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Abstract. Let G be a finite group acting tamely on a proper reduced curve
C over an algebraically closed field k. We study the G-module structure on

the cohomology groups of a G-equivariant locally free sheaf F on C and give

formulas of Chevalley–Weil type, with values in the Grothendieck ring Rk(G)Q
of finitely generated G-modules. We also provide a similar formula for the

singular cohomology of compact complex spaces.

Our focus is on the case where C is nodal. Using the Chevalley–Weil for-
mula, we compute the G-invariant part H0(C,ω⊗m

C )G for m ≥ 1. In turn, we

use the formula for dimH0(C,ω⊗2
C )G to compute the equivariant deformation

space of a stable G-curve C. We also obtain numerical criteria for the presence
of any given irreducible representation in H0(C,ωC ⊗A), where A is an ample

locally free G-sheaf on C. Some new phenomena, pathological compared to

the smooth curve case, are discussed.
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1. Introduction

Let X be a projective variety over a field k, let G be a finite group acting on
X, and F a G-equivariant sheaf (also called a G-sheaf) of k-vector spaces. Then
G acts on the cohomology groups H∗(X,F), and it is a natural and important
problem to determine H∗(X,F) as a G-representation. The formulas of Chevalley–
Weil [CW34, Wei35] and Broughton [Bro87] achieve this for the case where X is a
complex smooth projective curve and F is a pluricanonical sheaf ω⊗m

X with n ≥ 1
or the locally constant sheaf CX respectively.1

The key feature of the Chevalley–Weil formulas in [CW34, Wei35] is that, as G-
representations, the cohomology groups H0(C,ω⊗m

C ) for the pluricanonical sheaves
of a complex smooth projective G-curve C can be expressed as a rational multiple
of the regular representation C[G] plus a correction term determined by the inertia
locus of the G-action. It is in the same spirit of the holomorphic Lefschetz fixed
point theorem, as developed by [AS68] for compact complex manifolds with a finite
group action and generalized by [Don69] to the algebraic setting.

This observation was made by Ellingsrud–Lønsted [EL80], who used the idea of
equivariant K-theory to set up a fairly general framework for studying the G-module
structure on the cohomology groups of G-equivariant sheaves on a projective G-
variety X over any algebraically closed base field k. They define the G-equivariant
Euler characteristic (called Lefschetz trace in [EL80])

χG(E) =
∑
i

(−1)i[Hi(X, E)]

for locally free G-sheaves E , as an element in the Grothendieck ring Rk(G) of G-
modules. However, when writing down an explicit formula, one needs to restrict to
the case of a smooth projective curve. Later, Kani and Nakajima [Kan86, Nak86b]
introduced the notion of ramification module to encode the contribution of the
fixed locus. Köck [Koc05] clarified the connection of the Chevalley–Weil formula
for locally free G-sheaves on a smooth projective curve to the holomorphic Lefschetz
fixed point theorems of [AS68] and [Don69]. There is on-going interest in refining
and reproving the Chevalley–Weil formula for smooth curves, or spelling it out more
explicitly in specific situations (see, e.g., [Tam51, MV81, Hur92, Bor03, Bor06,
Hor12, KK12, KK13, Can18, KFW19, BCK20, CKKK22, Ara22, BW23, Gar23,
CL24, LK24]).

Yubo Tong [Ton25] made a first attempt to write down a Chevalley–Weil type
formula for the canonical sheaf ωC of a nodal curve C with a faithful tame action
of a finite group G. However, his assumption that the quotient curve is smooth
is quite restrictive. In fact, if G is cyclic, then the smoothness condition on the
quotient curve forces the order |G| to be at most 2. Also, he dealt only with the
canonical sheaf ωC .

In the present work, we treat the general case of locally free G-sheaves E on a
proper reduced singular G-curve C.

Theorem 1.1 (= Theorem 3.10). Let C be a proper reduced curve over an alge-
braically closed field k with irreducible components C1, . . . , Cn, and G a finite group

1In retrospect, Broughton’s formula for H1(X,C), where X is a smooth projective curve over C,
follows easily from Chevalley–Weil’s formula of H0(X,ωX) together with the Hodge decomposition

of H1(X,C).
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acting tamely on C (see Definition 2.7). Then for any locally free G-sheaf E of
finite rank r on C, we have the following equality in Rk(G)Q:

(1.1) χG(E) =
∑

1≤i≤n

|Ii|
|G|

IndGIiχIi(E|Ci) +
∑
P∈C

ΓG(E)P

where Ii = {g ∈ G | g(s) = s,∀s ∈ Ci} is the inertia subgroup at Ci, and ΓG(E)P ,
the virtual ramification module at P is defined in Definitions 3.2 and 3.9.

The key part of the formula (1.1) is to express χG(E) in terms of restrictions
E|Ci

and the ramification modules. When the curve C is connected, smooth, and
the G-action is faithful, ΓG(E)P is obtained by twisting the expression of Atiyah–
Singer–Köck type

− 1

|G|
IndGGP

|GP |−1∑
d=0

dθdP ⊗ [E|P ],

as discovered in [Koc05], with ”the same positive amount of” the regular represen-
tation; see Definition 3.2. In general, there are additional contributions from the
singularities of C (see Definition 3.9) and from the components of C with nontrivial
inertia group.

Let us comment on the difficulties one encountered when dealing with automor-
phisms of singular curves. One complication coming up in the reducible curve case
is that a nontrivial subgroup of Aut(C) can act trivially on an entire component
of C, so the action of a group G can be faithful but not free on a dense open sub-
set of C. In general, the order |Aut(C)| for a stable curve C of genus g can only
be bounded by an exponential function of g ([vOpV07]), in strong contrast to the
Hurwitz bound 84(g − 1) for connected smooth genus g curves ([Hur92]). Recall
that a stable curve is a connected nodal curve C, with finite automorphism group
Aut(C), or equivalently, with ample canonical sheaf ωC .

We were unable to adapt directly the method of [EL80] to the singular case,
because the crucial exact sequence (3.1) therein does not hold in the singular case
(and in fact neither in higher-dimensional smooth case). Instead, we use the natural
idea of comparing the cohomological groups with their pull-back to the normaliza-

tion ν : C̃ → C of C. To fix ideas, take a locally free G-equivariant sheaf E on C.
Then we have

0 → E → ν∗ν
∗E → E|S → 0

where S is the singular locus of C endowed with the reduced structure. Here we
encounter two G-equivariant sheaves ν∗E and E|S on usually disconnected varieties

C̃ and S respectively. The simple and useful observation is that the cohomology
representation of a G-equivariant sheaf E on a disconnected variety X can be in-
duced from the cohomology representation of G{Xj} on H∗ (Xj , E|Xj

)
, where the

Xj ’s are the connected components of X, and G{Xj} ⊆ G is the stabilizer of Xj

(see Proposition 2.6).
After writing down the Chevalley–Weil formula, we address the following natural

questions for the cohomology of a G-sheaf F on a G-curve C:

(1) Is there a positive rational number a such that χG(F) ≥ a[k[G]] holds in
Rk(G)Q? If G is reductive over k, then this is equivalent to asking whether
every irreducible G-module has positive virtual multiplicity in χG(F).

(2) Is H∗(C,F) a faithful representation of G?



4 QING LIU AND WENFEI LIU

(3) What is the G-invariant part H∗(C,F)G?

Of course, the answers depend on F and C. We focus on the case of nodal G-curves,
and the G-sheaves are taken to be related to the canonical sheaf ωC .

We first compute the G-invariant global sections of the pluricanonical sheaves
on a stable pointed G-curve.

Theorem 1.2 (= Corollary 4.14). Let C be a connected proper nodal curve over
an algebraically closed field k, and G ⊂ Aut(C) a finite subgroup of automorphisms
such that |G| is not divisible by char(k). Let S be the singular locus of C, and T
a (possibly empty) finite G-set contained in the smooth locus of C such that ωC(T )
is ample. Then for any positive integer m, we have

dimkH
0(C,ωC(T )

⊗m)G = dimkH
0(D,ωD(T )⊗m) + (m− ϵm)#S2

+
∑

Q∈D\(S∪T )

⌊
m

(
1− 1

eQ

)⌋

where π : C → D = C/G is the quotient map, S, T ⊂ D are images of S, T
respectively, eQ := |GP | for Q ∈ D \ (S ∪ T ) and P ∈ π−1(Q), and ϵm = 1 if m is
odd and 0 if m is even.

In Section 4.4, we apply the obtained formula for dimH0(C,ω⊗2
C )G to compute

the dimension the G-equivariant deformation space Def(C,G) of a stable G-curve.
This is useful in the study of the singularities of the moduli spaces Mg of stable
curves. In forthcoming work, we will analyze further the condition for the faithful-
ness of the action of G on H0(C,ω⊗m

C ).
If C is nodal and each component of C has trivial inertia group, we obtain nu-

merical criteria forH0(C,ωC⊗A), where A is an ample locally free sheaf, to contain
a rational multiple of the regular representation (Lemma 4.8 and Corollary 4.12).

It is well known that the dual graph is very useful in describing the structure of a
nodal curve C ([ACG11, Chapter X]). We observe that there is an induced action of
G on the dual graph Γ := Γ(C) of C, viewed as a 1-dimensional CW complex. We
use χG(Γ) := [H0(Γ, k)]− [H1(Γ, k)] ∈ Rk(G) to describe the discrepancy between

H0(C,ωC) and H
0(C̃, ωC̃), where ν : C̃ → C is the normalization (Corollary 4.23):

[H0(C,ωC)] = [H0(C̃, ωC̃)] + [1G]− χG(Γ, k)

This can be viewed as the G-equivariant version of the usual relation between the

arithmetic genus of C and the genus of C̃.
We note that Broughton’s formula mentioned in the beginning of the introduction

may be proved by a straightforward topological argument, and hence can be vastly
generalized, as follows.

Theorem 1.3 (= Theorem 5.1). Let X be a possibly disconnected n-dimensional
compact complex space, and G ⊂ Aut(X) a finite subgroup of automorphisms. Let
Y = X/G be the quotient space and π : X → Y the quotient map. For each subgroup
H < G, denote

XH := {x ∈ X | Gx conjugate to H} and YH := π(XH).
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Let H1, . . . ,Hs be a system of representatives of conjugacy classes in G. Then the
following equality holds in RC(G)Q:∑

0≤i≤2n

(−1)i[Hi(X,Q)] =
∑

1≤j≤s

χ(YHj )Ind
G
Hj

[1Hj ].

where for a complex space Z, χ(Z) denotes its topological Euler characteristic, and
we set χ(YHj

) = 0 if YHj
= ∅.

