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Abstract

This work describes a hyperbolic model for cell-cell repulsion with population dynamics. We
consider the pressure produced by a population of cells to describe their motion. We assume that
cells try to avoid crowded areas and prefer locally empty spaces far away from the carrying capacity.
Here, our main goal is to prove the existence of traveling waves with continuous profiles. This article
complements our previous results about sharp traveling waves. We conclude the paper with numerical
simulations of the PDE problem, illustrating such a result. An application to wound healing also
illustrates the importance of traveling waves with a continuous and discontinuous profile.
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1 Introduction

The model and its motivation: In this paper, we mainly consider the following equation:

pu(t,x) = x Oy (u(t, z)0yp(t, ) + A u(t, )(1 - M

Cell-cell repulsion

), t>0,z€R,

(1.1)

Vital dynamic
p(t,x) — 0% Opup(t,z) = ult,z), t>0,7€R,

with the initial distribution
u(0,z) = up(z) € L= (R), (1.2)

where A > 0 is the growth rate, x > 0 is the carrying capacity, x > 0 is the dispersion coefficient, o > 0
is a sensing coefficient, x — wu(¢, x) is the density of population, and p(¢, z) is an external pressure.
Here the term density of population means that

T2
/ u(t, z)dx
T

is the number of individuals between 7 and xs (when z1 < x3).

In the model the term x0, (u(t,z)0;p(t,z)) describes the cell-cell repulsion, and a logistic term
u(t,z)(1 — u(t,x)) corresponds the cell division, cell mortality, and the quadratic term u(t,z)?/x corre-
sponds to growth limitations due to quorum sensing (for short slow down the process of cell division)
and due to competition for resources.
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t
x)/k and p(t,z) = p(~,x)/k, we obtain (dropping the

t
Replacing u(t, x) and p(t,x) by u(t,z) = u(~, 3

A
hat notation)

{ Opu(t,x) = x Oy (u(t, z)0xp(t, x)) + u(t,x)(1 — u(t,x)), t>0,z€R, (1.3)

p(t,x) — 02 Opep(t,r) = u(t,x), t>0,z€R.
Therefore, through the paper we will assume that
A=1land k =1.

Our original motivation comes from the description of cells motion in a Petri dish. In a previous paper
[8], we derived a two-dimensional version of (1.3) to model the cell-cell repulsion in a Petri dish. We
considered that cells grow in a circular domain (the Petri dish) and generate a repulsive gradient that
pushes back neighboring cells. We built a numerical simulation framework to study the solutions of the
partial differential equation and compared the results to some real experiments realized by Pasquier and
collaborators [16]. When starting from an isolated disk-like islet, the solution of the PDE looks like an
expanding disk whose radius seems to be growing at a constant speed. We can study the shape of an
expanding islet by considering traveling waves for (1.3). Previously, we studied the well-posedness of
the problem (1.3) in [9] and proved the existence of an asymptotic propagation discontinuous profile —
a traveling wave — in [10], corresponding to an initial data that is equal to 0 outside of some bounded
region. In other words, in [10], we considered the case of an initial population of cells with compact
support: no cell exists initially outside of the islet. The traveling waves constructed in [10] are called
sharp because the transition between the occupied space (the area where u(t,z) > 0) and the empty
space (when u(t,2) = 0) occurs at some finite position. We also proved in [10] that sharp traveling waves
are necessarily discontinuous. Our model is related to the study of Ducrot et al. [5] who introduced
a complete model of in-vitro cell dynamics with many different behaviors at the cellular level. Other
features of closely related models have been investigated in [4, 6, 7, 11, 12].

In the previous paper, we proved the existence of sharp traveling waves for (1.3). Our goal here is
to complete the description of existing traveling waves that are not sharp. Formally, our work relates
to the result of de Pablo and Vazquez [17], who studied the existence of sharp and not sharp traveling
waves for a porous medium equation. The porous medium equation corresponds (formally) to the case
o — 0. So far, the convergence of the traveling waves when o — 0 has been observed only numerically
in [10]. Such a question remains open.

The notion of solution: In order to give a sense of the solution (1.3), we first assume that x — p(t, x)
is regular enough. Then the nonlinear diffusion can be understood as

X0y (u(t, 2)0xp(t, x)) = xOpu(t,x)0up(t, x) + xu(t,x)0rep(t, )

and by using the second equation of (1.3) we obtain
X0y (u(t, )0yp(t, x)) = xOpu(t,x)0:p(t, ) + %u(t, x) [p(t, z) —u(t,z)].

Therefore, the system (1.3) is understood for ¢ > 0 and « € R as

{ du(t, z) = xOpu(t,x)0up(t, x) + u(t,z) ((1+ Xp(t,z)) — (14 %) u(t,z)), 4
p(t, ) — 020,.p(t, x) = u(t, ), '
with the initial distribution

w(0,7) = uo(x) € L (R). (1.5)

The existence and uniqueness of solutions of (1.4) in L*° (R) have been considered as a subset of the
weighted space L, (R) (with 77 > 0) with the norm

fuley = [ e fu(e) .
R

The existence and uniqueness of solutions for (1.4) has been studied by Fu, Griette, and Magal [9,
Theorem 2.2].

Notion of traveling wave:



Definition 1.1 A traveling wave is a special solution having the specific form
u(t,z) = U(x —ct), for a.e. (t,x) € R?
where the profile U has the following behavior at +oo:

lim U(z)=1, lim U(z)=0.

Z——00 Z—00

A traveling wave is sharp if there exists xg € R, such that
U(z) =0, for all x > z.

A traveling waves is not sharp if
U(z) >0, for all x € R.

In Fu, Griette, and Magal [10, Proposition 2.4], we proved that the sharp traveling waves must be
discontinuous. That is to say that x — U(x) the traveling wave profile of (1.3) can be either continuous
or discontinuous.
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Figure 1: An illustration of two types of traveling wave solutions.

Estimations on the traveling speed for the discontinuous profile: Under a technical assumption
on x = 2%, we can prove the existence of sharp traveling waves which present a jump at the vanishing
point.

Assumption 1.2 (Bounds on ) Let x > 0 and 0 > 0 be given and define X := %. We assume that
0 < x < X, where X is the positive unique root of the function

2% 2 (% (% ¢
Ko (2 )+ = (Am (X)) 1 - X)),
R 2+x \2 " \2 2

The existence of traveling waves with discontinuous profile has been studied in Fu, Griette, and Magal
[10, Theorem 2.4].

