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Abstract

In this work we describe a hyperbolic model with cell-cell repulsion with a dynamics in the population
of cells. More precisely, we consider a population of cells producing a field (which we call “pressure”) which
induces a motion of the cells following the opposite of the gradient. The field indicates the local density of
population and we assume that cells try to avoid crowded areas and prefer locally empty spaces which are
far away from the carrying capacity. We analyze the well-posed property of the associated Cauchy problem
on the real line. Moreover we obtain a convergence result for bounded initial distributions which are positive
and stay away from zero uniformly on the real line.

1 Introduction

In this article we are concerned with the following diffusion equation with logistic source:

dru(t,x) — X0, (u(t, 2)dup(t,2)) = u(t,x)(1 - u(t,z), >0,z €R,

_ - (1)
u(t =0,2) = ug(x),

where x > 0 is a sensing coefficient and p(t,z) is an external pressure. Model (1) describes the behavior of a
population of cells u(t, z) living in a one-dimensional habitat € R, which undergo a logistic birth and death
population dynamics, and in which individual cells follow the gradient of a field p. The constant y characterizes
the response of the cells to the effective gradient p,. In this work we will consider the case where p is itself
determined by the state of the population u(¢, x) as

— 020,,p(t, ) + p(t,x) = u(t,x), t>0,z€R. (2)

This corresponds to a scenario in which the field p(¢,z) is produced by the cells, diffuses to the whole space
with diffusivity o2 (for o > 0), and vanishes at rate one. As a result cells are pushed away from crowded area
to emptier region.

A similar model has been successfully used in our recent work [21] to describe the motion of cancer cells in a
Petri dish in the context of cell co-culture experiments of Pasquier et al. [33]. Pasquier et al. [33] cultivated two
types of breast cancer cells to study the transfer of proteins between them in a study of multi-drug resistance.
It was observed that the two types of cancer cells form segregated clusters of cells of each kind after a 7-day
co-culture experiment. In [21], the authors studied the segregation property of a model similar to (1)—(2), set
in a circular domain in two spatial dimensions = € R? representing a Petri dish. The study aims at describing
the cancer cells motion in a Petri dish [21, 33] in the context of a batch culture. The cell population should be
regarded as a mono-layer attached to the bottom of the Petri dish covered a large quantity of nutritional liquid
(used in the cell culture), which is constantly renewed.

Our model can be included in the family of non-local advection models for cell-cell adhesion and repulsion.
As pointed out by many biologists, cell-cell interactions do not only exist in a local scope, but a long-range
interaction should be taken into account to guide the mathematical modeling. Armstrong, Painter and Sherratt
[1] in their early work proposed a model (APS model) in which a local diffusion is added to the non-local
attraction driven by the adhesion forces to describe the phenomenon of cell mixing, full/partial engulfment and
complete sorting in the cell sorting problem. Based on the APS model, Murakawa and Togashi [32] thought that
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the population pressure should come from the cell volume size instead of the linear diffusion. Therefore, the
linear diffusion was changed into a nonlinear diffusion in order to capture the sharp fronts and the segregation
in cell co-culture. Carrillo et al. [11] recently proposed a new assumption on the adhesion velocity field and
their model showed a good agreement in the experiments in the work of Katsunuma et al. [25]. The idea
of the long-range attraction and short-range repulsion can also be seen in the work of Leverentz, Topaz and
Bernoff [28]. They considered a non-local advection model to study the asymptotic behavior of the solution. By
choosing a Morse-type kernel which follows the attractive-repulsive interactions, they found that the solution can
asymptotically spread, contract (blow-up), or reach a steady-state. Burger, Fetecau and Huang [8] considered
a similar non-local adhesion model with nonlinear diffusion, for which they investigated the well-posedness and
proved the existence of a compactly supported, non-constant steady state. Dyson et al. [19] established the
local existence of a classical solution for a non-local cell-cell adhesion model in spaces of uniformly continuous
functions. For Turing and Turing-Hopf bifurcation due to the non-local effect, we refer to Ducrot et al. [16]
and Song et al. [37]. We also refer to Mogliner et al. [30], Eftimie et al. [20], Ducrot and Magal [17], Ducrot
and Manceau [18] for more topics on non-local advection equations. For the derivation of such models, we refer
to the work of Bellomo et al. [5] and Morale, Capasso and Oelschlédger [31].

It can be noticed that, in the limit of slow diffusivity ¢ — 0 (and under the simplifying assumption that
x = 1), we get u(t,z) = p(t,z) and (1) is equivalent to an equation with porous medium-type diffusion and

logistic reaction

Up — %(uz)m =u(l —u). (3)

The propagation dynamics for this kind of equation was first studied, to the extent of our knowledge, by Aronson
[2], Atkinson, Reuter and Ridler-Rowe [3], and later by de Pablo and Vazquez [15], in the more general context
of nonlinear diffusion

ur = (u™) e + u(l —w), with m > 1. (4)

We refer to the monograph of Vazquez [38] for a detailed study of solutions to porous medium equations.

The particular relation between the pressure p(t,z) and the density u(t,z) in (2) strongly reminds the
celebrated model of chemotaxis studied by Patlak (1953) and Keller and Segel (1970) [34, 26, 27] (parabolic-
parabolic Keller-Segel model) and, more specifically, the parabolic-elliptic Keller-Segel model which is derived
from the former by a quasi-stationary assumption on the diffusion of the chemical [24]. Indeed Equation (2)
can be formally obtained as the quasistatic approximation of the following parabolic equation

Eatp(t7x) = Xp:cz(tNT) + u(th) —p(hx),

when ¢ — 0.

A rigorous derivation of the limit has been achieved in the case of the Keller-Segel model by Carrapatoso and
Mischler [10]. We refer to [9, 23, 35] and the references therein for a mathematical introduction and biological
applications. In these models, the field p(t, z) is interpreted as the concentration of a chemical produced by the
cells rather than a physical pressure. One of the difficulties in attractive chemotaxis models is that two opposite
forces compete to drive the behavior of the equations: the diffusion due to the random motion of cells, on the
one hand, and on the other hand the non-local advection due to the attractive chemotaxis; the former tends to
regularize and homogenize the solution, while the latter promotes cell aggregation and may lead to the blow-up
of the solution in finite time [14, 24].

Since the pressure p(¢,x) is a non-local function of the density u(¢,x) in (2), the spatial derivative appears
as a non-local advection term in (1). In fact, our problem (1)—(2) can be rewritten as a transport equation in
which the speed of particles is non-local in the density,

{ Opu(t, ) — X0z (u(t, )0z (p* u)(t,x)) = u(t,x)(1 — u(t, z)) (5)
u(t =0,z) = ug(x),

where
1 Ed]

(p*xu)(z) = /Rp(x —yu(t,y)dy, plx)= %6_7. (6)

Traveling waves for a similar diffusive equation with logistic reaction have been investigated for quite general
non-local kernels by Hamel and Henderson [22], who considered the model

ur + (u (K *w)y = Uz + u(l —uw), (7)

where K € LP(R) is odd and p € [1,00]. Notice that the attractive parabolic-elliptic Keller-Segel model is
included in this framework by the particular choice

K(z)=—x sign(x)e*|$|/\/a/(2\/g).



They proved a spreading result for this equation (initially compactly supported solutions to the Cauchy problem
propagate to the whole space with constant speed) and explicit bounds on the speed of propagation. Diffusive
non-local advection also appears in the context of swarm formation [29]. Pattern formation for a model similar
to (7) by Ducrot, Fu and Magal [16]. Let us mention that the inviscid equation (5) has been studied in a
periodic cell by Ducrot and Magal [17]. A substantial literature has been produced for conservative systems
of interacting particles and their kinetic limit (Balagué et al. [4], Carrillo et al. [12], Bernoff and Topaz [6],
Bertozzi, Laurent and Rosado [7], among others).

This paper is a part of a set of two papers. Here we study the well-posed character of the Cauchy problem
(1)=(2). In a forthcoming paper, we will build on these results to study the propagation dynamics of compactly
supported initial conditions and the existence of sharp discontinuous traveling waves for the model (1)—(2).

In this paper we focus on the particular case of (1)—(2) with ¢ > 0 and x > 0. The paper is organized as
follows. In Section 2, we present our main results. Section 3 is devoted to the well-posedness of the Cauchy
problem for system (1)—(2).

2 Main results

We begin by defining our notion of solution to equation (1).

Definition 2.1 (Integrated solutions). Let ug € L>°(R). A measurable function u(t,z) € L*([0,T] x R) is an
integrated solution to (1) if the characteristic equation

%h(t, z) = —X(pz * u)(t, h(t,z))

h(t=0,z) = z.

(®)

has a classical solution h(t, ) (i.e. for each z € R fixed, the function ¢ — h(t,x) is in C*([0,T],R) and satisfies
(8)), and for a.e. z € R, the function ¢ — u(t, h(t,z)) is in C1([0,T],R) and satisfies

%u(t, h(t,z)) = u(t, h(t,x)) (1 + X(p*w)(t, h(t,z)) — (1 + Q)u(t, h(t, z))),
u(t =0,z) = ug(x),

9)

where y 1= %.

We define weighted space L, (R) as follows

L},(R) = {f : R — R measurable

/R|f(x)\e”"z|dx < oo}.

L} (R) is a Banach space endowed with the norm

Il = 7 [ 17l

Our first result concerns the existence of integrated solutions to (1).

Theorem 2.2 (Well-posedness). Let ug € LY (R) and fix n > 0. There exists 7*(ug) € (0,400] such that for

all 7 € (0,7*(uo)), there exists a unique integrated solution u € C°([0,7], L} (R)) to (1) which satisfies u(t =

0,2) = ug(x). Moreover u(t,-) € L=(R) for each t € [0,7*(ug)) and the map t € [0,7*(uo)) — Tyug := u(t,-) is

a semigroup which is continuous for the L} (R)-topology. The map uo € L>°(R) — Tyug € Ly (R) is continuous.
Finally, if 0 < up(x) <1, then 7*(ug) = +00 and 0 < wu(t, ) <1 for allt > 0.

Next we show that the semiflow preserves some properties satisfied by the initial condition, namely the
monotony, continuity and continuous differentiability. In the case of a C*(R) initial condition, we show that
the solution integrated along the characteristics is actually a classical pointwise solution to the original problem

(1)~(2).
Proposition 1 (Regularity of solutions). Let u(t,z) be an integrated solution to (1).
1. if uo(x) is continuous, then u(t,x) is continuous for each t > 0.

2. if ug(x) is monotone, then u(t,x) has the same monotony for each t > 0.

3. if up(z) € C*(R), then u € C1([0,T] x R) and u is then a classical solution to (1)—(2).