Specializing Theorem 1.3 to nodal curves, we obtain

Theorem 1.4 (= Corollary 5.3). Let C be a proper nodal curve over C and G ⊂
Aut(C) a finite subgroup of automorphisms acting freely on a dense open subset of
C. Let π : C → D := C/G be the quotient map and write D = ∪1≤j≤mDj as the
union of irreducible components. Let S be the singular locus of C, and set

A := S ∪ {P ∈ C | GP is nontrivial}

Then

2∑
i=0

(−1)i[Hi(C,Q)] =

m∑
j=1

χ(Dj \ π(A)) [Q[G]] +
∑
P∈A′

IndGGP
[1GP

] .

where A′ denotes a set of representatives of the G-orbits in A.

Finally, we note that the Chevalley–Weil formula is important for computing
of cohomological invariants of the so-called product-quotient varieties (C1 × · · · ×
Cn)/G, where C1, . . . , Cn are smooth projective curves and G is a finite group act-
ing diagonally on their product ([CLZ13, Gle16, FGP20]); this class of varieties is
very useful for the construction and classification of projective varieties with pre-
scribed invariants. Our Chevalley–Weil type formulas facilitates the computation
of cohomological invariants of (C1 × · · · × Cn)/G when the Ci are nodal curves.
These possibly non-normal varieties are in turn useful in the compactification of
moduli spaces of varieties of general type; see [vOp06, Liu12] for the surface case.

Notation and Conventions. Let us fix an algebraically closed field k.

• A variety in this paper means a reduced scheme of finite type over k, and
we only consider the closed points. Thus a variety can be reducible or even
disconnected. We will denote by Aut(X) := Autk(X) the automorphism
group of a variety X over k. For a coherent sheaf F on X and a closed
subvariety Z ⊂ X, we denote by F|Z := F ⊗OX

OZ the restriction of F to
Z.

• Let G be a finite group acting on a set X. For any subset Z of X, we
denote

G{Z} := {g ∈ G | g(Z) ⊆ Z}
the stabilizer or decomposition group of Z and

GZ := {g ∈ G | g(s) = s for any s ∈ Z}

the inertia group of Z. Obviously, we have GZ ⊆ G{Z}. For P ∈ X, its
orbit {g(P ) | g ∈ G} is denoted by G.P . Conversely, the inertia locus or
fixed locus of (X,G) is the set of x ∈ X with nontrivial stabilizer Gx.
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• Let X be an algebraic variety and G a finite group acting on X by regular
automorphisms. Then the inertia locus of (X,G) is a closed subset of X.
If G acts freely on a dense open subset of X and if X is quasi-projective,
the inertia locus coincides with the ramification locus of the quotient map
X → X/G. Note that if G acts trivially on an irreducible component of X,
then X → X/G is étale on this component, while the inertia group of this
component is G, hence nontrivial in general.

2. Preliminaries

For the reader’s convenience, we recall or give some general facts which will be
used later. In particular, we carefully recall facts about the Grothendieck ring of
k[G]-modules, the Frobenius reciprocity and Brauer character in the representation
theory of finite groups, in order to handle the case where the order of the group is
divisible by the characteristic of the base field k.

2.1. Representation theory of finite groups.

2.1.1. The Grothendieck ring of finitely generated k[G]-modules. Let G be a finite
group and k a field. All k[G]-modules in this paper are finitely generated. We
write Irrk(G) for the set of their irreducible isomorphism classes, 1G for the trivial
representation, and Rk(G) for the Grothendieck group. We use [V ] for the class
of a k[G]-module V in Rk(G). Thus Rk(G) is a free abelian group on the set
{[V ] | V ∈ Irrk(G)}. We define Rk(G)A := Rk(G) ⊗Z A for any commutative ring

A with a unit, and use the standard notation ResGH and IndGH for restriction and
induction. Tensor product makes Rk(G) a ring with unit [1G]. We shall use both
Frobenius reciprocity isomorphisms without further comment ([Sch13, Section 2.3]).

For α ∈ Rk(G)Q, we may write uniquely

α =
∑

V ∈Irrk(G)

µV (α)[V ], µV (α) ∈ Q.

We call µV (α) the virtual multiplicity of V in α. The virtual degree of α ∈ Rk(G)Q
is defined as

degα :=
∑

V ∈Irrk(G)

µV (α) · dimV.

We also use the cone

Rk(G)
+
Q := {α ∈ Rk(G)Q | µV (α) ≥ 0 for all V ∈ Irrk(G)}.

It induces a partial order on Rk(G)Q defined by α ≥ β if α− β ∈ Rk(G)
+
Q .

2.1.2. Brauer characters. Let G be a finite group, k an algebraically closed field,
and µ∞(k) the group of roots of unity in k. Set

(2.1) Greg :=

{
G if char(k) = 0

{g ∈ G | the order of g is prime to p} if char(k) = p > 0

Fix a lift φ : µ∞(k) → µ∞(C) (using Teichmüller lifts when char(k) > 0). For a
k[G]-module V and g ∈ Greg, with eigenvalues λ1, . . . , λd, the Brauer character is

(2.2) trB(g;V ) :=

d∑
i=1

φ(λi) ∈ C
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and extends linearly to

ϕα = trB(·;α) : Greg → C.

where α ∈ Rk(G). The map Rk(G)C → Cl(Greg,C), α 7→ ϕα is an isomorphism;
in particular, a virtual representation is determined by its Brauer character [Ser77,
page 149, Theorem 42’].

For a subgroup H ⊂ G, α ∈ Rk(H), and g ∈ Greg, we have (cf. [Ser77], Theo-
rem 12 page 30 and Exercise 18.2, page 150]):

(2.3) ϕIndG
Hα(g) =


1

|H|
∑
t ∈ G

t−1gt ∈ H

ϕα(t
−1gt) if g ∈

⋃
t∈G

tHt−1,

0 otherwise.

In particular, taking H = {1}, we see that for any g ∈ G,

(2.4) trB(g; k[G]) =

{
|G| if g = 1

0 otherwise.

One use the Hermitian form on Cl(Greg,C)

(2.5) ⟨ϕ1, ϕ2⟩ :=
1

|G|
∑

g∈Greg

ϕ1(g
−1)ϕ2(g).

and write ⟨α, β⟩ for the corresponding pairing of Brauer character.
Let H ⊂ G be a subgroup. For α ∈ Rk(H) and β ∈ Rk(G), one has, by the

Frobenius reciprocity,

(2.6) ⟨IndGHα, β⟩ = ⟨α,ResGHβ⟩.

This remains valid when char k divides |G|. In fact, since the classes of projective
k[H]-modules generate Rk(H)C ([Ser77, §16.1, Cor. 1 of Theorem 35]), we may
assume that α = [V ] and β = [W ], where V is a projective k[H]-module and W is

any k[G]-module. Then, IndGHV is a projective k[G]-module, and by the Frobenius
reciprocity ([Sch13, Section 2.3]), we have

⟨IndGHα, β⟩ = dimk HomG(Ind
G
HV,W ) = dimk HomH(V,ResGHW ) = ⟨α,ResGHβ⟩.

Suppose that |G| is invertible in k. Then every k[G]-module is projective, and the
classes of the irreducible k[G]-modules form an orthonormal basis for Rk(G)Q with
respect to the bilinear form ⟨·, ·⟩ (cf. [Ser77, page 121] or [Web16, Theorem 10.2.2]).
In this case, µV (α) = ⟨[V ], α⟩ for V ∈ Irrk(G) and α ∈ Rk(G)Q.

This is not true if p divides |G|, as the following example shows.

Example 2.1. Suppose that char(k) = p > 0 and G = Z/pZ. Then Rk(G) =
Z · [1G], and ⟨[1G], [1G]⟩ = 1

p ∈ Q.

Let us finish this recap of representation theory by giving some elementary results
on induction and restriction of representations.

Lemma 2.2. Let H → H = H/N be a surjective group homomorphism.
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(1) Let K be a subgroup of H and let K be its pre-image in H:

K H

K H

Then for any K-module M we have a canonical isomorphism of H-modules

ResHH(IndH
K
M) ≃ IndHK(ResKKM).

(2) We have ResHHk[H] ≃ IndHN1N where 1N corresponds to the unit represen-
tation of N .

(3) Let M be a k[H]-module. Then we have

IndHNResHN (M) ≃ k[H/N ]⊗k M.

Proof. (1) By definition,

IndHKResKKM = k[H]⊗k[K] (k[K]⊗k[K] M) = (k[H]⊗k[K] k[K])⊗k[K] M

and

ResHHIndH
K
M = k[H]⊗k[K] M.

So it is enough to show that the canonical homomorphism

k[H]⊗k[K] k[K] → k[H]

is an isomorphism. This can be checked with a basis of k[H] over k[K] and by using
the canonical isomorphism H/K → H/K.

(2)-(3) See [Ser77, §3.3, Example 1, (2) and (5)]. □

Lemma 2.3. Let G be any finite group. Let M be a k[G]-module with dimkM = r.
Then

M ⊗k k[G] ≃ k[G]⊕r.

Proof. LetM0 be the k-vector spaceM endowed with the trivial action of G. Define

ϕ :M ⊗k k[G] →M0 ⊗k k[G] ≃ k[G]⊕r, x⊗ g 7→ (g−1x)⊗ g.

Then ϕ is a G-equivariant isomorphism. □

2.2. The G-equivariant Euler characteristic and reduction to normal con-
nected varieties. Let X be a (possibly reducible) proper variety over k. Let G be
a finite group acting on X, and F a G-equivariant coherent sheaf on X (see [Stk25,
Tag 03LE] for the definition). Following [EL80], we define the G-equivariant Euler
characteristic of F to be the following element

(2.7) χG(F) :=
∑
q≥0

(−1)q[Hq(X,F)] ∈ Rk(G)

in the Grothendieck group of k[G]-modules.