Theorem 1.3 (Existence of a sharp discontinuous traveling wave) Let Assumption 1.2 be satis-
fied. There exists a traveling wave u(t,x) = U(x — ct) traveling at speed

(0% ox
. oX
2+)27 2 )

=
o2’

where

Moreover, the profile U satisfies the following properties (up to a shift in space):

(i) U is sharp in the sense that U(x) = 0 for all x > 0; moreover, U has a discontinuity at x = 0 with

U07) > 575



(ii) U is continuously differentiable and strictly decreasing on (—o0,0], and satisfies
—cU —x(UP)Y =U(1-U) on (—,0),
and
U =0 on (0,00),

and
P—c?P"=U onR.

In this article, we focus on the existence of traveling waves with continuous profiles. The main result
of this paper is the following theorem.

Theorem 1.4 (Existence of a continuous traveling wave) We assume that

c>2 X(l—i—%).
o

There ezists a traveling wave u(t,z) = U(z — ct) with a continuous profile x — U(x) is continuously
differentiable and strictly decreasing, and

lim U(z) =1, and lim U(x) =0, (1.6)

T—r—00 Tr—+00

and satisfies traveling wave problem
—cU —x(UPY =UQ1-U), onR, (1.7)

where
P—-o*P"=U, onR. (1.8)

Estimations on the traveling speed: We obtain the following condition for the existence of a
traveling wave with a continuous profile for all-speed

C> Chont = 2,/)((1—&—%).

For the Fisher-KPP equation [2, 14, 20], traveling waves only exist for half-line of positive traveling
speeds. Moreover, there is a minimum speed c, > 0 below which no traveling wave exists. Moreover,
we can construct traveling waves for any values ¢ above c,. The existence of minimum speed is also
true for porous medium equations with logistic dynamics [17]. By analogy with the porous medium
equations, we expect that the minimal speed of the traveling waves corresponds to the sharp traveling
wave constructed in [10]. In contrast, the continuous traveling waves constructed in the present paper
correspond to higher velocities. Recall from [10, Theorem 2.4] that the sharp traveling wave is expected

to travel at a speed cgharp € (%, %) and indeed we have that

cZont =24/x (1 + %) > 2% > -= 2= Csharp-

Further analysis will be necessary to connect the gap between ¢, and csharp and to possibly prove the
non-existence of traveling waves slower than sharp waves. Understanding the relationships between the
profiles and the traveling speeds is still an open problem.

The paper is organized as follows. Section 2 is devoted to preliminary results. Section 3 presents the
fixed point problem and its properties. Section 4 is devoted to the proof of Theorem 1.4. In Section 5,
we present some numerical simulations. In Section 6, we present an application to wound healing.



2 Preliminary

Definition 2.1 We will say that system (1.3) has a traveling wave (with continuous profile) if we can
find a bounded decreasing continuous function U : R — R, such that

u(t,z) = Uz — ct),¥(t, z) € R?,
is a solution of (1.4) which satisfies in addition

lim U(z)=1, lim U(x)=0.

Tr—r—00 Tr—r00

The function U is called a traveling wave profile.

In Figure 2, we illustrate the continuous traveling wave profiles.

0

Figure 2: In this figure, we plot the traveling wave profile v — U(x).

Lemma 2.2 Assume that system (1.4) has a traveling wave u(t,z) = U(x — ct). Then we must have
p(t,x) = P(x — ct),
where P : R — R is the unique bounded continuous function satisfying the elliptic equation
P(z) — 0*P"(x) = U(x),Vx € R.

Proof.
1 1 :
p(t,x) = —/ e_lT‘u(t,x —y)dy=— [ e~ 5 U(z —y — ct)dy, (2.1)
20 R
therefore p(t,x) = P(x — ct) where

P(z) = %/}Re*%U(az —9)dy & P(z) — 0*P"(x) = U(z),z € R.

The following proposition was proved in Fu, Griette and Magal [10, Proposition 2.4].

Proposition 2.3 Assume that U is a continuous profile of traveling wave. Then U : R — R is continu-
ously differentiable, and

c+ xP'(x) >0,V{E€R(<:>0< —P'(z) < c,VmeR) . (2.2)
X

Transforming U(z) into U(z) = U(—z): By Definition 2.1 and Lemma 2.2, we get the following
traveling wave problem

~ e+ xP'(2))U'(z) = U(z) ((1 + %P(m)) - (1 + %) U(:E)) vz € R, (2.3)



where
P(x) — o*P"(x) = U(z),Vx € R. (2.4)

Equation (2.3) has the following behavior at +oo:
lim U(z)=1, lim U(z)=0.

T—r—00 T—+00
Now, let us perform the change of variables to reverse the time direction. Setting U(z) = U(—z), and
P(z) = P(—z), then equations (2.3) and (2.4) become
(c - Xﬁ'(;c)) U'(z) = U(z) ((1 + %ﬁ(x)) - (1 + %) ﬁ(x)) ¥z € R, (2.5)

where

~

P(z) — o®P"(z) = U(x),Vx € R.
Assume that ¢ + xP'(z) > 0,Vz € R, then we have ¢ — yP'(z) > 0,Vz € R by using P(z) = P(—z).

For convenience, we drop the hat notation, and system (2.5) becomes a logistic equation

U'(z) = Mz) U(x) — k(x) U(z)?, Vo € R, (2.6)
where L+ % ()
+ S P
= g 7 R 2.
Na) = Ve € R, (27)
and L4 X
+ 2
= R 2.
@) = s Y e R 28)
with P(z) is the unique solution of the elliptic equation
P(z) — 0*P"(x) = U(x),Vx € R. (2.9)
System (2.6) has the following behavior at +oo
xErPOO U(z) =0, ml;ngo U(z) =1. (2.10)

Lemma 2.4 Assume that U : R — R is an increasing C* function. Then the map v — P(z) solving the
elliptic equation
P(z) — 0*P"(x) = U(x),Vx € R,

is an increasing C° function, and we have the following estimation of the first derivative of P(x)

sup P'(z) < supU’(z). (2.11)
AN z€R
Proof. The result follows the following inequality
1 y
0< P(z)=— / e_IT‘U'(x —y)dy < supU’(x). (2.12)
20 R z€R
[

Lemma 2.5 Assume that c
0<U'(z) < —,Vx € R,
2x

and
0<up< —2
U < ————.
* 7 2(0% + y)
Then any U : R — R is an increasing C! function satisfying (2.6), (2.10) and
U(0) = uo, (2.13)
which is given by the following formula
J§ A(s)ds
U(x) toe ,Vz € R,

1t ug [y w(s)elo AMdlds
where A(z), k(x), and P(x) are given by equations (2.7), (2.8), and (2.9) above.



Proof. Let us prove that the formula

uoefom A(s)ds

1+ ug [ K(s)elo ADdigs’

then we have

is well define for all z € R. So let us prove that if 0 < ug < 2(0‘571)0,

0
1- uo/ k(s)e” JIamdlgg s 0.

