz, Duc(x) + P) =0
e versus a semidiscrete cell equation:

—7H(P) + sup {uT(JC) —ur(z—70) —7L(x — TV, V) +TP~U} =0
veER
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1.
A semidiscrete cell equation

The semidiscrete dynamical programming principal: The

discrete value function u(x) = ue , satisfies

u(x) —u(x — Tv)
T

eu(z) + sup {(1767’) 7L($77"U,U)+P'U}:O

vER4

(which is very close, as 7 — 0, to)
euc(z) + sup {Duc(z) - v — L(z,v) + P-v} =0
vER
euc(r) + H(xz, Duc(x) + P) =0
versus a semidiscrete cell equation:
—7H(P) + sup {uT(Jc) —ur(x—70) —7L(x — TV, V) + TP v} =0
vERC

(which can be written as)

— X

)= P-(y—=), E;(P)=-TH(P)
ur(z) + E-(P) = inf {u.(2") + E,(2',2)}

z/€Td

ET(z7y) = TL(I7 Y
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1.
A semidiscrete cell equation

Partial Result: Assume H(z,p) periodic in z, C?(T? x R%), strictly
convex and superlinear in p. Assume (some growth control at
infinity of L)

1' inf‘vER’xer L(.Z','U)/"U|
1m 5 = 400
R—+o00 SUP|y|<R zeTe | D2L(z,v)||
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1.
A semidiscrete cell equation

Partial Result: Assume H(z,p) periodic in z, C?(T? x R%), strictly
convex and superlinear in p. Assume (some growth control at
infinity of L)

1' inf‘vER’xer L(.Z','U)/"U|
1m 5 = 400
R—+o00 SUP|y|<R zeTe | D2L(z,v)||

then the solution (E,,u,(x)) of

Er(z,y) =7L(z,*) - P (y — z)

T

{uT(a:) + E; = ming {u,(2') + E,(z',z)}
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1.
A semidiscrete cell equation

Partial Result: Assume H(z,p) periodic in z, C?(T? x R%), strictly
convex and superlinear in p. Assume (some growth control at
infinity of L)

1' inf‘vER’xer L(.Z','U)/"U|
1m 5 = 400
R—+o00 SUP|y|<R zeTe | D2L(z,v)||

then the solution (E,,u,(x)) of

Er(z,y) =7L(z,*) - P (y — z)

T

{uT(a:) + E; = ming {u,(2') + E,(z',z)}

for some subsequence (7) converges

1B, — —H(P)
tur(z) — w(z) uniformly in =

H(xz,Du(xz) + P) = H(P) in the viscosity sense
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1.
A semidiscrete cell equation

Conclusion of part I:
e The discrete cell equation with two unknowns (E, u) is of the form

u(z) + E = ming {u(z’') + E(2',x)}, wu(z) periodic in z,
E(@,z)=E(' + 1,2+ 1),
E(2', x) is strictly convex, superlinear in |z — /|
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1.
A semidiscrete cell equation

Conclusion of part I:
e The discrete cell equation with two unknowns (E, u) is of the form

u(z) + E = ming {u(z’') + E(2',x)}, wu(z) periodic in z,
E(@,z)=E(' + 1,2+ 1),
E(2',x) is strictly convex, superlinear in |z — /|

@ In the special case of the inverted pendulum

(;—71_0)2 (1 - cos(27mc)> — P(y — x)

numerically: for 7 =0.1, 7 'E, ~ H(P) up to 107*

1
E'r(l'vy) = ;‘y_m‘2+
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1.
A semidiscrete cell equation

Conclusion of part I:
e The discrete cell equation with two unknowns (E, u) is of the form

u(z) + E = ming {u(z') + E(z',z)}, wu(z) periodic in z,
E(@,z)=E(' + 1,2+ 1),
E(2', x) is strictly convex, superlinear in |z — /|