Next we show the long-time behavior of the solutions to (1).

Theorem 2.3 (Long-time behavior). Let 0 < ug(z) < 1 be a nontrivial non-negative initial condition and
u(t, x) be the corresponding integrated solution. Then 0 < u(t,x) <1 for allt > 0 and x € R. If moreover there
exists § > 0 such that 6 < ug(x) <1 then

u(t,z) = 1, ast — oo
and the convergence holds uniformly in x € R.

The case of bounded initial conditions which are not positively bounded from below is more complex. In the
case of initial conditions which are compactly supported, we expect that the support will expand to the whole
space with constant speed and that the profile of the solution reaches an asymptotic shape (traveling wave).
This situation will be investigated in a forthcoming paper.

3 Well-posedness of the Cauchy problem

In this section we investigate the existence and uniqueness of solutions for the system (8)-(9). The idea to
construct a fixed point problem is to consider the two variables

w(t,z) = u(t, h(t,x)) and p(t,x) = (p*x u)(t, ).

Before we state the theorem, let us introduce some functional spaces and definitions. We introduce the following
weighted L! space for any n > 0, as

L, (R) := {f : R — R measurable

‘4uuwzmmm<w}

endowed with the norm ||fHL% =1 [ |f(y)|e~"¥ldy. Then for any 1 > 0 the space L}](R) is a Banach space
and for any 0 < n <7’ < +00 we have

L®(R) C L})(R) C Ly, (R) C Li,.(R).

We will say that a measurable set U C R is conull if |[R\U| = 0, where |A| is the Lebesgue measure of the set
A. In what follows we need to work in the space of regular bounded functions on a measurable set & C R. Let
us recall that the space

LXU) = {f:U—HR

sup )] < o0}
xel
endowed with the norm || f|| zo 1) := sup,¢y | f ()], is a Banach space. If U/ is conull then £>°({f) is continuously
embedded in L*°(R) since
[ £l ooy < 1 fll2oe -

Finally we introduce the fixed point problem which is the key element of our proof of Theorem 2.2. Let

7> 0and U C R be a conull set, we introduce the function spaces:
X7, = C°([0,7], £2U)), X = C°([0, 7], L2 U)),
YT .= CO([O,T], WI’OO(R)),

YT i={peY7|p(t,:) € W»*(R) for all t € [0,7] (10)
and sup ||pz:c(ta')||L°°(R) < +OO}’
t€[0,7]

Zh =X, x YT, Zl =X xY".

Clearly, X/, is closed in the Banach space ([0, 7], L= (U)). Y7 is not closed in C°([0, 7], W (R)), however
for each K > 0, the set R R
Y i={peY"| sup [[pza(t;-)|Loem) < K} (11)
¢

€[0,7]

is closed in Y7. Indeed, let p™(t,x) — p(t,x) be a converging sequence in Y. Since CO([O,T], Wl’OO(R)) is a
Banach space we have p € C°([0, 7], W*°(R)). Moreover for each ¢ € [0, 7] there exists a measurable set E; C R
such that f]R\E, 1dx = 0, pZ(t,z) and p,(t,x) are well-defined for any = € E; and EIE Py (t,x) = ps(t,x) for

each x € E. Let x,y € E;, we have:

Iz (t, ) — pa(t,y)| < |pa(t, ) — i (8, @) + [P (@) — i (8, y)| + |z (8 y) — pr(t,y)]
<pa(t, @) — pi(t, o) + K|z — y| + [px (t,y) — pi (£, y)|.



Taking the limit n — co, we obtain
pa(t,2) = pa(t,y)| < K|z —y|

hence ||pzz||z~ < K and p € Y7
Given p € Y7, let h be the solution of the following equation

h(s,s;x) = . (12)

The existence of the solution A is ensured by p € Y ™. Moreover,
(i) for any x, the mapping ¢t — p,(t,x) is continuous;

(i) the vector field p, (¢, x) is Lipschitz continuous with respect to  and the Lipschitz coefficient is uniform
with respect to ¢t on [0, 7]. In particular the image of U by h(t,s;-) is still conull for any t,s € [0, 7].

We are now in the position to define the mapping 7,7 [uo] to which we aim at applying a fixed-point theorem:

T o) (w, p) (1, 7) = <u0(x) exp (fot 1+ xp(l,h(l,0;2)) — (1+ )Z)w(l,gg)dl)>T )

u o t
Jo (2 — R(t,0; 2))ug(2)elo Lmw:2)dlq,

where
(w,p) € Z7; =X x Y7,

Remark 1. In formula (13), the function A must be understood as the solution of (12) where p the argument
of the function 7] [uo](w, p).

Remark 2. Since we only impose ug to be in L the time of local existence will depend on each value ug(x).
That is why we are not considering the class of functions L> for w(,-). Instead we work in the space L>(U)
for w(t,-).

Our first result is the well-definition of 7,7 [ug]. We start with a series technical Lemma.

Lemma 3.1 (Lipschitz continuity of the characteristic flow). Let 7 > 0, K > 0 and p € 37[2 be given (recall
that by definition of Yiz, pza is uniformly bounded: sup;cio r) |Pzx(t, )llL®) < K < +00). Then, the solution
h(t,s;x) to (12) satisfies

|A(t, s;2) = h(t, s;y)| < "Xz —y). (14)

Proof. The integrated form of (12) is

t
h(t,s;x) = x—|—/ —xpz(l, h(l, x; 2))dl,

therefore
t
|h(t,s;2) — h(t,s;y)| < |z —y|+ x/ [Pz (t, h(t, 5;7)) — pa(t, h(t, s5y))|dy
<oyl g [l ) R>/ Ih(l, 5:2) — h(l, 5 )ldy
te

<o —yl+ Kx / (L, 5;2) — (L, 5:1)|dy,

since p € Y7. Grénwall’s inequality [13, Lemma 4.2.1] implies:
\h(t, s;2) — h(t, s;y)| < eBEXIE=sl|g —y).
Lemma 3.1 is proved. O

Lemma 3.2. Let p,p € }7}? (where 1712 is defined as in (11)) and h,h be the corresponding characteristic flows
defined in (12) with p and p respectively. Then for any T > 0 and t,s € [0, 7] we have

1A, 5-) = h(t, 83 )| Lo () < |t—5|XlSE(1)P] 152 (1) = P ()| oo (ye™XF!
c|0,7



Proof. Without loss of generality we suppose ¢ > s, then
0y (h(t, s;x) = h(t, 552)) = =xPa(t, h(t, 5.2)) + XPa(t, h(t, 5; )
= —XPu(t, h(t, 532)) + xpo (8, h(t, 5:2)) — xpa(t, h(t, 5;.2))
+ Xpa(t, h(t, 53 2)).
Therefore, we have
(¢, 55-) = h(t, 55) | Lo (m)

<[t —s|x sup Ipz(l,-) = Pa(l, )l Loo (m)
les,t]

+xlsup P2z (1, )]l Lo (R) / IR(l,85-) = h(L, 83 )| Lo () L.

The result follows from Gronwall’s inequality and the definition of Y[?- O

Lemma 3.3 (Continuity properties). Let (w,p) € Zj; be given. Then, the function u(t,x) := w(t, h(0,t;z)),
defined for each t € [0,7] and a.e. x € R, is a continuous function of time for the Ll(R) topology (i.e., the

map t — u(t,-) is continuous in L}(R)). The maps t — (p*u)(t,-) and t — (p, x u)(t, ) are continuous for the

CP(R) topology and moreover (p*u)(t, ) € W2 (R) for all t € [0,7].

Proof. Let (w,p) € Z7, be given. We first remark that, since p, is Lipschitz continuous, the function h(t, s; )
is locally Lipschitz contlnuous for all t,s € [0,7] and therefore h(t,0;U) is conull. In particular, u(t,z) is
well-defined for every x« € h(t, 0;U), therefore almost everywhere, for each ¢ € [0, 7].

We divide the rest of the proof in two steps.

Step 1. We show the continuity of ¢ — w(t, ).
Let t € [0,7] and € > 0 be given. For s € [0, 7], we have:

Ju(t,-) —u(s, )|l = / lw(t, (0, t;2)) — w(s, h(0, s; z))|e” " dz
< 5/ lw(t, h(0, t;2)) — w(t, (0, s;z))|e "ol dz
R

+ g/ lw(t, h(0, s;x)) — w(s, h(0, s;x))|e”"*dx.
R

By the continuity of t = w(t, -) in £L>°(U), there is 69 > 0 such that if [t—s| < g, then |[w(t, ) —w(s, )| @) < 5.
Therefore if |t — s| < g,

Ju(t, ) — uls. )
) = w(t, h(0, 5:2)) e ld + uw(t, ) — w(s, ) o=

IA
N3
T
g
=
>
o
~
S

)) —w(t, h(O,s;x))|e—n\xldx + %

IA
N3
T
g
-
>
=
~
S

Next we select R > 0 sufficiently large, so that
mln(h(sv 07 R)) _h(57 07 _R))
-1 €
> —1In
n 18 supeqo,7 1wl oo @)
By the density of compactly supported smooth function in L!(—R, R), there is ¢ € C}([-R, R]) such that

) for all s € [t — dg,t + do].

N i —Kx(t+do)
|lw—ellL1(-rR) < 187 e .