— 00

Indeed, since by assumption
c
0<U'(z) < —, Vx € R,
<U'(z) < o x

and Lemma 2.4, we deduce that

z€eR
hence c
c—xP'(z) > 3 Vr € R,
and since P’(z) > 0, we deduce that
1 1 2
-< < -, VxeR
¢~ c—xP'(z) " ¢

Now by combining (2.16), and 0 < P(z) < 1, for any = € R, we deduce that
1
c c

Define 0
G:=1- uo/ K(s)e” JIamdigg,

—00

Using (2.17), we have that

2 —
:1——0(1—1—%) ecds
c o e
:172u0(1+%> >0,
o
by using the assumption
2
0<up <
" 2(0%+x)

gA(x)gg(H%) and0<%(1+%)Sn(m)ﬁ%(l—i—%),VmER.

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

3 The relationship between the fixed point and traveling waves

Definition 3.1 Let A be the set of all admissible function U : R — [0, 1] satisfying
(i) UeCYR);

(i) 0<U(z)<1,VxeR;

(i) 0<U'(z) < 5, Ve €R.



For each U € A, we define

TU)(x) :=V(z),Vz € R, (3.1)
where 17 A8
ugelo s)ds
Viz) = 5 Vo € R, 3.2
@) 1+ ug [y k(s)elo ADdlds (3.2)
with
o 3.3
0< < ——F——< .
and L4 X P(a)
+ 45 X
= o 7 R .4
A(z) Cixp,(l,yvxe ; (3.4)
and L4 X
+ 25
= —2 R .
k(z) c—xP’(m)’vxe , (3.5)
and P(x) is the unique solution of the elliptic equation
P(z) — o*P"(x) = U(z),Vx € R. (3.6)

Assumption 3.2 We assume that

c> 24 (1—1—1) and 0 < u <072
il X 0_2 0 2(0’2+X).

Lemma 3.3 (Invariance of A by T) Let Assumption 3.2 be satisfied. Let T be the map defined by
(3.1). Then
T(A) C A.

Proof. We divide the proof in four steps.
Step 1. We prove that V = T(U) € C1(R). Indeed, V is continuously differentiable and

V,(x) _ )\(Z‘)U()efoz )‘(S)ds(l + ug fox H(S)efos A(%)dlds) — H(Z‘) (qufoz )‘(S)dS)Q (37)
(1 +ug f K(s)elo ADdigs)2 ’

hence
V'(z) = M2)V(z) — s(2)V(2)*, Vz € R. (3.8)

It follows from the definitions of A\(x) and x(x) (see (3.4) and (3.5)), that A(x) and x(z) are continuously
differentiable. Therefore, we have

V € C'(R).
Step 2. We prove that 0 < V(z) <1, Vo € R. By (2.11) and U € A, we have that

0 <sup P'(z) <supU'(z) < <.
zeR z€R 2X

Therefore, we have ¢ — xP’(z) > 0. Recall that
U()eff;l A(s)ds

= r ,V
1+ ug fow H(S)efo A(Ddl g

r € R.

V(x)
By using (3.3) we know that
1+ uo/ k(s)elo XDgs > 0, Ve € R. (3.9)
0

Therefore, by definition of V (), we have that V' (z) > 0,Vxz € R. On the other hand, by using (3.8), we
have that

V() = — V@ ((1+ XP@) - (1+ %) viw), ve ek, (3.10)

c—xFP’



and

20

1 ey 1 y
P(x):—/e_loi‘U(y)dy:— _%U(az— y)dy, Yz € R.

20 R
Since 0 < U(z) < 1, Yz € R, we have

0< P(z) <1,VzeR.
Define the map 7 : R — R satisfies
7(z) = c — xP'(r(x)), for z € R, and 7(0) = 0.
Let W(x) = V(r(x)), then by (3.10), we have that
Wi(x) = V'(7(x))(c — P'(r(x)))
— V(r()) ((1+lp @) - (1+25) V(r(@))
= W(z) (1 + X P(r(x) (1 12) )

Therefore, by using (3.11), we deduce that for z € R

W(a) = W) (1+ 5P@r@) - (1+25) W)
W) (1425 - (1+25) W)
By (3.14) and the comparison principle, we have that
V(r(z)) = W(z) < 1,Vz € R.

Therefore, we have
0<V(x)<1, VzxeR.
Step 3. Let us prove that

!
< —
0<V'(z )*2x vz € R.

Since

then we have

1
0< Pl(x) = 2—/6_7U’(:v—y)dy§supU'(ac)§ QL, Vz € R.
X

By (3.16), we have that

Therefore we deduce

Since 0 < U(z) < 1, and

we deduce that
0<P(x)<1, VxeR.

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

Therefore, by using the fact that 0 < V(z) < 1, Vz € R, (3.10), (3.17), and (3.18), we deduce that for

r €R 5
4 < — 1 .
V'i(x) c(1+02>7Vm6R

Since ¢ > 24/x (1 + %), it follows that

(3.19)



hence

c
: (1 n ) 2 (3.20)

Using (3.19), and (3.20), we obtain on one hand,
V/(z) < i,v:c eR. (3.21)

On the other hand, by using (3.7), we have

>‘(‘”)u06/03C Ao 1+ /Ox ﬂ(s)e/os )\(l)dlds — k(z) uoe/ox Als)ds

Vi(z) = ;
z / A(l)dl
1+u0/ k(s)edo
0 (3.22)
/ )\(s)ds
_ A(z)upe’o A(z)
14 ug / /
where N . N
/ A(s)ds / AQ)dl / As)ds
) 1= ulelo /\(.T)/ k(s)elo ds — k(z)eJo
0
From (3.22), to prove V'(z) > 0 for € R, we only need to prove that
Ay (z) := A(z)ugelo X L A(z) >0
Indeed, we have
. 2 v / A(l)dl
[ xas) [ | ortse ST s
A(z) = K(z) | uoe/o 0 s —1]. (3.23)
By using the definitions A(z) and x(z) in (3.4) and (3.5), and the formula (3.23), we deduce that
2 1+ X P(l)
A(s)ds 71+ X% P(x) —/ =TT
Alz) — / 2 o Jy e=xP'(l) g5 1. 24
(z) = k() | upe’o /0 T e ds (3.24)

Since by assumption U is increasing, it follows from (3.16) that P is increasing. Then, for any s < x, we
have P(s) < P(xz). We deduce that

| / 2P0) / L+ o: P,
[l ) ey, [ e,
o c—xP'(s) “Jo e xl(s)

