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Objective:
1. Establish existence and uniqueness of relative equilibrium states for random diffeomorphism; and

2. establish (quenched) limit laws for these relative equilibrium states.
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Objective:
1. Establish existence and uniqueness of relative equilibrium states for random diffeomorphism; and
2. establish (quenched) limit laws for these relative equilibrium states.

For the talk a random dynamical system is a triple (©; o, P) with

O:QXxM—=-QxM
(w, x) = (0(w), Tw(x))

a skew product, and PP a o-invariant probability on .
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Objective:
1. Establish existence and uniqueness of relative equilibrium states for random diffeomorphism; and
2. establish (quenched) limit laws for these relative equilibrium states.

For the talk a random dynamical system is a triple (©; o, P) with
O:OXxM—=QxM
(@, x) = (a(w), Tw(x))

a skew product, and PP a o-invariant probability on .
Standing assumptions during this talk:

- M is a smooth surface without boundary;
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2. establish (quenched) limit laws for these relative equilibrium states.

For the talk a random dynamical system is a triple (©; o, P) with
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Objective:
1. Establish existence and uniqueness of relative equilibrium states for random diffeomorphism; and
2. establish (quenched) limit laws for these relative equilibrium states.

For the talk a random dynamical system is a triple (©; o, P) with

O0:QxXxM-—->Qx M
(w,x) = (o(w), Tw(x))
a skew product, and PP a o-invariant probability on .
Standing assumptions during this talk:
- M is a smooth surface without boundary;
T.: M — Mis C*® for some a > 0;
- 0:Q — Qis a homeomorphism, Q is a compact metric space and (o, P) is ergodic.

- We also consider the projection 7(w, x) = w.
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A simple example

Example: Consider

©:QxT? = QxT?
(w, x) = (o(w), Ax + wo)

- Q = (B5(0))?, Bs(0) = closed ball of radius
6 > 0 centred at 0;

- w = (wi)iez, (ow)i = wit1;
- A(x,y) = (2x +y, x +y) (mod Z?).
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A simple example

Example: Consider

©:QxT? = QxT?
(w, x) = (o(w), Ax + wo)

- Q = (B5(0))?, Bs(0) = closed ball of radius
6 > 0 centred at 0;

- w = (wi)iez, (ow)i = wit1;
- A(x,y) = (2x +y, x +y) (mod Z?).

Question: a natural definition of topological entropy
in the random dynamical system context?
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A simple example

Example: Consider

©:QxT? = QxT?
(w, x) = (o(w), Ax + wo)

- Q = (B5(0))?, Bs(0) = closed ball of radius
6 > 0 centred at 0;

- w = (wi)iez, (ow)i = wit1;
- A(x,y) = (2x +y, x +y) (mod Z?).

Question: a natural definition of topological entropy
in the random dynamical system context?

Recall that 7(w, x) = w
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htop(0) < hiop(©) since o is the full shift on
an uncountable alphabet.



A simple example

Example: Consider

©:QxT? = QxT?
(w, x) = (o(w), Ax + wo)

- Q = (B5(0))?, Bs(0) = closed ball of radius
6 > 0 centred at 0;

- w = (wi)iez, (ow)i = wit1;
- A(x,y) = (2x +y, x +y) (mod Z?).

Question: a natural definition of topological entropy
in the random dynamical system context?

Recall that 7(w, x) = w and (©; 0, P) is a random
dynamical system.
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- First attempt: fix a o-invariant P and consider

sup{ h.(©): Tu =P} > he(o).
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htop(0) < hiop(©) since o is the full shift on
an uncountable alphabet.

- First attempt: fix a o-invariant P and consider
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where Leb is the normalized Lebesgue measure
on B;(0)), one still has hp(o) = oo.
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©:QxT? = QxT?
(w, x) = (o(w), Ax + wo)

- Q = (B5(0))?, Bs(0) = closed ball of radius
6 > 0 centred at 0;
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dynamical system.
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- Problem: hyp(0) = co and

htop(0) < hiop(©) since o is the full shift on
an uncountable alphabet.

- First attempt: fix a o-invariant P and consider

sup{ h.(©): Tu =P} > he(o).

- Issue: for natural choices (e.g. P = Leb®”

where Leb is the normalized Lebesgue measure
on B;(0)), one still has hp(o) = oo.

- Solution: apply a random Brin—Katok theorem

to obtain finite local (quenched) entropy.



Relative entropy (Brin—Katok) and P-relative equilibrium
Random Brin—Katok:
- (©;0,P)RDS, ©:Qx M —= Qx M, O(w,x) = (ow, Tu).
- p is ©-invariant, m.pu = P and p = pe (dx)P(dw).

Recall: 7r(w, X) = W. Ch. 5 of B. Hasselblatt and A. Katok, eds. Handbook of dynamical systems. Vol. 1B. Elsevier B. V., Amsterdam, 2006,
pp. xii+1222.
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Relative entropy (Brin—Katok) and P-relative equilibrium
Random Brin—Katok:
- (©;0,P)RDS, ©:Qx M —= Qx M, O(w,x) = (ow, Tu).
- p is ©-invariant, m.pu = P and p = pe (dx)P(dw).
Random Bowen Ball: BY(x,¢) := {y : dist(TX(y), T&(x)) <&, 0< k< n}, T& =T k1,00 T,.

Recall: 7r(w, X) = W. Ch. 5 of B. Hasselblatt and A. Katok, eds. Handbook of dynamical systems. Vol. 1B. Elsevier B. V., Amsterdam, 2006,
pp. xii+1222.
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Relative entropy (Brin—Katok) and P-relative equilibrium
Random Brin—Katok:
- (©;0,P)RDS, ©:Qx M —= Qx M, O(w,x) = (ow, Tu).
- p is ©-invariant, m.pu = P and p = pe (dx)P(dw).
Random Bowen Ball: BY(x,¢) := {y : dist(TX(y ) TE(x)) <e, 0< k<n}, TE=T 4 1,0---0T,.