Remark 2.4. The correspondence F 7→ χG(F) induces a group homomorphism
from the Grothendieck group KG(X) of G-equivariant coherent sheaves on X to
Rk(G).
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Remark 2.5. If the kernel H of the action homomorphism G → Aut(X) acts
trivially on the cohomology groups H∗(X,F) = ⊕iH

i(X,F), which is the case for
sheaves such as OX and CX that are intrinsic to X, then we may take the image
G of G→ Aut(X), and it is clear that

(2.8) χG(F) = ResGG (χG(F)) .

Thus we may assume that G is a finite subgroup of Aut(X) and the action of G on
X is faithful. This we will do in Sections 4 and 5.

In general, H may act nontrivially on H∗(X,F) and it is more natural to include
non-faithful actions of a group G on X. Thus we do not assume the faithfulness of
the action in Sections 2 and 3.2, unless otherwise specified. Note that statements
of previous works, including [EL80] and [Koc05], assume the action to be faithful.

Next we want to relate χG(F) to the Euler characteristics of the pull-backs of
F to the connected components of the normalization of X. We first quote the
following well-known result.

Proposition 2.6. Let X1, . . . , Xn be the connected components of X and Gi be the
stabilizer of Xi for all i ≤ n. Let F be a G-equivariant coherent sheaf on X. Then
we have

[Hq(X,F)] =
∑

1≤i≤n

|Gi|
|G|

IndGGi
[Hq(Xi,F|Xi

)] ∈ Rk(G)Q

for all q ≥ 0, and

χG(F) =
∑

1≤i≤n

|Gi|
|G|

IndGGi
χGi

(F|Xi
).

Let ν : X̃ → X be the normalization morphism. Let E be a G-equivariant
coherent locally free sheaf on X. Consider the canonical exact sequence of OX -
modules

(2.9) 0 → OX → ν∗OX̃ → S → 0

where SuppS is exactly the non-normal locus of X. Note that the action of G on

X lifts to X̃, so that the exact sequence (2.9) is G-equivariant. Tensoring (2.9)
with E , we obtain a G-equivariant exact sequence

(2.10) 0 → E → E ⊗ ν∗OX̃ = ν∗(ν
∗E) → E ⊗ S → 0.

By the additivity of χG, we obtain from (2.10)

(2.11) χG(E) = χG(ν
∗E)− χG(E ⊗ S).

In other words, we can compute χG(E) in terms of χG(ν
∗E) and χG(E ⊗ S), which

live on the normalization and the non-normal locus of X respectively. We will
specialize further to the case when X is a nodal curve, so that χG(ν

∗E) and χG(E ⊗
S) are either known or possible to write down explicitly.

We end this section by giving a definition of the tameness of a G-action. This
condition is automatically satisfied when k has characteristic 0, and it is a neces-
sary requirement in almost all situations of the present work when k has positive
characteristic.
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Definition 2.7 (Tameness). Let C be a proper reduced curve over k, and G a finite
group acting on C. We say that the action of G on C is tame if the characteristic
of k does not divide the order of the inertia group GZ for any irreducible subvariety
Z ⊂ C. If G is a subgroup of Aut(C), acting tamely on C, then we will say that G
is a tame subgroup of Aut(C).

3. The Chevalley–Weil formula for proper reduced curves

Set-up 3.1. Throughout this section, we adopt the following notation.

• C is a proper reduced curve over k, possibly disconnected;
• C =

⋃
1≤i≤n Ci is the irreducible decomposition of C;

• ν : C̃ =
⊔

1≤i≤nC̃i → C is the normalization map;

• G is a finite group acting tamely on C (Definition 2.7);
• π : C → D := C/G is the quotient morphism. Since the normalization

ν : C̃ → C is G-equivariant, we have an induced morphism ν̄ : C̃/G →
C/G = D, which is an isomorphism over a dense open subset of D and
which fits into the following commutative diagram:

(3.1)

C̃ C

D̃ = C̃/G D = C/G

ν

π̃ π

ν̄

where π̃ denotes the quotient map. By the universal property of normal-

ization and by the smoothness of C̃/G, ν̄ is the normalization of D.
• For each 1 ≤ i ≤ n (see the end of §1),

(3.2) Gi := G{C̃i} = G{Ci}, Ii := GC̃i
= GCi

, Gi := Gi/Ii.

Note that Ii is a normal subgroup of Gi, so Gi is a group.
• For any smooth point P ∈ C, denote by G◦

P the group Ii for the unique

irreducible component Ci of C passing through P and by GP = GP /G
◦
P

the quotient group.
• E is a locally free G-sheaf of rank r on C.

If the action of G on C is free, then [EL80, Theorem 2.4] already gives

(3.3) χG(E) =
1

|G|
χ(E)[k[G]] ∈ Rk(G)Q.

In this section, we will give a formula expressing χG(E) in terms of a “regular part”
which looks like 1

|G|χ(E)[k[G]], plus a “ramification part”
∑

Z⊆C ΓG(E)Z coming

from the inertia loci Z of the G-action; see Theorem 3.10.

3.1. The Chevalley–Weil formula for smooth curves. Let notation be as in
Set-up 3.1, so we have a locally free G-sheaf E of rank r on a curve C endowed with
a tame action of G. In this subsection, we assume that the curve C is smooth.

For a point P ∈ C, the Zariski cotangent space T ∗
PC of C at P is a 1-dimensional

GP -representation. We denote by θP the class of T ∗
PC in Rk(GP ) (it is denoted by

χP in [Koc05]). It is helpful to notice that we have canonically

(3.4) θP = [ωC,P |P ] = [OC(−P )|P ].
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Definition 3.2 (Virtual ramification modules on a smooth G-curve). We define
the virtual ramification module of E at P ∈ Ci to be

(3.5) ΓG(E)P :=
|Ii|
|G|

IndGGP
(ΨP ⊗ [E|P ])

where

ΨP :=
|GP | − 1

2
[k[GP ]]−

|GP |−1∑
d=0

dθdP .

This is an element of virtual degree 0 in Rk(G)Q. Note that ΓG(E)P = 0 ifGP = {1}
and this happens for all but finitely many P ’s.

The ramification modules are so defined as to reflect the local contributions of
fixed locus of the G-action given by the Atiyah–Singer’s holomorphic Lefschetz fixed
point formula ([AS68, Don69]).

Lemma 3.3. Let C be smooth and connected. Let E be a G-equivariant vector
bundle on C. Let I = GC be the kernel of G→ Aut(C) (the action of I on E may
be non-trivial).

(1) Let g ∈ I (possibly equal to the identity). Then

(a) trB(g;
|I|
|G| Ind

G
I χI(E)) = trB(g;χI(E)), and

(b) trB(g; ΓG(E)P ) = 0 for any P ∈ C.
(2) Let g ∈ G \ I. Then

(a) trB(g; Ind
G
I χI(E)) = 0, and

(b)
∑
P∈C

trB(g; ΓG(E)P ) =
∑

Q∈Cg

trB(g; [E|Q])
1− trB(g; θQ)

.

Proof. (1.a) As t−1gt ∈ I for all t, we have

trB

(
g;

|I|
|G|

IndGI χI(E)
)

=
|I|
|G|

1

|I|
∑
t∈G

trB(tgt
−1;χI(E))

=
|I|
|G|

1

|I|
|G|trB(g;χI(E)) = trB(g;χI(E)).

(1.b) Let P ∈ C. As tgt−1 ∈ I ⊆ Gp for all t ∈ G, we have

trB(g; ΓG(E)P ) =
|I|
|G|

1

|GP |
∑
t∈G

trB(tgt
−1; ΨP )trB(tgt

−1; [E|P ])

=
|I|
|G|

1

|GP |
|G|trB(g; ΨP )trB(g; [E|P ]).

As ΨP has degree 0 and g acts trivially on C, we have trB(g; ΨP ) = trB(1;ΨP ) = 0.
Hence trB(g; ΓG(E)P ) = 0.

(2.a) There is no t ∈ G such that t−1gt ∈ I, because g /∈ I, so trB(g; Ind
G
I χI(E)) =

0.
(2.b) Write eP = |GP | − 1 and ΨP = 2−1(eP − 1)[k[GP ]]− ΛP with

ΛP =

eP−1∑
d=0

dθdP .
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Let HP = {t ∈ G | t−1gt ∈ GP } = {t ∈ G | g ∈ GtP }. For all t ∈ HP , it follows
from Lemma 2.3 and Equality (2.4) that

trB(t
−1gt; ΨP ⊗ [E|P ]) = trB(t

−1gt;−ΛP ⊗ [E|P ]),

and it is clear that trB(t
−1gt;−ΛP ⊗ [E|P ]) = trB(g;−ΛtP ⊗ [E|tP ]). By definition,

if we denote a = |I||G|−1, then

trB(g; ΓG(E)P ) =a
1

|GP |
∑
t∈HP

trB(t
−1gt; ΨP ⊗ [E|P ])

=− a
1

|GP |
∑
t∈HP

trB(g; ΛtP ⊗ [E|tP ]).

Let Cg be the locus of fixed points of C under g, then using the surjective map
HP → GP ∩ Cg, t 7→ tP , we get

trB(g; ΓG(E)P ) = −a
∑

Q∈GP∩Cg

trB(g; ΛQ ⊗ [E|Q]).

Therefore ∑
P∈C

trB(g; ΓG(E)P ) =− a
∑
P∈C

∑
Q∈GP∩Cg

trB(g; ΛQ ⊗ [E|Q])

=− a
∑

Q∈Cg

∑
P∈GQ

trB(g; ΛQ ⊗ [E|Q])

=− a
|G|
|GQ|

∑
Q∈Cg

trB(g; ΛQ ⊗ [E|Q])

=− 1

eQ

∑
Q∈Cg

trB(g; ΛQ ⊗ [E|Q]).

As trB(g; θQ) ∈ µ′
∞(C) \ {1} (because the image of g in Aut(OC,Q) is non trivial),

we have by [Koc05, Lemma 1.2]

trB(g; ΛQ) =
eQ

trB(g; θQ)− 1
.

This implies the desired equality. □

The following statement is a generalization of [Koc05, Theorem 1] to the case
of possibly non-faithful action of a finite group on a possibly disconnected smooth
curve. The proof is similar to that of [Koc05], using the algebraic version of the
Lefschetz fixed point theorem given by [Don69].