1+ %5P()
z q —/ — T, dl
:/ —le s CiXP(l) ds
0 dS

/$1+‘§2P(1)dl

=1—e JO C_XP/(Z)
—/ A(s)ds

:]_—e 0

10

Y



therefore by combining (3.24) and the above inequality, we obtain

x)\sds - w)\sds
A(z) > k(x) uoe/O ) 1—e/0 ) -1

2

(3.25)
/ A(s)ds
= —r(x)udelo .
By using (3.25) and the definitions of A(z) and k(z) for € R, we have that
/ A(s)ds
A1 (x) = Ma)ugeo + A(z)
/ A(s)ds / A(s)ds
> A(x)uge/0 — k(x)uielo
/0 As)ds 11 4 X P(x) 1+ % (3.26)
- 1o¢ c—xP'(z) Uz xP'(x)
/ A(s)ds
e L (1+52)]
=— |1+ S5 P(x) — 1+=]].
c¢c— xP'(x) + o? (z) — o {1+ o2
To conclude it remains to recall that by assumption we have
o? o?
u0<502+x < o2+’
therefore since P(x) > 0 and ¢ — xP’'(x) > 0, we have that
A(s)ds 1+ X o2
A > /0 o? - 0, Vz € R
1(x) > | uee AP () {02‘1‘)( u0}> , Vx e R,
which implies
V'(z) >0, Vz € R. (3.27)
The conclusion of the Step 3 now follows from (3.21) and (3.27). The proof is completed. |

Let n > 0. Let BUC (R) be the space of bounded and uniformly continuous maps from R to itself.
Define the weighted space of continuous functions

BUC, (R) = {U €C(R):z — e "¥U(x) € BUC (R)} ,
and the weighted space n-times continuous differentiable functions
n _ n . —n|x k _
BUCT (R) = {U € C™(R) : x — e~ T® () eBUC(R),Vk_O,...,n},
which is a Banach space endowed with the norm

Ul := supe™ "= U (2)] 4+ sup e N U" ()| + ... + supe =T (2)|. (3.28)
z€R z€R z€R

Here we will use the above weighted space of BUC}] (R) maps to ensure that
A= {Uecl(R):OgU(m) <1,and 0 < U'(x) < QCX,VQ:ER},

is a closed subset of BUC}7 (R). As a consequence, the subset A equipped with the distance
dy(U1,Uz) = ||Ur — Uz||1,-

is a complete metric space.

11



Lemma 3.4 (Compactness of T) Let Assumption 3.2 be satisfied. Then the set T (A) is a compact
subset of the metric space A equipped with the distance d,,.

Proof. Let {Up},~o C ‘A be a sequence, and define the corresponding sequence {P,}, -, solution of
equation (3.6) where U is replaced by U,,. Define the corresponding sequences {\,}, 5, and {x,},~, by

using (3.4) and (3.5) where P(x) is replaced by P, (z). Denote V,, = T (U,),Vn € N. By Lemma 3.3, we
know that 7(A) C A. Therefore we have

0<Vp(z) <1land0< V/(zx)< i vz € R. (3.29)

Similarly to equation (3.8) in the proof of Lemma 3.3, we have that

VI(x) = M (2) Vi () — ki (2) V2 (), Vo € R, (3.30)
where L+ %P ()
() = W’ Vr € R,
and L4
kn(z) = ?Pf(m)’ vz € R,

and P, (x) is the unique solution of the elliptic equation
P, (x) — 0?P/(z) = U,(x),Vx € R.

It follows from Lemma 2.4 that the map = — P,(x) solving the above equation is an increasing C*
function. By (3.16), we have that ¢ — x P (x) > 0. Since U,(z) € C1(R), we have that \,(x), kn(x) €
C?(R), and V;/(z) € C*(R). Then, we obtain that V,,(z) € C*(R). Therefore by using (3.29) and (3.30),
we deduce that the families V,,|(_j ) and V,|[_4 k) are uniformly Lipschitz continuous on [—F, k] for each
k € N. Applying Ascoli-Arzela theorem, we have that the sets {Vi|(—k s }n>0, and {V] |_x k) }n>0 are
relatively compact on [—k, k] for each k € N.

Using a diagonal extraction process, there exists a sub-sequence n, and a bounded continuous function
V' such that V,,, — V uniformly on every compact subset of R as p — oo. Indeed, recall that 0 < V,,(z) <
Land 0 < Vj(z) < 57, Vo € R. By the Ascoli-Arzela theorem, there exists a sub-sequence {Vp,1}p>o of
V,, and a function V; € C*([—1,1]) such that

Jim [V = Viller 1.0 = 0
Now we can extract {Vmg }p>0 a sub-sequence of {Vm; }p>0, and function V5 € CY([-2,2])
Jmn (Vg = Vallen -2 = 0.

By construction, we will have

Vo(z) = Vi(x), Vo € [-1,1].
Replacing eventually m? by m{, we can assume that m% = {m},m3, - ,mf,, .-+ }. Proceeding by induc-
tion, we can find a {V,,x },>0 a sub-sequence {Vmgfl}pzo, such that
=mktvp=1,... k-1,

k
My P

and a function Vi, € C([—k, k]) such that
S [V = Viller (o) = 0-

Set
ny = mg,
and
V(z) = Vp(z), for any z € [k, k], Vk > 1.

12



Then the sub-sequence {V,, },>0 converges locally uniformly with respect to the C'-norm, so we can
define
V(z) = lim V, (z),Vz € R,

p—o0

and
V'(z) = lim V, (z),Vz € R.

p—o0

By construction, we will have

0<V(z)<1, and 0 < V'(z) < i,Vm €R. (3.31)

Now, we are ready to show that ||V,,, — V|1, — 0 as p — +00. Let ¢ > 0 be given. Let k be large
enough to satisfy

e " < min { c } (3.32)

For all k large enough, since 0 <V, () <1,0 <V, (z) < 5=, Vo € R and (3.31), we deduce that

sup e MV, (2) = V(z)| < e itelg(\vn,, ()] + |V (2)])

z€R\[—k,k]
< 20k (3.33)
€
< a)
-2
and
sup e MV (2) = V' (2)] < e sup(|Vy () + [V (2)])
z€R\[—k,k] P zeR 7
< Lok (3.34)
X
€
< —
-2

Moreover, since V,, converges locally uniformly to V' and VAP converges locally uniformly to V', for any
fixed x € [k, k], there exists an integer py > 0 such that

sup e |V, (2) — V()| < 2,Vp > p, (3.35)

ze[—k,k] 2

and .
sup e "|$||v' (z) —V'(z)| < =,¥p > po. (3.36)

we[—k,k] 2

It follows from (3.33), (3.34), (3.35) and (3.36) that for p > po,

zER\[—k,K] z€[—k,k]

IV, = ViiLg { max { sup e MV, (2) = V(@)], sup e MV, (2) — V(z)l}

{ P ° “V (@) = V@), sup eV (@) — V’(x)l}}

TER\[— z€[—k,k|
e €
< 4 -
=27 27
Since the above inequality is true for any € > 0, this completes the proof of lemma. ]

The most difficult part of the proof of existence of traveling waves is the continuity of the map
T : A — A. To consider this problem, we decompose the real line into several intervals (—oo, —K],
[-K, K], and [K, 00). This decomposition is illustrated in Figure 3.