P-relative entropy: h,(© | P) := — jj lim lim = Iog pe( By (x,€)) dptes (x) dP(w).

e—0n—oo

Recall: 7r(w, X) = W. Ch. 5 of B. Hasselblatt and A. Katok, eds. Handbook of dynamical systems. Vol. 1B. Elsevier B. V., Amsterdam, 2006,
pp. xii+1222.
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Relative entropy (Brin—Katok) and P-relative equilibrium
Random Brin—Katok:
- (©;0,P)RDS, ©:Qx M —= Qx M, O(w,x) = (ow, Tu).
- p is ©-invariant, m.pu = P and p = pe (dx)P(dw).
Random Bowen Ball: BY(x,¢) 1= {y : dist(TA(y ) Th(x))<e, 0< k<n}, Th=Tu1,0---0T,.

P-relative entropy: h,(© | P) := — jj lim lim = Iog pe( By (x,€)) dptes (x) dP(w).

e—0n—oo

— Definition (P-relative equilibrium state)
Let Mp(®©) := {p : p is ©-invariant and w.pu = P}. For measurable ¢ : Q@ x M — R U {—o0}, we
define the P-relative topological pressure of ¢ as

Pun@|P) = sup_{h(0]P)+ [oar}.

veEMp(O)

A maximizer p € Mp(©) is a P-relative equilibrium state of ¢; If = 0 we call u a measure of maximal
P-relative entropy.

Recall: 7r(w, X) = W. Ch. 5 of B. Hasselblatt and A. Katok, eds. Handbook of dynamical systems. Vol. 1B. Elsevier B. V., Amsterdam, 2006,
pp. xii+1222.
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Previous results

Random non-uniformly expanding

Random subshifts of finite type: (without critical points):
- Bogenschiitz and Gundlach (1995) - Arbieto, Matheus, and Oliveira (2004)
- Mauldin and Urbaniski (2001) - Stadlbauer, Suzuki, and Varandas (2021)
Random countable topological Markov shifts: Random non-uniformly hyperbolic interval maps
Denker, Kifer, and Stadlbauer (2008) (closed/open; discontinuities):
Stadlbauer (2010’2017) - Atnip,Froyland, Gonzélez-Tokman, and Vaienti

(2021,2023,2024,2025)

Random uniformly expanding maps:

- Kifer (1992)

. Baladi (1997)
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Previous results

Random non-uniformly expanding

Random subshifts of finite type: (without critical points):
- Bogenschiitz and Gundlach (1995) - Arbieto, Matheus, and Oliveira (2004)
- Mauldin and Urbaniski (2001) - Stadlbauer, Suzuki, and Varandas (2021)
Random countable topological Markov shifts: Random non-uniformly hyperbolic interval maps
Denker, Kifer, and Stadlbauer (2008) (closed/open; discontinuities):

Stadlbauer (2010,2017)

- Atnip,Froyland, Gonzélez-Tokman, and Vaienti
(2021,2023,2024,2025)

Random uniformly expanding maps: Small perturbations of Axiom A diffeos:

- Kifer (1992)

- P.-D. Liu (1998)

- Baladi (1997) - Chapter 5 of the book “Handbook of

Matheus Manzatto de Castro |

Dynamics” Hasselblatt and Katok (2006),
written by Kifer and P.-D. Liu.
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Hypothesis (H) and (H')

O OxM—=QxM Q: compact metric space To: M — M
M: surface c'te diffeomorphism
(@, x) = (0w, Tw(x))

(H1) (Hyperbolicity)

(H2) (Fibrewise mixing)

(H2') (Rapid fibrewise mixing)

(H) = (H1) + (H2) and (H’) = (H1) + (H2")
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Hypothesis (H) and (H')

O OxM—=QxM Q: compact metric space To: M — M
M: surface c'te diffeomorphism
(@, x) = (0w, Tw(x))

(H1) (Hyperbolicity) There exist family of deterministic cones C = (C_(X),C+(X))XEM C TM s.t. for
each x € M and P-a.e. w € Q,

DT, (x)CF(x) € CT (T %), DTu(x)C ™ (x) C € (Tux).

(H2) (Fibrewise mixing)

(H2') (Rapid fibrewise mixing)

(H) = (H1) + (H2) and (H’) = (H1) + (H2")
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Hypothesis (H) and (H')
0. QOxM-QxM Q: compact metric space To:M—M

M: surf cHe diffeo hi
(w, %) = (0w, Tu(x) reomorpnism

(H1) (Hyperbolicity) There exist family of deterministic cones C = (C_(X),C+(X))X€M C TM s.t. for
each x € M and P-a.e. w € Q,
DT, (x)CF(x) € CT (T %), DTu(x)C ™ (x) C € (Tux).
(H2) (Fibrewise mixing) Let § > 0, and {Bs(x;)}%_; an open cover of M. Define
To.mix(w) = Tmix(w) := min{n € N; T2(Bs(x;)) N Bs(x;) # 0, V1 < i,j < k}.
For every § > 0 there exists a constant A = A(d) > 1, satisfying
Plw € Q; Tmix(w) < A] > 0.

(H2') (Rapid fibrewise mixing)

(H) = (H1) + (H2) and (H’) = (H1) + (H2")
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Hypothesis (H) and (H')
0. QOxM-QxM Q: compact metric space To M — M
(@,%) 5 (0w, Tu(x)) M: surface CH diffeomorphism
(H1) (Hyperbolicity) There exist family of deterministic cones C = (C_(X),C+(X))X€M C TM s.t. for
each x € M and P-a.e. w € Q,
DT, (x)CF(x) € CT (T %), DTu(x)C ™ (x) C € (Tux).
(H2) (Fibrewise mixing) Let § > 0, and {Bs(x;)}%_; an open cover of M. Define
To.mix(w) = Tmix(w) := min{n € N; T2(Bs(x;)) N Bs(x;) # 0, V1 < i,j < k}.
For every § > 0 there exists a constant A = A(d) > 1, satisfying
Plw € Q; Tmix(w) < A] > 0.
(H2') (Rapid fibrewise mixing) For each § > 0, there exist K = K(d),x = (d) > 0 s.t.
Plw € Q; Tmix(w) > n] < Ke ™" for every n € N.