Theorem 3.4. Let C = ∪n
i=1Ci be a (not necessarily connected) smooth projective

curve over k, and G a finite group acting tamely on C. Let E be a G-equivariant
vector bundle on C. Then we have the following equality in Rk(G)Q:

(3.6) χG(E) =
∑

1≤i≤n

|Ii|
|G|

IndGIiχIi(E|Ci
) +

∑
P∈C

ΓG(E)P .

where Ii = GCi
is the inertia group for each 1 ≤ i ≤ n.
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Proof. The proof is immediately reduced to the case where C is connected by using
Proposition 2.6. Denote by I = GC the inertia subgroup of G acting on C. We
have to show that

(3.7) χG(E) =
|I|
|G|

IndGI χI(E) +
∑
P∈C

ΓG(E)P .

By [Ser77, page 149, Corollary 1] or the results recalled in Section 2.1.2, it suffices
to show that the Brauer trace of any g ∈ Greg on both sides of (3.7) are equal (see
(2.2) for the definition of the Brauer trace).

By the Lefschetz fixed point theorem ([AS68, (4.6)] for k = C and [Don69,
Corollary 5.5] for any algebraically closed field k), we have

trB(g;χG(E)) =
∑

P∈Z0(Cg)

trB(g; [E|P ])
1− trB(g; θP )

+
∑

E∈Z1(Cg)

∑
λ∈⟨g⟩∗

trB(g;λ)

∫
E

ch(Eλ)td(E)

(3.8)

where the notation in the above formula is as follows:

• Z0(C
g) is the set of isolated points of the fixed locus Cg of g;

• Z1(C
g) is the set of the 1-dimensional components of Cg;

• For each character λ ∈ ⟨g⟩∗, Eλ is the vector sub-bundle of E on which g
acts via the multiplication by λ(g) ∈ k∗;

• td(E) ∈ CH∗(E) denotes the Todd class of the curve E.

As C is irreducible, Equality (3.8) becomes

(3.9) trB(g;χG(E)) =

{∑
P∈Cg

trB(g;[E|P ])
1−trB(g;θP ) if g /∈ I∑

λ∈⟨g⟩∗ trB(g;λ)
∫
C
ch(Eλ)td(C) if g ∈ I.

If g /∈ I, the desired equality on trB(g;−) follows from Equality (3.9) above
Lemma 3.3(2).

Finally consider the case g ∈ I\{1}. For all λ ∈ ⟨g⟩∗, Hirzebruch–Riemann–Roch
theorem says that

trB
(
g;χI(Eλ)

)
= trB(g;λ)

∫
C

ch(Eλ)td(C).

As E = ⊕λEλ, we have

trB (g;χI(E)) =
∑

λ∈⟨g⟩∗
trB(g;λ)

∫
C

ch(Eλ)td(C).

Then the desired equality on trB(g;−) follows from Lemma 3.3(1). □

Remark 3.5. For comparison, we show how, if C is connected and the action of
G on C is faithful and tame, Theorem 3.4 recovers [Koc05, Theorem 1]. In this
case, I = {0} and χI(E) = χ(E)[k[G]]. By Riemann–Hurwitz’s theorem we have
|G|χ(OD) = χ(OC) +

1
2 degR, where R =

∑
P∈C(|GP | − 1)[P ] is the ramification

divisor of the quotient map π : C → D. As χ(E) = rχ(OC)+deg E , where r = rk E ,



14 QING LIU AND WENFEI LIU

by Theorem 3.4, χG(E) is equal to

1

|G|
χ(E)[k[G]] +

∑
P∈C

1

|G|
IndGGP

r |GP | − 1

2
[k[GP ]]−

|GP |−1∑
d=0

dθdP ⊗ [E|P ]


=

(
rχ(OD) +

1

|G|
deg E

)
[k[G]]− 1

|G|
∑
P∈C

IndGGP

|GP |−1∑
d=0

dθdP ⊗ [E|P ]

 .

which is [Koc05, Theorem 1].

The next corollary is a generalization of the equality (3.3).

Corollary 3.6. Keep the hypothesis of Theorem 3.4. Suppose further that G acts
freely on an open dense subset of C. Then

χG(E) =
1

|G|
χ(E)[k[G]] +

∑
P∈C

ΓG(E)P .

Proof. We have Ii = {1}, χIi(E|Ci) = χ(E|Ci)[1k] and
∑

i χ(E|Ci) = χ(E). □

Example 3.7. Let G be a finite group acting faithfully on a quasi-projective variety
X over k. When X is connected, the quotient morphism X → X/G is étale if and
only ifG acts freely onX. But this is no longer true whenX is not connected. Below
we construct an example with X → X/G étale, X/G smooth and connected, but all
points of X have nontrivial stabilizer. Let G be a finite group having a nontrivial
subgroup I such that ∩g∈GgIg

−1 = {1} (e.g. G = S3 and I any subgroup of order
2). Let Y0 = Spec(k) = {y0} and let

X = IndGI Y0 := {(y0, a) ∈ Y0 × (G/I)}

endowed with the action of G defined by g ∗ (y0, a) = (y0, g ∗ a), where g ∗ a is
the natural action (on the left) of G on the left cosets G/I. This action is faithful
by the hypothesis on I. The quotient morphism is X → Y0 is étale because it
is an isomorphism when restricted to any connected component Xa := Y0 × {a}
of X. Finally if a = gI, then the inertia and decomposition groups of Xa are
Ia := gIg−1 ̸= {1}. Note that for any algebraic variety Y , taking Y × X with
trivial action of G on Y gives similar examples in higher dimension.

For any G-equivariant coherent sheaf E on X such that Ia acts trivially on E|Xa

for a ∈ G/I, we have

χG(E) =
1

|G|
∑

a∈G/H

χ(E|Xa
)|Ia|IndGIa1Ia =

1

|G|
χ(E)(|I|IndGI [1I ]).

But |I|IndGH1I ̸= [k[G]] because their characters are different. Therefore, the iso-
morphism (3.3) is false as soon as χ(E) ̸= 0. In particular, [EL80, Theoreom 2.4]
as stated is incorrect; it requires the freeness of the G-action, in order to be valid.

We compute the virtual multiplicity of [1G] in the G-equivariant Euler charac-
teristic of a pluri-log-canonical sheaf on a log smooth G-curve. In Theorem 4.13,
we will use the following proposition.
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Proposition 3.8. Let C and G be as in Theorem 3.4. Let T be a G-invariant
finite subset of C, also viewed as a reduced divisor on C. Let T = π(T ), where
π : C → D = C/G is the quotient map. Then, for any integer m, we have

(3.10) ⟨[1G], χG(ωC(T )
⊗m)⟩ = χ(ωD(T )⊗m) +

∑
Q∈D\T

⌊
m

(
1− 1

eQ

)⌋
where for Q ∈ D \ T , eQ := eP = |GP | is the ramification index of C → D at any
P ∈ π−1(Q).

Proof. Keep the notation of Set-up 3.1. Denote E = (ωC(T ))
⊗m. Since Ii acts

trivially on E|Ci
, we have χIi(E|Ci

) = χ(E|Ci
)[1Ii ]. By Theorem 3.4, we have

χG(E) =
∑

1≤i≤n

|Ii|
|G|

IndGIiχ(E|Ci
)[1Ii ] +

∑
P∈C

ΓG(E)P

Let Ti = T ∩ Ci. Then for P ∈ Ci \ Ti, we have

[E|P ] =
[
ω⊗m
C |P

]
= θmP

P

where 1 ≤ mP ≤ eP satisfies mP ≡ m mod eP , and hence

ΓG(E)P = ΓG(ω
⊗m
C )P =

|Ii|
|G|

IndGGP

(
eP − 1

2
[k[GP ]]−

eP−1∑
d=0

dθd+mP

P

)
.

For any P ∈ Ti, we have (see (3.4))

[E|P ] =
[
ωC(T )

⊗m|P
]
= [1GP

]

and hence

ΓG(E)P =
|Ii|
|G|

IndGGP

(
eP − 1

2
[k[GP ]]−

eP−1∑
d=0

dθdP

)
.

Thus, using the Frobenius reciprocity (2.6), the virtual multiplicity of [1G] in χG(E)
is

(3.11) ⟨[1G], χG(E)⟩ =
∑

1≤i≤n

|Ii|
|G|

χ(E|Ci)⟨[1Ii ], [1Ii ]⟩+
∑
P∈C

⟨[1G],ΓG(E)P ⟩

=
∑

1≤i≤n

|Ii|
|G|

χ(E|Ci
) +

∑
P∈Ci

eP − 1

2
−

∑
P∈Ci\Ti

(eP −mP )

 .

By the Riemann–Roch theorem, we have

(3.12) χ(E|Ci
) = χ(OCi

) + deg E|Ci

By the Riemann–Hurwitz formula, we have

(3.13) χ(OCi
) =

|Gi|
|Ii|

χ(Oπ(Ci))−
1

2

∑
P∈Ci

(eP − 1).

Note that E|Ci = π∗(ωπ(Ci)(T i)
⊗m)⊗OCi(

∑
P∈Ci\Ti

(eP −1)P ), where T i = π(Ti),
so

(3.14) deg E|Ci
=

|Gi|
|Ii|

degωπ(Ci)(T i)
⊗m +

∑
P∈Ci\Ti

(eP − 1).
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By construction eP | m−mP . It is then easy to see that

(3.15) m(eP − 1)− (eP −mP ) = eP ⌊m(1− 1/eP )⌋.

Assembling (3.12)–(3.15), we get

χ(E|Ci) +
∑
P∈Ci

eP − 1

2
−

∑
P∈Ci\Ti

(eP −mP ) =

|Gi|
|Ii|

χ(ωπ(Ci)(T i)
⊗m) +

∑
P∈Ci\Ti

eP ⌊m(1− 1/eP )⌋.

Now notice that there are |G|/|Gi| components of C lying over π(Ci), and |Gi/Ii|/eP
points of Ci lying over π(P ). We then get the desired equality by using (3.11). □

3.2. The Chevalley–Weil formula for singular curves. Let the notation be
as in Set-up 3.1. Let S be the sheaf on C given by the exact sequence (2.9) with
X = C.