13



Figure 3: In this figure, we plot x — V(x) the function obtained from T (U).

Before proving the continuity of 7, we establish the continuity of its components separately.

Lemma 3.5 (Continuity of P, P, A\ and k) . Let Assumption 3.2 be satisfied. Assume that 0 < n <
%. Let Uy,Uy € A and define, fori=1,2,

1 =yl 1 . _lz—yl
P) = 5o [ U, Pi(a) = 05 [ —siente — e iwa,
1+ % Pi(x) 1+
N(w) = ——2 ()= — 2
@) = = P ) = P

There exist continuous functions of x € R, Cp(x), Cx(z) and Cx(z) such that, for all x € R,

[P1(z) — Pa(2)] < Cp(2)||Ur — Uslfon, (3.37)
1
|P{(z) — P3(z)| < =Cp(2)|U1 — U2llo,4, (3.38)
o
[Ar(z) = Aa(z)| < Cx(@)[|Ur = Usllo, (3.39)
|k1(2) — Ko(2)| < Cu(x)||Ur — Usllo,y- (3.40)
Proof. Step 1: We show (3.37). We have, for x > 0:
1 400 _|J"_y‘
o)~ Rl =50 | [ e 0 i) - Lalw)dy
|z —y|
1| [T ——+nly| _
=5 / e 0 (UL (y) — Ua(y))dy
— 00
[z —yl
1 [ - + 7y
<o fe @ Ayl ~ Uelo,
1 0 =y _ ¥ ,u+ teo qu
= 55101 = Uzlloy / e "yder/ e nyder/ e "My
—o0 0 T
1 1 . 1 1
=—||U; - U e 7+ e —e"o) 4 e ), 3.41
3108 = Ul (7% + o )+ (3.41)

and similarly for z < 0:

1
(@) = Pa(a)| < 50 = Ua|

1 b 1 1
0 <1€_|"| tT (e"m - eﬁw‘) + e"“l) - (342
o n =+ n - N

Rearranging the terms in (3.41) and (3.42) we have

|z] ]

—1 —1
1 (/1 = 1 =
|Py(x) — Py(x)| < % ( — 77) e o +ellol] 4 <0 + n) el e o U1 — Usllo,n

(3.43)
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and (3.37) is proved.
Step 2: We show (3.38). We have
1 +o0 _lz—yl

P{(z) — Py(x)| = = / sign(e—y)e 0 (Ui(y) - Usly))dy

202 | J_
[z —y

e Ay
S eI U (y) ~ (o) dy,

so that the exact computations leading to (3.43) can be reproduced, and we have

1
[P1(2) = By(2)] < —Cp(2)|Ur = Uzllon-

(3.38) is proved.
Step 3: We show (3.39). It follows from the definitions of A;(x) and A(x) that, for all z € R,

[A2(z) = Au ()]
1+ 2 P2(a:) 1+ % Pi(x)
- C—XP’(QJ) ¢ —xPi(x)
_ X c _ / _ p! X T /
- |07XP2I( )HC XP'(QS)‘ ‘UQ(PQ(m) Pl(x))+P2(x) P1($)+0,2(P1($)P2(x) PQ('I)PI(SC)) .
(3.44)
Since by Definition 3.1 we have Uj(z) < 5 (i = 1,2), then Pj(z) = [, %6_7@;1” U'ly)dy < 5 (i=1,2),
therefore ‘ ‘
— / >c—x— = — ) = . .
c—xPl(z)>c X2X 5 1=1,2 (3.45)
It follows from (3.44) and (3.45) that
4x AX | / 4X2 ’ /
A2(z) = M(2)] < —5|P2(2) = Pa(a)l + 5Py (2) = Pi(2)[ + 5 5[ P1(2) () — Pa()Py(2))]
4x 4x
< 2X|Py(w) - Pa(a)| + X |PYw) ~ Pi(a)]
Y (P (@) PYa) - P, Pj(x)||Pi(z) — P
2,2 (P1(@)|P2(2) = Pr(2)] + |Py(2)||Pr(z) = Pa(2)]).
Using the fact that 0 < Pi(z) <1 and 0 < P{(z) < 55 for z € R, then (3.39) is a consequence of (3.37)
and (3.38).
Step 4: We show (3.40). We have:
1 B 1 1 _|le=xPi(x) — c+ xP;(x)
7 RO oG T e Em@) | | xB@) (e Bie)
Pi(z) — P{(x 4y
=X ) P < Nip ) - Bl
(c = xPj(z))(c— P{(z)) c
Thus (3.40) is a consequence of (3.38). Lemma 3.5 is proved. ]

Lemma 3.6 (Continuity of 7) Let Assumption 3.2 be satisfied. Assume that 0 < n < % Then the
map T : A— A is continuous on A endowed with distance d(Uy,Us) = ||Ur — Uz||1,5.

Proof. Let Uy € A be fixed, and U € A, and define
VO = T(Uo) and V = T(U)

Part A: We prove that for each admissible profile Uy € A and ¢ > 0, there is a §; > 0 such that

IV = Volloy < 2 (3.46)
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whenever

U = Uollo,y < 61

Let K > 0 be such that
e~ K < i
- 12

Then since V' € A by Lemma 3.3, we have 0 < V(z) <1 and 0 < V(x) < 1 for all z € R, therefore
IV —=Vollo,y = Suge_”'z‘ V() — Vo(x)]
xre

< sup e MV (2) = Vo) + sup e "V (2) = Vo(a)| + sup e " |V (@) — Vo ()]

2<—K lz| <K z>K

< ek (sup V(@) — V(@) + sup |V (x) - vo<w>) T sup V() - V()]
o<k e>K o <K

2
<4e K ¢ sup eV (@) — Vo(2)| € = + sup e |V (z) — Vo(z)].
o] <K 6 |a<kx

Thus there remains only to establish that

sup e_”|£‘|V(m) —Vo(z)| <
|z|<K

(3.47)

| M

if ||U — Upl|1,, < 01, for 61 > 0 sufficiently small. Recall that

o exp < /O ' )\(s)ds)
1+ /O (s) exp (/O /\(l)dl) ds

V(z) =

wherein

1+ % P(x)
Me) = —> 5
c¢c— xP'(x)
and
RET
R O)

and P(z) is the unique solution of the elliptic equation
P(z) — o*P"(x) = U(x),Vx € R.