Then, we have:

u(t,-) = u(s, )Ly < g + g /R lw(t, h(0,t;2)) — w(t, h(0, s;z))|e "ol dz
= % + 3 /R w(t, h(0, £ x)) — @(h(0, t;z))|e "I dz (15)
+ g /R lp(h(0,t;2)) — o(h(0, ;2))|e "I dx 16)
+ g /R o(h(0, 55.2)) — w(t, h(0, 5;.2))|e” "N da. an



Next we estimate (16) and (17) (remark that (15) is a particular case of (17), for s = t), starting with (17). We
have

n ) . —nlz
5/R\<p(zz((),s,gc))—w(t,h(o,s,a;me 2l e

h(s,0;—R)

- w(t, h(0, s;2)) el dz
2

—

— 00

h(s,0;R)
/ lw(t, h(0, s;2)) — w(h(0, s;x))|e_”|lldx
h(s,0;—R)

+

+

NS o3

+o0
/ |w(t,h(0,s;gc))|e_”|’”‘das7
h(s,0;R)

then:

|3

+o0 n e +oo
/ lw(t, h(0,s;z))|e”"*ldz < sup |w|se= [ ]
h(s,0;R) t€[0,7] 21 - h(s,0;R)

6777}7'(5’0§R) I

- <=
2 - 36

2

= sup ||w| g
te(0,7]

Similarly, we have

n /h(s,O;R) lw(t, h(0, s;2))|e”"*da < <.
2 T ~ 36

— 00

Moreover, changing the variable in the integral, we have

n h(s,0;R)
1 / it h(0, 5:2)) — (h(0, 5; 2)) ¥ da
2 h(s,0;—R)

R
1 s
=2 [ htts) = plale O 5,01y

9 9
Si

X(s—t—do) _=
18n — 36’

< QSKXS””W —@llpr—r,r) < geK
where we recall that |h,| < efXI*=sl by (14) and s < t + dp. We have shown that

2 [ 1o h(0550)) = wlt. b0, ) el < 5

2 Ju 12

for each s € (t — 0o, t + dp), which is our desired estimate for (17) (and therefore for (15)).
Next we estimate (16). Let

R = sup max (h(s,0; R), —h(s,0; —R)),
SG(t*éo,t%»(;o)

which is well-defined by the continuity of s — h(s,0; £R) on [t —dg,t+dp]. Then the functions x — p(h(0, s;))
have their support in (=R, R") for any s € (t — dg,t + dp). In particular,

n . ) —nlz
3 [ 16b0.6:2) = (0,512 e 1da

R/
21 lovc-ry [ h0,t50) — h(0,s5) el
_RI

l¢'lco—rr,rry sup  |h(t,0;x) — h(s,0;)|.

z€[—R,R]

IN

IN

Since (s,x) — h(s,0;x) is continuous on the compact set [t — do, ¢ + dg] X [~ R/, R’], it is uniformly continuous
on this set and there exists §; > 0 such that
€

sup  |h(t,0;2) — h(s,0;2)| < ————
z€[—R,R] | ( 6”90/||C°(—R’,R’)

whenever |t — s| < d;. This finishes our estimate of (16).



Summarizing, we have found d; > 0 such that for all s € [t — 01, ¢ + 1], the inequality
Jut, ) = uls, s ey < &

holds. This finishes the proof of the continuity of u(t ) in L} 7 (R).

Step 2. Define p(t,z) := (p * u) = [pn( u(t,y)dy in the scope of this Step. We first show that for
any ¢t € [0,T] we have p(t,-) € VV2 °°( ). Indeed since p € W1H(R) it is classical that p,(t,z) exists for each
t€[0,7] and z € R and

pa(t, ) = /Rpx(:ﬂ —y)u(t,y)dy.

Next we remark that for z < y we have

po(t0) = o)l = [ (pato =) = paly = ute 10

< / 1Pale = 2) — paly — 2)dzljult, ) o ey

< [10e2) ety 2+ azhute, s
z—y
= [lu(t, )l oo r) X 952 {/ —e*/7 4 eWmr R0 g,
— 00

0
_|_/ eZ/U + e(w—y—z)/adz

[T e e(m—y—z)/adz}
0
[ult, )l Lo (® eyl 2
= B (1) < Sutt e e — vl (18)

We deduce that 5
|ps(t, ) — po(t,y)] < fHu(t, )| poe )|z — yl, for all ¢ € [0,T].

In particular p,(t,-) is globally Lipschitz continuous and thus p(t,-) € W2 (R).
Next we prove that p,(¢,z) = (p *xu)(t,z) € C°([0,T] x R). Let € > 0 and R :=In (M) then
we have ||pe |1\ (—r,r)) = &/ (6]|ull L (jo,r)xRr))- Let 0 < s < t, we have

‘pa:(t>x) _pa:(svy” < |pz(t7$) _pz(tvy)‘ + |pz(t7y) _pw(s7y)|

2
< ullieompemle = o+ [ oty - 2)ut.2)  u(s.2)|dz
7 (—R.R)

)

F [ a2t ) = paly — 2Juls, 2z
R\(—R,R)

2
< Gl oyl =yl + ol llult ) = uls, M (g gy

+11pellLr ®\ (- R)) X 2/l Lo (j0,7]xR)

2 €
< ~lullem oy 2 =+ ol [t ) = w1 (g ) + 5

Hence, choosing |z —y| <

< m and |t — s| sufficiently small so that the norm |lu(t,.) —u(s, .)HL1 (—r.B)

is controlled by W we have
pa(t. z) — pu(s,y)| < e

Hence p, is continuous. The continuity of ¢ — p(¢,-) in L (R) can be shown similarly. O

Theorem 3.4 (Local existence and uniqueness of solutions). Let U be conull and ug € L(U) be given. There
exists T > 0 such that T;][uo] has a unique fized point in Z7. Moreover T can be chosen as a continuous
function 7 (luol @) of llwoll @) and the mapping ug € L(U) — (w(t, z), p(t,z)) € Z7 is continuous in a
neighborhood of ug.



Proof. We divide the proof in three steps.

Step 1. Stability of Z;, by T;;[uo]. We show that T} [ug](Z;) C Zj;. Define (w',p') := 7,7 [uo](w,p). We
first prove w' € X™ = C([0, 7], £L>(U)). By definition we have

w1<t7 ) - wl(S’ ) = UO() exXp (/0 1+ )A(p(h h(la 0; )) - (1 + X)w(l’ ')dl>
— up(+) exp </Os 1+ xp(l,h(1,0;-)) — (1 + x)w(l, -)dl).

Let us denote O[u] := |ule!*!, u € R and recall the inequality e — 1 < |ule/*l = O[u] for all u € R. We have

wo(-) exp ( [ it haom) - +>z>w<l,->d1)

S
—uo)enp ([ 1450000005 - (14 D, at)
0 Lo=(U)
= ||Uo||z:oo(u)es(H’Z“p“”"((ov”xm)
t
« [ exp ( [ ol 0) - (5wt -)dZ) -
s Lo2o(U)

< Nugll e uye” (HHIPI= 010

<0 = ) (14 Apllieqomyea + (140 sup [t )exen)]:
€|0,7

This implies

”wl(t? ) - wl(sa ')HEOO(Z/{)
< ol e~ gy IOt 5) (14 Rlplly- + (1 + Dwllxo)]- (19)
Since x[u] — 0 as u — 0, the continuity of w' is proved.

Next we prove p! € Y7. Recall that, by definition of Y7 (see (10)), the second derivative of p is uniformly
bounded: sup,¢(o,] [Pea(t, )| oo r) =t K < +o0. For any ¢,s € [0,7] and = € R, we have

|p1 (t,z) — pl(sa $)|

B ‘ / <P<x — h(t,0;2))edo A o — (s, 05 2))elo 1“”“’”‘11)“0(2)
R

< ol o= ry (Hefo" et efi ettt e - b0z (20)
L=(R) Jr
el et ot = n(e052) = plo — nis,0i2))s).
L>(R) Jr
Since p € Y™ we have |P2a || o< ((0,r)xr) < K and thus, recalling the Lipschitz property of h (14),

Hefg L—w(l,)dl _ 5 1=w(l, )l H

Lo

< ft—s|(e" +e%) <1+ sup ||w(7f7')||z:°°(u)>
te[0,7]

< |t —s|2e” (1+ [lwllxg) . (21)
[ 1ot = ht,0:20)/dz = [ ol ~ )00, t53)dy <
R R
where we have used the classical inequality

le® —e¥| < (e +eY)|x —y| for all z,y € R. (22)



There remains to estimate the second term in the right-hand side of (20). Using (22) we have

/R 1o — B(t,0;2)) — plz — h(s, 0; 2))|dz

1 _ Jz—h(t,0;2)] _ |z—h(s,0;2)]
= — e o —e e z
20’ R
1 z—h(t,0;2 z—h(s,0;z
< — (e*‘ - + efl e )|)071|h(t,0; z) — h(s,0;2)|dz
20 R
1

X (/e = z(o,t;y)dny/e_xoylh"’”(o’&y)d@
R R

< J_1||h(t70§ ) - h(S, 0; ')”LOC(]R)(ert + eKXs)
< 2071 eMXT||R(t,05-) — h(s,05-)]| oo (r)-

Moreover, since
¢
h(t,o;l') —h(S,O;{E) = _/ Xpm(lvh(lao;x))dla (24)
we have |[h(t,0;-) — h(s,0; )| e ®) < [t — s[xsupcpo 7 [IP2(t: )| Lo (r). Combining (20) and (23) we have
D"t ) = 2" (5, )| ooy < 1= s % 25XV lugl 2oy (14 [[wll g, + 0~ xIplly-)- (25)

This proves p' € C([0, 7], L>°(R)).
Similarly, we compute for any ¢,s € [0,7] and z € R:

DLt 2) — ph(s,2)| < [t — 5] x 20~ ST )l o gy (14 o]z ) (26)
S / pala — h(t,0;2)) — pu(z — h(s,0: 2))|d=.

In order to estimate the last term in (26), suppose first that h(0,¢;z) < h(0, s;z). We have

[ oot = h0,0:2)) = (o = his. 052
1 h(0,t;x) _@—h(t,0;2) _ z—h(s,0:2)
= —2/ ’ —e ’ +e G dz
202 J_
1 > z—h(t,0;2) z—h(s,0;2)
—2/ ‘e e —e o dz
20 h(0,s;z)

1 h(0,s;2) ©—h(t,0;2)  z—h(s,052)
+55 |6 o +e o dz.
20 h(0,t;x)

Using (22) and (21) we have

[ 1osta = ht.052) = pu(a = (s, 0:2))

1 h(0,t;x) o (t.0s o
<55 (efl Muon)| | lech(a H)|h(t02) (s, 0: )|
o —o00
1 o xz—h(t,0;z z—h(s,0;z
+ﬁ/ (7 4 e T (1, 0:2) — s, 0:2)dz
0% Jn(0,s52)
1 /h(O,s;r)’ ©—h(t,0;2) L _ 2—h(s,0:2) d
) & o e o z
20 h(0,t;z) (27)
1 _lz—h(t,0;2)| _lz—h(s,0;2)]
< gz 1t 0:) = h(s, 0 ) - / o e TP
g R

1 h(0,s;z)
20 h(0,t;z)

< 207 BN (1,0;) — h(s, 05| oo ) + 210, £-) — (0, 55 | e s

10



Moreover by (24) we have [|h(0,;-) — h(0, s;-)|| Lo r) < [t — s|x||p[ly~. Combining (26) and (27) we have

P2 (t,) = pi(s: )| 1o gy
<t = s| % JJuoll e @yo ™" (2eFXTIT(L + [[w]lx-) + xeT(2e"X + 07 |pllv-).  (28)

This proves p. € C([0, 7], L>°(R)). According to (25) and (28) we have
le(tu ) - pl(sa ')||W1,oo(R) < C‘t - S| X ||u0||£°°(1/1)e(KX+1)Tv (29)

where C' is a constant depending on o, x, ||w||x~ and ||p||y~-. Therefore p' € Y.
There remains to show that sup;c(o 1 [Ip1 (£, )| Lo () < +00. Let t,s € [0,7] and € R. We have

pL(t,2) — ph(t,y)] = | [ (oali = 1(0.0:2) = iy = 0,02 ua()ei 1=+

< Jluoll = o / pa = 2) = puly — )Iha(0, 2)d2

< 207 e FXEDT g | oo my | — 9.