@ In the special case of the inverted pendulum

1
E. (x,y) = Z\y — 2+ (;1.0)2 (1 - cos(27rx)> — Py —x)
numerically: for 7 = 0.1, “1E. ~ H(P) up to 1074
@ The optimal backward trajectory (z_x)k>0

wa )+ E=ul@_j_1)+ E@_p_1,2_p)

can be interpreted as the ground configuration of the
Frenkel-Kontorova model, that is as the configuration with the
lowest energy or as the temperature tends to zero.
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© The cell problem and its semidiscrete approach

@ The Frenkel-Kontorova model and the associated standard map

© Gibbs measures and zero-temperature phase transition
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2

The Frenkel-Kontorova model

@ The physical model: The model describes the set of configurations
of a chain of atoms at equilibrium

Elastic interaction

X Xis1 Xit2

Periodic potential
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2

The Frenkel-Kontorova model

@ The physical model: The model describes the set of configurations
of a chain of atoms at equilibrium

Elastic interaction

X Xis1 Xit2

Periodic potential

@ The original 1D-FK: z; € R
Exk(z,y) = Wi(z,y) + KV (x),

Wi(z,y) = %|y —z—-\*- %)\2, Vix) = (271)2 (1 - cos(27rx)>

B\ k(z,y) = Eox(z,y) — My — x).
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2

Minimizing configurations

@ Question: Define a notion of configuration x := (zx)kez with the
smallest total energy

+oo
Eiot(x) := Z E(xg, vi+1) < Eiot(y), VY= (yx)rez 7

k=—o0
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2

Minimizing configurations

@ Question: Define a notion of configuration x := (zx)kez with the
smallest total energy

+oo
Eiot(x) := Z E(xg, vi+1) < Eiot(y), VY= (yx)rez 7

k=—o0
e Minimizing configuration: x := (..., z_1, 2o, x1,...) such that

E(Xpmy Ty - - -5 Tpy) i= Z;ln E(xg, Trr1)
E@m, o Zn) < EWYm,---,Yn)
V y configuration s.t. vy, = =, and y, = T,
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2

Minimizing configurations

@ Question: Define a notion of configuration x := (zx)kez with the
smallest total energy

+oo
Eiot(x) := Z E(xg, vi+1) < Eiot(y), VY= (yx)rez 7

k=—o0
e Minimizing configuration: x := (..., z_1, 2o, x1,...) such that

E(Xpmy Ty - - -5 Tpy) i= Z;ln E(xg, Trr1)

E@m, o Zn) < EWYm,---,Yn)
V y configuration s.t. vy, = =, and y, = T,
e Problem: Let E)(z,y) := E(z,y) — A- (y — x) then

(k) kez is minimizing for E <= (2 )kez is minimizing for Ey

the minimizing-configuration notion does not enough distinguish
these configurations.

Universidade de Sdo Paulo Cell equation and ground states  18/31



The effective potential

o Effective potential: [Chou-Griffiths, 1986] A C° periodic function
u(z) such that there exists a constant E solution of the problem

{ u(y) + E = ming{u(z) + E(z,y)}, Vy (backward)
u(z) + E = max,{u(y) — E(z,y)}, Vaz (forward)
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o Effective potential: [Chou-Griffiths, 1986] A C° periodic function
u(z) such that there exists a constant E solution of the problem

{ u(y) + E = ming{u(z) + E(z,y)}, Vy (backward)
u(z) + E = max,{u(y) — E(z,y)}, Vaz (forward)

Remark: this is exactly the previous discrete cell equation: u plays
the role of a discrete viscosity solution (sometimes called calibrated
solution or corrector)
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The effective potential

o Effective potential: [Chou-Griffiths, 1986] A C° periodic function
u(z) such that there exists a constant E solution of the problem

{ u(y) + E = ming{u(z) + E(z,y)}, Vy (backward)
u(z) + E = max,{u(y) — E(z,y)}, Vaz (forward)

Remark: this is exactly the previous discrete cell equation: u plays
the role of a discrete viscosity solution (sometimes called calibrated
solution or corrector)

e Ground configuration: A backward optimal configuration (zj)kez

u(zg) + E =u(zp_1) + E(z_1,7), VEkEZ
((zk)kez is said to be calibrated by u)

