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Multiscale Substitutions

Let o xx+ 1 and consider the 2-Kakutani substitution rule :

2 1 - x

--

unit interval in IR

· multiscale substitution tilings ISS21)
a time + dependent substitution semi-flow Ff : inflate

by et and subsitute tiles of volume = 1

- - - - -

inflate with time , substitute largest tiles only
limit 2-Kakutani
-> tilings of IR

1 := Sendpoints of tiles] is a Debone set in IR
uniformly discrete relatively dense



2 1 - x Other related
-

constructions
log ! logita

longest
T
,

longest
Tz

T3
longest

longest
Fis longest longest

F :

Tiling zeta function 3
.
(s) =

1 - c-c-2)s
...BRRRBRRRBRRBRBRR ...



UniformSpreadress Fi

c-Kakutani tiling
↓

....................... Delone

1 is uniformly spread if Jaso and bijection y : 1-cE with
-

bounded displacement
equivalent to a lattice Sup11x-ylalla

not all Delone sets are uniformly spread :

- - -

zi ...............

Theorem [S25+] Let o-c=/
,
then 1 is uniformly spread iff

log !
ra : Logic

* Ek E , 2 , 3 ,43



Counting Tiles iii
Laczkovich 192) 12 with density do is uniformly spread iff

discrepancy
-

#(110) - (10) = C (OU) " V bod measurable WEIR

a directed weighted graph Ga : log ! logita

key observation : tiles in Ft(I) 1 > walks on Go

walk originating at vertex and
tile of Length ITI Is

terminating log it before the vertex



Counting Tiles iii
Laczkovich 192) 12 with density do is uniformly spread iff

discrepancy
-

#(110) - (10) = C (OU) " V bod measurable WEIR

a directed weighted graph Ga : log ! logita

the substitution rule is incommensurable if r =
log ! ER
logit

· files appear in a dense set of lengths in It , 15

I
· # tiles in Ff(I) ~ det for dn =

-2lga - (1 -2)bg(1-2)

#distinct lengths of files in Ff(I) = &(t)

pigeonhole = F intervals U with discrepancya)



Multiscale Substitutions

· higher dimensions and additional prototiles

inflate with time , substitute

largest tiles only
&

&

&

&

T ↑
2 Ranzy's fractal (commensurable). Does

-3 incommensurability rule out fractal boundaries ?



Commensurable Case -1- x

-1

Assume now r = log !
=

n

&
n>m> coprime . &logit m 3 (nmlice

↑

Split edges of G to equal parts :
= 1
: y n=3

,
m=z

↳
&

↑

2

=> Primitive substitution rule

I TheTh-
Tz ,-
T3 23I
- 11

Tu 2I
- 11-

N n+m+1

2inflation constant 3 :[1 , substitution matric Mc=Pointsimultaneous
substitution + inflation

(key observation : corresponding tilings = C-Kakutani tilings
up to rescaling



Commensurable Case iii
Jaceeigens,
>

Solomon (14) Let j22 be the minimal index with K, I&
where x< 1x2k ... (xul are the eigenvalves of Mc. Then

if (x; 1 = 1 1 is uniformly spread , if (x; 1 > 11 is NOT

· linear algebra x ,=[> 1
.
Nonzero x; satisfy 0x1x; 1 + 1

.
Vx
;
***

· Pal =
sem-1(-1)

. Tverberg (60) Fals is irreducible .

Pisot-Vijayaraghavan
1 unif. spread E fabi is the min . poly of a pV number

· Dubickas
,
Jankauskas (14) then face) is one of the following :

xx- 1
,
x3-x - 1

,
x-c 1

,
x - x - 1



Commensurable Case iii

fa(x) = x- x - 1 PV poly of the plastic ratio ry=3 = c= (1 - x)3
smallest
PV number

fa(x) = x -x- 1 PV poly of the golden ratio== 2 = c = (l-0)

fa(x) = x -x- 1 PV poly of the supergolden ratio r = 3 = c = (1-1)

fa(x) = x - x -1 PV poly of the 2nd smallest PV number re=
Y

=> c = (1 - a)

Thank You !