Therefore

sup [Py (t ey < 207 ST ug|l ooy < Foc. (30)

telo,r
We have shown the stability of ZZ{
Step 2. Local stability of a vicinity. We show the stability of the set

By = {wp) € 21 sup o =it leman < v and p € T
tel0

and [lp — (pxuo)ly- <r}, (31)

for any » > 0 and 7 > 0 sufficiently small, where K := 40’1HUOH£N(U). Note that B, is closed in Zj, for any
r > 0.
Let (w,p) € By, and define  := ||(ug, p* uo)|| ;- + 7. By definition, we have

||(w7p)||27 § ||u0,p*UOHZT +’]" = K.

On the one hand by (19) (with s = 0) we find that

sup [[w!(t,) = wo(-) ey = sup [[w'(t,) = w!(0,)]] gy
te(0,7] tel0,7]

< lluolle=@n®[r (1 + Kl + (1 + Q) wllx-)]

< Kx [T(l +(1+ 2)()%)} g 0<mr,
where O[u] = |ule/*l. On the other hand, by (29) (with s = 0), for all ¢ € [0, 7],

Ip' (¢, 2) — (p* uo)(@)|ly- = S [p' () — "0, ) lwr.ee )
€|0,7
< O X |Jug]| goo @y e FXTI.

< CrreEXHNT 50 <,
7—0

Finally by (30),

sup [|pha (£, )l peo ) < 20 eFXIDT g | p 00y
te(0,7]

— 20"
T—0

L |U0||£oo(z,{) < 40'_1||UO||Loo(u) =K.

We conclude that for any r > 0 there is 7 > 0 sufficiently small so that the inclusion 7;7 [uo](B,) C B, holds.

Step 3. T;J[uo] is a contraction. More precisely, we show that 77 [ug] is contracting for 7 sufficiently small.

11



Let r > 0 be given and 7 > 0 be sufficiently small so thai?r is left stable by 7;][uo], and define k :=
| (wo, p* uo)|| 4~ + 7 as in Step 2. Let (w,p) € B, and (@, p) € B, be given, we observe that for any ¢, s € [0, 7]
and x € U,

‘wl(ta (E) - wl(tv :E)‘

< uoll 2o @ eJo 1Hxp(LA(1L0:2) (14w (lz)dl _ o [y 1+ﬁ(l,fz(l,0;x))7(1+)2)u")(l,x)dl’

S ||u0||Loo(u)et(1+x‘|PllY7)

1—els ml,ﬁ(z,o;z))—>zp(z,h(z,o;z>>—<1+>z>(w<z,z>—w<z,z>>dl‘

< gem(1+rx)

1_ ot fcﬁ(lﬁ(l,o;w))—fcp(l,h(l,0;1))—(1+>2)(1D(l,w)—w(l,w))dl‘

- Her(lJrHX)@[T()ZlSEép] 50 h(1,0;2)) = p(1, (L 0;2))] + (1+ Q)@ — wilx- )],
€|0,7

where we have used the inequality |e* — 1| < |ulel*l =: ©[u], Yu € R. Moreover, we have
S, 19 1(0,052)) = p(l 11, 0; )]
€l0,7

< sup ||p(l,-) = p(l, )|y + sup [p(l, (1, 0;2)) — p(l, h(1,0;z))|
1€fo,7] l€lo,7]

< [lp = plly- + sup I\pz(l,-)l\mm)lsgp] 1R(1,05-) = B(1, 05-)|| oo i)
€|0,7

0,7

<||p = plly- + HlS}(l)P] IR (1,05-) = h(l,0; )| Lo ()
€|0,7

According to Lemma 3.2 we have

||}~L(t707 ) - h(tvov ')”L‘”(R) < TXlS[%p] ”ﬁx(lv ) 7p3?(lv ')||L°°(R)6KXT7
€|0,7

which yields

S B h(1,0;2)) — p(l, (1, 0;2))] < |5 — plly- (1 + rxTeXT).
€|0,7

This implies
0! = w5 < 00 |7 (%5 = pllg- (1 + rxre ™) + (1 + )| = wliz- ). (32)
On the other hand, we have

P! (t.2) = p' (¢, 2)]

/ (p(az — h(t,0; z))efot L=o2)dl _ b — h(t, 0; z))efot 1_“’(l’z)dl>uo(z)dz
R
/ <p(x _ ,jL(t,O; 2)) (ef(; 1=w(lz)dl _ o fy l—w(l7z)dl>

R

— (ple = A(t,0:2)) — pla — h(t,0;2)))els lw“’Z)f”)uo(z)dz

< luoll e (Heﬂf ot el [ ot < R 0:2) s
L>=R) Jr
+ Hefcf 1_“}(1")le / |p(z — h(t,0;2)) — p(z — h(t,0; z))|dz)
L>(R) Jr

, we write
L>(R)

/thz;(z, 3 — w(il, )l

< 27" |0 — w| x-,

In order to estimate the term Hefg 1=o()dl _ o fy 1_“’(17')‘”“

Jefs 1=mat _ efir-waa < 27
L= (R)

Lo=(U)

where we have used (22). Next we notice that that p € Y7 implies the inequality P2z || o< (0,7 xr) < K, thus
we obtain by a change of variable (recall the Lipschitz continuity of h by Lemma 3.1)

/ |p(x — h(t,0;2))|dz = / p(x — 2)0,h(0,t; 2)dz < X7
R R

12



Finally we have

/R oz — B(t,0:2)) — plz — h(t,0; 2))]dz

1 _ lz—h(t,0:2)] _ lz—h(+.0;2)]
— e e —e - dz
20' R

1 x—h(t,0;z z—h(t,0;z ~
< (e—' R >‘)|h(t7o;z)—h(t,o;z)|dz
20' R

|z —h(t,0;2)]

~ 1 _ la—h(t,052)] _ .

I 05) = R 05 iy e [ €T e
o Jr

<A, 05 -) = h(t, 05 ) || Lo m) ("X + FXF)

< 2¢"X7||A(t, 05 ) — R(t, 05 )| oo r)-

IN

Applying Lemma 3.2 yields

/ |p(x = (.05 2)) = p(a — h(t,0; 2))|dz < 25T |A(t, 05-) — (¢, 0; )| oo )
R

< 27X X7 — plly-.
We have shown the following estimate on p:

(Kx+1)7 ”ﬁ} (2K x+1)T

sup Hﬁl(t,.) _ pl(t,.)HLoc(R) < 2kTe - wlg. + 2kxTe > — »lly-- (33)

tel0,7]

Next we estimate the gradient of p. We have:
|ﬁi(tv ’I) - pi(ta I)|

B ‘ / (Mx — R(1,0;.2))eds 1IN (0 Rt 0;2))els 1"“"”’”“)%(@
R

< |u0||L°C(R)<H6fD 1—w( efo 1—w(l, )dl LOO R)/ |Pz (t O Z))|d2
" Hefé 17w(l,~)le / (@ — 1(t,0;2)) — po(z — h(t,0; z))|dz)
L>R) Jr
< 20 e XD 1 — )| x- + neT/ |pa( — (L, 0;2)) — pul(z — h(t,0; 2))|dz.
R

For the need of this computation, let us introduce h~ := min (h(0,t; z), h(0,t;x)) and h* := max (h(0,t;x), h(0,t; z)).
We have:

[ Ipate = h0.0:2)) = (o = h(e.0:2))az

1 h _ lz—h(£.0:2)] Lo —h(2,0:2)]
— 20.2 (6 i +e )

— 00

|h(t,0; z) — h(t,0; 2)|dz

1 o z—h(t,0;2 x—h(t,0;z ~
+7/ (e_l R >‘)|h(t,0;z) — h(t,0;z)|dz
h

202 +

1 h+’ _ le—h(t,0:2)] n _|z—h<t,o;z>|’
— e o e o
202 h—
1 - = h(t,0:2)] _ le—h(t,052)|
< g AU 0) = Bt 0 ) ey [ (e o s
g R
+ 1 th2d
202 h— z

< 207 1M XT|A(t, 0;+) — (L, 0 )| Lo m) + 0 2(IR(0, £ +) — A(0, 8 )| Lo () -

According to Lemma 3.2 we have then

/ 1pal — B(£,0:2)) — pu(z — h(t, 0 2))|dz

o eBXT|| (L, 05) — h(t, 0; )| Lo ry + 0 2[R0, 85 -) — B0, 8 ) || oo (m)

<
< 2KxT

2
(270 xe +o 2XT€KXT) 15— plly--
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This implies

tS}(l)p] Hﬁ;(t ) —pi(t, ')HLw(R) < 20 L greKXHDT [l — w| x-
€|0,7

(2Kx+1)T KX—H)T)Hﬁ_pHYT- (34)

Combining (32), (33) and (34), there exists a mapping 7 — L(7) with L(r) — 0 as 7 — 0 such that

+ (2/{)(0_17'6 + mxo‘zre(

174 [uol (@, p) = Tg [uol(w; )| g < L(7) [[(@, ) = (w,p)l 4~ - (35)

Thus for 7 > 0 sufficiently small we have L(7) < 1 in which case 7,7 [ug] is a contraction on the complete metric
space B, equipped with the topology induced by Z,. By the Banach contraction principle, there exists then a
unique fixed point to 7;7[u]. Moreover 7 can be chosen as a continuous function of |lug|| zo (/)

Finally, the continuous dependency of (w,p) with respect to wug is a direct application of the continuous
dependency of the fixed point with respect to a parameter [39, Proposition 1.2]. O

In order to show the semigroup property satisfied by (w, p) and to make the link with the integrated solutions
to (1), we need the following technical Lemma.

Lemma 3.5 (The derivatives of p and h). Let U C R be conull and T > 0 be given. Let (w,p) € Zj; be a fived
point of T;] [ug]. Then there exists a conull set U’ such that

(i) for any t,s € [0,7], the solution h(t,s;x) to (12) is differentiable for each x € h(s,0;U") (therefore for
almost every x € R) and we have

he(t, s;7) = exp ()Z/ w(l,z) — p(l, h(l, 5;x))dl> for a.e. xeU. (36)
(ii) for everyt € [0,7] and z € R we have
R R

(iii) for every x € U', the function p.(t,-) is differentiable at h(t,0;x) and we have
02pee(t, h(t,0;2)) = p(t, h(t,0;2)) — w(t, x).