(H) = (H1) + (H2) and (H’) = (H1) + (H2")
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Examples

The two examples below satisfy Hypothesis (H")
(1) Let Aq,...,Ac € SL(2,N) and Tr(A;) > 2 for i € {1,...,k}.
©:{1,... .k} xT> = {1,...,k}* x T?
(w, x) = (0w, Auy (X))

where o is the left shift and P is a Gibbs state of o.

(2) Let Ty,..., Tk are Anosov diffeomorphisms in T? preserving the same deterministic family of cones
in TT?

©:{1,..., k¥ xT? = {1,..., k}* x T?
(w, x) = (0w, Tuy (X))

where ¢ is the left shift and P is Bernoulli.
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Results

— Theorem 1 (Amorim-C.-Sassoul-Vaienti, 2025+ )

Let (©; 0,P) be a random dynamical system satisfying (H) and ¢ : Q x M — R be a random potential
such that

esssup [[6(w, e < o0
weN

for some o > 0. Then, there exists a unique P-relative equilibrium state v € Mp(©) of ¢.

— Theorem 2 (Amorim-C.-Saussol-Vaienti, 2025+ )
Let (©; 0,P) be a random dynamical system satisfying (H’), and ¢ : Qx M — R as in Theorem 1. Then
v(dw,dx) = v, (dx)P(dw) exhibits quenched exponential decay of correlations for Hélder observables:
For every p € [1,00), 3C, € LP(Q2,P),« > 0 such that for any f,g € C*, Vn € N

/foT£~gd1/w—/fduanw/gdz/w
M M M

< Go(w)e " fllexllgllee

for P-a.e. weQ
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Results

— Theorem 3 (Quenched CLT)

Let (©;0,P) satisfy (H’), let ¢ : Q@ x M — R be as in Theorem 1, and let v = v, P(dw) be the
P-relative equilibrium state. Then v satisfies the quenched CLT for any observable f : Q x M — R
such that

esssup || f(w, )||ce < 0.
we
Set .
fw,x) = f(w,x)—/ f(w,)dve, SYF(x Z aw,T (x)
M k=0

There exists ¥2 > 0, independent of w, such that for P-a.e. w,

—S“fgé N(0,%2),
R (0,7)

Moreover, f is not a quenched coboundary, i.e.,
it does not exist ¢ € LZ(JP’ ® v) such that f=go® —g forP-ae w, vy-a.e. x.

then ¥ > 0.
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General strategy
For RDS, equilibrium states and their quenched statistical properties are obtained via Birkhoff cone
contraction arguments; however, such arguments have not been established for diffeomorphisms yet.
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General strategy
For RDS, equilibrium states and their quenched statistical properties are obtained via Birkhoff cone
contraction arguments; however, such arguments have not been established for diffeomorphisms yet.
(i) Random Banach spaces: One finds an appropriate family of Banach spaces (B.;)wcq such that C* is
dense in B, and
Lo : By = Bow, Lo(f) = (e f)o T,' (Vf €C),
is bounded, where ¢, (-) := ¢(w, ). We also ask || - |5, < || - |lce
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General strategy

For RDS, equilibrium states and their quenched statistical properties are obtained via Birkhoff cone

contraction arguments; however, such arguments have not been established for diffeomorphisms yet.

(i) Random Banach spaces: One finds an appropriate family of Banach spaces (B.;)wcq such that C* is
dense in B, and

Lo : By = Bow, Lo(f) = (e f)o T,' (Vf €C),

is bounded, where ¢, (-) := ¢(w, ). We also ask || - |5, < || - |lce

(il) Random cones: For P-a.e. w € , one finds an appropriate family of cones C.,, C B.,, i.e.

CoN(—Cu)=A{0}; FE€Cy, a>0=af €Cu; f,g €C0u=f+g € Cu,
such that £,,(C.) C Co. and span{C,} = B..
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General strategy

For RDS, equilibrium states and their quenched statistical properties are obtained via Birkhoff cone

contraction arguments; however, such arguments have not been established for diffeomorphisms yet.

(i) Random Banach spaces: One finds an appropriate family of Banach spaces (B.;)wcq such that C* is
dense in B, and

Lo : By = Bow, Lo(f) = (e f)o T,' (Vf €C),

is bounded, where ¢, (-) := ¢(w, ). We also ask || - |5, < || - |lce

(il) Random cones: For P-a.e. w € , one finds an appropriate family of cones C.,, C B.,, i.e.

CoN(=Cy)={0}; feCy, a>0=af €Cy,; f,g€Cy=f+g¢€Cly,,

such that £,,(C.) C Cou and span{C,} = B.,.
(iii) Cone contraction: For P-a.e. w € Q there exist random variables

{ri : Q= N}ienwithy <1 <73<...

and constants A > 0 and x € (0,1) (independent of w) such that, for all kK > 1,

ngZup Hilcw(ﬁf:ﬁ)rkwf, LE;f)Tkwg) < AXTE (recall that Egﬁ),kwcoffm C CW) ,
> o Tkw
where Hilc, is the projective Hilbert metric on C¢ and Lé") = Lon-10---0 L.