3 u(z) effective potential s.t.
such that { (@) P
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The effective potential

o Effective potential: [Chou-Griffiths, 1986] A C° periodic function
u(z) such that there exists a constant E solution of the problem

{ u(y) + E = ming{u(z) + E(z,y)}, Vy (backward)
u(z) + E = max,{u(y) — E(z,y)}, Vaz (forward)

Remark: this is exactly the previous discrete cell equation: u plays
the role of a discrete viscosity solution (sometimes called calibrated
solution or corrector)

e Ground configuration: A backward optimal configuration (zj)kez
3 u(x) effective potential s.t.

uw(zy) + E=u(xp_1) + E(xp_1,71), VEkEZ
((zk)kez is said to be calibrated by u)

such that

@ Does an effective potential exist ?
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2

The Lax-Oleinik operator

@ The backward Lax-Oleinik operator:

T_[u)(z) = Hglcl/n{u(x/) +E(z',z)}, wueC%T%R).
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2

The Lax-Oleinik operator

@ The backward Lax-Oleinik operator:

T_[u)(z) = Hglcl/n{u(x/) +E(z',z)}, wueC%T%R).

u : additive eigenfunction of T_

u(z) is an effective potential < _
T [u=u+FE
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2

The Lax-Oleinik operator

@ The backward Lax-Oleinik operator:

T_[u)(z) = Hglcl/n{u(x/) +E(z',z)}, wueC%T%R).

u : additive eigenfunction of T_

u(z) is an effective potential < _
T [u=u+FE

o Numerical algorithm: [Ishikawa, 1976]

Up — Upy] = —————— — min

2

converges (very fast ?) to a solution of T_[u] = u+ E

Up + T[] . (un + T [un])
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2

The Lax-Oleinik operator

@ The backward Lax-Oleinik operator:

T_[u)(z) = Hglcl/n{u(x/) +E(z',z)}, wueC%T%R).

u : additive eigenfunction of T_

u(z) is an effective potential < _
T [u=u+FE

o Numerical algorithm: [Ishikawa, 1976]

Up + T[] U+ T [ug]
o — 5= = i (2=

2

converges (very fast ?) to a solution of T_[u] = u+ E
@ All ground configurations (zx)kecz are minimizing:

E(@pm,...,2n) = (m—n)E+u(r,) — u(@m) < EWm, - Yn)
V (yx)rez any configuration
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2

The Lax-Oleinik operator

@ The backward Lax-Oleinik operator:

T_[u)(z) = Hglcl/n{u(x/) +E(z',z)}, wueC%T%R).

u : additive eigenfunction of T_

u(z) is an effective potential < _
T [u=u+FE

o Numerical algorithm: [Ishikawa, 1976]

Up + T[] U+ T [ug]
o — 5= = i (2=

2
converges (very fast ?) to a solution of T_[u] = u+ E

@ All ground configurations (zx)kecz are minimizing:

E(@pm,...,2n) = (m—n)E+u(r,) — u(@m) < EWm, - Yn)
V (yx)rez any configuration

What about the converse ?



Aubry-Mather theory

Theorem: [Aubry, Mather, 1983, 1989, ...] Assume d =1, E(z,y) is
C?(R x R), periodic, superlinear and satisfies the twist condition
E(z,y) 0’E

Elx+1,y+1)=FE(x,y), lim =400, ——— <0.
( y+1) (2:y) ly—z|—+oo |y — x| Oz 0y
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Aubry-Mather theory

Theorem: [Aubry, Mather, 1983, 1989, ...] Assume d =1, E(z,y) is
C?(R x R), periodic, superlinear and satisfies the twist condition
E(z,y) 0’E

Elx+1,y+1)=FE(x,y), lim =400, ——— <0.
( y+1) (2:y) ly—z|—+oo |y — x| Oz 0y

@ minimizing configurations are ground configurations for some E
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Theorem: [Aubry, Mather, 1983, 1989, ...] Assume d =1, E(z,y) is
C?(R x R), periodic, superlinear and satisfies the twist condition
E(z,y) 0’E