Proof. We divide the proof in three steps.

Step 1. We prove item (i).
Let z <y and ¢, s € [0, 7] be given, we first remark that

pm(ta h(ta O; y)) - pz(ta h(t7 0; 33))

= /}R (pe(h(t,0;9) — h(t,0;2)) — pu(h(t, 0;.2) — h(t,0; 2)) )ug(z)elo 1w,

= /@ (pa(h(t,0;y) — h(t,0;2)) — pa(h(t,0;2) — h(t,0; Z)))UO(Z)ef; 1—w(l,z)dl g,

— 00

+oo
—|—/ (pa(h(t,0;y) — h(t,0;2)) — pa(h(t,0;2) — h(t,0; z)))uo(z)efﬂt 1—w(tz)dlg,

1 Y h(t0iw)—h(t.0:2)

~52 ) (e

x

—h(t,0;2)+h(t,0;2)

+e )uo(z)efot Lmw(lz)dl g,

=/q(mW@mw—hmm@»wmmmm@—hwm@»w@mﬁhwww@

— 00

+o0 .
* / (po(A(t,05y) = h(t,052)) = pu(h(t,0;2) = h(t, 03 2)))ug(z)elo 174 dz
Y

1 Y ( h(t,0;y)—h(t,0;2) —h(t,0;2)+h(t,0;2)
o e o

" 3.2 Juo(z)edo
g

x

- 2u0(gc)ef5 1—w(la)dl g, _ MUO(@@[; 1—w(l,z)d!
o

= f(t;z,y)(h(t,0;y) — h(t,0;2)) — g(t; 2, )
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where

([ [T (el 0) = B(1,0:2)) — pu (b1, 053) — (2, 0:2)))
s ([ ) SR

— 0 Yy

% uo(z)efot 1—w(l,z)dl g,

and

1 Y h(t,0;9) —h(t,052) —h(t,052) +h(t,02) "

1—w(l,z)dl

g(t7x7y) = 720_2 (e [ +e 2 )uo(z)efo w(l,z)
z

— 2u0(x)ef0t l~w(le)dlq, 4 MUO(Z)JJ 1—w(l@)dl
o

Next we remark that, with those functions f and g, we have
t
h(t,0;y) — h(t,0;2) =y —x — X/ p2(l,h(1,0;)) — pa(l, h(1, 0;2))dl
0
t
—y— o= x [ ) (1.0:9) - h(1.0:0) - g(l )l

t
= (y — g)ex i fmpal x/ g(os 2, y)e X e Flmwalg,
0
For a given z € R, we have
1
f(tv x, y) w—m) ﬁp(t h(ta 07 J)))

uniformly in ¢, because of Lebesgue’s dominated convergence theorem. .
Next we remark that, given t € [0,7], if x is a Lebesgue point of the function z — ug(z)efo =@ (h:2)d ¢

C°([0, 7], L>(U)), then % has a limit as y — x and

t; 1 t
lim g( ,l’,y) 7u0(1,)ef0 17w(l,w)dm.

y—r Yy —T o2

Applying Lemma A.1, we conclude that there exists a conull set &’ C U on which h(¢,0;-) is differentiable at
every point z € U’ for all t > 0 and we have

t
ha(t,0;2) = e X Jo P(LA(LO)I +ng2/ ug(z)els 1mwlm)dl =% [ p(Lh1.0:2)dl g
0
t
— % s p(Lh(1,0:2))dl (1 + x/ up(z)eds 1+>2p<z,hu,o;x))—w(l,x)dld(,)
0

t
_ RS POl <1+ / ;gw(a,x)e*fo”w”vw)dwda)
0

t ’
— o= Jy pLAQLO))Al (1+/ (ef;;zw(m)dm) da)
0
t
—oxp (3 [ wltoa) = plt bt 0sat).
0

Since h(0,t;x) = [h(t,0;-)] "1 (x), the function h(0,t;-) is differentiable at each point x € h(t,0;U’) and

1
he(t,0;h(0,t; 2))

hy(0,t;2) = = exp <)2/0 w(l, h(0,t;x)) p(l,h(l,t;x))dl) .

The formula (36) can be deduced from the remark h(t, s;x) = h(t,0; h(0, s;x)), where the right-hand side is
differentiable for all = € h(s,0;U").

Step 2. We show item (ii).
We have, by definition,

p(t,x) = / p(a: — h(t, 0; Z))uo(z)efot 1_w(l’z)dldz
R
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and item (i) allows a change of variables which yields
plt2) = [ ol = pu(h(0. 1)) 1 EHOE (0,120
_ / (@ — Yo (h(0, £ ) )i 1w EROEDAL =% [ w(Lh(O L) ~p(LhU Ly
R
_ / (@ — y)uo(h(0, t; y))els LHRPEREED) = (1H)w(LR(0,62)dl g
R
= [ sl = wyutt.n0.:)ay.

The formula for p,, is proven similarly. Item (ii) is proved.

Step 3. We show item (iii).
Using the formula for p, established in item (ii), we have

Dz (t,y) — pa(t,x) = /(pw(y —2) — pz(x — 2))w(t, h(0,t; 2))dz

([~ /m) (0aly — 2) — polar — 2))uolt, (0,1 2))dz

202/35 (eT +w7 ) (t,h(0,t; 2))dz,

therefore p,(t,-) is differentiable each time z is a Lebesgue point of z — w(t, h(0,t; z)) and we have
pzz(tv 1') = p(ta {E) - w(t7 h(ov t; .’E))

To finish our statement, we show that there exists U C U’ (see the definition of U’ given in item (i)) such that
every x = h(t,0;zg) w1th xo € U" is a Lebesgue point of z — w(t, h(0,; 2)). Indeed, let U” be the set given by
Lemma A.1 applied to the function w € CY([0, 7], L>U")). If z = h(t,0;z¢) we have:

/y |w(t, h(0,t; 2)) —w(t, h(0,t;2))|dz

1 h(0,t;y)
= lw(t, z) — w(t, zo)|ha(t,0; 2)dz
Y =T Jn,t;z)
< 10, t5y) — h(0, ;) 1
h y—x h(07t7y) —h(07t;1’)

h(0,t;y)
x/ o (t, 2) — w(t, 20} dz] s (£, 0; )| L= ).
h(0,t;x)

y—x

Since h(0,t; x) is differentiable for each € h(¢,0;U") D h(t,0;U"), the right-hand side converges to 0 as y — «
when xg € U" is a Lebesgue point of w(t,-). Lemma 3.5 is proved. O

Unfortunately, the solution (w,p) constructed in Theorem 3.4 does not satisfy a semigroup property. The
reason is that, for a semigroup property to hold, the property p(t,z) = [ p(z — y)w(t,y)dy would have to hold
so that the vector (w(t,-),p(t,-)) can be taken as an initial condition; however, this is very unlikely in view of
Lemma 3.5. In order to continue our construction of the integrated solutions, we first show that the solution
can be defined in L*° with little modification.

Given ug € L>°(R), we define the operator induced by the family 7,7[uo] : Z7 — Z” (for U C R conull) as

T [uol(w, p) = T [uo] (w, p) (37)

where Ty [ug] is obtained by (13) with an initial condition equal to ug a.e. and Z7 := C°([0,7], L>(R)) x Y7,
Z7:=CY([0,7],LY(R)) x Y. The fact that 77 [ug] is well-defined is shown in the following Corollary.

Corollary 1 (Well—posedness in L>®(R)). Let ug € LOO(R) be given. Let U and U' be two conull set and u¥ €
L>®U) and vl € L®U") be such that ug = vl = uY almost everywhere. There exists T = T(Hu0||Loc(R)) >0

and a conull set U C UNU' such that the solutions w! € CO([0, 7], L°U)) and w" e CO([0, 7], E‘X’(Z/I’))
given by Theorem 3.4 coincide for all t € [0,74] N [0,7'] and x € U". Moreover we have T > max(r¥,74").

In particular, let iig € L(R) be such that ug = o almost everywhere and ||tol| o (r) = ||uol| L~ (®) and define
w(t,-) as the L class of the solution w € C°([0, 7], L>(R)) given by Theorem 3./. Then w € C°([0, 7], L°(R))

and w is the unique fized point on the operator T [ug] induced by the operator T{ [Go] defined in (13).
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Proof. Most of the arguments involved in the proof of Corollary 1 are very classical therefore we concentrate
on the most important point which is the well-definition of w in L. The set U’ C U NU’" mentioned in the
corollary can be defined as

U = U U O (@) < o]}
Since the existence time given by Theorem 3.4 depends only on Hulél”[:oo(u//), we have 74" > max(T“,T“').
Moreover since U” C U it follows from the uniqueness of the fixed point of 7,7 [uo] that w* and w'” coincide

. . / " . . .
on 4", and similarly w¥ = w" on U”. The remaining statements are classical. O

We are now equipped with a family of operators T; defined for v € L>(R) and ¢ € [0, 7(||uo|| )] as
Tyuo(x) = w(t, h(0, ;) € L=(R), (38)

where w and 7(||ugl|r~) are given by Corollary 1. Next we show that the family 7, satisfies a semigroup
property. We deduce the existence of a maximal solution for each uy € L (R).

Theorem 3.6 (Maximal solutions). Let ug € L (R) be given. The number
7" (ug) 1= sup{r > 0| T [uo] has a unique fized point}

is well-defined and belongs to (0,400], where T [ug] is the operator defined in (37). Moreover, there exists a
conull set U C R and 1y € L(U) such that the operator T [ug] has a unique fized point w € C°([0,7], L>U))
for each T € (0,7*(up)) and

w(t, ) =w(t,z) for a.e. x €R.

The map ug € L*¥(R) — (w,p) € ZJ; (and therefore ug € L*®(R) — (w,p) € Z7) is continuous for each
7€ (0,7*(up)).

Finally, the map t € [0,7*(ug)) = Tyug € L>®(R) is a semigroup which is continuous for the Ly (R) topology
for any n € (0,1), where T} is defined by (38), and if 7*(ug) < +oo then we have

limsup || Tyuol|po ) = +o00.
t—1* (ug)~

The map ug € L®(R) — Tyug € L} (R) is continuous for each t € (0,7*(ug)).

Proof. The positiveness of 7*(ug) is a consequence of Corollary 1. We show the existence of U as defined in the
Theorem. Let U° := R and let 4y € £L>(R) be a bounded measurable function on R such that ||tol|ze®) =
|uo|| o r)- In the rest of the proof we identify ug and %y and consequently drop the tilde. We recursively
construct a sequence of conull sets U™, n € R, such that Y"1 C U™, and a sequence of functions ujy € L>(U™),
such that:

(1) uf ™ (x) == w (70, K0, 75 2)) where 7, := 7(||uf ||z ), (w™, p") is the unique fixed point of the operator
Ty (given by Theorem 3.4) with initial condition ug and A™ is the solution of (12) corresponding to p™.