By using the definitions of Vj(z) and V(z) for x € R, we find that

wosn ([ As)as) wosp ([ dafe)as )

V(z) = Vo(z)| = -

1+ o A (s exp </0 A(l)dl) ds 1 +uo Ax o(s) exp (/O )\O(l)dl) ds

e [ [ [ 0wy ] oo [ v ([ o)
exp ( Om )\(s)ds) ~exp ( /0 ’ )\o(s)ds>
+ g exp < Oz )\(s)ds) /0 " o(s) exp ( /O ) mmaz) ds

— ugexp (/Om )\O(s)ds> /Oz k(s) exp (/0 A(l)dl) ds

X

. (3.48)
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Since

| R0
1+ ug /Ox Ko(s)exp (/Os )\o(l)dl) ds  wgexp (/Ox )\O(s)ds) ,
and similarly X ) Vi)
1+ ug /OI k() exp (/0S )\(l)dl> ds - Ug exXp (/OT )\(s)ds) ,

we have that

V() = Vo(x)]

_ V(x)Vo(z

- Ug €Xp (/ A(s ds) exp (/ Ao(s ) o </°L /\(S)d8> o </; /\O(S)ds)

T upexp ( / As )ds) / ro(s) exp ( / )\O(l)dl> s
([ )
V(i) e )
([ ) ([ )
~upexp (_ / ’ Ms)ds) / " n(s) exp ( / s A(l)dl) s

)

hence
V(@) = Volo)| < 5 Hw) + 1)
where N .
H(z) := |exp <—/0 )\O(s)ds) — exp (—/0 A(s)ds) ,
and

I(z) :=

/Om Ko(s) exp ( /m Ao(l)dl> ds — /Ow K(s) exp < /w A(l)dl) ds

We divide the rest of the proof of Part A into two steps, to estimate H(z) and I(x).

Step 1: We show that
H(z) < Cy(x)||U = Ugllo,y, Yz €R,

for some continuous function Cy(z) independent of ¢, U, Uy.

By Taylor’s theorem, we have that
|6A—€B|§|A—B|emax{A’B}, VA,B € R.

Now we use (3.53) to estimate H(x) defined in (3.50).

exp <max{ /IA( )ds, —/OIAO( )ds })
<exp(max{ /)\ ds—/ Mof(s ds})/ As) — Ao(s)] ds.

Recall from (3.39) in Lemma 3.5 that there is a continuous function C(x) such that

s)ds

IA(@) = Ao(2)] < Cx(@) U = Uollo,n, V& € R.
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Thus we can rewrite (3.54) as

H(z) <exp (—/ )\(s)ds7—/ )\O(s)ds>/ Cx(s)ds||U — Upllo,n- (3.55)
0 0 0
Next recall the definition of A\(x):
1+ %P(x)
J— ag R
Az) cfo’(a:)’vxE
Since by Definition 3.1 we have U'(z) < 5=, then P'(z) = [, 5=~ = U'(y)dy < 5+ therefore
c—xP'(z) > C_Xi = 57 vV € R,

and therefore
1+ %5 P(x )

Mo) =22 xP’( ) =

Clearly, we have the same upper bound for A\g(z) and A(z), and (3.55) becomes

(1+ ),vxeR.

2
H(x) < exp (C (1+5%) |x> .y CXOIT = Tolloy = Car @)U = Uallo, ¥a € R

where Cgr(z) is a continuous function. Therefore, (3.52) is proved.

Step 2: We show that
I(z) < Cr(2)||U — Usllo,y, Vo € R, (3.56)

for some continuous function C;(x) independent from e, U, Uy.

/0 mols) exp (‘ / AOUW) ds — /0 *ro(s) exp (— / A(i)dl) ds
/Oz mols) exp < /I Ml)dl) ds — /OI ri(s) exp ( /I /\(l)dl) ds
/Om Ko(s) <exp <— /m /\o(l)dl> — exp <_ ; A(l)dl» ds
/O " (o(s) — w(s)) exp (— / ' /\(l)dl) ds

= I)(2) + I(x), (3.57)

/j Ko(s) <exp ( /m )\o(l)dl> — exp < /w A(l)dl)) ds

Indeed we have

I(z) <

+

+

where

Ii(z) = : (3.58)

and
(3.59)

Using (3.53), we rewrite (3.58) as

x)</0I|f£o(s)eXp <—max{—/jA(l)dl,—/s Aol dl})/ IN(D) — Ao(1)|dlds. (3.60)

Since by Definition 3.1 we have U’(z) < &=, then P'(z) = [; 5-¢ -y U'(y)dy < &=, therefore
c—xP'(x) Zc—xi =
and finally
2 2
Nz)| < 2 (1 + 12) and |(z)| < = (1 + 12) : (3.61)
c o c o



By using (3.60), (3.61) and (3.39) in Lemma 3.5 we rewrite as

2 2
L)<= (1+2) / oxp < (1+2%) - 5|> CA(DAs|U = Tpllo,.-
0a] A€ [

¢ o? o? s,x]
Thus there exists a continuous function Cy, (z) such that
Ii(z) < Cr, (2)|U — Uollo,g- (3.62)

Next we estimate Iz(z) in (3.59). By using (3.40) and (3.61), we have

I(z) < /[] o) = o)l (2 (1 X) o= o)

2 X
< 200 XY\, -
~ Jio,a) Cn(s) exp (c ( + 02) |2 3|) ds||U — Upllo,ns

thus there exists a continuous function Cr,(x) such that
Ir(z) < Cr,(@)|U = Uollo- (3.63)

Combining (3.57), (3.62) and (3.63), there exists a continuous function C;(z) := Cp, (z) + Cr,(z) such
that (3.56) holds. Step 2 is completed.

Conclusion of Part A: By choosing §; such that

1

1
sup  —Cy(z) + Ci(2)
ze|-K,K] U0

(51 =

9
- 3.64
: , (3.64)

we conclude from (3.42), (3.52) and (3.56) that indeed

sup e NV (z) = Vo(z)| < sup  |[V(z)—Vo(z)| < sup iH(Jc) + I(z)

z€[-K,K] z€[-K,K] z€[-K,K] U0
1
< sw(wCul) +Cil)) 10 Uil
ze[-K,K] \U0
€
< )
~— 6

whenever ||U — Up|lo,, < 61. Thus (3.47) holds, and this concludes Part A.
Part B: We prove that for each admissible profile Uy € A and ¢ > 0, there is § > 0 such that whenever
IU = Uolloy <6,

we have

IV =Volliy <e.
By Lemma 3.3 we know that V =T (U) € A and Vp = T (Up) € A. Therefore

V' (z)] < i and [V{(z)| < i Vz € R.