Definition 3.9 (Ramification modules on a singular G-curve). For each P ∈ C,
define

(3.16) ΓG(E)P =
∑

P̃∈ν−1(P )

ΓG(ν
∗E)P̃+

1

|G|
IndGGP

((dimk SP )[k[GP ]]− |GP |[SP ])⊗ [E|P ]) .

We note that ΓG(E)P ̸= 0 for only finitely many points P ∈ C.

Theorem 3.10. The following equality holds in Rk(G)Q

(3.17) χG(E) =
∑

1≤i≤n

|Ii|
|G|

IndGIiχIi(E|Ci) +
∑
P∈C

ΓG(E)P .

Proof. By (2.11), we have

(3.18) χG(E) = χG(ν∗ν
∗E)− [E ⊗ S] = χG(ν

∗E)− [E ⊗ S].

By Theorem 3.4, we have

(3.19) χG(ν
∗E) =

∑
1≤i≤n

|Ii|
|G|

IndGIiχIi((ν
∗E)|C̃i

) +
∑
Q∈C̃

ΓG(ν
∗E)Q.

For each i ≤ n, we have (ν∗E)|C̃i
= ν∗i (E|Ci) where νi : C̃i → Ci is the normalization

of Ci, hence as k[Ii]-modules,

(3.20) χIi((ν
∗E)|C̃i

) = χIi(E|Ci
)−
∑
P∈C

[E⊗S|P ] = χIi(E|Ci
)−
∑
P∈C

(dimk S|P )[E|P ].

Applying Proposition 2.6 to E ⊗ S over SuppS, we have

(3.21) [E ⊗ S] =
∑
P∈S

|GP |
|G|

IndGGP
[(E ⊗ S)P ]

Plugging (3.19)–(3.21) into (3.18), we obtain the desired expression (3.17). □
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Remark 3.11. For an irreducible component Ci of C, we may define:

ΓIi(E|Ci
) := χIi(E|Ci

)− χ(E|Ci
)

|Ii|
[k[Ii]] ∈ Rk(Ii)Q

and then the virtual ramification module at Ci as follows:

Γ(E)Ci :=
|GCi |
|G|

IndGIiΓIi(E|Ci) ∈ Rk(G)Q.

Then Theorem 3.10 can be reformulated as:

(3.22) χG(E) =
1

|G|
χ(E)[k[G]] +

∑
Z⊂C

ΓG(E)Z

where Z runs through the irreducible closed subvarieties of C. The formula (3.22)
better highlights how χG(E) deviates from formula (3.3) in the case of free action.

We may use (3.22) to compute the virtual multiplicity of an irreducible G-module
V in χG(E) as follows:

⟨[V ], χG(E)⟩ =
χ(E)
|G|

dimk V +

n∑
i=1

|Ii|
|G|

⟨ResGIi [V ],ΓIi(E|Ci)⟩

+
∑
P∈C

|GP |
|G|

⟨ResGGP
[V ],ΓGP

(E|P )⟩
(3.23)

where ΓGP
(E|P ) ∈ Rk(GP )Q is such that ΓG(E)P = |GP |

|G| Ind
G
GP

ΓGP
(E|P ). For

example, if C is smooth, then ΓGP
(E|P ) = |Ii|

|GP | (ΨP ⊗ [E|P ]), where ΨP is as in

Definition 3.2. Note that the terms in the summations of (3.23) are computed
”locally”, that is, they depend only on the behavior of E at the fixed loci, and the
restriction of V to the stabilizers of the fixed loci.

As a consequence of Theorem 3.10, we show in the next corollary that χG(E) for
a vector bundle E on C depends only on its local ramification data and its degree.

Corollary 3.12. Let C be a (possibly disconnected) proper reduced curve over k,
and G be finite group acting tamely on C and freely on a dense open subset of C.
Let E and F be two locally free G-sheaves of rank r such that [E ⊗SP ] = [F ⊗SP ] ∈
Rk(GP ) for all points P ∈ C. Then

χG(E)− χG(F) =
1

|G|
(deg E − degF)[k[G]].

Proof. Under the assumptions of the corollary, we have ΓG(E)P = ΓG(F)P for all
P ∈ C. Using Equality (3.18) and Corollary 3.6, we have

χG(E)− χG(F) =
1

|G|
(χ(ν∗E)− χ(ν∗F))[k[G]].

Equality (3.18) with G = {1} shows that χ(ν∗E)− χ(ν∗F) = χ(E)− χ(F). Recall
that deg E is the degree of det E viewed as a Cartier divisor on C ([Liu06], Defi-
nition 7.3.1). The Riemann-Roch formula χ(E) = deg E + rχ(OC) (see the proof
of [BHPV04, II, Theorem (3.1)] which works for any reduced projective curve over
any field) implies the desired equality. □

The following corollaries generalize [EL80, Proposition 4.2, Corollary 4.3].
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Corollary 3.13. Let the assumptions be as in Corollary 3.12. Let M be a locally
free sheaf of rank s on D. Then

χG(F ⊗ π∗M)− sχG(F) =
r degM

|G|
[k[G]].

In particular, χG(π
∗M)− sχG(OC) =

degM
|G| [k[G]].

Proof. Note that [(F⊗π∗M)⊗SP ] = [(F⊗O⊕s
C,P )⊗SP ] = [F⊕s⊗SP ] ∈ Rk(GP ) for

any P ∈ C, and deg(F ⊗ π∗M)− deg(F⊕s) = r degM. Now apply Corollary 3.12.
□

3.3. Equivariant degree of a G-equivariant line bundle. Let C be smooth
and connected. Let G be a finite tame subgroup of Aut(C). For G-equivariant
line bundles L on C, Bornes [Bor03, Théorème 4.10] established an equivariant
Riemann-Roch formula

χG(L) = degG L+ χG(OC)

for some degG L ∈ Rk(G)Q. Comparing with Theorem 3.4, we get

(3.24) degG L :=
1

|G|
(degL)[k[G]] +

∑
P∈C

(ΓG(L)P − ΓG(OC)P ).

In particular, when the G-action on C is free, then degG L = 1
|G| (degL)[k[G]] and

it is additive in L. However, we compute degG L in two examples below and we
will see that degG is not additive in general.

Example 3.14. Let C be a connected smooth projective curve and G ⊆ Aut(C) a
finite tame subgroup with nontrivial GP for some P ∈ C. For any m ∈ Z, consider
Lm := OC(m

∑
g∈G g(P )). Then we have [OC(mP )|P ] = θ−m

P (see (3.4)). Denote

by eP = |GP |, and let 1 ≤ mP ≤ eP be such that mP ≡ m mod eP . Then (using
Definition 3.2 and Lemma 2.3)

ΓG(Lm)P − ΓG(OC)P =
1

|G|
IndGGP

(ΨP ⊗ ([OC(mP )|P ]− [1GP
]))

=
1

|G|
IndGGP

(
eP−1∑
d=0

dθdP − dθd−mP

P

)

=
1

|G|
IndGGP

(
eP

eP−1∑
d=eP−mP

θdP −mP

eP−1∑
d=0

θdP

)

= −mP

|G|
[k[G]] +

eP
|G|

IndGGP

(
eP−1∑

d=eP−mP

θdP

)
because

∑eP−1
d=0 θdP = k[GP ]. Therefore

degG(Lm) =
m

eP
[k[G]] +

∑
P ′∈G·P

ΓG(Lm)P ′ − ΓG(OC)P ′

=
m−mP

eP
[k[G]] + IndGGP

(
eP−1∑

d=eP−mP

θdP

)
.

By looking at the multiplicities of [1G] and [θP ] on both sides, it is evident that
degG(Lm) ̸= m degG(L1) for m > 1.
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Example 3.15. Let C be smooth and connected. Let T ⊂ C be a finite G-subset.
For any P ∈ C, denote eP = |GP |. For any m ∈ Z, write m = reP +mP with r ∈ Z
and 1 ≤ mP ≤ eP . Then we have

degG ωC(T )
⊗m =

m degωC(T )

|G|
[k[G]]

+
1

|G|
∑

P∈C\T

IndGGP

(
mP [k[GP ]]− eP

mP−1∑
d=0

θdP

)
.

In particular, if m is divisible by |G|, then degG ωC(T )
⊗m = m

|G| (degωC(T ))[k[G]];

this is also a consequence of Corollary 3.12, as the action of GP is then trivial on
ωC(T )

⊗m|P for any P ∈ C.

Proof. For P ∈ T , we have [ωC(T )
⊗m|P ] = [1GP

], so

ΓG(ωC(T )
⊗m)P − ΓG(OC)P = 0.

For P ∈ C \ T , we have [ωC(T )
⊗m|P ] = θmP . Similar computations as in Exam-

ple 3.14 give

Γ(ωC(T )
⊗m)P − Γ(OC)P =

1

|G|
IndGGP

(
eP−1∑
d=0

−dθd+mP

P + dθdP

)

=
1

|G|
IndGGP

(
mP [k[GP ]]− eP

mP−1∑
d=0

θdP

)
.

Summing up, we obtain the desired formula for degG(ωC(T )
⊗m) by (3.24). □

4. The case of nodal curves

In this section, we keep the notation of Set-ups 3.1. Additionally, we assume
that C has at worst nodes as singularities. This means ([Liu06, Proposition 10.3.7])

that for all singular points P of C, ν−1(P ) consists in two points P̃1, P̃2 and that
dimk(P )(ν∗OC̃/OC)P = 1. Equivalently, there exists an isomorphism of k-algebras

ÔC,P ≃ k[[x, y]]/(xy).

Set-up 4.1. Let S be the singular locus of C. The group G acts on C̃. Because
of the tameness of the G-action, |GP | is invertible in k for all P ∈ S. For P ∈ S,
denote GP̃ ⊆ GP the subgroup of the elements acting trivially on ν−1(P ). It is

equal to the stabilizer GP̃1
= GP̃2

of G at P̃i ∈ C̃ and it has index at most 2 in GP .
We define two subsets of S:

(4.1) S1 = {P ∈ S | GP = GP̃ }, S2 = S \ S1.

Geometrically, P ∈ S1 means that GP does not swap the local branches of C at P .
Let π : C → D := C/G the quotient map. It is known that D is nodal and

that P ∈ S1 if and only if π(P ) is singular in D. See e.g., the proof of [Liu06]
Proposition 10.3.48(a)-(b); it is helpful to look at the commutative diagram (3.1).

