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Setup

(X, B, 1) a probability space or a Lebesgue space.
T : X — X a measure-preserving transformation.

Wesay that T} : X; — X; and T, : X, — X, defined on (X3, By, 1) and
(X5, B,, V), are isomorphic if there are A; € B, A, € B, such that

« u(A;) =v(Ay) =1
« T1(Ay) C Ay, Tr(Ay) C A,
« d¢p:A; - A, invertible measure preserving map such that

poTy =T,00¢.



Baker's map

(2x,y/2) ifxe [O’ %)

— 2 = 3
X =[0,1]", T(x,y) 2x—-1,(y+1)/2) if x € B 1]




Baker's map




Coding the baker's map

To each orbit {..., T7'(x),x, T(x), ...}
we relate a sequence (x,), of zeros and

ones: T3(x),

T2(x (\

o if T"x € _0, %) %X [0,1], code x,, =0
. if T"x € ,1] x [0,1], code x,, = 1

N | =

0 1

O(x)=1(...; 0011...)
O(T(x))=(...0; 011...)



Symbolic Dynamics

A is a finite alphabet
> =AL = {(xn)neZ L X, € A}
(Xn) ey = (o XpX_15 XX - -+ ) € Zp

> A is a compact metric space with
d((x,), (7)) = 2~ nf il s xi#yil

The Bernoulli shift 0 : X5, — X4 is the map

O'( ...x_zx_l;x0x1... ):( ...x_lxo;xlxz...



Symbolic Dynamics

Let € the o-algebra generated by the cylinder sets
* Gils] ={(xp) €Z: x; = 5}
o Ci[sj...5 ] =1{(x,) EZ:X; =8, X = Sk}
(- Xj_1 SiS141 022 Sk Xgqq - ) € Cisge..81]

Given a probability distribution (p, : « € A) in A, we define a probability
measure by

« u(Cils]) = ps

o u(Cilsi...sk]) = u(CGilsil) ... u(Cilsil) = ps; --- s, -
(Z, G, u) is a probability space.



Symbolic Dynamics 8

A measurable map T : X — X is a Bernoulli transformation if it is isomorphic
to a Bernoulli shift.



Kolmogorov-Sinai Entropy

Entropy of a partition,

Hy(P)E ), —u(P)log u(P).
Pe®P

Entropy of a transformation,

h,(T) = sup khm — <\/ T~ ’?).

Tl =~ T2 = h,L{(Tl) — th(Tz).

Andrei Kolmogorov



Ornstein isomorphism theorem 10

Ornstein, 1970

Bernoulli shifts with the same entropy
are isomorphic.

Donald Ornstein



Enconding n-to-1
baker’s maps

Mehdipour, P., Martins, N.
Archiv der Mathematik.

119, 199-211, (2022). [k

Kristina Armitage/Quanta Magazine




Zip shifts

« A and B be two alphabets with |A| > |B|
« ¥ :A — Basurjective map

« X the space of all sequence of letters

(xn)nez = (- XX XgX1 -+ )

with x_,,x_,,... € B and x,, x{, ... € A.

The (full) zip shift map is o, : © — Z with

O-K( -.-x_l;xoxl... ):(...x_lk(x());xlxz...
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Zip shift space

Let C the o-algebra generated by the cylinder sets
« Ci[s] = {(x,) €Z: x; = 5}
o Ci[s;...81 ] E{(x,) €EZ: Xj = S, ey X = Sic}

Given a probability distribution (p, : « € A) in A, we define
( pPg - ﬁ (S B)

Pg = Z Pa-
aex—1(B)

The measure u is defined by
» u(Gils]) = ps
o u(Cilsi...sil) = u(Cilsil) ... u(Cilsil) = ps, --- D5, -

(Z, G, u) is the zip shift space.
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A map is a LM-Bernoulli transformation if is isomorphic to a zip shift map. A
LM-Bernoulli with m = |A|,l = |B| is called a (m, [)-Bernoulli transformation.



Zip shifts

e 0, is a local homeomorphism

« 0, preserves the measure

« 0, Is mixing and ergodic

» 0, has density of periodic points
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The n-to-1 baker’'s maps 15

T :[0,1]* = [0,1]° given by

;
<2nx ly) if 0<x<—
2n

<2nx—11y+ ) if — <x<=

2 2n 2n

T(X,J’)—*(an 2, 1y) if i§x<i
2 2n 2n

<2nx (2n — 1), y+ ) if 2’;;1 <x<1




The 2-to-1 baker’s maps 16




The n-to-1 baker’'s maps are LM-Bernoulli

Theorem

The n-to-1 baker’s map is a (2, 2n)-Bernoulli transformation.

0O 1 2 3
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The n-to-1 baker’'s maps are chaotic

Theorem

The n-to-1 baker’s map T : X — X is chaotic in the sense of Devaney.

Devaney’s chaos:

« Topologically transitive

 Density of periodic points

« Sensitive dependence on initial conditions.

18



Folding and Metric
Entropies for
Extended Shifts

Martins, N., Mattos, P.G., Varao, R.
arXiv:2407.01828 (2024). N




Kolmogorov-Sinai entropy of zip shifts

Theorem

h,u(ak) = H,u(eo)-

20



Ornstein isomorphism
theorem for n-to-1
LM-Bernoulli
transformations

Martins, N.,Mehdipour, P, Varao, R.
Preprint (2025). N




Isomorphism theorem

Main Theorem

Two n-to-1 LM-Bernoulli transformations of same entropy are iso-
morphic.
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Ornstein characterization of Bernoulli shifts

Ornstein, 1974

An automorphism T : X — X is isomorphic to a Bernoulli shift
0 : X — 2 With distribution pp = (p, : @ € A) if, and only if, there is
a partition P such that

a) dist(P) = py
b) P is a generating for T

c) {Tk?}keN is a independent sequence.




Ornstein characterization of Bernoulli shifts

Ornstein, 1974

dist(

Two Bernoulli transformations are isomorphic if, and only if, there are
partitions P and R such that

k k
\/ Tfi?> - dist(\/ T;iﬂz), Vk € N.

i=0 =0




Domain and image partitions 25

« A image partition Q@ = {Qq, ..., Q,,} of a n-to-1 local isomorphism a partition
such that for all P, € T~'Q;, the map

is an automorphism.

« The collection 2 of all P; is a domain partition




Characterization of n-to-1 LM Bernoulli

An n-to-1 local isomorphism T : X — X is a LM-Bernoulli transforma-
tion with distribution p5 = (pg : @ € A) if, and only if, there is a domain
partition P such that

a) dist(P) = py
b) P is a generating for T

c) The sequences {Tk?}keN and {T‘k?}keN are independent.
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The copying condition

Let T}, T, to be two n-to-1 LM-Bernoulli transformations and ? and R be
partitions of X; and X,, respectively.

The process (T, P) is a copy of the process (T,, R), and we denote by
(Tlaj)) ~ (TZ"R)

when, for all k > 0,

k k
-k —k
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The copying condition

Let T, T, to be two n-to-1 LM-Bernoulli transformations and P and R
to be the domain generating partitions, respectively. Then,

(Tl,j)) = (Tz,je) L — Tl ~ Tz.

28
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