Elx+1,y+1)=FE(x,y), lim =400, ——— <0.
( y+1) (2:y) ly—z|—+oo |y — x| Oz 0y

@ minimizing configurations are ground configurations for some E
e A — —E()\) is a C! convex function ( H(P) ~—%E(7P) )
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Aubry-Mather theory

Theorem: [Aubry, Mather, 1983, 1989, ...] Assume d =1, E(z,y) is
C?(R x R), periodic, superlinear and satisfies the twist condition
E(z,y) 0’E

Elx+1,y+1)=FE(x,y), lim =400, ——— <0.
( y+1) (2:y) ly—z|—+oo |y — x| Oz 0y

@ minimizing configurations are ground configurations for some E
e A — —E()\) is a C! convex function ( H(P) ~—%E(7P) )
@ minimizing configurations admit rotation numbers

Ty — T __dE’

NG

w:= lim
n—m—+oo N —Mm
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Aubry-Mather theory

Theorem: [Aubry, Mather, 1983, 1989, ...] Assume d =1, E(z,y) is
C?(R x R), periodic, superlinear and satisfies the twist condition
E(z,y) 0’E

Elx+1,y+1)=FE(x,y), lim =400, ——— <0.
( y+1) (2:y) ly—z|—+oo |y — x| Oz 0y

@ minimizing configurations are ground configurations for some E
A — —E(\) is a C* convex function ( H(P)~—%E(TP))

minimizing configurations admit rotation numbers

w:= lim In ~Om _ —@
T n—m—-+oo N — M a d\

(V)

If we Q then A(w) :=={Ast. w= —%()\)} has non empty
interior. If w & Q, int(A(w)) = 0.

Universidade de Sdo Paulo Cell equation and ground states  21/31



The Devil's staircase

Phase locking at rational rotation number:
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2

The phase transition in (A, K)

Phase transition with respect to K:

(1 - cos(27m?))

1 K
By k(v,y) = §|y —z* - Ay —=) + 2m)2

0 005 01 015 02 025 03 035 04 045 05
1y
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2

The Frenkel-Kontorova model

Conclusion of part Il:

@ The periodic cell problem and the Frenkel-Kontorova model are
related by the two energies

Hpc(z,p) = 5lp+ P|* - #(1 — cos(2mz))
Bk (@,y) = gly — 2 = Ay — 2) + gayz (1 — cos(2ma))
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Conclusion of part Il:

@ The periodic cell problem and the Frenkel-Kontorova model are
related by the two energies

Hpc(z,p) = 5lp+ P|* - #(1 — cos(2mz))
Bk (@,y) = gly — 2 = Ay — 2) + gayz (1 — cos(2ma))

@ Let 7 be a small parameter and A = 7P and K = 72C, then

Hp,c(l', D”LL(.%) + P) = H(P, C)
u‘r(x)_—’_ E()‘v K) = mi_nx’{u'r(x/) + E/\,K(xl7 x)}
-%LE(rP,7?°K) — H(P,C), Llu.(z) — u(z)
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2

The Frenkel-Kontorova model

Conclusion of part Il:
@ The periodic cell problem and the Frenkel-Kontorova model are
related by the two energies

Hpc(z,p) = 5lp+ P|* - #(1 — cos(2mz))
Bk (@,y) = gly — 2 = Ay — 2) + gayz (1 — cos(2ma))

@ Let 7 be a small parameter and A = 7P and K = 72C, then

Hp,c(l', D’LL(.TC) + P) = H(P, C)
ur(z) + E(\, K) = ming {u,(2') + Ex g (2, 2)}
-%LE(rP,7?°K) — H(P,C), Llu.(z) — u(z)
@ Moreover the optimal trajectories can be understood as ground
configurations, that is, as configurations with the lowest energy.