For P ∈ S2, GP̃ has index 2 in GP . The tameness of the G-action implies that
char(k) ̸= 2. We denote by

(4.2) χP = [k[GP /GP̃ ]]− [1GP
] ∈ Rk(GP ).
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This is the class of the GP -representation of degree 1 given by the character GP →
GP /GP̃ ≃ {±1} ↪→ k∗

Let KC = ν∗KC̃ be the sheaf of rational functions on C (([Liu06, Definition
7.1.13]). The dualizing (or canonical) sheaf ωC of C is then an invertible sub-OC-
sheaf of ΩC ⊗ KC = ν∗(ΩC̃ ⊗ KC̃) such that ωC |U = ΩC |U on the smooth locus

U := C \S (see [DM69, §1]). Let S̃ = ν−1S viewed as reduced divisors on C̃. Then
([Liu06], Lemma 10.2.12(b))

(4.3) ν∗ωC = ωC̃(S̃).

Lemma 4.2. Let C be a nodal curve over k. Let P ∈ S.

(1) In the exact sequence (2.9) with X = C

(4.4) 0 → OC → ν∗OC̃ → S → 0,

we have SP ≃ S|P ≃ k(P ) as OC,P -modules.

(2) The normalization map C̃ → C is unramified and we have a GP -equivariant
exact sequence of OC,P -modules

(4.5) 0 → k(P ) → k(P̃1)⊕ k(P̃2) → S|P → 0.

(3) We have a GP -equivariant exact sequence

0 → ωC,P |P → ωC̃(P̃1)|P̃1
⊕ ωC̃(P̃2)|P̃1

→ k(P ) → 0

Proof. (1) This follows from the definition of nodal points (see the beginning of §4).
(2) Tensoring (4.4) by k(P ) over OC,P , we get an exact sequence

k(P ) →
(
OC̃,P̃1

⊗OC,P
k(P )

)
⊕
(
OC̃,P̃1

⊗OC,P
k(P )

)
→ S|P → 0.

Considering the dimensions on k(P ) = k, we see that the above exact sequence is

equal to (4.5). In particular OC̃,P̃i
⊗OC,P

k(P ) = k(P̃i), which means that C̃ → C

is unramified at the P̃i’s.
(3) By [DM69, §1, (b)], we have an exact sequence

0 → ωC,P → ν∗(ωC̃(P̃1 + P̃2))P → k(P ) → 0

where the map at the right takes η ∈ ΩC̃ ⊗ KC̃ to the sum ResP̃1
(η) + ResP̃2

(η)

of its residues. Tensoring it by k(P ) over OC,P and using the fact that C̃ → C is
unramified, we get the exact sequence

ωC,P |P → ωC̃(P̃1)|P̃1
⊕ ωC̃(P̃1)|P̃2

→ k(P ) → 0.

Again, the exactness at the left comes from dimension counting. □

Corollary 4.3. We have in Rk(GP ):

[ωC |P ] = [S|P ] =

{
[1GP

] if P ∈ S1,

χP if P ∈ S2.

Proof. If P ∈ S1, then [k(P̃j)] = [k(P )] as k[GP ]-modules, thus [S|P ] = [k(P )] =

[1GP
] by Exact sequence (4.5). If P ∈ S2, then [k(P̃1)⊕ k(P̃2)] = k[GP /GP̃ ], thus

[S|P ] = k[GP /GP̃ ]− [1GP
].

Consider now [ωC |P ]. Let i = 1, 2, we have [ωC̃(P̃i)|P̃i
] = [k(P̃i)] as GP̃ -modules

(see Equality (3.4)). The desired equalities on [ωC |P ] is then proved similarly to
[S|P ] using the exact sequence of Lemma 4.2(3). □
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4.1. Computation of ΓG(E)P at nodes with balanced actions. Keep the no-
tation as in Set-ups 3.1 and 4.1. Recall that G acts tamely on C. We suppose
additionally in this subsection that G acts freely on an open dense subset of C.
This is equivalent to the inertia subgroups GCi

being trivial for all irreducible com-
ponents Ci of C, and to GP acting faithfully on OC,P for all P ∈ C. Then for any
singular point P of C, GP̃ = GP̃1

= GP̃2
is cyclic of order invertible in k, and the

action of GP̃i
on the cotangent space ωC̃ |P̃i

≃ k is given by a cyclotomic character

χi : GP̃i
→ k∗. We say that the action of GP̃ at P is balanced if χ1 = χ−1

2 . Under

this condition, we have a simpler expression for ΓG(E)P at singular points.

Proposition 4.4. Keep the above assumption and assume that the action of GP̃
at P is balanced for all P ∈ S. Then for all G-equivariant vector bundle E of rank
r on C we have

χG(E) =
1

|G|
χ(E)[k[G]] +

∑
P∈Csm

ΓG(E)P +
∑
P∈S2

|GP |
2|G|

IndGGP
(([1GP

]− χP )⊗ [E|P ]).

Proof. We first compute
∑

i=1,2 ΓG(ν
∗E)P̃i

for P ∈ S. Denote eP = |GP̃ |. The

balanced condition is θP̃1
= θ−1

P̃2
, so

∑
i=1,2

eP−1∑
d=0

dθd
P̃i

=

eP−1∑
d=0

(dθd
P̃
+ dθeP−d

P̃
) = eP

eP−1∑
d=1

θd
P̃
= eP ([k[GP̃ ]]− [1GP̃

]).

Note that [(ν∗E)|P̃i
] = ResGP

GP̃
[E|P ] =: MP ∈ Rk(GP̃ ), Therefore, by Definition 3.2

and Lemma 2.3,∑
i=1,2

ΓG(ν
∗E)P̃i

= − 1

|G|
∑
i=1,2

IndGGP̃

eP−1∑
d=0

dθd
P̃i

⊗MP ⊗
(
[1GP̃

]− 1

eP
[k[GP̃ ]]

)

=
1

|G|
IndGGP̃

eP ([1GP̃
]− [k[GP̃ ]])⊗MP ⊗

(
[1GP̃

]− 1

eP
[k[GP̃ ]]

)
=

1

|G|
IndGGP̃

(
eP [1GP̃

]− [k[GP̃ ]]
)
⊗MP

=
eP
|G|

IndGGP̃
MP − r

|G|
[k[G]]

because [k[GP̃ ]] ⊗MP = r[k[GP̃ ]] by Lemma 2.3, and IndGGP̃
[k[GP̃ ]] = [k[G]]. On

the other hands,

IndGP

GP̃
MP = [k[GP /GP̃ ]]⊗ [E|P ]

by Lemma 2.2(3). Therefore

(4.6)
∑
i=1,2

ΓG(ν
∗E)P̃i

=
eP
|G|

IndGGP

(
[k[GP /GP̃ ]]⊗ [E|P ]

)
− r

|G|
[k[G]]

Now we compute ΓG(E)P . By Definition 3.9 and Equality (4.6), we have

ΓG(E)P =
∑

P̃∈ν−1(P )

ΓG(ν
∗E)P̃ +

|GP |
|G|

IndGGP

(
r

|GP |
[k[GP ]]− [(E ⊗ S)|P ]

)

=
eP
|G|

IndGGP
([k[GP /GP̃ ]]⊗ [E|P ])−

|GP |
|G|

IndGGP
([(E ⊗ S)|P ]) .
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If P ∈ S1, then GP̃ = GP and [S|P ] = [1GP
] (Corollary 4.3). This implies that

ΓG(E)P = 0. Suppose now P ∈ S2. Then eP = |GP |/2, [k[GP /GP̃ ]] = χP + [1GP
]

by definition and [S|P ] = χP (Corollary 4.3). This implies

ΓG(E)P =
|GP |
2|G|

IndGGP
([E|P ]⊗ ([1GP

]− χP )).

The proposition then follows from Theorem 3.10. □

Remark 4.5. When S2 = ∅, the balanced condition on the action of G corresponds
to the fact that C → C/G is an admissible cover in the sense of Harris-Mumford
[HM82, §4] and balanced in the sense of [ACV03, §2.1.3].

More generally, when S2 may be non-empty, let us call the action of G smoothable
at P ∈ S if GP̃ is balanced at P and if moreover any element of GP \GP̃ acts on

the tangent space TC,P ≃ k2 as an involution of determinant −1. When k = C,
by [Liu12, Section 2.1], the G-curve C is smoothable at all P ∈ S if and only if
there exists a projective flat family C → ∆ over the unit open disc endowed with
an action of G (trivial on ∆) such that the following holds:

• the generic fiber of C → ∆ is smooth;
• there exist a G-equivariant isomorphism between the central fiber C0 and
C.

For general k, the same arguments show that the similar statement holds with ∆
replaced by Speck[[t]].

4.2. Lower bound on χG(ωC ⊗ A) for ample vector bundlesA. Keep the
notation in Set-ups 3.1 and 4.1. So C is a nodal curve with G acting tamely on
C. In this subsection, we write E = ωC ⊗ A and try to bound χG(E) from below
in terms of the quotient curve D and degA|Ci

for each component Ci. Under the
conditions that the inertia group Ii for of each irreducible component Ci is trivial,
and that A is sufficiently ample, one can find some positive rational number a such
that χG(E) ≥ a · [k[G]] in Rk(G)Q; see Corollary 4.12.

Let us first recall some basic facts on ample vector bundles that we will need in
this subsection. The main reference is [Har71].

Facts 4.6. Let X be a projective variety over k. Let A be a vector bundle of rank
r ≥ 1 on X. By definition ([Har71, §2]), A is ample if for any coherent sheaf F on
X, F ⊗Symn(A) is generated by its global sections for all n big enough (depending
on F). Suppose A is ample.

(1) The restriction ofA to any closed subvariety ofX is ample ([Har71, Proposi-
tion 4.1]). More generally for any finite morphism f : Y → X, f∗A is ample
on Y (apply [Har71, Proposition 4.3] to Y → f(Y ) the scheme-theoretical
image of f).

(2) The line bundle detA on X is ample ([Har71, Corollary 2.6]). In particular
if X is an irreducible curve, then degA > 0 ([Liu06, Proposition 7.5.5]).

(3) If X = C is a reduced curve, then H0(C,A∨) = 0.

