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Abstract

In this work we consider a nonlocal system modelling the evolutionary adaptation of a
pathogen within a multi-host population of plants. Here we focus our analysis on the study
of the stationary states. We first discuss the existence of nontrivial equilibria using dynamical
system arguments. Then we introduce a small parameter 0 < ¢ < 1 that characterises
the width of the mutation kernel, and we describe the asymptotic shape of steady states with
respect to €. In particular, for ¢ — 0 we show that the distribution of the pathogen approaches
a singular measure concentrated on the maxima of fitness in each plant population. This
asymptotic description allows us to show the local stability of each of the positive steady
states for € < 1, from which we deduce a uniqueness result for the nontrivial stationary states
by means of a topological degree argument. These analyses rely on a careful investigation of
the spectral properties of some non-local operators.
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1 Introduction

In this work we study the stationary states of the following system of equations

dd%(t) = &A= 0Sk(t) — Sk(t) /RN Br(y)A(t,y)dy, k=1,2,
%(t,x) = Bi(x)Sk(t)A(t,z) — (0 + dp(x)) I (t,z), k=1,2, (1)
%(t, z) = —0A(t,x) + o me(z —y) [ri(y) 1 (t,y) + r2(y) I2(t, y)] dy.

The above system describes the evolution of a pathogen producing spores in a heterogeneous plant
population with two hosts. This model has been proposed in [20] to study the impact of resistant
plants on the evolutionary adaptation of a fungal pathogen.

Here the state variables are nonnegative functions. The function Si(t) denotes the healthy
tissue density of each host k € {1,2}, I;.(¢, z) represents the density of tissue infected by pathogen
with phenotypic trait value z € R, while A(t,x) describes the density of airborne spores of
pathogens with phenotypic trait value z € RY. Here N € N\ {0} is a given and fixed integer.

The positive parameters A, 6, § respectively denote the influx of total new healthy tissue, the
death rate of host tissue and the death rate of the spores. The parameters & € (0,1) correspond



to the proportions of influx of new healthy tissue for each host population and therefore satisfy
the relation & + £ = 1. Note that in the absence of the disease, namely when Iy = I, = A = 0,
the density of tissue at equilibrium for each host k is equal to &, A/6.

The phenotypic traits of the pathogen considered in the model are supposed to influence the
functions ri, B and di that respectively denote the spores production rates, the infection efficien-
cies and the infectious periods of the pathogen. Those parameters depend on the phenotypic value
x € RY and the host k = 1,2.

The function m,. is a probability kernel that characterises the mutations arising during the
reproduction process. More precisely, given tissue infected by a mother spore with phenotypic
value y, me(z — y) stands for the probability that a produced spore has a phenotypic value z.
Therefore m, describes the dispersion in the phenotypic trait space RV arising at each production
of new spores.

Here we consider that produced spores cannot have a very different phenotypic value from
the one of their mother. In other words, mutations are occurring within a small variance so that
we assume that the mutation kernel is highly concentrated and depends on a small parameter
0 < € < 1 according to the following scaling form

me(z) = ! (;), Ve € RY,

=—m
N
where m is a fixed probability distribution (see Assumption [1]in Section [2| below).

In this work we aim at studying the existence and uniqueness of nontrivial steady states for the
above system of equations. We also investigate the shape of these steady states for ¢ < 1 and we
shall more precisely study their concentrations around some specific phenotypic trait values when
the mutation kernel is very narrow, i.e. for e — 0.

The above problem supplemented with an age of infection structure has been investigated
by Djidjou et al. [15] using formal asymptotic expansions and numerical simulations. In the
aforementioned work, the authors proved the convergence of the solution of the Cauchy problem
toward highly concentrated steady states.

Moreover, the case of a single host population has already been studied thoroughly. A re-
fined mathematical analysis of the stationary states has been carried out in [14] with a particular
emphasis on the concentration property for ¢ < 1. We also refer to |7}, 8] for the study of the
dynamical behaviour and the transient regimes of a corresponding simplified Cauchy problem for
a single host.

Model is related to the selection-mutation models for a population structured by a con-
tinuous phenotypic trait introduced in [11}, 18] to study the maintenance of genetic variance in
quantitative characters. Since then, several studies have been devoted to this class of models in
which mutation is frequently modelled by either a nonlocal or a Laplace operator. In many of these
works the existence of steady state solutions is related to the existence of a positive eigenfunction of
some linear operator and to the Krein-Rutman Theorem, see e.g. [4} |6} |9} [10]. In particular, in |9}
10] it is assumed that the rate of mutations is small; in this case the authors are able to prove that
the steady state solutions tend to concentrate around some specific trait in the phenotypic space
as the mutation rate tends to 0. In [2], the steady state solutions for a nonlocal reaction-diffusion
model for adaptation are given in terms of the principal eigenfunction of a Schrédinger operator.

As far as dynamical properties are concerned and under the assumption of small mutations,
another fruitful approach introduced in [13] consists in proving that the solutions of the mutation
selection problem are asymptotically given by a Hamilton-Jacobi equation. This approach has led
to many works, see e.g. |23} 24, 25].

Propagation properties have also been investigated in related models, see e.g. |1] and [17] for
spatially distributed systems of equations.

As already mentioned above, in this paper we are concerned with the steady states of .
Using the symbol % to denote the convolution product in RY, steady state solutions of solve



the following system of equations

LA

T T B Al "
Iu(z) = %sm(@, k=12, )

0A(x) = mex [r ()1 () + r2(-) L2 ()] (2).
The above system can be rewritten in the form of a single equation for A = A¢ € L}r (RN)
AT =T° (A7), (3)

where the nonlinear operator T¢ is given by

c(p) = L ()
' (‘P) - k:zl:,Q 1+0-! le\lj ﬁk(z)@(z)dzl (4)

Here, for k = 1,2, Lj, denotes the following linear operator

i = %ms f(Ue), k=12, (5)

wherein W, corresponds to the fitness function of the pathogen in host &

\I/k(m)zm, zeRY, k=1,2. (6)

Conversely, if A° € L1 (R") is a fixed point of T¢, a stationary solution (S5, S5, If, I§, A°) to the
original system can be reconstructed by injecting A° into the first two equations of . The
trivial solution A = 0 is always solution of and corresponds to the disease-free equilibrium.
When A° is nontrivial, the corresponding stationary state is said to be endemic.

This paper is organized as follows. In Section [2| we state the main results obtained in this
work. In Section [3| we prove the existence of an endemic (nontrivial) equilibrium for model by
using dynamical system arguments and the theory of global attractors. In Section [4] we prove that
any nontrivial fixed point of roughly behaves as the superposition of the solution of two single
host problems, corresponding to the fixed points of the non-linear operators

L&A me * (i)
Tile] = 0 1+07 [on Be(2)p(z)dz’

(7)

provided the fitness functions ¥, defined in @ have disjoint supports. Finally, in Section |5, we
investigate the uniqueness of the non-trivial fixed point of T, for ¢ <« 1. Our analysis relies on
the precise description of the shape of A° coupled with topological degree theory.

2 Main results and comments

In this section we state and discuss the main results that are proved in this paper. Throughout
this manuscript we make the following assumption on the model parameters.

Assumption 1. We assume that
a) the parameters &1, &2, A, 0 and 0 are positive constants with & + & = 1;

b) for each k = 1,2, the functions By, di, vy are continuous, nonnegative and bounded on RY
and the function ¥y defined in @ 1s mot identically 0 and satisfies

lim Wy(x) = 0;

llzll—oc0



c) the function m € L3 (RY)N LY (RYN) is positive almost everywhere, symmetric and with unit
mass, t.e.

m(x) >0, m(—z) = m(z) a.e. in RY, and / m(z)dz = 1.
RN
Moreover for every R > 0, the function satisfies

z+— sup m(x+y) € L'(RY).
lyll<r

As already mentioned in the Introduction, in this work we discuss some properties of the
nonnegative fixed points for the nonlinear operator 7¢ in L'(R™). Recall that A = 0 is always
a solution of such an equation. Our first result provides a sharp condition for the existence of a
nontrivial fixed point. This condition relies on the spectral radius r,(L¢) of the linear bounded
operator L¢ € L (L*(R")) defined by

L) = Li() + L) = me x (6001 + &) ¢ W € L' (BY). Q

Our first result reads as follows.

Theorem 2.1 (Equilibrium points of System ) Let Assumptz'on be satisfied and let € > 0 be
given.

(i) If ro(LF) < 1, then A =0 is the unique solution of in LY (RY).
(i) If ro(L°) > 1, then there exists at least a continuous function A > 0 such that
A® € LYRY) N L®(RY) and A° = T¢ (A°),

where the nonlinear operator T¢ is defined in . Furthermore, the solution A® belongs to
Cy(RYN), the space of bounded and continuous functions on RY, and the family {A}.~ is
uniformly bounded in L*(RY).

The proof of the above Theorem involves the theory of global attractors applied to the discrete
dynamical system generated by T°. Note that the operator L is the Fréchet derivative of T (see
() at A= 0. The position of the spectral radius r,(L?) with respect to 1 describes the stability
and instability of the extinction state A = 0 for the aforementioned dynamical system.

In our next result we consider the situation where r,(L?) > 1 and investigate the shape of the
nontrivial and nonnegative solutions of the fixed point problem for e < 1. Observe that the
threshold r,(L®) converges to a limit when ¢ — 0

: . A
lim ’I“U(L ) = RO = 5”61‘1’1 + §2\I/2||Loo. (9)

e—0

In addition to Assumption |1} we introduce further conditions on the functions 8 and on the decay
rate of the mutation kernel m.

Assumption 2. We assume that the mutation kernel satisfies, for alln € N,

lim ||z||"m(z) = 0.
llzl|—o0

In other words, m satisfies m(x) = o (W) as ||z|| = oo.