They can also be understood as probability states describing the
system at zero temperature.
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© The cell problem and its semidiscrete approach

@ The Frenkel-Kontorova model and the associated standard map

© Gibbs measures and zero-temperature phase transition
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Sub-shift of finite type

o Full discrete (cell problem or) Frenkel-Kontorova:
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Sub-shift of finite type

o Full discrete (cell problem or) Frenkel-Kontorova:
S is a finite set (discretization in space S = {£ : k+1...N})
x = (z1)rez € S? configuration
¥ := SZ full shift
E(z) = E(zg, 1) : ¥ — R finite-range interaction
E(z0,...,2n) = S r_y E o o*(x) ergodic sum
0 : Y3 — X is the left shift
e (More generally) X is sub-shift of finite type SFT:
G an irreducible directed graph on S
Y& = {(zk)k>0 € ST : T — Tp41 is admissible }

E : 3% — R a Hélder function depending only on (zg, z1,...) (E is
said to have infinite-range)
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Gibbs measures / ground configurations

e Gibbs measure at temperature T' = 3~ 1: Let C,, = [0, ..., 7]
be a cylinder of size n, then a Gibbs measure fi5 is a probability
measure on ¥, such that

Universidade de Sdo Paulo Cell equation and ground states  27/31



Gibbs measures / ground configurations

e Gibbs measure at temperature T' = 3~ 1: Let C,, = [0, ..., 7]
be a cylinder of size n, then a Gibbs measure fi5 is a probability
measure on ¥, such that

pg is o-invariant, o, (ug) = pg
n—1

pa(Ch Nexp( ﬁZan Eﬁ]) Vael,

Eg= —BPres(—ﬁE) = min /Edu — %Ent(u)}

Ent(u) := hm Z——,u YIn pu(Cp)
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Gibbs measures / ground configurations

e Gibbs measure at temperature T' = 3~ 1: Let C,, = [0, ..., 7]
be a cylinder of size n, then a Gibbs measure fi5 is a probability
measure on ¥, such that

pg is o-invariant, o, (ug) = pg
n—1

pa(Ch Nexp( ﬁZan Eﬁ]) Vael,

Eg= —BPres(—ﬁE) = min /Edu — %Ent(u)}

Ent(u) := hm Z——,u YIn pu(Cp)

o Effective potential and ground configurations:

u@)+E= | min_ {u(e') +E@)}

x is a ground configuration <= o*(z) € {E =uooc —u+ E}, Vk
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Infinite-range potential

Theorem: (easy results for general Holder E : zt — R)
Recall Eg = min,{[ Edu — 3 'Ent(u)}. Then

Universidade de Sdo Paulo Cell equation and ground states  28/31



Infinite-range potential

Theorem: (easy results for general Holder E : zt — R)
Recall Eg = min,{[ Edu — 3 'Ent(u)}. Then

 Eg— E=min,{[ Edu : piso-inv },

Universidade de Sdo Paulo Cell equation and ground states  28/31



Infinite-range potential

Theorem: (easy results for general Holder E : zt — R)
Recall Eg = min,{[ Edu — 3 'Ent(u)}. Then

 Eg— E=min,{[ Edu : piso-inv },
B(Eg — E) — —Ent(Xf), where
Ent(X}) := max{Ent(u) : p is o-inv} : topological entropy

Universidade de Sdo Paulo Cell equation and ground states  28/31



Infinite-range potential

Theorem: (easy results for general Holder E : zt — R)
Recall Eg = min,{[ Edu — 3 'Ent(u)}. Then

 Eg— E=min,{[ Edu : piso-inv },
B(Eg — E) — —Ent(Xf), where
Ent(X}) := max{Ent(u) : p is o-inv} : topological entropy
@ any accumulation point of ug is a minimizing measure fip;, of
maximal topological entropy

E= /Edﬂmina Ent(,umin) = Ent(zg)’ Supp(,umin) c G.C

Universidade de Sdo Paulo Cell equation and ground states  28/31



Infinite-range potential

Theorem: (easy results for general Holder E : zt — R)
Recall Eg = min,{[ Edu — 3 'Ent(u)}. Then