Let us give a proof for the assertion (3). Applying the exact sequence (2.10) to

A, we see that it is enough to show H0(C̃, (ν∗A)∨) = 0. As ν∗A is ample by (1), we
are reduced to the case where C is a connected smooth curve. If H0(C,A∨) ̸= 0,
there exists a non-constant homomorphism A → OC whose image L is then a line
bundle. By [Har71, Proposition 2.2], L is ample, hence degL > 0. But L is a sheaf
of ideals, contradiction.
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Lemma 4.7. Let E be a locally free G-sheaf on C and set A = E ⊗ ω−1
C . Then we

have

χG(E) = χG(ωC̃ ⊗ ν∗A) + [H0(S, E|S)].

If A is ample, then

χG(E) = [H0(C, E)], χG(ωC̃ ⊗ ν∗A) = [H0(C̃, ωC̃ ⊗ ν∗A)]

and χG(ν
∗E) = [H0(C̃, ν∗E)].

Proof. Consider the exact sequence ([Liu06, Lemma 10.3.12])

(4.7) 0 → ν∗ωC̃ → ωC → ωC |S → 0.

Tensoring (4.7) with A, we obtain the G-equivariant exact sequence

(4.8) 0 → (ν∗ωC̃)⊗A → E → E|S → 0.

Note that χG((ν∗ωC̃) ⊗ A) = χG(ωC̃ ⊗ ν∗A). (4.8) implies that the first desired
equality in Rk(G) by taking the long cohomology sequence of (4.8).

Suppose thatA is ample. By Serre’s duality and Facts 4.6(3), we haveH1(C, E) ≃
H0(C,A∨) = 0, and H1(C, (ν∗ωC̃) ⊗ A) ≃ H1(C̃, ωC̃ ⊗ ν∗A) ≃ H0(C̃, (ν∗A)∨) =
0. □

Lemma 4.8. Suppose that C is smooth, connected and that G ⊆ Aut(C) is a tame
finite subgroup. Let E be a locally free G-sheaf of rank r on C, and A := ω−1

C ⊗ E.
Then

χG(E) ≥
(
rχ(ωD) +

1

|G|
degA

)
[k[G]].

Proof. Let R be the ramification divisor of the quotient map π : C → D. By the
Riemann–Hurwitz formula and the tameness hypothesis on the G-action on C, we
have

χ(ωC) = |G|χ(ωD) +
1

2
degR.

By the Riemann–Roch theorem, we have

χ(E) = rχ(OC) + deg E = rχ(OC) + r degωC + degA = rχ(ωC) + degA

By Theorem 3.4,

χG(E) =
1

|G|
χ(E)[k[G]] +

∑
P∈C

Γ(E)P

=

(
rχ(ωD) +

1

|G|
degA

)
[k[G]] +

r

2|G|
(degR)[k[G]] +

∑
P∈C

Γ(E)P .
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As degR =
∑

P∈C(|GP | − 1), and r[k[GP ]] = [k[GP ]] ⊗ [E|P ] =
|GP |−1∑
d=0

θdP ⊗ [E|P ],

we have by Definition 3.2

r

2|G|
(degR)[k[G]] +

∑
P∈C

Γ(E)P

=
1

|G|
∑
P∈C

IndGGP

r(|GP | − 1)[GP ]]−

|GP |−1∑
d=0

dθdP ⊗ [E|P ]


=

1

|G|

|GP |−1∑
d=0

(|GP | − 1− d)θdP ⊗ [E|P ]

≥ 0

Thus χG(E) ≥
(
rχ(ωD) + 1

|G| degA
)
[k[G]], as desired. □

As pointed out by the referee, the following corollary is contained in [Kan86,
Corollary of Theorem 2].

Corollary 4.9. Let C be a smooth connected projective curve over k, and G ⊆
Aut(C) a finite tame subgroup. If g(C/G) ≥ 2, then

[H0(C,ωC)] ≥ [k[G]].

In particular, if |G| is not divisible by the characteristic of k, then each V ∈ Irrk(G)
has positive multiplicity in the G-module H0(C,ωC).

Proof. Take E = ωC in Lemma 4.8, and note that

[H0(C,ωC)] = χG(ωC) + [1G] ≥ (g(C/G)− 1)[k[G]] + [1G].

□

The conclusion of Corollary 4.9 does not hold any more in the singular case. We
provide in the following two examples for this phenomenon.

Example 4.10. Let C = C1 ∪ C2 be a stable curve consisting of two smooth
components such that C1∩C2 = {P}, and that Aut(C2) contains a cyclic subgroup
G of order n > g(C2) + 1. Let G act on C as follows:

(1) G preserves the components C1 and C2;
(2) G acts trivially on C1 and as subgroup of Aut(C2) on C2.

Then H0(C,ωC) = H0 (C1, ωC1
) ⊕ H0 (C2, ωC2

) and G acts trivially on the first
summand H0 (C1, ωC1). Now there are n − 1 nontrivial irreducible characters of
G, while dimH0 (C2, ωC2) = g(C2) < n − 1 by assumption, there must be some
nontrivial irreducible character of G not present in H0 (C2, ωC2

) and hence not in
H0(C,ωC) either. On the other hand, the arithmetic genus of the quotient curve is

pa(C/G) = g(C1/G) + g(C2/G) ≥ g(C1/G) = g(C1)

which can be chosen arbitrarily large.

In the following example the curve C is even irreducible.
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Example 4.11. Let p ≥ 5 be a prime number different from char(k), and G =
⟨σ⟩ ≃ Z/pZ. By the Riemann existence theorem, we may construct a G-cover

π̃ : C̃ → P1 with 4 branch points Qj , 1 ≤ j ≤ 4, over which the monodromies are
given by the sequence (

σ, σ, σ, σ−3
)
.

Let P̃j be the inverse image of Qj for 1 ≤ j ≤ 4, which are fixed by G. Recall that

θP̃j
=
[
ωC̃ |P̃j

]
∈ Rk(G), 1 ≤ j ≤ 4.

For r ∈ Z, define χr := θr
P̃1
. Then the {χr}1≤r≤p are exactly the classes of the

irreducible G-modules, with χp = [1G]. We have

θP̃1
= θP̃2

= θP̃3
= θ−3

P̃4
= χ1

One computes easily by the Riemann–Hurwitz formula that g(C̃) = p − 1. By
Theorem 3.4, we have

[H0(C̃, ωC̃)] = χG(ωC̃)+[1G] = [1G]+
p− 2

p
[k[G]]+

1

p

4∑
j=1

(
p− 1

2
[k[G]]−

p−1∑
d=0

dθd+1

P̃j

)
We have ⟨χr, θ

d+1

P̃4
⟩ = 1 if d+1 ≡ −3r mod p and is zero otherwise. It follows that

(4.9) µχrH
0(C̃, ωC̃) = ⟨χr, [H

0(C̃, ωC̃)]⟩ =


2, if 1 ≤ r ≤ ⌊p−1

3 ⌋,
1, if ⌈p

3⌉ ≤ r ≤ ⌊ 2p−1
3 ⌋,

0, if ⌈ 2p
3 ⌉ ≤ r ≤ p.

Let ν : C̃ → C be the gluing of the pairs of points {P̃1, P̃2} and {P̃3, P̃4}, so that C

is a stable curve with two nodes P1 = ν(P̃1) and P2 = ν(P̃3). Since the points P̃j

are fixed by the G, the action of G descends to C, preserving the local branches at
P1 and P2. By (4.7), we have

[H0(C,ωC)] =
[
H0(C̃, ωC̃)

]
+ [ωC |S ] =

[
H0(C̃, ωC̃)

]
+ 2[1G].

Thus for ⌈ 2p
3 ⌉ ≤ r ≤ p− 1, we have

µχr
H0(C,ωC) = µχr

H0(C̃, ωC̃) = 0.

On the other hand, the quotient curve D = C/G is a rational curve with two nodes,
and hence pa(D) = 2. However, H0(C,ωC) does not contain any copy of χr.

Corollary 4.12. Let C =
⋃

1≤i≤n Ci be a proper nodal curve over k, and G ⊆
Aut(C) a tame finite subgroup such that the inertia group Ii for each component Ci

is trivial. Let E be a locally free G-sheaf of rank r on C, and denote A = E ⊗ ω−1
C .

Suppose that A is ample. Then the following holds.

(1) For any P ∈ S, we have χG(E) ≥ IndGGP
[E|P ]. In particular if G acts freely

on the orbit of a singular point, then χG(E) ≥ r[k[G]].
(2) For all i ≤ n, we have

χG(E) ≥
(
rχ(ωD̃i

) +
1

|Gi|
deg(A|Ci)

)
[k[G]]

where Gi is the stabilizer of Ci (Set-ups 3.1), and D̃i = C̃i/Gi is the quo-
tient curve. In particular, if degA|Ci

> −r|Gi|χ(ωD̃i
) for all i (automatic
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if g(D̃i) > 0 as degA|Ci
> 0 by Facts 4.6(1)-(2)), then any irreducible

representation of G has positive virtual multiplicity in χG(E).
(3) If degA|Ci

≥ |Gi|(−rχ(ωD̃i
) + 1) (automatic if g(D̃i) ≥ 2) for some i ≤ n,

then χG(E) ≥ [k[G]].

Proof. (1) Let P ∈ S. Then
⊕

P ′∈G.P E|P ′ is a direct summand of E|S . By
Lemma 4.7,

χG(E) = [H0(C̃, ωC̃ ⊗ ν∗A)] + [E|S ] ≥ [E|S ] ≥
∑

P ′∈G.P

[E|P ′ ] = IndGGP
[E|P ].

If GP = {1}, then the right-hand side is equal to r[k[G]].
(2) First suppose C is smooth. Fix i ≤ n. Then

⊕
Cj⊆GCi

H0(Cj , E|Cj
) is a

direct summand of H0(C, E), hence

χG(E) = [H0(C, E)] ≥

 ⊕
Cj⊆GCi

H0(Cj , E|Cj )

 = IndGGi
[H0(Ci, E|Ci)].

It suffices to apply Lemma 4.8 to (Ci, E|Ci) with the tame subgroup Gi ⊆ Aut(Ci).