Furthermore, we assume that functions 51 and By have compact supports, separated in the sense

dist (21,32) > 0 with Xy = {x € RN, Br(z) >0}, k=1,2, (10)
where dist s the usual distance between sets in RY

dist(X21,%2) := inf inf —z|.
ist(21,5) = inf iy~



This second assumption will allow us to reduce the study of the fixed points of T° to the two
simpler fixed point problems associated with T}, (defined in ) weakly coupled when ¢ < 1.

Our last assumption concerns the spectral gap of the bounded linear operators L, (see ) Let
us recall that for each € > 0 and k = 1,2, the spectrum o (L) of L is composed of isolated eigen-
values (except 0) with finite algebraic multiplicities, among which r,(L%) is a simple eigenvalue.
Moreover,

A
lim ro(L5) = Roj := 5’“—H\IJ,CHLOO, k=1,2. (11)
e—0 0

We refer to Appendix [A]for a precise statement of those spectral properties. Recalling the definition
of Ry in @, observe that, due to Assumption [2| we have

R() = max{Royl, R072}.

Next for k£ = 1, 2 we denote by )\Z’l > )\2’2 the first and the second eigenvalues of the linear operator
L7, and we assume that the spectral gaps are not too small, namely

Assumption 3 (Spectral gap). We assume that for each k = 1,2 there exists ni € N such that

1 £,2
)\6’ _ )\ s
liminf 22— "k
e—0 enk

> 0.

Note that the above assumption is satisfied for rather general functions ¥;. An asymptotic
expansion of the first eigenvalues of the operators Lj has been obtained in [14] when the mutation
kernel has a fast decay at infinity and when Wy are smooth functions. In that case, the asymptotic
expansions for the first eigenvalues involve the derivative of the fitness functions ¥y at their max-
imum. Roughly speaking, for each k£ = 1,2, Assumption [3]is satisfied when each — partial — fitness
function Wy achieves its global maximum at a finite number of optimal traits, and its behaviour
around any two optimal traits differs by some derivative. Assumption [3] allows us to include the
situation studied in [14] in a more general framework. A similar abstract assumption has been
used in [7], [8] to derive refined information on the asymptotic and the transient behaviour of the
solutions to in the context of a single host population.

The single host problem

TE (45) = A7 (12)

has been extensively studied in Djidjou et al. [14]. In particular it has been shown that, when
Ry, > 1, this equation admits a unique positive solution A;" € L}x- (RM) as soon as ¢ is sufficiently
small. Our next result shows that any nontrivial solution of is close to the superposition of the
solutions to the two uncoupled problems for k =1,2, when ¢ < 1.

Theorem 2.2 (Asymptotic shape of the solutions of ) Let Assumptions @ and@ be satisfied
and assume further that Ry > 1. Let A° € LY (RYN) N L>®(RY) be a nontrivial solution of (3).
Then the following estimate holds for e < 1:

AT = (AT" + AS7) |1 mvy = 0(%),

where, for k = 1,2, A" € LY(RYN) is the unique positive fized-point of T¢ if Roy > 1 and A" =0
otherwise.

Remark 2.3. As will be shown in Lemma it should be noted that ||AT™||1(s,) = 0(e>) and,
similarly, ||AS™ || L1 (s,) = 0(e%°). Therefore, the following result holds as well

|A® = AT [[Lr(my) = 0(™), A7 = AT (|1 (z,) = 0(e™),
[A° = (AT + A3 ) Lo (musa)) = 0(6).

In particular, Theorem ensures a concentration property for the nontrivial fixed point
solutions of (3) and thus for the endemic solutions of as ¢ — 0 (see Figures [1] and [2). It
shows that each infectious population I concentrates around phenotypic values maximising Wy if
Ror > 1or goesto 0 ae. if Ry <1. As a special case, when each ¥; achieves its maximum at a
single point z;, € X, a slightly more precise result can be stated.
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Figure 1: Fitness functions and endemic equilibrium in the case Ry > 1 and Ry > 1.

Corollary 2.4 (Concentration property of the endemic equilibrium points). Assume that each
fitness function ¥y, admits a unique mazimum at © = xj, and that Ry > 1 for all k =1,2, that is

A
Ry = %‘I’k(mk) >1, Vk=1,2.

For e < 1, denote by (S%,S5,15,I5, A®) any endemic equilibrium point of . Then, as ¢ — 0,
the following behaviour holds

1
e
Ny S5 = F(on)

and for any function f continuous and bounded on RY, we have

. Rop—1
| If(x)dz = )
=50 RN f@)li(@)de Uy (zg) (1 + %(;k)) f (e
and g 0
iig% o f(z)A®(z)dx = m(RO,l — 1) f(x1) + m(Ro,z — 1) f(x2).

Numerical explorations suggest that the latter concentration property may fail to hold when
Assumption [2] does not hold. Indeed, we can find examples where Ry; > 1, Ry2 > 1 and where
the population of spores does not concentrate to either maximum of ¥; or ¥s. Such an example
is shown in Figure

Finally, we are able to prove the uniqueness of the positive equilibrium of given by Theo-
rem [2.1] when ¢ is sufficiently small. The case where min(Ry 1, Ry 2) = 1 requires an additional
assumption on the speed of convergence of the smallest spectral radius as € — 0, which is quite
natural in our context (it holds for exponentially decaying mutation kernels )
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Figure 2: Fitness functions and endemic equilibrium in the case Rp; > 1 and Ry <1

Theorem 2.5 (Uniqueness of the endemic equilibrium). Let Assumptions @ and E be satisfied.
Assume moreover that Ry 1 > 1 and that one of the following properties is satisfied:

o cither Ryo # 1,

e or Ry =1 and the convergence of r,(L§) towards Rg o is at most polynomial in €, namely
re(L§) <1 —Ce™ for some C >0, n > 0.

Then, for € > 0 sufficiently small, T¢ has exactly one nonnegative nontrivial fized point.

Our proof is based on a computation of the Leray-Schauder degree in the positive cone of
C (1) x C(23). The use of the Leray-Schauder degree is usually restricted to derive the existence
of solutions to nonlinear problems, or to provide lower bounds on the number of solutions; here,
we are able to derive the uniqueness of solution. Indeed, for € > 0, we show that any equilibrium
is stable, the topological degree provides a way to count the exact number of positive equilibria for
the equation, and show uniqueness. Occurrences of such an argument in the literature are scarce
but include and more recently [19].

3 Proof of Theorem 2.1

This section is devoted to the proof of Theorem [2.1] To do so, we investigate some dynamical
properties of the nonlinear operator T¢ defined in @) The existence of a nontrivial fixed point
follows from the theory of global attractors while the non-existence follows from comparison argu-
ments. Throughout this section we fix € > 0. Set ¥ = & U, + &Py, Q C RY the open set given
by

Q:={z cRY: ¥(z) >0},
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Figure 3: Fitness functions and endemic equilibrium when Assumption |2 does not hold. Though
U, takes its maximum value in = 0.7, functions A, I; and I> concentrate around the trait value
x3 ~ 0.652.

and let us denote by x4 the characteristic function of a set A.

We split this section into two parts. Section is devoted to the proof of Theorem (1),
namely the non-existence of a nontrivial fixed point when r,(L¢) < 1. In Section we prove the
existence of a nontrivial solution when r,(L%) > 1.

3.1 Proof of Theorem (1)

Recall that € > 0 is fixed. To prove the first part of the theorem, we suppose that r, (L) < 1 and
denote by L¢|p1(q) the operator defined for every ¢ € LY(Q) by:

Lipi o) (p)(z) = L°@(x), ae. x €
where ¢ € L'(RY) is defined by

p(z) ifxe
0 if z € RV \ Q.

Lemmathen applies and ensures that the operator L¢|.1(q) € L(L*(Q)) is positivity improving,
compact, has a positive spectral radius and satisfies

Ts (L€|L1(Q)) = T’U(LE).
Next using Lemma[A.2] (1), we have

(L))" ()

7 =0, Vo € L}(Q), 13
(ro (LF1L2(2))) pEL@ (13

lim
n— 00




where II denotes the spectral projection associated to L€ p1(q) onto

LE
Ker ( . <L<ﬂ>>> |
(o (L1(@))
Let A € L1 (R") be a fixed point of T°. To prove Theorem (¢), let us show that A = 0. To
that aim note that we have
Ajg = xa(T?)"(4) < (Lf v @)" (A)a), Vn = 0. (14)

Now let us observe that, under the stronger assumption that r,(L°) < 1, then Lemma
applies and shows
lim ||(L%)21(2)" (D] 110y = 0.

n— oo

Hence [|Alz1(q) = 0 and therefore A = T(A) = 0 a.e. in RY. This completes the proof of the
result when r,(L°) < 1.

We now consider the limit case r,(Lf) = 1. To handle this case let us recall that II (A‘Q) €
Ker (I — (LE‘LI(Q))). This allows us to decompose and estimate as follows:
I(Aje) + (I = I(Aj0) = xa(T%)"(A)
< (L8 1) ((Aje) + (I — H)(4)0)) (15)
< M(AjQ) + (L2 (e)" (I = ) (4)q),
for every n > 0. This leads to
(I —=ID(Aj0) < (LF1(0))" (I —)(Aj0), Vn = 1. (16)
Next since (I —1II)(Ajq) € R(I —(L%|11(q))), the part of L 11 (qy in R(I —(L|11(q))) has a spectral
radius strictly smaller than 1. Hence letting n — oo in leads to
(I - ) (A0) =0,
Recalling this yields
Ajg = xaT"(4) = (L7 |L1())(4)0);
and this ensures that

/RN Bu(=)Ajg(z)dz =0 Vk € {1,2),

and therefore Ajg = 0 a.e. in Q (recall 81 +/52 > 0 on Q by definition (6)). The equation A = T=(A)
ensures that A = 0 a.e. in R, that completes the proof of Theorem [2.1] (7). O

3.2 Proof of Theorem (17)

We now turn to the proof of the existence of a nontrivial fixed point for the nonlinear operator T¢.
To that aim we shall make use of the theory of global attractors and uniform persistence theory
for which we refer to [21]. To perform our analysis and prove the theorem we define the sets

Mg = {g@ e LL(RY): / p(y)dy > 0} and OMgy = {p € LL(RY) : xop =0a.c.}, (17)
Q
so that
LL(RN) = Mo UOM,.
Note also that we have the following invariant properties
TE(MO) C My and Ts(a./\/lo) = {OLl} C OMy.