 Eg— E=min,{[ Edu : piso-inv },
B(Eg — E) — —Ent(Xf), where
Ent(X}) := max{Ent(u) : p is o-inv} : topological entropy
@ any accumulation point of ug is a minimizing measure fip;, of
maximal topological entropy

E= /Edﬂmina Ent(,umin) = Ent(zg)’ Supp(,umin) c G.C
o 1! additive eigenfunction ug(z) of
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Infinite-range potential

Theorem: (easy results for general Holder E : zt — R)
Recall Eg = min,{[ Edu — 3 'Ent(u)}. Then

Eg — E=min,{[ Edu : pis o-inv },

B(Eg — E) — —Ent(Xf), where

Ent(X}) := max{Ent(u) : p is o-inv} : topological entropy
any accumulation point of ug is a minimizing measure fip,;, of
maximal topological entropy

E= /Edﬂmina Ent(,umin) = Ent(zg)’ Supp(,umin) c G.C
3! additive eigenfunction ug(z) of

exp (= Blus(@) + Bsl) = Y. exp (= Blusa) + B(a')

z’ io(z)=x

any accumulation point of ug is an effective potential
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Finite-range potential

Theorem: for finite-range interactions E(x) = E(xo,x1):
e (Brémont 2003, Chazottes-Gambaudo-Ugalde 2010)
138 — Hmin €Xists
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Finite-range potential

Theorem: for finite-range interactions E(x) = E(xo,x1):
e (Brémont 2003, Chazottes-Gambaudo-Ugalde 2010)
138 — Hmin €Xists

@ consequence: zero temperature limit gives a selection principle to
obtain ground configurations and effective potenitals

o (E. Garibaldi, Ph. Thieullen) There exists a formal algorithm which
describes fi,,:, With respect to the initial data E(z,y)

@ The existence of £ and fi,,;, are related to a problem of singular
matrices: let

Mg := [e—ﬂE(w,y)}
T,yeS

LgMs = A\sLg, MgRs=NsRg, > Lg(a)Rs(z) =1
then \g = e PEs ~ N\ge PE and Lg(x)Ra(z) — pimin(z)
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3

Gibbs measures and phase transition

e+ V2

b |A=1+V2e 4 A=l+e7
€ H _|
T R v Hon =033
)12 %\‘
7\_1[+/7€’“]k/+~~ g —1+K€"+L”7+ S == {1,2,3}
Hoin=11.p,1]/(24p) _[1 14k, 14k ]/(3+2k) _ _
‘] 1 e~Pa  =Bb
A=Ttket Mg=|ePs 1 e Pe
k14K, 1]/(3+2 _ _8¢
Hoin= {Jr"f +x,1]/(3+2k) e Bb e Be 1
o /A= / /
A=l+e+.. 3\,/ I (cre)2<b a,b,c,¢ >0 c¢>c¢
= min~ L3303
mn=l5400 & Y i _
o / . _H\&E\;ﬂwua N Mmin = C1 01 + c202 + 303
> .
A=ltpeto = =[5 5,4 0; = Dirac measure at
Hin=1p 1, 11/(24p) e 1 o
: ey Uy Ty Ty e
b : A= ltketn ( 5 by by by )
‘ u =1+x,1 l+KJ/(3+2K) 2 _,_ 1=
C > > - p"—p—1=0
4%, S (cte)2 ¢ 3 _
)/ A _l+\f2e“+... A=l+e+... kKW—k—1=0
Hu =[5, 5, 1] Hy=IL,0,4]
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Gibbs measures and phase transition

Conclusion: A possible research program

@ Develop a thermodynamical formalism for the the cell problem
without passing to the fully discretized model (finite-range sub-shift
of finite type)
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Gibbs measures and phase transition

Conclusion: A possible research program

@ Develop a thermodynamical formalism for the the cell problem
without passing to the fully discretized model (finite-range sub-shift
of finite type)

@ Use the fast technics developped in MCMC (Markov chain Monte
Carlo) method to obtain numerically the effective Hamiltonian H(P)
and the viscosity solutions u(x) as limits of quantities at equilibrium
when the system is freezing
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