(ii) U™ =U™ N R0, 7 U™) N [ug T (2) < Jluf ™ | =}
We let U := () U". Remark that, since each U™ is conull, the set U is still conull. Next we show that 77 [ug]
neN
has a unique fixed point for each 7 € [0, .\ 7n)-
Let Ty = 0 and T;, := ZZ;& Tnt1, for all t € [T, T,, + 1) we define
w(t,z) :=w"(t — Tp, hp1(Tn, 0;2)) for all z € U,
p(t,x) = p"(t — T, hn—1(7n, 0;z)) for all x € R.

We show that (w, p) is the unique fixed point of 7;] [uo] for all 7 € [0,Tw) by induction. Indeed, the property
is a consequence of Theorem 3.4 for all 7 < T. Suppose that (w, p) is the unique fixed point of 7;] [ug] for all
7 < Ty, n > 1. The formula

w(t,x) = ug(x) exp (/0 1+ xp(l, h(1,0;2)) — (1 + R)w(l, m)dl)
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is valid for all ¢t < T,,. For t € [T,,, T, +1] we have
t_Tn
w"(t =T, ) = ug () exp (/ L+ xp"(,h"(1,052)) — (1 + X)W”(l,x)dl>
0

— w(T, h(Ty, 0: 7)) exp (/0 W (L0 )) — (1 + X)w"(l,x)dl)
= ug(h(0,T),; x))

X exp </0Tn 14+ xp(l, h(1,0; h(0, Ty; 2))) — (1 + )Z)w(l,h(O,me))dl)

t—T,
X exp </ L+ xp™ (1, A" (1, 052)) — (1+>Z)w"(l,x)dl>’
0

so that

T,

w(t = Ty, h(Ty, 0;2)) = ugp(z) exp </0 "1 + xp(l,h(1,0;2)) — (1 + )Z)w(l,a:)dl)

t
X exp </ 1+ xp"(l=T,, A" (I —T,,0; h(T},0;z)))

Ty
— (14 Dw"(l = Ty, h(T, 0 x))dl) . (39)
Next we remark that, by Lemma 3.5, the formula
p(Trv) = [ ple =)l b0 Tui)dy = [ pla =)y = "(0.2)
po(Tu) = [ ol =T 0. Ty = [ pele =) )y = 57(0,2)

hold, therefore p(t, ) can be extended to a function p € C°([0, T},41], W (R)) by defining p(¢, ) = p™ (t—T), =)
when ¢ > T,,, and moreover the extended function h(t, s; ) defined on [0, T;,11] X [0, Tp+1] x R by

h(t, s; ) ift,s<T,
h(t —T,,0; h(Ty,s;2)) ifs<T, <t
h(t,T; b (0,8 — Tp;x))  ift<T, <s
h"(t, s; x) it T, <ts

h(t,s;x) =

solves (12). Therefore (39) can be rewritten as:
Tn
w"(t — Ty, h(0,Ty;x)) = up(z) exp </ 1+ xp(l,h(1,0;2)) — (1 + x)w(l, z)dl
0

t
+ / 1+ xp(l, ™ (1 = T, 0; (T, 05 ) — (1 4 X)w" (I = T, (T, 0; w))dl>
T,

= g () exp (/0 1+ xp(l,h(1,0;2)) — (1 + )Z)w(l,x)dl) ,

where we have used the function w € C°([0, T,,+1], £°°(U)) defined by the equality w(t, z) := w™(t—T,, h(0, Tp; z))
when t > T,,. Finally

p(t,x) = /Rp(w — y)w(t,h(0,t;y))dy = /R,O(x — h(t,0; 2)w(t, 2)hy(t, 0; 2)dz
= / p(z — h(t,0; 2))ug(z)els 1wl g,
R

We have shown that (w,p) is a fixed point of T}}[ug], for all ¢ < T},41. Uniqueness follows from the remark: let

Tr+1

w, W of 7;{T"+1 [ug] be two fixed points of 7,,""". Then w and @ coincide in [0,T5,] (by uniqueness of the fixed
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point) therefore w(T,,, x) = W(Ty, x), w(Ty, h(0,Ty;x)) = W(Ty, h(0,T,;x)) and by the uniqueness of the fixed
point in the interval [T,,, T, +1] we conclude w(t,-) = w(t,-). The uniqueness is proved. We have shown by
induction that 7,7 [uo] has a unique fixed point for all 7 € [0,T..]. As a by-product, this is also true for 77 [uo]
and therefore To, < 7*(ug).

Next we remark that 7, = 7(||ufj||L~) is a positive continuous function of ||uf}||L~ and therefore T, =
> Tn < 4oo implies ||w(T, -)||Lee = ||ug]lz — +00. This shows that 7*(ug) < Too and therefore

7T (up) = Two-

Obviously if T, = 400 then we have 7*(ug) > T = +00. We have shown the equality between the quantities.
Finally, the continuity of ug € £L>®(U) — (w,p) € Z7, is a consequence of the continuity of the continuity of
the map ufy — (w”,p™) € Z, given by Theorem 3.4.
Next we prove the semigroup property of ¢t — Tyug. This follows from a direct computation: let 0 <t < s <
7*(up), then for almost all x € R we have

t+s
Ty stio(2) = uo((0,t + 52)) exp ( JRREE IRE)
— 1+ x)w(l, h(0,t+s; x))dl)
= |up(h(0,¢; h(t,t + s))) exp </0 14+ xp(l, h(l, t; h(t,t + s;2)))

- (0 QU0+ si)at)|

« el T 1ERP (LAt s)) — (L) w (1, h(0,t+s52) ) dl

S

= Tyuo(h(t,t + s;x)) exp (/ L+ Xp(t+ 1L h(t+1,t+s;2))
0

— (1 + 0wt + 1, h(0, £ h(t,t + s x)))dl).

Let p(t, x), h(t, s;x), w(t, z) be the quantities corresponding to the initial condition g = Tyug(z). By Lemma
3.5 we have

plt, ) = / Pl — y)w(t, h(0, £ y))dy = / ol — y)Ty(uo)(y)dy,

therefore by the uniqueness of the fixed point we have

p(l,y) =p(t+1,y), h(l,o52) = h(t +1,t + 03 2), w(l,xz) = w(t+1,h(0,t;1)).

We conclude that

Ty v suo(x) = Trug(h(0, 5;.2)) exp (/O L+ XD h(l, 532)) = (L+ R)@(l, h(0, s; x))dl> :
= TsTtuO(ﬂf).

The continuity of ¢ — Tiug in the L}7 topology follows directly from Lemma 3.5 and 3.3.

What remains to show is the continuity of ug € L>(R) = Tyug € L, (R). We use the sequential characteri-
zation of continuity. Let ug,uj € L (R) be such that

lug — uol oo vy —— 0,

n— oo

and let 0 < t < 7*(ug). Let us recall that the map ug € L™ — (w,p) € Z7 is continuous, therefore we have
7*(uyn) > t for n sufficiently large and

[w"(t, ) = w(t,)|poe @) —— 0,

n—r oo
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where (w", p,,) is the fixed point of T*[uf}]. Define h™ as the solution to (12) associated with u™, then we have
||7.L(t, ) — un(t, )”L}](R) = g \/]R(377I|I||u(t7$) . u"(t,x)|d$
=7 [ e e, h(t,0:0)) — w1 (1,0 0)) o
R

<7 [ (e, bt 0:)) = i (1,0 )| da
R

+g/e_"|w|\w(t,h”(t70;x)) — w(t, k™, 0;z))|dz
R

< g/e_"|w||w(t7h(t,0;x)) — w(t, h"(t,0;2))|dz
R

+ llw(t, ) = w™ ()| oo my-

Next we remark that the function w(t, h™(t,0;x)) converges to w(t, h(t,0;z)) for a.e. € R. Indeed, let z € R
be a Lebesgue point of w(t, h(t,0;-)), then we have

r+e
oo [ (R 0:2)) — e, b (1,0: )z
€ Jg—e
1 r+e
1 } T+e
1 T+e

1 h(0,t;R™ (t,0;2+¢))
% lw(t, h(t,0;2)) — w(t, h(t,0;y))|
€ Jh(0,t;h7 (t,0;z—¢))
x hy(t,0; h(t,0;y))he(t,0;y)dy

1 xr+e

< — |w(t, h(t,0; 2)) — w(t, h(t,0;z))|dz
26 r—E€

C h(0,t;h™ (t,05x+¢€))
% lw(t, h(t,0;2)) —w(t, h(t, 0;y))|dy,
€ Jh(0,t;h7 (t,0;z—¢))

where C := ||h2(¢,0; )| Lo ||hz (£, 0; )] Lo, soO that

Tte
lim sup/ lw(t, h(t,0; 2)) —w(t, h"(¢,0; 2))|dz = o(e).
n—+o0o Jr—¢
Define

Es :={z € R| limsup |w(t, h(t,0;z)) — w(t, h"(t,0;x))| > d§},

n—oo

and take a compact set L C Es which is contained in a open set O with finite Lebesgue measure. Then K can
be covered by a finite union of the interval in the family Q,, of intervals I, ., := (z —e,2 +¢) such that z is a
Lebesgue point of w(¢, h(t,0;-)), I C O and

n—-+oo

lim sup/ |w(t, h(t,0; 2)) — w(t, A" (¢,0; 2))|dz < 2pue.
Iz,s,u

Applying the Vitali covering lemma [36, Theorem 8.5 p. 154], there is a finite disjoint subcollection I, ., , =
(xr,er) (1 <k <n < 4o0)such that |\ J I, ¢, .| = 0 and therefore

0K < / lim sup |w(t, h(t,0;2)) — w(t, k" (¢, 0;x))|dz
K

n—-+o0o

< Z/ lim sup |w(t, h(t,0;x)) — w(t, h"(t,0;x))|dx
k=11

TprEh ol n—-+oo

< Zlimsup/ [w(t, h(t,0;2)) —w(t, h"(t,0;x))|dz
k=1 "7 Vlapepn

2uer =11y ay el < plO).
k=1

M=

<

ol
Il
-
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Since O is independent of y we take the limit g — 0 to find || = 0 and therefore

|Es| = sup K| = 0.
K compact, CCEjs

Since 6 > 0 arbitrary we have shown that the set of where w(¢, h™(¢,0;x)) does not converge to w(t, h(t,0;x))
is included in | J,,~( 1/, which is still negligible for the Lebesgue measure. We have shown the convergence of

w(t,h™(t,0;-)) to w(t, h(t,0;-)) almost everywhere in R. The convergence of u™(t,-) to u(t,-) in L} (R) is then
a consequence of Lebesgue’s dominated convergence Theorem. O

We are now in the position to link the constructed maximal solution with the integrated solutions to (1).
Proposition 2 (Integrated solutions). Let 7 > 0 and up € L= (R).