Next let us observe that T¢ is bounded on L} (RY). Indeed, recalling the definition of Wy, in (6] it
is readily checked that
- A
1T 1@y < 55 [Eallrallzee + Eallr2lze], Vo € Ly (RY). (18)
Our first lemma deals with the weak persistence of T° and T} as defined in @ Our result reads
as follows.



Lemma 3.1. Let Assumptz'on be satisfied. If ro(L3,) > 1 for some k € {1,2}, then we have

timsup [ ) (IE) (@) )dy > 3 (ro(LF) ~ 1), Yo € Mo, (19)

n—00 RN

If now r, (L) > 1, then there exists k € {1,2} such that

timsup [ ()T (2) )y > L ro(L9) 1), Vg € My, (20)

n—r oo

Proof. Let us first show . We argue by contradiction by assuming that there exists ¢ € M,
such that

timsup [ BTV @y < Sro(L) ~ 1) =n, k=12

n—00 RN

Then, there exists an integer ng > 1 such that

. Br(y)(T°)" (0)(y)dy < 1, for k= 1,2 and n > ny
e (T (o) () > ("La) (T (o)), forac. RV,
0+n
and by induction .
()4 () > (ginL) (T (9)) () (21)

for a.e. x € Q) and for every n > 1. Next set

¢ =((T*)™(¢)jq € LL( )\ {0}

Ui

0+mn 1L1(9) 0+n 1+ 74(LF)

since r,(L®) > 1. Applying Lemma yields

(759) ) @

so that ensures that the sequence |[(T%)" ()| L1(q) is unbounded. This contradicts the point
dissipativity of T as stated in (|18)). The proofs of for T7 and T%§ are similar. O

0
By Lemma the operator <0+LE> € L(LY(Q)) is positivity improving, compact and
|L1 ()

satisfies

lim
n— o0

= 007
LY(Q)

We are now able to complete the proof of Theorem (11).

Proof of Theorem (2.1| (ii). Recall that throughout this section, ¢ > 0 is fixed. Assume that
re(Lf) > 1. As 0 < T° < Lf and as L° is compact (see Lemma [A1)), then 7° is bounded
and compact. Now Theorem 2.9 in [21] applies and ensures that there is a compact global attrac-
tor A C LY (RY) for T¢, i.e. A attracts every bounded subset of L’ (R") under the iteration of
T<. Next by Lemma [3:1] T¢ is weakly uniformly persistent with respect to the decomposition pair
(Mo, dMy) of the state space Lt (RY). Next [21, Proposition 3.2]) applies and ensures that 7°¢ is
also strongly uniformly persistent with respect to this decomposition, i.e. there exists k > 0 such
that

: 3 E\N

tim iof |(7)"(9) 2@ > &, o € Mo,

As a consequence, according to [21], T“SMO admits a compact global attractor Ag C My and T° has
at least one fixed point A € Ay. From the equation A = T¢(A), it is readily checked that A > 0

10



a.e. and belongs to L>(R"), while the uniform boundedness (with respect to €) of such a fixed
point follows from .

Finally, it remains to prove the continuity of the fixed point A. The facts that ¥, A € L}(RY)
for each k = 1,2 and m. € L>®(RY), imply (see e.g. |3, Corollary 3.9.6, p. 207]) that m. (¥, A) €
C(RYM). From the expression () of T¢, it follows that A € C(RY). This completes the proof of
Theorem [2.1| (i7). O

4 Proof of Theorem 2.2

In this section, we investigate the shape of the endemic equilibria and we prove Theorem[2.2] Hence
we assume throughout this section that Assumptions[I] 2] and [3|hold. We furthermore assume that

Ry = maX{ROJ, R072} > 1.

Next recall that since r,(Lf) — Ry as ¢ — 0, Theorem [2.1] implies that Problem (3) has at least
a nontrivial fixed point for all ¢ sufficiently small. We denote by A® € L (RY) such a nontrivial
fixed point of T¢, for all € small enough. It is not difficult to check that A° > 0 a.e.

Recalling the definition of the open sets

U ={r eRY : Up(z) >0}, k=1,2, Q=0 UQ ={zrecRY: ¥(z) >0},

note that Assumption[2)ensures that there exists > 0 such that ||z —y| > n for all (z,y) € Q1 x Q.
In what follows the functions xq, denotes the characteristic functions for Q.

Throughout this section, for all ¢ > 0 small enough, A° € L} (RY)\ {0} denotes a positive
solution to the equation:

Agl(ms*\:[llAﬁ) Afz(mg*\IIQAE)

A T T B ARG T 87 fon Bl A ()

(22)

4.1 Preliminary estimates

Recall the definition of L in (§). Let ¢y € L1 (RY) with ¢y > 0 and |67 |1 ev) = 1 be the
principal eigenvector of Lj associated to its principal eigenvalue, which is equal to the spectral

radius r,(L§). We now recall some results related to the one host model. We refer to [14] for more
details (see also Lemma [A.1)).

Lemma 4.1. Let Assumption be satisfied. Let k € {1,2} and € > 0 be given and assume that
ro(L5) > 1. Then the equation

— AgkXQk (ms * (\IjkAk))
0+ [on Br(2)Ar(2z)dz’

has a unique solution, given by

A

A € LL(RY)\ {0},

0(ro(L3) = 1)
Jan Br(z)877 (2)dz
Now, using the separation assumption on the sets Qp, k € {1,2} and the decay at infinity of

m, we derive the following preliminary lemma that will be used to prove Theorem in the next
subsection.

A = ui gt with vf = (23)

Lemma 4.2. Suppose that Assumptions and@ are satisfied. Then, for each (k,l) € {1,2}? with
k # 1, the following properties hold:

(a) we have
/ Xz 0y (2)dz = 0(e™), ’/z/ Xz 0y (2)dz = 0(e™),
RN RN

for all e < 1, where ¥y and vi are respectively defined in and .
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et p € [1,00) be given. en, for any A € , the following estimate holds
(b) L [1,00) b Then, f A Li(RN) he foll hold.
Ixzeme * (ViA)||lLr@yy = (Al @) x 0o(e%), (24)
where the term o(e*) is independent of A € L} (RY).

Proof. We first prove (a). To that aim let us first notice that, due to Assumption [2} there exists
1 > 0 such that ||z — y|| > n for all (z,y) € 1 x Xa. Thus, due to the decay assumption for m at
infinity, one obtains

me (.’E - y) = 0(500)’ (25)
uniformly for (z,y) in the compact set X1 x Xa. Now let (k,1) € {1,2}% k # [ be given. By the
definition of q&i’l we have

6 = itz (mex (wgi). (26)

Integrating over ¥; and recalling that ||q5k’

by
/ le(ﬁi’l(z)dz < o §k| ! ||\Ilk||Loo(RN) sup me(x —y).
RN ( ) (l’,y)EEkXEl

y =1 we get

Since 7 (L5) — Ro, > 0 as € — 0 (recalling (11))), this yields

/ Xz, 05 (2)dz = 0(e™) as € — 0,
RN

and completes the proof of the first estimate in (a). Next coming back to and recalling the
definition of ¥y in @ we get for all z € R

e,1 A&y, ””"&‘”L""”TICHLCD / 67 51
El <
v o)< Ore (L3) F

Hence since ||¢Z’1||L1(RN) =1 and ||mc||r= = O(e~V), integrating the above inequality over the

bounded set X, there exists a constant C' > 0 such that
Br(y)oy  (y)dy > OV, Ve < 1.
X
Hence we get

vi =0 N)ase — 0,

and the second estimate in (a) follows. We now turn to the proof of (b). Let A € L!(RY) be
given. Then we have, for all £ > 0,

Imex (W2A)(z)| < sup me(y —2) [|[Pallr=|[A]L1(a,), Yo € X1
(y,2)€X1 X X2

Hence, integrating the above inequality on the compact set X1, we obtain that, for all p € [1, 00):

Ixs, me * (P2 A) (@) oeny < [Z1]YP sup me(y—2) W2l |l (),
(y,2)€X1 X332

and the estimate with £ = 1 and | = 2 follows recalling . The other estimate interchanging the
index 1 and 2 is similar. This completes the proof of (b). O
4.2 Proof of Theorem [2.2]

This section is devoted to the proof of Theorem Throughout this section we assume that
Ry > 1 so that, since r,(L®) — Ry as ¢ — 0, there exists EO > 0 such that Problem (| . ) has a
nontrivial fixed point A¢ for each ¢ € (0, &g] (see Theorem [2.1)). Recall that since T is bounded
with respect to €, there exists M > 0 such that

| A\l L1 mvy < M, Ve € (0,&0]-
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As before, set
L =xa,A% k=1,2, € € (0,&0],

and observe that [|Af||z1(q,) + |45]/21(q,) < M for all € € (0,20]. Now let us define

ur =0+ /N Br(2)A%(2)dz, Vk e {1,2}, Ve e (0,e0] (27)

as well as
o Aflg‘Pl n Afzg‘IIQ.
251 Ha
With these notations, note that A° becomes a positive fixed point for the linear operator K¢ €
L(LY(RYN)) defined by

K :=m. % (T%p), ¢ € L*(RY).
Our first step consists in proving the next lemma.