Let K > 0 be such that
ie*nK < €

2x - 12
We have
supe” |V () = Vi(z)| < sup e "NV (2) = Vi (x)| + sup e "IV () - V()]
zER 2<—K x| <K
+ sup eV () — Vi ()|
> K
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< e (s V) = V() + sup Vo) — Vi)
r<—-K 2K

+ sup eV (2) — Vi (2)]
o <K

2
< Z 4 sup eV (2) — Vi) (3.65)
|z| <K

Thus there remains only to establish that

sup e "V (z) — Vj(z)] < % (3.66)
|| <K
We note that V and Vj satisfy (3.2), therefore
V'(z) = Mz)V(x) — k(z)V?(x), and Vj(z) = No(z) — ko(x), for all z € R. (3.67)
Then we have that
V' (@) = Vg (@) = [M@)V (2) — k(2)V?(x) = Xo(2)Vo(2) + ko (2)V5 (2)]
— (V@) = M@V (@) + Ao(@)(V () — Vo(a))
+ (ol) — w(2))VE() + s(2)(VE(2) — V()
< [A@) = Ao (@) ||V (@)] + Ao () [V (z) = Vo(a)]
+ w0 (z) — w(2) |V (2) + £(2) |V (2) = V()]
= [A@) = Ao (@) [V ()] + Ao () [V (2) = Vo(2)|
+ ko (2) — K(@)| VG (2) + k(@) Vo(z) — V(2)[[Vo(z) + V(2)].
By using the fact that 0 < V(z) <1 and 0 < Vp(x) <1 for z € R, we have that
V) = W < 10 = o+ w0V 2) = ol + o) =)l + m(alote) =Vl

It follows from (3.49), (3.61), (3.56), (3.52) and (3.39) and (3.40) that
V(@) = Vi) < (O30) + o (14 25) (Cale) 4 uaCula) + Coule) + 5 (14 25) ) 10 =~ Vol

Cug
(3.69)
Let

0y = % l sup (C,\(x) + % (1 + %) (Ch(z) +uoCr(z)) + Cu(z) + % (1 + 0>_<2)> e‘”'x] h ,

z€[-K,K]
(3.70)
then whenever ||U — Up||o,,, < 62 we have
sup eV (@) - V(@) < 5
z€[-K,K]| 3
therefore, recalling (3.65),
sup e~ |V (z) — V{(z)| < <. (3.71)
rzeR 2

Conclusion of Part B: Let ¢ := min(dy, d2) where ¢; is defined in (3.64) and d2 is defined in (3.70).
Then if ||U — Up|lo,, < 6 we know from Part A (3.46) that

sup e~V (z) — V()| < =,

z€R 2
and from (3.71) that

sup e~V (z) — Vi (z)| < =

r€R 2

So finally

|V = Voll1,, = sup e NV (2) — V()| 4 sup e "2V (2) — Vy(z)| <e.
rzeR z€R

Part B is proved. Since we always have |[U — Uollo., < [[U — Uoll1,4, the continuity holds for the norm
|- [l1,,- Lemma 3.5 is proved. .
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4 Proof of Theorem 1.4

From the definition of admissible functions A, it is a nonempty, closed, convex, bounded subset of the
Banach space BU C}, (R). By Lemmas 3.4 and 3.6, we obtain that 7 is a continuous compact operator
on A. Therefore, by the Schauder fixed-point theorem, there exists U in A such that

TWU)=U.
Applying Lemma 3.3, we have that U € C*(R) and 0 < U’(z) < i for any « € R. Therefore, we have

that
U()eff)z A(s)ds

Ux) = s )
(=) 1+ug [y ri(s)elo AWl
wherein |4 X P(a)
+ o2 T
N =
and
()= o
e = c—xP'(z)’
and P(x) is the unique solution of the elliptic equation
P(z) — o*P"(x) = U(z),Vx € R. (4.1)
Namely, we have that
1oy 1 X _ X
V@) = V@) (1+ ZP@) - (1+ 5)U@) Vo e R, (4.2)
Therefore, we have that
X
cU'(x) — xP'(z)U' (x) — EU(Z‘)(P(.Z‘) —U(z))=U(z)(1 —U(x)),Vz € R.
By using (4.1), we have that
cU'(z) — x(P'(x)U(z)) =U(z)(1 - U(x)),Vz € R. (4.3)

We prove that
U(o) := lim U(z)=1and U(—o0) := lim U(x)=0.

Tr—r+00 xT—r—00

Indeed, since U'(z) > 0 and 0 < U(z) < 1 for any = € R, then U(c0) exists. By using P-equation (1.8),
the function © — P(z) is increasing and bounded, and by Lebesgue’s dominated convergence theorem,

we have
P(+00) = U(£o0).
Therefore,

lim U'(z) =0, and lim P'(z)=0. (4.4)

rz—+o0 z—+o0

It follows from (4.3) and (4.4), we have that

lim U(z)(1-U(x)) =0,

r—Fo0
and since x — U(z) increasing and U(0) = ugp > 0, this implies that
U(—o0) =0, and U(4o00) = 1.

This completes the proof of the Theorem 1.4.
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5 Numerical simulations
We choose a bounded interval [—K, K] and an initial distribution uy € C([—K, K]) as follows

QE—ﬂ(I' + K)
uo(z) =

- (1)

In the following numerical simulations, we solve the PDE numerically using the upwind scheme, and we

refer to Leveque [15] and Toro [18] for more results on this subject. The numerical method used for the
simulations is presented in Section A of the Appendix.

In this section, we set the parameters of the system (A.1) all equal to one. That is
c=x=A=k=1.

In Figure 4 we plot x — ug(z) with the parameter values § = 1, and K = 20, and the corresponding
traveling wave profile which coincides with z — «(20, z) the solution of system (A.1) at ¢t = 20 days.

1

0.8 1 08}
_ 06 1 06
X %
? =

04t g o4t

0.2 1 02t

20 15 10 5 0 5 10 15 20 20 15 10 10 15 20

Figure 4: On the left-hand side, we plot x — ug(x) the initial distribution of system (A.1), obtained by
using formula (5.1) with 8 =1 and K = 20. On the right-hand side, we plot the traveling wave profile
which coincides with x — u(t, x) the solution of system (A.1) at t =20 days.

In Figure 5, we run a simulation from ¢ = 0 until ¢ = 20 of the model (A.1). We observe that the
traveling wave appears almost immediately after the starting time ¢ = 0.

8o

t 0 -20 X

Figure 5: In this figure, we plot the solution of the model (A.1) starting from the initial distribution (5.1)
(with 8 =1 and K = 20).