(i) If u € C°([0,7], L},.(R)) is an integrated solution to (1), then 7*(ug) > 7 and u(t,") = Tyuo for all
tel0,7].
(ii) Conversely, if u(t, x) = Tyug(z) for allt € [0, 7], then u(t, x) is an integrated solution to (1).

Pmof We first prove Item (i). Assume u(t,z) € C°([0,7], L

I .(R) is an integrated solution. Define p(t,z) :=
Je p( u(t,y)dy. We first show that p € C°([0, 1], W °°( ))-

We have:

Ip(t, z) — p(s,2)] < / o — y)lult, y) — uls, y)ldy,

R

1Pty @) — pa(s,2)] < / 1pe(z — 9)llult,y) — u(s,y)ldy,

and since ¢t — u(t,-) is bounded in L*> and continuous in L}, both right-hand sides can be made arbitrarily
small (recall p and p, are in L'). This shows p € C°([0, 7], W1 (R)).

Next we show that p(t,-) € W2>°(R) for all t € [0, 7] and that the inequality SUPseo,r] 1Pz (t; )| < 400
holds. Indeed, take x < y, we have

m(t,x)—pm(t,y):/<pz<xfz> pely — 2)) ult, 2)dz

(/ /+OO> (pz(x = 2) = paly — 2))ult, 2)dz
“g [

therefore p, is differentiable at each Lebesgue point of u and we have

—zt=z

S e e ult, 2) — 2u(t, x)dz + o 2u(t, x),

02 pee(t,z) = p(t,z) — u(t,x) for a.e. x € R.

Next, define the solution h to (12). According to Definition 2.1, there exists a conull set & on which
t— u(t, h(t,0;x)) is a classical solution to (9). Therefore, by a direct integration, we have

w(t, z) = ug(x) exp </0 1+ xp(l,h(1,0;2)) — (1 + )Z)w(l,x)dl) ,

where w(t, ) := u(t, h(t,0;2)). In particular, w(t,z) € C°([0,7], L>(U)). By Lemma A.1, there exists a subset
U' C U such that for each z € U and all ¢ € [0,7], = is a Lebesgue point of w(t,x). Since h(t, s;-) is Lipschitz
continuous for all ¢, s € [0, 7], we have

1 h(0,t;z+e)
/ |u(t,x+sy) *U(t,l‘)|dy = / |u(t,h(t,0;z)) 7u(t7x)|hz(t>0;z)dz

-1 h(0,t;z—e)

h(0,t;x+e)
< / lw(t, z) —w(t, h(0,t; x))|hs(t,0; 2)dz
h(0,t;x—e)

h(0,t m)+Ks
<K / w(t, ) — w(t, b0, t:2))|dz,
h(0,t;2)—Ke

where K is the Lipschitz constant of h(t,0;-). Therefore x is a Lebesgue point of « whenever h(0,t;z) is a
Lebesgue point of w. In particular, for x € U, py. (¢, h(t,0;x)) is the derivative of p, and we have

02pee(t, h(t,0;2)) = p(t, h(t,0;2)) — w(t, x).
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In particular, writing

B(t,0;,2) — h(t,0y) = —y — X / pa(l,h(L, %)) — pal, B, y))dl

:x—y—x/o G h(l(loof”i; ?l(loo ’)l(l y))(h(l,O;x) — h(1,0;y))dl

= (r — ex _ pI(l h(l 0 )) (1707h(l7y))
=@y p<X/o W(L,0:2) — h(l.0:y) dl)’

we find that the formula
ho(t,0;2) = X Jo w(ho)=p(Lh(l,0:))dl

holds for all x € U’. Therefore
plt, ) = / ol — yyult,y)dy = / pl — h(t,0: 2))u(t, h(t, 0; 2))ha (£, 0 2)dz
R

R
- / p(z — h(t,0; 2))w(t, z)eX Jo w(l,2)=p(1,h(1,052))dL g
R

N / p(x = h{t, 0; 2))ug(z)edo 1= g,
R

Therefore (w, p) is a fixed point of 7,7 [uo)].

Conversely if u(t,z) = Tyug(x) for all ¢ € [0,7] then by definition u is a fixed point of T [ug] and we
have see in Theorem 3.6 that there exists & C R conull such that 7,7 [uo](w,p) = (w,p) for a p € Y7, with
w(t, z) = u(t, h(t,0;x)). It then follows from Lemma 3.5 that p = p*u and elementary computation then show
that v is indeed a classical solution to (9) for all € Y. This proves Item (ii).

This finishes the proof of Proposition 2. O

Now we prove Lemma 3.2 which is used in the proof of Lemma 3.4. Next we prove that the solutions remain
bounded by 0 and 1.

Lemma 3.7 (Boundedness of the solutions). Let 7 > 0 be given and let ug € L>®(R) satisfy 0 < ug(x) < 1. Let
u(t,x) be the corresponding integrated solution to (1). Then

0 <u(t,z) <1

Proof. Let w(t,x) := u(t, h(t,0;z)) € C°([0,T]; L>(U)) for some T > 0 and a conull set ¢ C R (the continuity
of t — w(t,-) follows from Theorem 3.6) be such that ¢ — w(t,z) is a classical solution to (9) for each =z € U.
We prove the uniform bound:
l[w(t, )l coe @y < 1. (40)
Let € > 0 and assume by contradiction that there exists ¢ € [0, T) with
w(t, M@y >1+e.
Define
t*=1inf {t > 0| [|w(t,.)||Le > 14} <T.
Then by the continuity of ¢ — |Jw(t, ") zo @) we have ||w(t*,-)||z~@w) = 1+ e. In particular there exists a
sequence (t,,x,) with ¢, > t*, t,, = t* as n — 400 and x € U which satisfies
W(tn, ) = Jw(E", )] oo @), as n — oo,
W(tn,Tn) >1+¢€ Vn € N. (41)

We claim that there exists a N such that for any n > N and ¢ € [t*,¢,], we have

w(t, xn) > lw(t, )l w) - and [lw(t, )l e = W, Yle=en = 55 (42)

&
2(1+x)
Indeed, for t € [t*,t,] we have
lw(t, an) = [[w(t, )l co @
< |w(t,zn) —w(t*, )| + [wWE zn) — w(ty, 7))
+ [w(tn, Tn) = lw(t*, )l oo @yl + [[wE ) 2oo @y = lwlE, )l oo @l
< lw(t, ) = wt, )l goe @y + lw(t™, ) — wltn, )l cew)
+ [w(tn, T) — [|w(t*, ) oo @yl + N[wEs )l 2oe @y — Nlw(E, )l g @yl
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Due to the continuity of w in £ () there exists 6o > 0 such that ||w(t,-) —w(t*, )| zo @) < s i [t—t*| < do
and by the continuity of ¢ — [Jw(t,)||z @) there exists d; > 0 such that H|w(t* Moo @y = Nlw(t, )z @l <
s |t —t*| < 1. Since t,, — t* as n — 400 and w(t,,r,) = |w(t*, )| z~w) we can choose N > 0 such
that for all n > N, we have |t, —t*| < min(do, 01) and |w(tn, zn) — [[w(t*, )|z @] < S5 in which case we
have the inequality |[|w(t, )|l zo @) — [[w(t*, )]l 2o @y | < s < 1 and

[w(t, zn) = lwt, )z @] < 2 c for all t € [t*,t,].

1+X)’
Finally, using (42) we have for all ¢ € [t*,¢,]:

w(t, zn) = w(t,z,) (14 X(p* uw)(t, h(t,0;2,)) — (14 X)w(t, z,))

dt
. €
wit ) (14 Kot = (14 DIt e + 5)
5
w(t,zn)| 1+ 5~ lw(t, )| = @)
5 €
t n 1 oo - <0.
o) (15 = llt" ewan + ) <0
This implies
w(t,xz,) <w(t™,x,) <1l+e, Vte[t" t,)]
On the other hand, due to (41) we have
w(ty,Tn) >1+e.
This is a contradiction. Thus for any ¢ > 0, ||w(t, )|z @) < 1+ €. Since ¢ is arbitrary, (40) holds. O

In particular, the solution constructed in Step 1 and 2 can be extended up to T' = +o0o0. We are now in the
position to prove Theorem 2.2.

Proof of Theorem 2.2. Let ug € L*(R).

Existence and uniqueness. The existence and uniqueness of the integrated solution follows directly from
Theorem 3.6 (existence and uniqueness of a fixed-point problem) and Proposition 2 (consistency between the
fixed-point problem and the integrated solutions).

Continuity. The continuity in the space L, (R) and the continuity of ug € L>°(R) — Tyug € L} (R) have
been shown in Theorem 3.6.

Other properties. The semigroup property follows directly from the form of the operator has been shown
in Theorem 3.6. The uniform bound when 0 < ug(z) < 1 has been shown in Lemma 3.7 and the fact that
7*(up) = 400 from the fact that the L norm of u(¢,-) cannot blow-up in finite time.

This ends the proof of Theorem 2.2. O

Next we show that our model preserves certain properties of the initial condition.

Proposition 3 (Properties of the solutions). Let u(t,x) be an integrated solution to (1) and suppose ug € L (R)
with 0 < wug < 1. Then

(i) if uo(x) is continuous, then u € C°([0,T] x R).

(i) if uo(z) € C*(R), then u € C1([0,T] x R) and u is then a classical solution to (1).
(iii) if uo(x) is monotone, then u(t,x) has the same monotony for each t > 0.
Proof. From (9) we can directly solve the solution w(t, ) = u(t, h(t,0;z)) as

ug(e) exp (f3 1+ X(p*u)(l, h(l,0;z))dl)
14+ (14 X)uo(z fo exp (fo 1+ x(p*u)(o,h(c,0; x))da)dl

w(t,x) =

for all £ > 0 and almost all x € R, which is equivalent to

uo(h(0,t;2)) exp (f3 1+ R(pxu)(l, h(l,t;z))dl)

u(t,z) = 7 - .
) 14+ (1 + X)uo(h(0,t;2)) [ exp (f(f 1+ X(p*u)(o, h(o,t;2))do)dl

Since (t,z) — h(t, s;z) is continuous, the right-hand side is a continuous function. This shows (7).
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Let us show (ii). By (i) we have u € C°([0,T] x R). Thus, the spatial derivative of the vector field of (8)
satisfies
—0%(pe *x U)o (t, ) = u(t,x) — (p*u)(t,x) € CO([0,T] x R).