Lemma 4.3. The following estimate holds

€
ro(LS) < % Ve € (0, e0). (28)

Proof. Let us first note that
0 <pui <0+ M|Brllr=, Vke{1,2}, Vee (0,e0] (29)

for some constant M > 0. Note that since A° > 0 and K°A® = A®, we obtain by a version of the
Krein-Rutman theorem (see e.g. [22, Corollary 4.2.15 p.273]) that

ro(K®) =1,Ve € (0,e0].
On the other hand, we have A°* = K*A® = %LiAa + %LgA, thus for n > 1 we have
1 2
0 \" o\ 0
0<(—=L5) A°<(—=L§ A5 << S I5AT < A

Hi M M
therefore the contrapositive of Lemma item [2| shows that %rg(Li) < 1. Similarly, we have
%r(,(Lg) <1. O

We recall that throughout this section the condition Ry = max{Rg 1, R 2} > 1 holds. We now
set O = /¥, and we define the self-adjoint operators Si € L(L?*(Q)) (recall ), = {¥), > 0}),
for k =1,2, by

A&k
Sy = ——
)

Here recall that o(S};) = o(L§) since €y, is bounded (see Lemma [A.1). Our next lemma reads as
follows.

@k(me * (@k))

Lemma 4.4. Let k € {1,2} be such that Ry > 1. Then we have

dist ('LZ“,U(SZ)) = dist ('?“,a(Li)) =0(e™), Ve < L. (30)

Proof. Let us assume that Ry 1 > 1 (the case Ry 2 > 1 is obtained by the symmetry of the problem
with respect to the indices). We recall that

QU ={zecRY: ¥, >0}, k=1,2,

and we denote by {\;"},>1 the eigenvalues of S§ (and of L) ordered by decreasing modulus, so
that /\i’1 =1rs(S%) = ro(L5). Next multiplying by ©; and using Lemma (b) yields
Mi@lAE . A§1®1(m€ * (\IleE)) _ Afg/ﬁ@l(ms * (\IJQAE))
0 0 Ops

= 0(£™)

)

13



in L?(2;). Hence the following estimate holds

H (”911 — 55) 0,A°

On the other hand, since S5 is self-adjoint, then the following estimate holds (see e.g. [27])

e —1
H (‘;11— Sf)

= o(e™). (31)
L2(Q1)

1
= ME .
L£(L2(Q))  dist <01, a(Sf))

By setting
‘us
g e (911 _ si> 0,47,
we get
R -1
0,A° = (’;11 - Si) vi, yillcee, = o(e>),
so that el
y 2
H@1AE”L2(91) < 1 EL Q1)
dist ('L;l,a(Sf))
and

€ £ Q €
dist (”170(55)) < Y5200 < V| 1|||y1||L2(Ql)7 (32)

0 T 1014220, T 101491 (ay)

where we have used the Cauchy-Schwarz inequality in L?(1).
To complete the proof of the lemma, we show that the quantity ||©1A4%|[11(q,) does not become
too small when € — 0. To do so, recall the definition of the nonlinear operator 775:

_ Li(y)
L4671 [, Bi(z)p(x)d’

for all ¢ € L (). Then, it follows from Lemma [3.1| that

)

fimsup [ 51(0) (T5)" (2) )y > L oL~ 1) >0

n—roo
for € > 0 sufficiently small and every ¢ € L1 (RV)\ {0}. Moreover, we also have
A% () = (T7)"(A%) (z) = (T7)"(A%) (=)

for a.e. x € RY and every n € N\ {0}. We get for ¢ sufficiently small:
1= o Al = [ 5147 )y
R

>timsup [ () (T5)" (A°) )y > § (1o (15) ~ 1)

n—00 RN

Next multiplying by xs, and integrating leads us to

A&

A& Hilxs A%l ey) — Aéops
0

10112 0147 30y > P12 2 [ e - ) Wa()4° )y,
H2 Q1 XQs

while Lemma [4.2] ensures that
J[ et = a2 ) dpde = o),
Ql XQQ

As a consequence there exist € > 0 and 1 > 0 such that
[©14%(|L1(0,) =0, Ve € (0,2].
The latter estimate combined with completes the proof of the lemma. O
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As a corollary of the above lemma, we also have the following result.

Corollary 4.5. Let k € {1,2} be such that Ry > 1. Then the following holds true for e > 0
sufficiently small

U, €, 00
?’C = A7 4 0(e™). (33)

Proof. Here we consider the case where Ry ; > 1. The case where Ry.2 > 1 is obtained similarly.
In view of Lemma [4.4] we argue by contradiction and assume that there exist a sequence
{ex} C (0,00) going to 0 as k — oo and a sequence ni € N\ {0,1} such that for all k£ one has

pi"
9

= A+ ofe).

Firstly we have

€k
B = N 4 o(el) S AP o), k>0,

Next using Assumption [3 one has A\{*'" — X{¥? > cept for all k large enough, where ¢ > 0 and
ny € N are given constants independent of k. This yields

pi* ui* 1
G~ To(L) = T = AT < et ofef), VR > 1.

This contradicts the estimate provided by Lemma .3 and Corollary [.5]is proved. O

Our next lemma describes the asymptotic shape as € — 0 of the fixed points in the domain 2y,
when Rg j > 1.

Lemma 4.6. Let k € {1,2} such that Ry > 1 and A® be a positive solution to T®A® = A®. Then,
the following estimate holds for e > 0 sufficiently small:

= 0(500)7 (34)

1
As _ UE¢E’ ‘ —
H LA FETR

where v}, is defined in .

Proof. Here we only deal with the case Ry ; > 1, the case Ry 2 > 1 being similar.
We first remark that, by definition of ¥y (see @), Q1 C ¥ and ¥y =07 =0o0n X\ Q.
Observe that Corollary together with yields

IS = S5)014% | 12(0,) = 0(e™), e < 1. (35)

Let us denote by II; the positive one-dimensional rank projection on Ker(A\{"'T — S%). Consider
C = C? a closed circle with center /\i’1 and the radius n;(g) given by

el £,2
)‘1 - )‘1

b

me) =5

so that the resolvent (A —S§)~! exists for every A € C. Recalling the formula for spectral projectors
|12, Theorem 1.5.4], we obtain for ¢ sufficiently small:

1 > — € 1 £\ — 5
014° — 11 (01 4%) = C(/\ —XH7tdae, 45 — P C()\ —85)71dre, 4
1
=5 - SHTHA = AT TS5 — AT A%dN.
1 Je

As a consequence, since S§ is self-adjoint, we obtain the following estimate:

1\ .
1014° = (@14 1200, < () 105" = SO 1200,
2

2 € IS4 £
[T = S5)O14% |12 (0y)-

g,1 €,2
XA
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Now recall that the spectral gap )\i’l — )\i’Q is at most polynomial (see Assumption , so that
leads us to the following estimate

[©14° — 111 (014%) || L2(,) = 0(™), e < 1. (36)

We remind that (X', ¢S'!) is the principal eigenpair of Lf. Hence (X', ©145") becomes the
principal eigenpair of ST and the spectral projector II; is given by

Li(p) = 1916717, 0167 ( 1 (x) i’l(xxo(x)dx) :

Q

Since ©1 = 0 on X \ O, becomes
1©14° — a1{ 0167 | L2(0,) = 0(=™) (37)

for some constant af > 0, that will be investigated below.
Note now that since A is uniformly bounded in L*(R"), then together with Lemma
(b) yield

X0 (9 + Bl(z)AE(z)dz> A® = A& xq, (me * (T14%)) 4+ 0(e™°), Ve < 1.

RN

Next we deduce from the above equality that, for £ sufficiently small,

H (9 + . Bl(z)AE(z)dz) A® — A& (ms * (\Illa‘iufq’)i’l)>

L2(Qy)
< A& (mex (w147 — wiatvier!))| >
< H & (me x (T 109V ¢y )) L2(Ql)+0(€ )
2
< A&l e 1011 |[€14° — afuf167 ||+ o),
1
so that implies that
H (9 + 51(2)A5(z)dz) A5~ A& (ms X (\Ifloz‘iufqﬁ’l)) = 0(c®). (38)
RN L2(Q)
The above equality also rewrites as follows
H (9 + Bl(z)AE(z)dz) A® — a5rioLs (q’)i’l)
RN L2(Q1)
= H <9 - 51(Z)A€(z)dz) A — 550N oS! = 0(e*). (39)
RN L2(Q)
On the other hand we deduce from and that
ON' =0+ B A% (2)dz + o), (40)
R
so that becomes
Haxg,lAe - oxitaivia] = o)
Since )\i’l — Rp1 > 1 as € = 0, the above estimate rewrites as
4% — 51567 | 12 (0) = (™), Ve < 1. (41)

To complete the proof of the lemma, it remains to show that af is close to 1 when ¢ — 0. In the
following we check that a§ =1+ 0(¢*) as ¢ — 0.
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To do so, combining with the definition of v§ in (23], that also rewrites as [, 5 B1(2)v{ Sl(z)dz =
O(XS' — 1), we obtain

01— )N = 1) = [ Bi(2) (4°(2) - afwier' (2)) dz + o(e™).
RN
Since A" =1 — Ro; — 1> 0 as € — 0, we obtain
l—af=o0(e>*)ase—0
which completes the proof of the Lemma. O

Equipped with the above lemmas we are now in the position to complete the proof of Theo-
rem 2.2

Proof of Theorem[2.3 We split our argument into two parts. We first consider the case where
Rp1 > 1 and Ry > 1 and show that the result directly follows from Lemma In a second step
we investigate the case where Ry > 1 and Rp2 < 1. Using the symmetry of the problem with
respect to the indices, this covers all the possible cases.