Next we use the following initial value

ug(z) =max (1 — B (z+ K),0). (5.2)

In Figure 6, we plot @ — wug(x) the initial distribution of system (A.1) (on the left-hand side), and the

corresponding traveling wave profile which coincides with  — «(20,2) the solution of system (A.1) at
t = 20 days.
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Figure 6: On the left-hand side, we plot x — ug(x) the initial distribution of system (A.1), obtained by
using formula (5.2) with 8 = 0.1 and K = 20. On the right-hand side, we plot the traveling wave profile
which coincide with x — u(t, x) the solution of system (A.1) at t =20 days.

In Figure 7, we run a simulation from ¢ = 0 until ¢ = 20 of the model (A.1). We observe that the
traveling wave appears almost immediately after the starting time ¢ = 0.

8o

Figure 7: In this figure, we plot the solution of the model (A.1) starting from the initial distribution (5.2)
(with 8 =0.1 and K = 20).

On the one hand, our numerical simulations show that continuous traveling waves can be observed
from an initial distribution decaying exponentially (slowly enough). On the other hand, sharp traveling
waves can also be observed when starting the PDE with initial distributions equal to zero on the half-
plane. So in practice, both types of traveling waves can be observed numerically.

Now concerning the traveling speed, we observe numerically that sharp traveling waves are slower
than continuous traveling waves. The question of the minimal speed is left for future works.

6 Application to wound healing

The wound healing assay is used in a range of disciplines to study the coordinated movement of a cell
population. We refer to the paper of Jonkman et al. [13] for a review on this topic. In this paper, we
consider the cell-cell repulsion described by nonlinear diffusion, but cell-cell attraction also occurs and
this problem was recently considered by Webb [19] (see also the references therein for more results).
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Figure 8: Images from a scratch assay experiment at different time points. Human umbilical vein en-
dothelial cells (HUVEC) were plated on gelatin-coated plastic dishes, wounded with a p20 pipette tip, and
then imaged overnight using a microscope equipped with point visiting and live-cell apparatus. Scale bar
= 120 um. This figure is taken from Jonkman et al. [13].

In this section, we set the parameters of the system (A.1) as follows
x=A=4ando=kr=1.

Initial distribution for imperfect wound: We choose a bounded interval [—K, K| and an initial
distribution ug € C([-K, K]) as follows

) = L 20— Az + K) ! 20— BK — ) -
u(z) == | ————= | —]. .

’ 2\14e PlatK) ) 2\ 14 BK-2)

In Figure 9 we plot £ — ug(x) with the parameter values § = 0.5, and K = 20, and « — u(7,x) the
solution of system (A.1) at t = 7 days.
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-20 -15 -10 -5 ] 5 10 15 20

Figure 9: On the left-hand side, we plot x — uo(x) the initial distribution of system (A.1), obtained by
using formula (6.1) with 8 = 0.5 and K = 20. On the right-hand side, we plot © — u(t,z) the solution
of system (A.1) at t =7 days.

In Figure 10, we run a simulation from ¢ = 0 until ¢ = 7 of the model (A.1). We observe that two
traveling wave moving in opposite directions appears almost immediately after the starting time t = 0.
They merge together to give a flat distribution approximately on day 2.
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Figure 10: In this figure, we plot the solution of the model (A.1) starting from the initial distribution
(6.1) (with B = 0.5 and K = 20).
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Initial distribution for perfect wound: We choose a bounded interval [ K, K| and an initial distri-
bution ug € C([-K, K]) as follows

o (x) = % (max (1= 8 (z + K),0)) + % (max (1 — 8 (K —2),0)). 6.2)

In Figure 11 we plot  — ug(z) with the parameter values § = 0.07, and K = 20, and z — u(7,z) the
solution of system (A.1) at ¢t = 7 days.
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Figure 11: On the left-hand side, we plot © — uo(z) the initial distribution of system (A.1l), obtained by
using formula (6.2) with 8 = 0.07 and K = 20. On the right-hand side, we plot © — u(t,x) the solution
of system (A.1) at t =7 days.

In Figure 12, we run a simulation from ¢ = 0 until ¢ = 7 of the model (A.1) for the parameter values
o =1, and x = 1. We observe that two traveling wave moving in opposite directions appears almost

immediately after the starting time ¢t = 0. They merge together to give a flat distribution approximately
on day 5.
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Figure 12: In this figure, we plot the solution of the model (A.1) starting from the initial distribution
(6.2) (with 8 =0.07 and K = 20).

It is observed that the speed of healing depends strongly on the imperfection of the wound. If we
compare the two simulations, we see that the wound seems much larger in Figure 9 than in Figure 11.
But the time required for healing is about 2 days in Figure 10 whereas it is about 5 days in Figure 12.
Therefore, the imperfection of the wound has a strong influence on the healing time.

Appendix

A Upwind method applied to the numerical scheme
In Section 5, we use the following system of PDE to run the numerical simulations

Opu(t,z) = xO0y (u(t,x)0ep(t, ) + A u(t,z)(1 —u(t,z)/k), te (0,T],z¢€[-K, K],
p(t,x) — 020uap(t, ) = u(t,z), te(0,T],z €K, K], (A.1)
Oup(t, —K) = O,p(t,+K) =0, te (0,7T],
with
u(t,x) = UO(m) € Lf ([_Kv K]aR) :
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Now we use the finite volume method to consider equation (A.1). Our numerical scheme reads as follows

At
a =l gy (O, uf) — o i) + A (L—uf), i=12 M, (A2)

where the flux ¢(uj, ,u}) for i =0,..., M defined as

+ - o ul o™ >0
n ny __ n n n n o _ i+5 v i+ =
¢(Ui+1aui )= (UH%) U; — (UH%) U1 =94 . ° . n <0 (A.3)
VipgUit Yipp <5
where
7 = max(0, ), and = = max(0, —z),
and n .
Piy1 — P .
n — —
’Ui+%——Tx,Z—O,].,...,M, (A4)
where
n _ n —
Vorl =Vmyl = 0

Moreover the vector P" is defined by

o2 -t
P"=|I-—A " A.
(1= 24) o, (A5)
where
-1 1
1 -2 1
A= (A.6)
1 -2 1
-1 MxM
Indeed, we have
2
D; —@(pi+1_2pi+pi—1)zuia 1=1,2,..., M, (A7)

and since we use the Neumann boundary condition, we must impose
po = pY and pyy = phygg-
Since the Neumann boundary condition corresponds to a no flux boundary condition, we have
o(ut,ug) =0, and ¢(ujy,uy) =0, (A.8)

which corresponds to pj = pi and pfy;,; = pjy;. Therefore, the numerical scheme at the boundary
becomes

u1+1:u1 —XE¢(U27UI)+A1€U1(1_U1), (Ag)

t

Wi = xS, wh) + Atul (1 - ).
Due to the boundary condition, we have the conservation of mass for equation (A.1) when the reaction
term equals zero.
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