For a cone C with order <¢, set a(f, g) :=sup{\ > 0: \g <c f}, B(f,g) :=inf{u >0:f <c pg}, and Hilc(f, g) := log gg?g
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Right and left eigenvectors, and spectral gap

Assume cones C,, C B, and dual cones C;, C B, and that (i)—(iii) from the previous slide hold. Then via
standard arguments, for P-a.e. w we have that:

Adaptation of the Birkhoff cones arguments to the Liverani, Saussol, and Vaienti (1998) to the random context
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Right and left eigenvectors, and spectral gap

Assume cones C,, C B, and dual cones C;, C B, and that (i)—(iii) from the previous slide hold. Then via
standard arguments, for P-a.e. w we have that:
Right random eigenvector: recall that L., : C, — Csu,, there exists p., € Co, and A, > 0 satisfying

. Enfn 1
te = lim (n‘)’ “ € Cuy Lot = Awflow-
nmee L0, sy

Adaptation of the Birkhoff cones arguments to the Liverani, Saussol, and Vaienti (1998) to the random context
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Right and left eigenvectors, and spectral gap
Assume cones C,, C B, and dual cones C;, C B, and that (i)—(iii) from the previous slide hold. Then via
standard arguments, for P-a.e. w we have that:
Right random eigenvector: recall that £, : C., — Cs, there exists p, € C,, and A, > 0 satisfying
Ll 1

—ng,

Mo = € Cuu Acw,ufw = Aw//bo'uw

lim e
oo |12 1g,

Left random eigenfunction: recall that £, : C;,, — CJ, there exists £, € C., satisfying

KW(;LW) = ].7 (Lw)*zo'w - Awgw-

Adaptation of the Birkhoff cones arguments to the Liverani, Saussol, and Vaienti (1998) to the random context
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Right and left eigenvectors, and spectral gap
Assume cones C,, C B, and dual cones C;, C B, and that (i)—(iii) from the previous slide hold. Then via
standard arguments, for P-a.e. w we have that:
Right random eigenvector: recall that £, : C., — Cs, there exists p, € C,, and A, > 0 satisfying
cro, 1

— < c Cuu Acw,ufw = Aw//bo'uw

e = lim e
oo 120 1,

Left random eigenfunction: recall that £, : C;,, — CJ, there exists £, € C., satisfying

Kw(,uw) = ].7 (Lw)*zo'w - Awgw-

Spectral gap:

Lg,)g = AEJ) o (8) ponew + )\L(:)Qﬁ)n)(g)? HQt(un)HBwﬂBanw < CXNT(w’n)a

where
n—1
AP = [ Ao and Ne(w, n) = #({i(0"w) }ien N [1, 7))
j=0

Adaptation of the Birkhoff cones arguments to the Liverani, Saussol, and Vaienti (1998) to the random context
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Natural candidates
For each f € C*(M), define v, (f) = £ (f - ). Observe that v, is equivariant:

Vo(fo Tw)=Llu(fo Ty :LCZ Low(fo Ty phe :i(fwf-ﬁwyw = Upw(F).
A A
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Natural candidates
For each f € C*(M), define v, (f) = £, (f - po). Observe that v, is equivariant:
VolF o Tu)= (ulf o T ) = 3 (£0) ou(F o T ) = - LulF - L) = vul(£).
Also, choosing f, g € C*(M) we have

Vo(FoTo-g)=lu(foTl g )=

1 *\(n)p n 1 ) ~(n
7 () Maro(f 0 T2 g ) = 5 Lona (£ £8)(g - 1o0.))

=l (£ Ll ) £ QD (g1) ) = vomu(F) malg) + O(|Q 5. s, )
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Natural candidates
For each f € C*(M), define v, (f) = £ (f - ). Observe that v, is equivariant:
Vi(f o Tw)=Lu(fo T, )= %(ci),cw(fo T o) = %l@(f L) = Vou(f).
Also, choosing f, g € C*(M) we have

vo(fo T, -g)=lu(foT) g )=

* n)p n 1 ) ~(Nn
('Cu;)( )égu(fo T, g pw) = W ((,nw.<f . L&,)(g . /1(,%,)>

1
A
(P ulg ) e+ £ QU (g) ) = vora( ) malg) + O([| Q5 s, )

Recall that HQL(O")HBM_,B wy < Cx M@ In particular

olw —

/foTw"-gduw—/fdyanw/gduw
M M M

where N, (w, x) = #({ri(0"w)Yien N [1, n]).

< O fleo lglles

Matheus Manzatto de Castro |  Thermodynamic formalism for hyperbolic random dynamical systems



Natural candidates
For each f € C*(M), define v, (f) = £ (f - ). Observe that v, is equivariant:
Vi(f o Tw)=Lu(fo T, )= %(ci),cw(fo T o) = %l@(f L) = Vou(f).
Also, choosing f, g € C*(M) we have

vo(fo T, -g)=lu(foT) g )=

* n)p n 1 ) ~(Nn
('Cu;)( )égu(fo T, g pw) = W ((,nw.<f . L&,)(g . /1(,%,)>

1
A
(P ulg ) e+ £ QU (g) ) = vora( ) malg) + O([| Q5 s, )

Recall that HQL(O")HBM_,B wy < Cx M@ In particular

olw —

/foTw"-gduw—/fdyanw/gduw
M M M

where N (w, x) = #({7i(c"w)}ien N [1, n]).
If one manages to do such a construction:

< O fleo lglles

- v = v, (dx)P(dw) is a candidate for P-relative equilibrium state for the potential

¢ + log ‘det(DTw|E5(wyx)) ‘ .

- [ log AuP(dw) is a candidate for its P-relative topological pressure.
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Challenges of the proof and Random Cones

Main challenge: There is no thermodynamic formalism for diffeomorphisms based on Birkhoff cones. Existing
results (Baladi—Tsujii, 2007; Gouézel-Liverani, 2008) rely on spectral methods (anisotropic Banach spaces) instead.
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Challenges of the proof and Random Cones

Main challenge: There is no thermodynamic formalism for diffeomorphisms based on Birkhoff cones. Existing
results (Baladi—Tsujii, 2007; Gouézel-Liverani, 2008) rely on spectral methods (anisotropic Banach spaces) instead.