First case: We suppose that R ; > 1 and Ry > 1. In this case, Lemma applies and ensures
that

14510, — vi85 " 1, |20y = 0(e™), Ve < 1 (42)

for each k € {1,2}. Moreover, since A® is a fixed point of T, we have

§1V1(y) n §&Va(y)
0+ Jpn Bi(s)A%(s)ds 0+ [ B2(s)A%(s)ds

for every x € RV. It follows from that

@ = [ o) (

RN

) Af(y)dy  (43)

£ A € 4E,
@) = g [ mete ~ D& )y

for each k € {1,2}, where we recall that Q = {¥;, > 0} and Q@ = Q1 U Qy. Injecting the latter
equation into leads to

e € 1€,1 € .&,1
‘A — VP — V39,
RN\Q

<> 9/\61/R L me(@ = y)&Vi(y)

k=12 M\Q

(x)dz

dydz.

oAt A% (y) o
<€+fRN Bk(S)AE(s)ds> )

We then infer from that

oAy
0+ [pn Br(s)As(s)ds

=14 o0(e™) for each k € {1,2}.

Recalling that )\2’1 — Rox > 1 as e — 0, and that the family {A°}.~¢ is uniformly bounded in
LY(RY) (see Theorem , one deduces that

1 1
/ ’ _V1¢i _V§¢g
RN\Q

for some constant M > 0 Here we have used .
Finally, since ||xq, ¢5" |21~y = 0(e>) and e, ¢! L vy = 0(e%°), we obtain

(@)dz < 0 Z 1@kl oo 14 0, = ViR 10, L2 () +0(£%) = 0(e™)
k 1,2

145 = i dT" + 505" ) L) = o(e™),

that proves the result in the case where Ry > 1 and R 2 > 1.
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Second case: We assume now that Rp; > 1 and Rpp < 1. Note that Lemma applies and
ensures that holds for A5. From Lemma (b) and ([3), we get

5 . A§2 e o)
A= g e L e e A e o)

gRO,Q sz Aa(y)dy 0o
S 0 o B9 A (s T

It follows that

0Ro2 )
1-— d Af (z)dz = o(e™®). 45
( T A e ) Jo, (P = o) 43)

Now we prove that the following estimate holds
Af(z)dz = o(e™) (46)
Qo
When Rpo <1, implies:

B Ro,2
1+0-1 fRN B2(2)A5(2)dz

(1 — R(),g) As(x)dx S (1

o, > o, Af(x)dz = 0(e™)

hence holds.
Now suppose that R = 1. From , we see that

2
(Jou Bo)A @) o Bal) A" (@) fo, A (@)
[Bllie O+ MIBali=) = 0+ [BA oy

= 0(e™)
for some constant M > 0 such that ||A%||1g~) < M for all € small. Therefore, we have

Ba(x) A% (x)dx = o(e*°). (47)

Q2

Next allows us to control the quantity [, A°(z)dz by [, B2(2)A%(2)dz as follows

/ Af (z)dx < % Ba(x) A% (x)dx 4 0(e™)
Qo Q2

and therefore holds.

To complete the proof of the theorem, it remains to show that
[ e - vtort@)]z = o).
RN\Q

To this end, we follow the proof of the first case to obtain

e e &1 A§2 _
/RN\Q ‘A Mg (e < 0+ [on Ba(z) A% (x)da (RSP a, A (z)dx
A _ O A2 () o
+ 0/\?1 /]RN\Q . me(x —y)&1Vi(y) <9+I]RN ﬁ1(s)A€(s)ds> Ve, (y)| dyda.

From , we deduce that

N
RN\Q

by using the fact that holds for Af, this concludes the proof of this second case and thus the
proof of Theorem O

A
(@)dz < Z[[¥1|ze= [ A7 — vy T

L1(Q4) + O(Eoo) = O(EDO),
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5 Proof of Theorem [2.5]

In this section we handle the uniqueness of the endemic steady state for e sufficiently small and
we prove Theorem To this end, we use degree theory (see e.g. [5l |[28]).

Our strategy is as follows: we first derive estimates for the eigenvalues of the linearised equation
around each stationary solution for all € > 0 small enough. In particular we show that every
positive stationary solution is locally stable for the discrete dynamical system generated by T°.
Next, we compute the Leray-Schauder degree of the (nonlinear) operator in a subset of the positive
cone which contains all the positive fixed point, and show that it is equal to one. Because of the
additivity property of the Leray-Schauder degree, these two arguments combined together show
that there cannot be more than one stationary solution.

Recall that T¢ = T + T% (see the definitions (4) and (7))). In this section, in order to work in
a solid cone of a Banach space, we will be mainly interested in some properties of 7°, T7 and T
considered as operators acting on C(X), C(X1) and C(X2), where, according to Assumption 2| ¥,
and Y, are defined in while X denote the compact set given by

=31 3.

Recall also that Q = {¥), > 0} and Q = Q; U Q. And note that due to the definition of ¥y in
(6) one has © C ¥ and Q;, C Zy, for each k € {1,2}.

We will use the fact that the fixed-points of T are close to the fixed-point of the uncoupled
problem

A% = AT+ AST, (48)

where for each k = 1,2, Ay" € LY(RY)NC,(RY) is the unique nontrivial solution of Tf Ay = Ay"
if Ror > 1 and A;" = 0 otherwise.

Recall finally that the spectra of L§ and L§, considered as bounded operators on LP(),

LP(RM) with 1 < p < 00, or C(X}), consist in a real sequence of decreasing eigenvalues, independent
of the space considered (see Lemma |A.1]), which we denote

o(Ly) ={\y",n>1}, k=12

Lemma 5.1 (Computation of the spectrum). Assume that Ro1 > 1 and that one of the following
properties is satisfied:

e cither RO,Q 7£ 1,

e or Ry o = 1 and the convergence of r,(L3) is at most polynomial for small e, namely ro(L§) <
1 —CeM for some constants C > 0 and M > 0.

Then, there exists eg > 0 such that for any 0 < € < g9 and for any nonnegative nontrivial fized
point A® € C(X) of T¢, we have
0(DaT%) C (=1,1),

wherein DT denotes the Fréchet derivative of T with respect to the C(X)—topology.

Proof. We divide the proof into three steps.
Step one: We show that

A" 1
U(DAE’*le) = {0} U 121 U el (0 vk € {172}7
g A n>2 Nk

if Ry, > 1, and
o(Das-Ti) = o(Ly) = {0} U{N"}, 5,
otherwise, where A}’ is the solution to the uncoupled problem TfA;™ = Ay* while D AT is
the Fréchet differential of T} for the C(X;) topology.
Let us consider the case R > 1. We first recall that T is compact as 0 < T; < L§ and
as Lf is compact by Lemma then its Fréchet differential is also compact and its spectrum
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is consequently identical to its point spectrum. Let k € {1,2} be given and let L?I,k(Qk) be the

weighted L? space defined by the inner product (f, g)

= Jo, /(

U (z)dz. Since LilLik(Qk)

is self-adjoint in the space L3, (%), there exists an Hilbert basis of L?I,k (Q;) composed of eigen-
functions of the operator L'Ii‘L?pk(Qk')’ which we denote {¢7"},>1, and related to the sequence of

eigenvalues {A;"},,>1. Observe that

Vf S C(Ek) : fmk S L%I/k (Qk)

since Uy, € L>°(RY) and ¥, is compact. Observe also that, contrary to the previous sections, here

67

k
Moreover, every ¢,

is not normalized in L' (RY) but in L, (€), namely ||¢i’1HL%pk(Qk) =1.
"™ can be extended to a function in L'(RY) N C,(RY) by the identity:

£,n 1 £,n
Oy (@) = <= [ me(z—y) V()" (y)dy, xRV \ Q.
/\k Qp
Let h € C(Xg) be given. Then we have
. Lih L;AY” Jen Be(y)h(y)dy
DAEY*Tkh: 1 £,% 2 :
K L+ 071 [ Bu(y) AT (y)dy (14+0-1 fon Bi(y) AT (y)dy) 0

Let us write h™ :=

(h,¢7")w,. Recalling that 1+ 60~ [ Br(2)A7*(2)dz = Ay" and that A} =

9 Aiyl_l e,1 ‘
W L » We compute
R
)\571 A e,1
RIAD — : (A7, 9y, >E\I/f ﬁk(y)h(y)dy
146- fRNBk A ()dy Jen 0 .
(Dag+Tih, " )w, = L4071 [on Br(y) Ay (y)dy ; ,
hn}\E ,n th |
’ 7 otherwise,
14+6- lf]RNﬁk Ae ()dy
Bl At Jon Br@)h(y)dy I
AE'Yl Br(2)¢St (2)dz’ 5
A" i fRN k k "
A]Z’l K otherwise.
\We deduce that ¢>i’ is an eigenvector of D 4Ty associated with the eigenvalue )\5 =1, and that

every function

G o+ (

is an eigenvector of D Az Ty

o(D 42 Tf) {0} U {i

1-— /\Z’n fRN Bk Z (Z) ¢6 n
)\E’l —1 fRN ﬂk Z (Z) g
Y
o {1}
Zl n>2 )\271

Conversely let A € o(D 4=-T})\ {0} be given and h € C(Xx)\{0} be an associated eigenfunction.

If supp h C g \ Q% then

A= —

>‘;1 -1 fRN Pr(y

() ¢Zl7

e,1
)\k

S 1
which implies h = ¢},

fRN ﬂk

(up to the multiplication by a nonzero scalar), and this is a contradiction.