Therefore, the characteristic flow (¢,s,z) — h(t,s;x) € C1([0,T] x [0,T] x R). If we denote
¢>(t,a:) — efg 1+)Z(p*u)(l,h(l,0,a:))dl’ (43)

then (t,z) — ¢(t,r) is C', which implies w € C*([0,T] x R). Since u(t,z) = w(t,h(0,t;x)) we have u €
CY([0,T] x R).

Finally we show (iii). We will assume that ug(z) is decreasing (the increasing case can be treated with a
similar argument). We let w(t,x) = u(t, h(t,z)) where u is the solution to (1) starting from u(t = 0,z) =
ug(z), and h(t, s; ) be the corresponding characteristic flow, i.e. the solution to (12) with p(t,z) := [; p(z —
2)w(t, h(0,t; 2))dz. Our aim is to show that w is a fixed point of the map

T C°([0, 7], L>=(R) ) — C°([0, 7], L (R))
< 1+xpsh(50:17))d>

w —>

9

1+ 1+ xX)uo(z / (/1+p(5h(50x))d>dl
where p(t, x) is defined in the above formula by

p(t,x) :== /Rp(x — 2)w(t, h(0,t; 2))dz

we stress that h is the characteristic flow corresponding to the “real” solution to (1) and is independent of .
As the proof is more involved, we subdivide it in four steps.
Step one: Let r > 0, we show that there exists 7y such that the ball

B, = {w e ([0, 7], L% (R)) |[[w(t, z) — uO(m)”CO([O,T],Lm(R)) < r}

is left stable by T, for 0 < 7 < 70.
Let wg € B,.. We compute:
o (x)efot 14+-x5(s,h(s,0;x))ds
1+ (14 Q)uo() fy efo HHap(n(s0:m)dsq
eJo L+xP(s,h(s.0:2)ds _ 1 (1 4 {)ug(x) fOt eJo 1HXB(s,h(s,0:))ds 4
1+ (1+ Ruo(z) fy efo HXP(sR(s.0:2))ds

[T (@) — uo(2)| = — uo(7)

< Juo(z)]

t
/ 1+ xp(s, h(s,0;x))ds

0

S HuOHLao (R) <61+X|U0|LW(R)+XT

+(1+ X)IIUoIlLoo(R)tet(1+>?|“0|L°°<R>+>?T)>
< Cr,

where C' depends on |lug||(r), 7, and x. The existence of 7y is proved.

Step two: Let r > 0, we show that there exists 7 > 0 such that 7; is contracting on B, for 0 < 7 < 4.
Let Wy, w2 € By, and let s := 147 so that ||wi| ze®) <k and [|wz||p~®) < k. For notational compactness
we define in advance

pi(t,x) = /Rp(x — 2)w;(t, h(0,t; 2))dz, i€ {1,2},

t !
Di(t,z) =14+ (1+ )Z)uo(x)/o exp </0 1+ pi(s, h(s,O;x))ds) di, i€ {1,2}.
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We compute:

To(wn) () = T (w2) (1)

UQ (x)ejot 14+xp1 (s,h(s,O;x))dsDz (2‘:7 .’I}) — U (x)ejot 1+Xﬁ2(57h(570§1))d5D1 (2‘:7 .’IJ)
Dl(taI)DQ(t7x)

< Uo(.’b) ‘efot 14+xp1(s,h(s,0;z))ds ef(; 14+xp2(s,h(s,0;z))ds

t
+(1+ X)uo(x)e(“x“)t/ ‘efg 1+%p1(s,h(s,0:2))ds+ [ 1+%P2(s,h(s,0:2))ds

_ o 1HXP2(5,h(s,02))ds+ [ 14851 (s,h(s,052))ds | 4y

< ( e(1+nX) + 2(1 +X)t26(1+nx) (t+1) ) ||Xp1 XﬁZHC“([O,T],LOO(R))
<7 (el+ﬁx Y201+ X)T€(1+nx)(r+1)) 1 — i coo.r]. 1% (R

where we have used the inequalities [ug || ro®) < 1 and ||p1 — Pallco(o,7], L)) < [[W1 — D2 |lco(o,7], L (R))-
The existence of 71 is proved.
Step three: We show that the map 7, preserves the monotony of ug, i.e. the set

D :={w € C°([0,7], L=(R)) |w(t,-) is nonincreasing}

is left stable by 7. ~ ~
Indeed, let @ be nonincreasing with respect to z. Let w!(t,z) := T,(w)(t,z). We first show that P is
nonincreasing:

p(t,x) — plt,y) = /Rp(z)(u?(t, h(0,t;2 — 2)) — w(t, h(0,t;y — 2)))dz < 0,

since the characteristic flow h(t,s;) is increasing. Next we let

t 1
D(t,z) =1+ (1+ )A(uo(a:)/ exp (/ 1+ Xﬁ(s,h(s,o;x))ds) dl.
0 0
We compute:

ﬁ)l(tv ZL’) - wl(ta y)
ug(w )efo 1+XP(s,h(s,0; r))deD(t y) — uo(y )efo 1+x5(s,h(s,0; y))dsD(t x)

D(t,z)D(t,y)

up(z)els 1HRB(s:h(s.0@)ds _ g0 (4)e fo 1+XP(s,h(s.039))ds
D(t,z)D(t,y)

UO(.T)UO (y) /t ejol 1+Xﬁ(t,h(370;y))dy+f0t 14+xp(s,h(s,0;2))ds
D(t,x)D(t,y)

_ oJo 1HRB(6,R(5,052))dy+ [ 14XB(s,h(5,059))ds ]

t
uo () uo (y) / efol 1+%5(t,h(s,05z))dy+ [ 14XB(s,h(s,0;))ds
~ D(t,z)D(t,y)

x (ex S B(s,h(5,052) —p(s.,h(s,039))ds _ 1) dl <0,

since P is nonincreasing. This shows the stability of D.

Step four: We conclude.

Let 7 := min(7p, 71) where 79,71 are as in Step 1 and 2. By a direct application of the Banach contraction
principle, 7, has a unique fixed point in B,, which is w (since w happens to be a fixed point). Moreover w can
be obtained as the limit of the iteration scheme:

WO (t, ) = up(x), Wt x) = T (w)(t, z).

Since g is nonincreasing and 7, preserves the monotony, it follows that w is nonincreasing (D is closed for the
considered topology).
Since T does not depend on ug, the monotony of u(t, -) for all ¢ > 0 follows from an induction argument. [
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Theorem 3.8 (Long-time behavior). Let § € (0,1) and ug(z) be such that § < ug(x) < 1. Let u(t,z) be the
corresponding integrated solution to (1). Then

Jim |1 = u(t, ) 1=z = 0.
Proof. Let 0 be defined as

6 := liminf inf u(t, z),

t—+o0o0 zeR
and assume by contradiction that 6 < 1. We first remark that for any € R we have

Orw(t,z) = w(t,z) 1+ X(pxw)(t h(t,0;2)) = A+ XJw(t,z))
Zw(7 )(1_(1+X) (7 )) ’
w(0,z) >4.

Thus, for each x € R,

w(t,x) >4,

In particular (pxu)(t, h(t,0;x)) = [ p(h(t,0;2)

zeR,t>0.
—y)u(t,y)dy >0 [, p(

dro(t,x) = w(t,x) (L+ X(px u)(t, h(t, 05))

— (14 )w(t, x))
> w(t,z)(1+ %6 — (14 x)w(t,z)) o
w(0,z) >4.

This implies for any ¢t > 0,z € R

h(t,0;z) — y)dy = §. We deduce that

Set(1+x9) t—oo. 1+ X0
w(t,z) > - a
1+ (1+X) (et(1+xé) _ 1) 1+x

In particular

1+ X6 1
0> . 44
116 1+x 44
Tt is not difficult to see that for each « € (0, 1) there exists T, such that, for all ¢ > T, we have

inf w(t, z) > af.
z€R
Therefore for all t > T,

(pxu)(t,h(t,0;z)) > oz@/

p(h(t,0;z)
R

—y)dy = ob,
which yields

y2) (L+ (pru)(t, h(t, 0;2)) — (1 + X)w(t, x))

t>T1,Z€R
- . _(1+X) (a ))
w(Ty,z) > 1+xy

and finally

1+ yab

6 = liminf inf w(t,z) > +XC} .
t—+oo z€R 1+x

This is a contradiction if « is chosen as

1 1 1
a=1——[-—

X \¢ ’
and this choice is admissible because

1<1 1) <lagg-n=1
< \o A
by (44). Thi

). This concludes the proof of Theorem 3.8
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Appendix

A Lebesgue points along continuous trajectories

Here we show that the space L£>°(U) is well-behaved with respect to Lebesgue points when U is a subset of R.

Lemma A.1 (Lebesgue points along continuous trajectories). Let U C R be conull. Let w € C°([0, 7], L>(U))
be given, then there exists a conull set U' C U such that each © € U’ is a Lebesgue points of w(t,-) for all
teo,7].

Proof. Recall that a Lebesgue point of a measurable function f : i/ — R is characterized by the property

x+e
limi/ |f(z) = f(z)|dz =0

—&

or, equivalently,
1

lim1 |f(z+ey) — f(x)|dz = 0.
e=02 J_4

Let w € C°([0, 7], £ (U)) be given. Given ¢ € QN [0, 7] we define the failure set
Fy:={x €U |z is a not a Lebesgue point of w(g,-)}.

It is classical that for each ¢ the set F; is negligible for the Lebesgue measure A, i.e. A(F,) = 0. Since the
family (F¢)qeqno,7] is countable, we have

MU F =0

q€QNIo,7]

therefore the set U := U\ U eqno,- Fq is conull.

Let us show that U’ is composed of Lebesgue points of w(t,). Let € U’ and ¢ € [0, 7], then there exists a
sequence of rational numbers ¢, € Q such that t,, — ¢. By definition of U’, x is not in any F;, and therefore x
is a Lebesgue point of the functions w(t,, ) for all n € N. We have:

/ |w(t,x + ey) — w(t, z)|dy

-1

1 1
< / |w(t,x + ey) — w(ty, z + ey)|dy —|—/ |w(tn, z +ey) — w(ty, z)|dy
1

-1

—|—/ |w(tn, ) — w(t,x)|dy

-1

1
< / 0t + £y) — w(tn, @)y + 2w (t,) — wltns o,
1

therefore the right-hand side is arbitrarily small when ¢ — 0. We conclude that x is a Lebesgue point of w(¢, -).
Lemma A.1 is proved. O
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