Cone construction based on:
- Viana (1997; Arnold solenoid)

- X. Liu (2024; Random Anosov w/ strong mixing)
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Challenges of the proof and Random Cones

Main challenge: There is no thermodynamic formalism for diffeomorphisms based on Birkhoff cones. Existing
results (Baladi—Tsujii, 2007; Gouézel-Liverani, 2008) rely on spectral methods (anisotropic Banach spaces) instead.

Cone construction based on:
- Viana (1997; Arnold solenoid)

- X. Liu (2024; Random Anosov w/ strong mixing)

Parameters: a, b, c,x,n > 0.
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Challenges of the proof and Random Cones

Main challenge: There is no thermodynamic formalism for diffeomorphisms based on Birkhoff cones. Existing
results (Baladi—Tsujii, 2007; Gouézel-Liverani, 2008) rely on spectral methods (anisotropic Banach spaces) instead.

Cone construction based on:
- Viana (1997; Arnold solenoid)

- X. Liu (2024; Random Anosov w/ strong mixing)

Parameters: a, b, c,x,n > 0.

Stable leaves: 'j(w) = local stable manifolds in M
of size § > 0 for the fibre at w. For (w,x) € Q x M,

Yiwx) C{y €M :dist(Tix, Thy) »0asn—oo}
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Challenges of the proof and Random Cones

Main challenge: There is no thermodynamic formalism for diffeomorphisms based on Birkhoff cones. Existing
results (Baladi—Tsujii, 2007; Gouézel-Liverani, 2008) rely on spectral methods (anisotropic Banach spaces) instead.

Cone construction based on:
- Viana (1997; Arnold solenoid)

- X. Liu (2024; Random Anosov w/ strong mixing)

Parameters: a, b, c,x,n > 0.

Stable leaves: 'j(w) = local stable manifolds in M
of size § > 0 for the fibre at w. For (w,x) € Q x M,

Yiwx) C{y €M :dist(Tix, Thy) »0asn—oo}

Densities on leaves: for v, € I'§(w),

K pw(X) 2 disty,, (x,y)"
Du(Yw) == pw € CE(7w) : <e2 W
(7) = {pw € CE(w) . }
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Main challenge: There is no thermodynamic formalism for diffeomorphisms based on Birkhoff cones. Existing
results (Baladi—Tsujii, 2007; Gouézel-Liverani, 2008) rely on spectral methods (anisotropic Banach spaces) instead.

Cone construction based on:
- Viana (1997; Arnold solenoid)

- X. Liu (2024; Random Anosov w/ strong mixing)

Parameters: a, b, c,x,n > 0.

Stable leaves: 'j(w) = local stable manifolds in M
of size § > 0 for the fibre at w. For (w,x) € Q x M,

Yiwx) C{y €M :dist(Tix, Thy) »0asn—oo}

Densities on leaves: for v, € I'§(w),

K pw(X) 2 disty,, (x,y)"
Du(Yw) == pw € CE(7w) : <e2 W
(7) = {pw € CE(w) . }

Projective distance on D,,(7.): Hilp,(y,)(;")
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Challenges of the proof and Random Cones

Main challenge: There is no thermodynamic formalism for diffeomorphisms based on Birkhoff cones. Existing
results (Baladi—Tsujii, 2007; Gouézel-Liverani, 2008) rely on spectral methods (anisotropic Banach spaces) instead.

Cone construction based on: Cone Cu(b,c,n): A bounded measurable ¢ lies in

- Viana (1997; Arnold solenoid) CgJE‘bv c,n) if (c1|)—(c3) hold for every pu,<w € Dus (V)
with unit integral.

- X. Liu (2024; Random Anosov w/ strong mixing)

Parameters: a, b, c,x,n > 0.

Stable leaves: 'j(w) = local stable manifolds in M
of size § > 0 for the fibre at w. For (w,x) € Q x M,

YVwx) C {y €M :dist(Tx, Tly) =+ 0asn— oo}

Densities on leaves: for v, € I'§(w),

K pw(X) 2 disty,, (x,y)"
Du(Yw) == pw € CE(7w) : <e2 W
(7) = {pw € CE(w) . }

Projective distance on D,,(7.): Hilp,(y,)(;")
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Challenges of the proof and Random Cones

Main challenge: There is no thermodynamic formalism for diffeomorphisms based on Birkhoff cones. Existing
results (Baladi—Tsujii, 2007; Gouézel-Liverani, 2008) rely on spectral methods (anisotropic Banach spaces) instead.

Cone construction based on: Cone Cu(b,c,n): A bounded measurable ¢ lies in

- Viana (1997; Arnold solenoid) CgJE‘bv c,n) if (c1|)—(c3) hold for every pu,<w € Dus (V)
with unit integral.

- X. Liu (2024; Random Anosov w/ strong mixing) (C1) Positivity along leaves:

Parameters: a, b, c,x,n > 0. / @(x) puo(x) dmy, (x) > 0.

w

Stable leaves: 'j(w) = local stable manifolds in M
of size § > 0 for the fibre at w. For (w,x) € Q x M,

YVwx) C {y €M :dist(Tx, Tly) =+ 0asn— oo}

Densities on leaves: for v, € I'§(w),

K pw(X) 2 disty,, (x,y)"
Du(Yw) == pw € CE(7w) : <e2 W
(7) = {pw € CE(w) . }

Projective distance on D,,(7.): Hilp,(y,)(;")
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Challenges of the proof and Random Cones

Main challenge: There is no thermodynamic formalism for diffeomorphisms based on Birkhoff cones. Existing
results (Baladi—Tsujii, 2007; Gouézel-Liverani, 2008) rely on spectral methods (anisotropic Banach spaces) instead.