)¢y (2)dz

Therefore supph N Qg # &. Then, taking the scalar product with ¢;"

holds. In particular, A is either one of the :\\’gl or
k

o(D 42 T5) € {0} U {i
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We have shown:

o)

1
1
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hence the equality holds.
If now Ry, <1, we have Ai’* = 0 and therefore DAi,*T,f = L5. Then

o(DasT5) = o(L§) = {0} U™,

Since A" < A for any k € {1,2} and n > 2, we deduce that whenever Ry # 1, there exists
€0 > 0 such that for every e € (0, 9], we have:

o (DAi,*T,j) c [0,1). (50)

If Rox =1, then holds because of our assumption that )\2’1 <1—CeM,
Step two: For each € > 0, let A° € 0(D4-T¢) \ {0} be given and consider a bounded family of
associated eigenvectors h® € C(X). We prove that

sup
2k

(D gz Ty, = X Dhi| = 0(e™), k=12, (51)

for € > 0 sufficiently small, wherein we have set h{ := xx,h® and h§ = x5, h".

Let us show the property for £ = 1. The case kK = 2 is similar. We rewrite the identity
X2, DacTeh® = X°hi as follows

(Daz=T5 = NoI)h§ = (D g TEh — Das TEhs) — DagTshs  in By (52)

Our next task is to show that the right-hand side of the previous equation has order o(¢>°). We
first remark that, by Lemma [£.2] we have

sup |DA;T§h§(m)’ = 0(e™). (53)
reEX

Next we claim that, for k£ € {1,2}, one has

sup = 0(e*). (54)

DAinhi — DA?*Tfh‘i
Y

Indeed, we have

1 1
_ _ LEhE
1+ 071 fon Br(p)AT()dy  1+071 fon Bi(y) AT (y)dy> o
LS AS L5AS* Biy) ..
B ( —1 — € 2 —1 — £,% 2) N 10( )hl(y)dy (55)
(14+07" fon B AT (W)dy)™ (1 +071 fon Bi(») AT (y)dy) ") Jr
On the one hand, using Theorem 2.2 we have

’ 1 B 1 ‘< |81 || o
1+071 [on i) AS(y)dy 14071 [on Bi(y) AT (y)dy | — 62

which settles the first term on the right-hand side of . On the other hand, we also have

DasTEhS — D e TEhS = (

[AT — AT

Li(2) = O(EOC),

LiA3 LiAT” _ Li(Af — A7)

(14607 fon B A ()dy)> (14071 fon BLW)AT ()dy)® (146071 fon Br(y) A5 (y)dy)”

1 1 *
T ( 1 e 2 1 €,% 2) LiA? ’
(L4071 [on B A (YY)~ (L +071 fon Bi(y) AT (y)dy)
and, for all z € ¥,

_ & o, me(z —y) ¥ (y)(Aily) — AT" (y)dy]

|L3(A7 - A7) (@) OF Jow B () A7 () )2
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3 z—y)\ |4ily) — AT (y

€ €
&

=

thus holds. Combining , and , we have indeed shown .

Step three: Assume by contradiction that there exists a sequence \° € o(D4-T¢) with ¢ — 0
and such that

AT — AT (110 o
N : :0(5 )a

@3]l [|ml| Lo

] > 1.

Let h® € C(X) be a sequence of associated normed (in C(X)) eigenvectors. Then there is k € {1,2}
such that supy, || = 1 for infinitely many € > 0. Using the symmetry with respect to the indices
and the possible extraction of subsequences, we will assume in this step that k£ = 1.

Let us first consider the case where Ry ; > 1. Then, let us define g° := (DAi,*Tf — NeI)hS.

Due to we have ||¢%[|¢(s,) = 0(¢>°). Next taking the inner product with ¢ yields, as in

E9).

1
(h, 07" ), = 57—, n 22,
171 — )€
xS
where g5 1= <g€7¢i7”>\1,1_ Then,
’ ) )2 ,1 2
SR IRV i IR i Dl i Y
)\i’l B /\?1 - |Xi71| = |>\i,1| = )

for some C' > 0 and M > 0 independent of € and n. This shows
(A5, 61" )w, | = 1grl x O(™™),  ¥n>2
therefore

+oo

Z )\i%gi

= | 2 — e
n=2 )\i,l

+oo
1 1 s
R A P S T
n=2

—+oo
<O MY P < O Yy = ofe)
n=2
by using .
1 1
Set1° = h§ — (5. 67" )u, 67", then we have [|Liplleczy) = O]l ) = o(e). By means
of , we deduce that

Li(pf + (hf, 67w, oT!) AT =1 fen Bi)hi(y)dy o4
e e & 1
)‘171 )\1’1 Jen B (y)¢1’1(y)dy

)‘?1 -1 f]RN Blhf 1 e,1
- E -1 | 07 +o(e™) =a¢7 +o(e™).  (56)
A Jen Bigit ! !

Ah§ + 0(e™) = Dyer TERS =

= << [iv ¢§71>‘1’1

Next note that
1< |X°] sup [hf(x)| = || sup @5 (z) + 0(e™),

TEY r€EY
where
=5 1 5 1 Afl £
sup gbl’l(x) = —7 sup L‘iqﬁl’l(m) = —5 sup —~— me(x — y)\Ill(y)gbl’l(y)dy
TEX, 1’ TEYX >\17 TEX 0 RN

_ A& [mllz
— Ai’le €N

II‘I’1HL2<R)||¢§’1||Lgpk =0(™"),
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therefore |af| > Ce™ for some constant C' > 0. By definition of A and using —, it follows
that

oo IS8 £ £ 1 £ aE 1 £ £, oo
o(e™) = (DAfvlTl —A°I)h] = T(DAE 1TE = X1 )( ¢ +0(e™)) = e <)\s,1 —A ) 1 1+0(€ ),
1

then multiplying by ¢"' ¥ and integrating, we get

1
At

€

= 0(e™).

Since A® > 1 and )\i’l — Rp,1 > 1 as € — 0, we obtain a contradiction.
Now we assume that Ry < 1, then we have A7 = 0, hence
DA?*Tla = Lia

which leads us to
To(Das=T7) = ro(L]) — Roy < 1.
e—0
Moreover, by definition of A* and using (51)), we have (L§ — A°I)h§ =: ¢° = 0(c>) hence

1

£ € er\—1 ¢ € er\—1 € _ 3
Inlleg, < IEE= 2Dy, < NES = XD e )07 as, = Grgrm, oz 197154,

Now let us observe that there exists some constant C' > 0 such that ||Af .2 > Ce™N for e sufficiently
1
small. To see this, note that one has, for all x € 31,

e epe 1 A§1 e e
1160) = B0 ) — o) < i (S50 [ et = IS0 )y + 1971 ))
s, +ofe),

where ¢ > 0 is some constant independent of €. Finally recalling that ||h{||c(s,) = 1 this proves
the expected lower bound for [|h[[z2 . This estimate allows us to conclude that
1

dist(A\®, o (L)) = o(e™),
which is a contradiction since A > 1 while
sup{|A|, A\ € o(L5)} = r(L5) < 1—CeM
by our assumptions and (50). This completes the proof of Lemma 0O

Our next task is to compute the Leray-Schauder degree of the operator T in a suitable subset
of the positive cone, C;(X), of C(X). For o > 0 we define the open set

K, ={AeCX): A(z) >a VzeX}.

Lemma 5.2 (Computation of the degree). Assume that Ro1 > 1. Then, for ¢ > 0 sufficiently
small, there exists o = a(e) > 0 such that for any nonnegative nontrivial fixed point A € C(X) of
T¢, we have:

A€ K,.

Moreover,
deg(I_TavKa) =1, (57)

where deg denotes the Leray-Schauder degree.
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Proof. Our proof relies on the construction of a suitable homotopy which allows us to separate the
variables and compute the Leray-Schauder degree. For technical reasons, we do not use the same
homotopy in the case Ry > 1 and Ry 2 < 1. Therefore, we split the proof into two parts.

PART 1: THE CASE Rp2 > 1. Let us define, for 7 € [0,1], A € CL(¥) and (A41,43) =
(x=, 4, xs,A), the operators

LA xs, L5As
TET(A) : = X8 2141 + 7 172 = T¢A + 1 T5 As,
U A T L A Ay TR0 o ) Ay = A e T A
. LEA LSA
T37(4) = R N = X, T A1+ X, T3 Ao,

T o B Ay T T [ Ba() A () dy
TT(A): =T, "A+ Ty A
(58)
where Tf is defined in for each k € {1,2}. The map (1,A) — T=7(A) is continuous from
[0,1] x C4+(X) into C(X). Let us first observe that there exists M > 0 such that for all 7 € [0, 1], if
A € Cy(X) satisfies A = T=7(A) then ||Al[z1(x) < M. One may also notice that this upper bound
can be chosen independently of € > 0.
We first show that the fixed points of 7% can be estimated from below uniformly in 7 € (0, 1).
This will allow us to easily compute the Leray-Schauder degree, since T%° is completely uncoupled
in its variables.

Step 1: We show that there exists a > 0 (independent of 7 € [0, 1]) such that

min(A"(z)) > a, (59)

for any nontrivial and nonnegative A™ satisfying T=7A™ = A" for some 7 € [0, 1].
Let 7 € [0,1] and (AT, A7) € C4(X1) x C4+(X2) C L1 (21) x L (¥5) be a nontrivial fixed point
of T®7, d.e. T®T (AT + AY) = (A7 4+ A7). We remark that

TETAT > TETAT = x, TEAT and T5TAT > T5T AL = Y, T A].