Cone construction based on: Cone Cu(b,c,n): A bounded measurable ¢ lies in
- Viana (1997; Arnold solenoid) Cu(b, ¢, n) if (C1)~(C3) hold for every pu,sw € Du(yw)
with unit integral.
- X. Liu (2024; Random Anosov w/ strong mixing) ~ (C1) Positivity along leaves:

Parameters: a, b, c,x,n > 0. / @(x) puo(x) dmy, (x) > 0.

w

Stable leaves: 'j(w) = local stable manifolds in M

f size § > O for the fibre at w. F Qx M,
of size § > 0 for the fibre at w. For (w, x) € €2 x (C2) Log—Halder in the density:

Yiwx) C{y €M :dist(Tix, Thy) »0asn—oo}

ffyw P Pw dm’Yw < ebHil'Dw('yw)(pWng)

Densities on leaves: for v, € I'§(w), f% © Sw dmay,,

K pw(X) 2 disty,, (x,y)"
Du(Yw) == pw € CE(7w) : <e2 W
(7) = {pw € CE(w) . }

Projective distance on D,,(7.): Hilp,(y,)(;")
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Challenges of the proof and Random Cones

Main challenge: There is no thermodynamic formalism for diffeomorphisms based on Birkhoff cones. Existing
results (Baladi—Tsujii, 2007; Gouézel-Liverani, 2008) rely on spectral methods (anisotropic Banach spaces) instead.

Cone construction based on: Cone Cu(b,c,n): A bounded measurable ¢ lies in

- Viana (1997; Arnold solenoid) CgJE‘bv c,n) if (c1|)—(c3) hold for every pu,<w € Dus (V)
with unit integral.

- X. Liu (2024; Random Anosov w/ strong mixing) (C1) Positivity along leaves:

Parameters: a, b, c,x,n > 0. / @(x) puo(x) dmy, (x) > 0.

w

Stable leaves: 'j(w) = local stable manifolds in M
f size § > O for the fibre at w. F Qx M,

of size § > 0 for the fibre at w. For (w, x) € (C2) Log—Halder in the density:

YVwx) C {y €M :dist(Tx, Tly) =+ 0asn— oo}

ffyw P Pw dm’Yw < ebHil'Dw('yw)(pUJng)

Densities on leaves: for v, € I'§(w), fm # Sw dmny,,
a . "
Do (V) = {pw €Ci(w): pu(x) < e2 sty 00y) } (C3) Holder across leaves  (holonomy): for
pw(y) holonomy-related (Jw,7vw), if pu is the trans-

t lisati f puw,
Projective distance on D,,(7.): Hilp,(y,)(;") port/normalisation of p.,

§'7w ¥ Pw dmﬁ“’ < ec(du("?w Yw )) K
Y podmy, =
Yw
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Cone definition

We define C,, as the closure of C,, C {¢ : M — R; ¢ bounded and measurable} with respect to the norm

su 1 [CA 1 dy
Il = IFISGE A+ S + IS,

/ fpdm,,
Yw

’f'}’w fp}d dm"/w - f'Yw pr/dm'Yw

where

sup. —
IFll5r = sup sup
’Ywerf;(w) puwEDu (Yw)
fr P i =1

)

1S5 = sup sup 0 o
TEMS(©) oy, .07, €Du (ver) 1D, 5,y (Pls: P2)

-["m Py, dmny,, =1

f’Yw pzzu dmey,, =1

’

[, Fpudmn, — [, Ffdms,

d,
110y = sup sup FRCREAL
(Y Fe0 ) ET5 (@) X5 (w) PE Do (1) (Voo o)
nearby pair

And consider B, := span(C.,).
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The general strategy required us to
(i) Construct random Banach spaces B,,, (ii) Construct random cones C.,
(iii) Construct stopping times that generate cone contractions, i.e. existence of random variables
7 <1 <. Q= N, satisfying diampi, (E(T”) CG_me) < Ax™ L

60— Tmw
Using (H1) (hyperbolicity), we have established (i)+(ii). We now use (H2) (fibrewise mixing) to obtain
(iii).
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The general strategy required us to
(i) Construct random Banach spaces B,,, (ii) Construct random cones C.,
(iii) Construct stopping times that generate cone contractions, i.e. existence of random variables
7 <1 <. Q= N, satisfying diampi, (E(T”) CG_me) < Ax™ L

0= Tmw
Using (H1) (hyperbolicity), we have established (i)+(ii). We now use (H2) (fibrewise mixing) to obtain
(iii).
— Lemma 4
Recall (from the mixing condition H2) that

Tmix(w) := min {n € N; T (Bs/2(xi)) N Bsja(x) # 0, V1 <i,j < k}.
Then there exists D1, D, > 1 independent of w such that for any n > Tmix(w)

sup Hile, (£0f, £0g) < Dy + DI,

f,geC

In particular if Tmix(w) < A, then sup; . Hile, ([,g’)ﬁ L',EJ")g) < D+ D :=A.

See Liverani (1995) or X. Liu (2024) (see also Atnip—Froyland—Gonzalez-Tokman—Vaienti (2021) and
Buzzi (1999)).
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(iii) Construction of stopping times that generate cone contractions
By (H2) there exists A such that P[Tmix(w) < A] > 0.
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(iii) Construction of stopping times that generate cone contractions
By (H2) there exists A such that P[Tmix(w) < A] > 0. Therefore, there exist stopping times

T0=0<T71 <7< with No™™w) < Aand 7 — Tm—1 > A for every m € N.

Let A as before and x := tanh(A/4) € (0,1). Then for any m € N,

sup HilCU,me (E(Tm) f, £mm) g> < Xm—l A

o~ Tmw o~ Tmw
f.8€C—rp,,
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(iii) Construction of stopping times that generate cone contractions
By (H2) there exists A such that P[Tmix(w) < A] > 0. Therefore, there exist stopping times

T0=0<T71 <7< with No™™w) < Aand 7 — Tm—1 > A for every m € N.

Let A as before and x := tanh(A/4) € (0,1). Then for any m € N,

sup HﬂCU,me (E(Tm) f, £mm) g> < Xm—l A

—r —7
f’gecciﬂ_mw o mw o mw
Consequence of the previous lemma and

£mm) Cormey = ) g plemm) o E(T"’_Tm—l) Cormy C Coo s

o Tmw o "lw o 2w o~ Tmw
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(iii) Construction of stopping times that generate cone contractions
By (H2) there exists A such that P[Tmix(w) < A] > 0. Therefore, there exist stopping times

T0=0<T71 <7< with No™™w) < Aand 7 — Tm—1 > A for every m € N.

Let A as before and x := tanh(A/4) € (0,1). Then for any m € N,

sup HﬂCU,me (E(Tm) f, £mm) g> < Xm—l A

o~ Tmw o~ Tmw
f.8€C—rp,,

Consequence of the previous lemma and

£mm) Cormey = ) g plemm) o E(T"’_Tm—l) Cormy C Coo s

o Tmw o "lw o 2w o~ Tmw

From the discussion in the previous slides, we can construct
Vo) = Lo (f ), With Lo = Ao flow and (Lo) low = A Lu;
| [y foTlgdv, — [ fdugn, [, gdve| < X" “7|f|cellgllce, with

N (w, n) := #({ri(0"w)}ien N [1, n]).
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(iii) Construction of stopping times that generate cone contractions
By (H2) there exists A such that P[Tmix(w) < A] > 0. Therefore, there exist stopping times

T0=0<T71 <7< with No™™w) < Aand 7 — Tm—1 > A for every m € N.

Let A as before and x := tanh(A/4) € (0,1). Then for any m € N,

sup HﬂCU,me (E(Tm) f, £mm) g> < Xm—l A

o~ Tmw o~ Tmw
f.8€C—rp,,

Consequence of the previous lemma and

£mm) Cormey = ) g plemm) o E(T"’_Tm—l) Cormy C Coo s

o Tmw o "lw o 2w o~ Tmw

From the discussion in the previous slides, we can construct
Vo) = Lo (f ), With Lo = Ao flow and (Lo) low = A Lu;
| SufoTlgdvy — [ fdveny [, gdva| < x"“7||f||callg]ca, with
N-(w, n) := #({7i(c"w)}ien N [1, 0]).

In particular, if (H2') is satisfied (P[Tmix(w) > n] < Goe™ "), then the decay is exponentially fast
(depending on w).
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Showing that v is the unique P-relative equilibrium state

Assume that the RDS (©; 0, P) satisfies Hypothesis (H). Let v = v, (-)P(dw), with v, (f) = Lo (f - pew)-
- We show that
/Iog Ao dP(w) = Prop (¢ + log | det(DTu|es(w )| | P),

by adapting the argument method provided in Parmenter and Pollicott (2021).
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Showing that v is the unique P-relative equilibrium state

Assume that the RDS (©; 0, P) satisfies Hypothesis (H). Let v = v, (-)P(dw), with v, (f) = Lo (f - pew)-
- We show that
/Iog Aw dP(w) = Prop (¢ + log | det (DT g5 )| | P)

by adapting the argument method provided in Parmenter and Pollicott (2021).
- We establish that
/Iog Ao dP(w) = P, (¢ + log | det (DT es(w,0) | | P)

proving a weak Gibbs property. Borrowing ideas from Stadlbauer, Suzuki, and Varandas (2021)
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Showing that v is the unique P-relative equilibrium state

Assume that the RDS (©; 0, P) satisfies Hypothesis (H). Let v = v, (-)P(dw), with v, (f) = Lo (f - pew)-
- We show that
/Iog Aw dP(w) = Prop (¢ + log | det (DT g5 )| | P)

by adapting the argument method provided in Parmenter and Pollicott (2021).

- We establish that
/Iog Ao dP(w) = P, (¢ + log | det(DTo|es(w) | | P)

proving a weak Gibbs property. Borrowing ideas from Stadlbauer, Suzuki, and Varandas (2021)

- We show uniqueness of equilibrium states by noting that ¢, and p., are Margulis measures and
following the method described in Section 4 of Carrasco and Rodriguez-Hertz (2023).
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Showing that v is the unique [P-relative equilibrium state

Assume that the RDS (©; 0, P) satisfies Hypothesis (H). Let v = v, (-)P(dw), with v, (f) = Lo (f - pew)-
- We show that
/Iog Aw dP(w) = Prop (¢ + log | det (DT g5 )| | P)

by adapting the argument method provided in Parmenter and Pollicott (2021).

- We establish that
/Iog Ao dP(w) = P, (¢ + log | det(DTo|es(w) | | P)

proving a weak Gibbs property. Borrowing ideas from Stadlbauer, Suzuki, and Varandas (2021)

- We show uniqueness of equilibrium states by noting that ¢, and p., are Margulis measures and
following the method described in Section 4 of Carrasco and Rodriguez-Hertz (2023).

- We prove quenched CLT by the standard Nagaev-Guivarc'h perturbation method for complex cones,
Chapter 7 of Hafouta, and Kifer (2018).
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Key takeaways

Results
- We have established existence and uniqueness of relative equilibrium states for hyperbolic random
dynamical systems on surfaces, under the uniform Holder bound

esssup [|¢(w, -)llea < oo.

- We have obtained quenched exponential decay of correlations and a quenched CLT via the basis large
deviation estimates, i.e.
PN <n<Ke "

- We have found suitable Birkhoff cones enabling a thermodynamic formalism for random
diffeomorphisms.
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Key takeaways

Results
- We have established existence and uniqueness of relative equilibrium states for hyperbolic random
dynamical systems on surfaces, under the uniform Holder bound

esssup [|¢(w, -)llea < oo.