In particular, we have
L= (T AT 2> X, (TF)" AT (60)
everywhere in ¥ and for all n € N and k£ = 1,2. Since lim.,o7,(L}) = Rox > 1, we can find

€0 > 0 such that r,(L5) > 1 and r,(L§) > 1 for any € € (0,&¢]. Let € € (0, gg] be given, then using
(19) we get

timsup [ Belu) (TE)" () )y > & (ro (1)~ 1) >0,

n—00 RN

for any k € {1,2} and any ¢ € L1 (3;) \ {0}. We deduce that there exists 7 > 0 (independent of
¢ small and 7) such that

. Br(y)Ar(y)dy > lirlgsotip . Br(y)(T)" (Ap)(y)dy > n (61)

for any k € {1,2}. Next, using and since the fixed points of 7" are bounded by some constant
M in L'(X), we obtain A] = T}" AT < L{AJ + o(¢>°) where 0(¢*) is uniform with respect to
7 € [0,1] and = € 3. Hence we get

n < /RN Br(z) A (z)dx < % //RNXRN Be(@)me(z — y) AL (y) Uk (y)dyda + o(c)

A oo
< A T ) Ay + o).
RN
Using 7 we get for any k € {1,2} and any z € Xj:

Af(x) > bk

P A me(x — N\ A'r d
2 T M5l Jo, M@ WAy
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A&y, . )
> ——————— min min me(x —y)W AT (y)dy > c(e).
2 0 M Bl A min (. —y)Vi(y) Ay (y)dy > c(e)

for some constants M > 0 and c(¢) > 0 independent of A™ and 7 € [0,1]. This shows and
thus that, for ¢ > 0 sufficiently small, there exists « = a(e) > 0 such that for any 7 € [0, 1], any
nontrivial and nonnegative fixed points A” of T%7 satisfies A™ € K.

Step 2: We compute the Leray-Schauder degree of the operator T in the open set K.

We have shown in the previous step that A € K, for any positive fixed point of the operator
77 with 7 € (0,1]. In particular, there is no fixed point of 7¢7 on the boundary of K, for
7 € (0,1]. For 7 = 0, the operator T is uncoupled and hence we can compute the set of
nonnegative fixed points of 759, which is {(0,0), (A7",0), (0, AS™), (AT*, A5")}. None of those
points lie in the boundary of K,. In particular, |5, Theorem 11.8] applies and shows that the
Leray-Schauder degree in K, is independent of 7, i.e.

deg(I —T°° K,) = deg(I — T%', K,,).

Since T=° is uncoupled with respect to (A;, As) € C(X1) x C(X2), the product property of the
Leray-Schauder degree (see [5, Theorem 11.3]) implies that

deg(I - TE,())KG) = deg(I - T1€7Ké) X deg(I - T2€7K2)7

where KF := {A), € C(Zy) | Ax(z) > a,Vz € £i} for k € {1,2}. Finally, since T¢ has exactly one
fixed point in K¥ and 1 ¢ o (D Ai’*T’§>’ the degree of the nonlinear operator 7T}, can be linked to

the degree of its Fréchet derivative near A;" (see [5, Theorem 22.3])
deg(I - Tliv Kg) = deg(I - DAi*TIi? B(Oa 1))a

where B(0,1) is the open ball of radius 1 in C(3)). The explicit formula of the degree of linear
operators (see [5, Theorem 21.10]) allows us to conclude that

deg(‘[ - DAi’*Tlfv B(Ov 1)) =1,
since (D e+ T) C (—1,1) for k € {1,2}. This shows and ends the proof of Lemma in
the case Rgo > 1.

PART 2: THE CASE Rp < 1. In this case we cannot use the same homotopy as in Part 1
to compute the Leray-Schauder degree, because 75 has no nonnegative nontrivial fixed point.
Instead, we define, for 7 € [0,1], A € C+(X) and (A1, 42) := (x5, 4, x5, 4), the operators

TE,T(A) . XZlLiAl 4 XZILS’TAQ
' L+6 [on Bup)As(y)dy * 1+677 [ B3 (y) Ao(y)dy’
T;’T<A) - XzleAl XZzLQ’ A (62)

+ ;
1+071 [on Bi(y)Ar(y)dy 14071 [on 53 (y)A2(y)dy
T=T(A): =TETA+TE7 A,

where 7 (y) := (1 +7 (33‘2 - 1)) Ba(y), W3 (y) := % and

er A .
2= A me(x —y)&2V5 (y)e(y)dy

which is well-defined since Ry 2 > 0 (recall that Uy # 0 by Assumption . This corresponds to
artificially increasing the basic reproductive number of the second equation until it becomes greater
than 1. In particular, for 7 = 1 we are in the same situation as in Part 1 since

A
5€2||‘1’§||L°° = 2.
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Note that, as above, there exists M > 0 such that for all 7 € [0, 1], any fixed point A™ € C,(X)
of T=7 satisfies ||A7||1(xy < M. Here our only task consists in finding a uniform lower bound for
the fixed point of T7.

Claim: There is o > 0 such that for any 7 € (0,1) and any nonnegative nontrivial A™ solution to
T5TAT = A", we have A € K,,.

Indeed, let A™ be such a fixed point. We first remark that A7 > xx, (T5)"A] for any n € N,
hence:

B1() AT (y)dy > limsup [ Bu@)(TH"AD W)dy > 2 (ra(L5) — 1) > 0,

RN n—oo JRN -2
where we have used as in the Step 1 of Part 1. Thus, we have
A
Ar@) > —Dele) S0 veew,

T 0+ M||p1]l=

for some constants M > 0 and n > 0. To estimate AJ, we remark that

Xz, L5 AT A XS, fo, me(- = y)&1 V1 (y) AT (y)dy
1+6- fRNﬁl (y)dy_9 140~ fRNﬁl A()

and, as in Part one, we have AT = T7" AT < L5 AT + 0(¢*°), and thus

A > XZQTlA =

n< /RN By (2) AT (z)dx < 7//]1@7 o~ me(z — ) AT () ¥4 (y)dydz + o(e™)

A %
< 28l T w Aty + o).

We conclude

A&
Al(x _— c(x—y)d
()_94'MH51||L°°J/’HEHEr12 le(x udy >0

for every x € ¥5. This proves our Claim.

To finish the proof of the second part, we remark that the Leray-Schauder degree is independent
of 7 (see [5, Theorem 11.8]), i.e.

deg(I — T, K,) = deg(I — T°', K,),

and we have proved in Part 1 that, for « sufficiently small, we have deg(I — T**!, K,) = 1. This
finishes the proof of Lemma [5.2] O

Lemma 5.3. There exists €9 > 0 such that for every e € (0,e9], there is a finite number of
nonnegative nontrivial fived point of T<.

Proof. Let € > 0 and assume by contradiction that there exist infinitely many fixed points of T*.
Since T¢ is compact from C, (X) into itself, there exist a sequence A" € K, of fixed points of T¢
and A such that
| A" — Al — 0.
n—oo

By definition we have T¢(A™) = A" for every n € N. By the continuity of 7¢ we get
T¢(A) = A.

Since T¢ is Fréchet differentiable at the point A, we have as n — oo

A— A Te(A) — T (A" 1 —
_ T -TAY DLT* (A" — A) + o(1).
A — A™| Lo A — A™| Lo [A— A™|| Lo
Let us define .
A—A"
Un = =
[A— A"
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then we have
U™ := DZT°U"™ + o(1) as n — oo.

By the compactness of T¢, we can extract from U™ a subsequence U™ which converges to U™ with
|lU||L~ = 1. We conclude
1

which is a contradiction since 1 ¢ O'(DZTE’l) by Lemma This finishes the proof of Lemma
B3l O

We can finally prove our uniqueness result for € > 0 small.

Proof of Theorem [2.5. By Lemmal5.3] there exists a finite number N; of fixed points of 2. Denote
by A%% i € [1, N.] an enumeration of the fixed points of 7. By the additivity property of the
Leray-Schauder degree (see [5, Theorem 11.4, p. 79] and [5, Theorem 11.5, p. 79]), we get

Ns
deg (I — T°,K,) = deg <I -1, B(Afvi,n)>

i=1

NE
= deg (I —T°, B(A*",n)), (63)
=1

for n > 0 sufficiently small, where a > 0 is the constant from Lemma and B(A%? n) is the ball
of center A%% and of radius 7 in C(X). Next, using |5, Theorem 22.3], we can link the degree of T
to the one of its Fréchet derivative close to a fixed point

deg (I —T%', B(A%",n)) = deg (I — D4-.T=', B(0,1)) = 1
for n > 0 sufficiently small and for every i € [1, N.]. This leads to
deg (I —T°',K,) = N,

where we have used . Since we have shown in Lemmathat deg(I-T¢,K,) = 1, we conclude
that V. = 1. We have proven the uniqueness of the nonnegative nontrivial fixed point of T°¢ for
€ > 0 small, which completes the proof of Theorem [2.5] O

A Spectral properties of a weighted convolution operator

In this appendix, we state and recall some basic spectral properties of a weighted convolution
operator as in , i.e. of the form
LF=m.*(V+), (64)

where m, = Vm (z—:’l~) with € > 0. Throughout this appendix, we assume

Assumption 4. The function m satisfies Assumption c) and ¥ : RN — [0,00) is a non-zero
continuous function tending to 0 at ||z|| = +oo.

The above assumption allows us to directly apply the results presented in this Appendix to
operator L° as well as to L] and L§ as defined in
We start this section by reminding the following definition about positive operators:

Definition 1. Let p € [1,00), I CRY and K € L(LP(I)) be given. We denote by
LE(I) :={pe LP(I): ¢(x) >0 a.e.}

the positive cone of LP(I). Let (-,-) be the duality product between LP(I) and LP (I) where 1/p +
1/p" =1. For ¢ € LP(I), the notation ¢ Z 0 will refer to ¢ € LY (I) and ¢ # 0 while the notation
© > 0 will refer to ¢ € LY (I) and p(z) > 0 a.e. We say that

1. K is positive if K (L% (I)) C L% (I);
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2. K is said to be positivity improving if K is positive and if, for every ¢ € LP(I), ¢ = 0 and
¢ e LP(I), ¢ 20, we have (Kp,p) > 0.

Consider the non-empty open set Q C RV given by
Q= {2z cRY: o(x) € (0,00)}.

We will denote, in the following lemma only, by Lg, M, , the operator L° defined in and
considered as endomorphisms on LP(§2), LP(R™) respectively.

Lemma A.1. Let Assumption[{] be satisfied. Then the following properties are satisfied:

1. Let p > 1. The operators Lj, and My are compact, their spectra o(L;)\{0} and o(M;)\{0}
are composed of isolated eigenvalues with finite algebraic multiplicity. All these operators
share the same spectral radius — independent of p — denoted by r,(L°), which is a positive
algebraically simple eigenvalue. There exists a function gb;’l € LP(Q) satisfying

(b;,l > 0, LZE)(ﬁ;’l — TU(L€)¢;’1.

Moreover L, is positivity improving and, if ¢ € LP(RN), ¢ = 0 satisfies the equality Loo = a9
for some o € R, then ¢ > 0, ¢ € span(¢5') and o = r4(L5). Finally, we have o(MS) =
a(Ls).

2. Assume that Q) is bounded, let S€ be the positive self-adjoint operator defined by
S5 L) () VI [ mee- VTG € @), (69)
R

then for every p > 1, we have 0(5°) = o(Lg) C R*, and the following Rayleigh formula holds

ro(L) =1(5) = sup / / VI@VEGm. (- y)p(x)p(y)dedy.  (6)
y JaJa

PpEL?(Q
HV;”LZ(Q):I

Moreover, r,(L¢) satisfies
To(L7) — [|¥][ e~
e—0
3. Suppose that Q bounded and let 3 O Q be a compact set. The operator LS, the realisation of
L# in C(X), is compact and one has o(L5;) = o(L5) for any p > 1.

Proof. Ttem [1] is rather classical and has been proved in [14, Theorem 4.1]. In short, the inclu-
sion o(M;) C o(Ly) is straightforward, while the reverse inclusion comes from the fact that any

eigenfunction ¢ of Lf related to the eigenvalue A° can be extended from LP(2) to LP(RY) by
setting

6@ = 5 [ mee =)V W)dn Ve R\ (67)

Let us show Item 2l Recall that §2 is bounded. Let p > 1, A\ € o(L5) be an eigenvalue and
@ € LP(Q) C L'() be the associated eigenvector for L, i.e.

Lip(x) = A me(r — y)¥(y)p(y)dy = Ap()

so that ¢ € L*°(Q) by the Young inequality. Multiplying the above equation by /¥ (z), we get:
V¥ (z) /Q me(z = y) V¥ (H)VY(@)ey)dy = AWV (2)p(x) <= S°(z) = A(z),

with ® := v/ Ty € L>®(Q) C L*(R2). Therefore A € o(S¢). We have shown:
o(Ly) Co(S%), Vp=>1.
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Let us show the reverse inclusion. Note that due to the first item, the operator S¢ is compact on
L?(Q2) and therefore o(S) consists in isolated eigenvalues. Let A € o(S)\{0} be an eigenvalue
and ® € L?() be an associated eigenvector, so that

— 5+ [ mee - 9 VEGIRG)Y € L.
Q

Hence there exists a non-zero function ¢ € L () C LP(Q),Vp > 1 such that ® = /¥ where the
function ¢ satisfies

0)= [ mele —y)VIGVIGI)Y = L ola).
Thus A € o(Lj) for any p > 1 and we have shown
o(S%) Co(Ly), Vp=>1.
Formula is classical for positive and symmetric operators.

Now let ¢=! be the positive eigenfunction of Lf associated with r,(L?), normalised so that
Jo %' (y)dy = 1. We first notice that

ro(LS) =7 (LE)/"¢51 dx—-/yg me(e = ) V()6 (1) dyd
swmgéémmwwmw%wmswmm

Next let o € Q be such that U(z¢) = sup,cq ¥(z). Injecting the function \/WXB(% ()
into yields

1
ro(L°) = 1,(5%) > V(@) VY (Y)me (T — Y)XB(2o,r) (L)X B(0,r) () dyda
|B($0’ )| QxQ

2
1
> ( inf \/W> —_— // me(x — y)dady
) B(zo,7)| JJB(z0,r)2
= inf \Il(x // (z —y)dydx
z€B(xo,r) 1:0’ 3(96077"/5)2
N B ,
= inf U(x) B (2o, ¢ |/
z€B(zo,r) ‘B Zo,T Or/s)

= inf \Il(x)/ m(y)dy —  inf T(x),
B(0,r/¢e)

z€B(xo,r) e—=0 z€B(zo,r)
for all > 0 sufficiently small so that B(xg,r) C 2. This proves the following inequality

inf ¥(z) <liminfr,(L®) <limsupr, (L) < ||V pe.
xz€B(zo,r) =0 e—0

Since lim,_, inf e p(ag,r) Y(z) = || ¥/ Lo, Item 2 is proved.

Finally we prove the last point, that is Item 3. As ¥ is compact the fact that L, is compact
follows from the Arzela-Ascoli theorem. It remains to show that o(L§;) = o(Lj) for any p > 1.
The inclusion o(L5;) C o(L;) is immediate since C(X) C LP(X) for every p > 1 and Q C X.
Let p € [1,00) be given. The reverse inclusion follows from the identity @ that allows to
extend the eigenfunction from LP() to LP(X). Let us notice that m. » (¥¢) € C(X) as soon as
¢ € LP(X) C LY(X) (see e.g. |3, Corollary 3.9.6, p. 207]).

This ends the proof of Lemma O

We now give some asymptotic results for compact and positivity improving operators. The
following result is classical but here we propose a proof for the sake of completeness.
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Lemma A.2. Suppose that Assumptz’on holds and let L® be the operator defined in , con-
sidered as an operator from LY(S2) into itself.

1. The operator L® satisfies ro(L°) > 0 and

LY@ )

| oz

n—o0

=0
L)

for every ¢ € LY(Q), where 11 is the finite-rank projection into Ker (I — %) Moreover
II is positivity improving.

2. If ro(L%) > 1, then
lim {|(L°)"(@)]|L1 () = o0

n—oo

for every p € LY () \ {0}. Ifro(LF) < 1, then

lim [|(L%)"(o)|[z1() =0

n—oo

for every p € LY () \ {0}.

Proof. Step one: since L€ is compact and positivity improving, then r,(L?) > 0 by |26, Theorem
3] and 7,(L?) is a simple eigenvalue of L (see Lemma [A.T)). We recall that

e

LY(Q) = Ker (I )

) @ R(I—1I).

Moreover the projection II is given by the formula

() = m¢

where ¢ and ¢’ denote respectively the eigenfunctions of L¢ and its dual (L¢)’, associated to r,(L*).
Note that 7,(L) is a pole of the resolvent of L® and an eigenvalue of (L)’ by the Krein-Rutman
theorem (see e.g. |22, Theorem 4.1.4, p. 250] and [22, Theorem 4.1.5, p. 251]). Moreover, ¢’ > 0
(see e.g. |29, Proposition 4]). Consequently II is positivity improving and for every ¢ € L1(£2), we
have

L5(p) = LA(TI(p)) + L5(T — 0)(p) = ro (L)TI(p) + L*(I — TN) ().

By induction, for every n > 0, we get

(L) () = (ro(L7))" () + [L5(I = I)]" ().

Hence
(L5)"(p) @ - 1)" (@)l o
‘ (ro(LE))™ () Lo = (ro (LE))™
(L =T0)" | 2 g
= (rG(LE)):(L S ||<P||L1(Q)-

On the one hand it is known (see e.g. [12, Theorem 1.5.4, p. 30]) that
o(L5(I = 10)) = o (L) \ {re (L)},

and therefore
ro(LE(1 —1II)) < 75 (LF).

On the other hand, the Gelfand equality implies that

ro(L(I = 10)) = lim {/[|(Le(I = 10)" || £z ()
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so that
(LS =TD) 2oy < (ro(L5(1 —ID)) +m)"

for any > 0 and n large enough. Consequently we have

(L) () ro(LE(I =) +7\" B
(roe (L))" ) ( T (L?) ) el =0

where 1 > 0 is chosen such that r,(L¢(I —II)) + n < ro(L?). This completes the proof of the first
part of the lemma.

< lim

LI(Q) n—00

lim
n—oo

Step two: suppose first that 7,(L°) < 1 and let p € L% () be given. Due to the first item we
have

(L9)" ()

(L9)" ()
(ro (L))"

~ i) (ro (L))"

0 = lim sup ’

n— 00

> lim sup ’
LI(Q) n— oo

— )l 12 (0 -
L' (©)

Assume by contradiction that
limsup [[(L%)" (¢)llL1(0) > 0.
n—oo

Then, there exist n > 0 and a sequence njy — oo such that
I(LE)™ L1y = n >0, Yk > 0.
Therefore, we have

(L) (9)
(ro (L2))m

< (@)l 1) +o(1) as k — oo

n < ‘
L' Q)

(ro (L))
which yields a contradiction.

Consider now the case where r,(L?) > 1 and let ¢ € L} (€2) be such that [, ¢(y)dy > 0. Using
again the part part of the lemma, we have

(L°)" ()

(L) ()
~ Iite) (ro (7))

(ro (L))"

Assume by contradiction that

0 = lim sup ‘

n—oo

> M@)o ) — hmjup

L1(Q) L1(Q) '

lim sup [|(L7)" ()| 21 (o) < oo
n—oo

Then, there is 7 > 0 and a sequence n; — oo such that
[(LF)™ | 1) < m < 00, Yk > 0.

Therefore, we have

" (L5)"™ ()
> > |I(g) |l + 0k —00(1),
(1o (LE))nk ‘ (ry (Le))ns L@ L1(Q) —
which is a contradiction and item [2]is proved. This finishes the proof of Lemma O
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