- We have obtained quenched exponential decay of correlations and a quenched CLT via the basis large
deviation estimates, i.e.
PN <n<Ke "

- We have found suitable Birkhoff cones enabling a thermodynamic formalism for random
diffeomorphisms.

Thank you for your attention!
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Topological pressure via the random eigenvalues

Let v = v, (dx)P(dw) and assume (H) = (H1) + (H2) (Hyperbolicity 4+ Fibrewise mixing).
- We show that

/ log A dP(w) = Prop (0, ¢(w,x) + log| det(DTu|es(wm)| | P)

by adapting an argument of Parmenter—Pollicott (2021) which reads

— Theorem 5 (Parmenter—Pollicott (2021))

T : M — M is a mixing Anosov map (or has an Axiom A attractor) and ¢ : M — R is continuous,
then for any piece of stable manifold v C M,

T) = im flog/eXp(ZmT )dmv()’)

where m., is the induced Riemannian measure on ~y.

P(¢ + log | det(DT|es)],
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The measure v is a P-relative equilibrium state
Let v = v, (dx)P(dw) and assume (H) = (H1) + (H2) (Hyperbolicity + Fibrewise mixing).
- We show that

/Iog/\w dP(w) = P, (O, ¢(w,x)+ log|det(DTu|es(w)| | P),

By establishing a weak Gibbs property:

— Proposition 1 (Weak Gibbs property)

Let £ > 0 be small enough. Then, there exist functions K. € L'(Q,P) and measurable functions
c,C : Q — (0,00), such that for P-a.e. w € Q there exists a strictly increasing sequence
{nk(w)}ken such that for every k € N and and x € M:

“m@ly) Vw(Bf,k(w)(X £))
T, 1 e (516, -nin (T2 ) X))

where Bl (x,e) = {y e M: Y0 < i< n—1,d(T;'x, T, 'y) < €} is the backward dynamical ball.

—ng(w)
< Co(w)e"! “),

co(w)e el

The proof of the above proposition borrows some ideas from Stadlbauer-Suzuki—Varandas (2021).
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Uniqueness of P-relative equilibrium states

Let v = v, (dx) P(dw) and assume (H) = (H1) + (H2) (hyperbolicity + fibrewise mixing).

- Deterministic result (Carrasco-Rodriguez-Hertz, 2023). If T : M — M is a centre isometry (i.e.
TM = E°* @ E° © E" with E having special properties) and ¢ is a suitable potential (in our context
E° = @ and ¢ is Holder), and if there exist measures u", u° such that

(i) the (Rokhlin) disintegration of ;“ along unstable leaves {jy} is absolutely continuous with
respect to the leafwise Lebesgue measure;

(ii) the disintegration of u° along stable leaves {u;} is absolutely continuous with respect to the
leafwise Lebesgue measure;

(iii) Margulis property: for every x € M,

T*,U/i — e—Pmp(EHE /Llfl'(x% T*,Mi — ePtop(g)—g /LST(x)v
(iv) T is topologically mixing,
then T admits a unique equilibrium state for ¢.

- Random adaptation. We adapt the above result by observing that ¢, and ., are Margulis measures
for the potential B
$(w, x) = ¢(w, x) + log | det(DTu|e5(w.)) |

and that both p., and £, have full support.
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Quenched CLT
Let v = v, (dx) P(dw) and assume (H") = (H1) + (H3) (hyperbolicity + fibrewise rapid mixing). Take
fo € L(Q, C*(M)) with v,(£,) = 0 and Saf(w,x) ==  fu(Thx).
0

|
-

,t
Il

Normalise, without loss of generality, to A, =1 by ¢, = ¢, — log Mw.
Nagaev—Guivarc’h on complex cones. Consider the twist operator

Lo g = Ew(eitf“g), [t] < to.
Cone contraction (complex Hilbert metric) gives a uniform spectral gap for small |¢t|:
L0 = 2o(0) M Mara(8) + QL QCA < Ce,

with t — A (t) analytic at 0, A,(0) = 0, A;(0) = X°. Hence log v.(e™"") = 15%t*n + o(nt?), and
Lévy's theorem completes the proof.
- Chapter 7 of Y. Hafouta and Y. Kifer. Nonconventional limit theorems and random dynamics. \World
Scientific Publishing Co. Pte. Ltd., Hackensack, NJ, 2018, pp. xiii+284
- J. Atnip, G. Froyland, C. Gonzalez-Tokman, and S. Vaienti. “Thermodynamic Formalism and
Perturbation Formulae for Quenched Random Open Dynamical Systems”. In: Dissertationes
Mathematicae (2024). to appear; see arXiv:2307.00774. arXiv: 2307.00774 [math.DS]
- Sequencial Billiards: M. F. Demers and C. Liverani. Central Limit Theorem for Sequential Dynamical
Systems. 2025. arXiv: 2502.07765 [math.DS]
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The log|det dT|g. | correction

We focus on the deterministic case. Take ¢ = — log|det d T|, we know for this choice of potential the
eigenvectors of L,f = (e®f) o T~ should give rise to the SRB measure.
From Pesin's formula

Piop (— log | det d Tz,

) = husrs — /log\det dT|z.

dusrs = 0.

we observe that a correction is needed.
Angle identity:

AT | et 4T, .
a(x)

|det dTo| =

|det d T, ..

, a(x) =sin Z(Ef, EY).

Coboundary:

—log | det dT,| + log | det d 7|

= —log |det d T, |,

+ log a( Tx) — log a(x).

Leafwise change of variables (stable leaf ~):

/£¢,f dm,yz/(e¢f)oT_1dm,Y:/ e’ f|detdT|
¥ ¥ Ty

_ ¢+log | detdT|gs
me—l,Y—\/T e fdmyoa,.
e
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