In the general case, ν∗A is ample on C̃ with deg ν∗A|C̃i
= degA|Ci

, C̃i is a

connected component of C̃. So by Lemma 4.7,

χG(E) ≥ χG(ωC̃ ⊗ ν∗A) ≥
(
rχ(ωD̃i

) +
1

|Gi|
deg(A|Ci

)

)
[k[G]].

(3) is an immediate consequence of (2). □

4.3. The G-invariant part of H0(C,ωC(T )
⊗m). Let the notation be as in Set-

ups 3.1 and 4.1.

Theorem 4.13. Assume that G acts faithfully on C. Let T be a finite G-set
contained in the smooth locus of C. Then for any integer m, we have

⟨[1G], χG(ωC(T )
⊗m)⟩ = χ(ωD(T )⊗m) + (m− ϵm)#S2 +

∑
Q∈D\(S∪T )

⌊
m

(
1− 1

eQ

)⌋
where S, S2, T ⊂ D are the images of S, S2 and T respectively, for Q ∈ D\(S∪T ),
eQ := |GP | for P ∈ π−1(Q), and

(4.10) ϵm =

{
1 if m is odd

0 if m is even

Proof. Tensoring the short exact sequence (4.4) with ωC(T )
⊗m, we obtain another

G-equivariant short exact sequence

0 → ωC(T )
⊗m → ν∗ν

∗ωC(T )
⊗m → S ⊗ ωC(T )

⊗m → 0

Set S̃ = ν−1S and T̃ = ν−1T , viewed also as reduced divisors on C̃. Recall that

ν∗ωC = ωC̃(S̃) (Isomorphism (4.3)), and we have

(4.11) χG(ωC(T )
⊗m) = χG(ν

∗ωC(T )
⊗m)− [S ⊗ ωC(T )

⊗m]

= χG(ωC̃(S̃ + T̃ )⊗m)− [S ⊗ ωC(T )
⊗m]



COHOMOLOGICAL REPRESENTATIONS OF FINITE AUTOMORPHISM GROUPS 27

Since S∩T = ∅, we have S⊗ωC(T ) = S⊗ωC . By Proposition 2.6 and Corollary 4.3,

[S ⊗ ωC(T )
⊗m] =

∑
P∈S

|GP |
|G|

IndGGP
[SP ]⊗ [ωC |P ]⊗m

=
∑
P∈S1

|GP |
|G|

IndGGP
[1GP

] +
∑
P∈S2

|GP |
|G|

IndGGP
χ⊗m+1
P .

By the Frobenius reciprocity (2.6),

(4.12) ⟨[1G], [S ⊗ ωC(T )
⊗m]⟩ = #S1 +#S2 · ϵm

where S1 = π(S1).

Let νD : D̃ → D be the normalization, and let π̃ : C̃ → D̃ = C̃/G be the quotient

map. Then D̃ \ π̃(S̃ ∪ T̃ ) = D \ (S ∪ T ). By Proposition 3.8, we have
(4.13)

⟨[1G], χG(ν
∗ωC(T )

⊗m)⟩ = χ(ωD̃(π̃∗(S̃ + T̃ ))⊗m) +
∑

Q∈D\(S∪T )

⌊
m

(
1− 1

eQ

)⌋
.

Note that, ωD̃(π̃∗(S̃ + T̃ ))⊗m = ν∗DωD(S2 + T )⊗m, hence there is a short exact
sequence

0 → ωD(S2 + T )⊗m → νD∗ωD̃(π̃∗(S̃ + T̃ ))⊗m → SD → 0

where SD = ⊕Q∈S1
kQ is the skyscraper sheaf supported on the singular locus S1

of D. It follows that

χ(ωD̃(π̃∗(S̃ + T̃ ))⊗m) = χ(ωD(S2 + T )⊗m) + #S1

= χ(ωD(T )⊗m) + #S1 +m#S2.
(4.14)

Combining the equalities (4.11), (4.12), (4.13), and (4.14), we have

⟨[1G], χG(ωC(T )
⊗m)⟩ = ⟨[1G], χG(ν

∗ωC(T )
⊗m)⟩ − ⟨[1G], [S ⊗ ωC(T )

⊗m]⟩

= χ(ωD(T )⊗m) + (m− ϵm)#S2 +
∑

Q∈D\(S∪T )

⌊
m

(
1− 1

eQ

)⌋
.

□

Corollary 4.14. Keep the hypothesis of Theorem 4.13. Suppose further that C is
stable and G ⊆ Aut(C) is a subgroup of order non divisible by the characteristic of
k. Then for any positive integer m such that m+ |T | ≥ 2, we have

(4.15) dimkH
0(C,ωC(T )

⊗m)G = χ(ωD(T )⊗m) + (m− ϵm)#S2

+
∑

Q∈D\(S∪T )

⌊
m

(
1− 1

eQ

)⌋
with ϵm = 1 if m is odd and 0 if m is even.

Proof. Since |G| ∈ k∗, the isomorphism classes of G-modules V are determined by
their classes [V ] in Rk(G). Also, we have #S2 = 0 if char k = 2. Since m + |T | ≥
2, we have either m ≥ 2 or |T | > 0. In both cases, we have by Serre duality

H1(C,ωC(T )
⊗m) = H0(C, (ω

⊗(m−1)
C (mT ))∨) = 0, where the second equality holds

when m ≥ 2 because C is stable and hence ωC is ample, and when m = 1 because
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C is connected. With this vanishing, the equality (4.15) follows from Theorem 4.13.
□

4.4. The equivariant deformation space of a stable G-curve. Let the nota-
tion be as in Set-ups 3.1 and 4.1. Suppose further that C is stable and |G| ∈ k∗.
If G acts freely on a dense open subset of C, then the equivariant deformation
of G-equivariant stable curves (C,G) is unobstructed, and the tangent space of
the G-equivariant deformation space Def(C,G) is Ext1(ΩC ,OC)

G, where ΩC de-
notes the sheaf of Kähler differentials on C ([Tuf93]). The more general case,
where the action is possibly not free on a dense open subset, has been studied in
[Mau06, Cat12, Li21]. See also [Kon07] for some information when |G| is divisible
by char(k).

Based on Theorem 4.13, the following theorem computes dimExt1(ΩC ,OC)
G.

Theorem 4.15. Let C be a stable curve endowed with the tame action of a finite
group G. Let S3 ⊆ S be the subset of singular points that are smoothable with
respect to the G-action, as in Remark 4.5. Let B ⊂ Dsm be the set of branch points
of Csm → π(Csm), Si ⊂ D be the image of Si for 1 ≤ i ≤ 3. Then

(4.16) dimExt1(ΩC ,OC)
G = 3(pa(D)− 1) + #B + 2#S2 −#S +#S3.

We first establish some preliminary results.

Lemma 4.16. Let C be a nodal curve over k as in Set-ups 3.1 and 4.1. Endow
S ⊂ C with the reduced structure.

(1) We have a canonical G-equivariant exact sequence

(4.17) 0 → ΩC,tor → ΩC
ϕ−→ ωC → ωC |S → 0,

where ΩC,tor is the sheaf of differential forms annihilated (locally) by regular
elements in OC , and we have ΩC,tor ≃ OS as OC-modules (not G-equivariant
in general).

(2) We have a G-equivariant k-linear isomorphism

ΩC,tor ≃ det(ΩC |S).

(3) Let P ∈ S. The action of GP on (ΩC,tor)P ⊗ ωC is trivial if and only if (C,G)
is smoothable at P .

Proof. (1)-(2) Let I ⊂ OC be the ideal defining S in C. Note that Iν∗OC̃ ⊆ OC

by Lemma 4.2(1). We have canonical maps

ϕ : ΩC → ν∗ΩC → ωC̃ = Iν∗(ωC) ≃ IωC

(see Isomorphism (4.3)). This gives (4.17) as a complex. To check its exactness, it
is enough to check the exactness at the P ∈ S. Let U → C be a morphism étale
at some point Q ∈ U lying over P (the pair (U,Q) is a pointed étale neighborhood

of (C,P )). Then Q is a node because ÔU,Q ≃ ÔC,P . As all the items in (4.17)
commute with étale base changes on C, the sequence is exact at P if and only if
the corresponding complex for U is étale at Q.

Let V = Spec(k[x, y]/(xy)) and R ∈ V the origin. As ÔC,P ≃ ÔV,R, there
exists a common pointed étale neighborhood (U,Q) → (C,P ) and (U,Q) → (V,R)
([Stk25, Tag 0CAV]). Therefore it is enough to check the exactness of (4.17) for V
at R. In this case IR = (x, y), ΩV,R = OV,Rdx + OV,Rdy and ωV,R = OV,Rdx/x
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with dx/x = −dy/y. Finally (ωV,tor)R = k.xdy = k.ydx. Then (1) follows from
straightforward computations.

(2) Let d : ΩC → ΩC ∧ΩC be the k-linear exterior derivation [Stk25, Tag 0FKL].
Consider the composition map

ψ : ΩC,tor → ΩC
d−→ ΩC ∧ ΩC → ΩC |S ∧ ΩC |S = det(ΩC |S).

(for all P ∈ S, dimk ΩC |P = dimk ΩV |R = 2 with the notation of (1).) It is
clearly G-equivariant, and as in (1), compatible with étale base changes. So it is
enough to show that it is an isomorphism for the pointed curve (V,R) as in (1). As
ΩV |R = kdx⊕ kdy and ψR(xdy) = dx ∧ dy, ψR is an isomorphism.

(3) Let P ∈ S. By (1), the canonical GP -equivariant k-linear map

(4.18) ΩC |P → (ν∗ωC̃)|P = ωC̃ |P̃1
⊕ ωC̃ |P̃2

is surjective, hence an isomorphism for dimension reasons. It follows that (C,G)
is smoothable at P if and only det[ΩC |P ] = [1GP

] if P ∈ S1 and det[ΩC |P ] = χP

(see Equality (4.2) for the notation) if P ∈ S2. The conclusion then follows from
Corollary 4.3. □

Lemma 4.17. Let C be a projective nodal curve over k.

(1) Let F be a coherent sheaf on C. Then we have a canonical isomorphism

Ext1(F ,OC) ≃ H0(C,F ⊗ ωC)
∨.

(2) Let G be a finite group of order |G| ∈ k∗ acting on C. Suppose that F is a
skyscraper G-sheaf. Then

dimExt1(F ,OC)
G =

∑
P∈C

|GP |
|G|

dim(FP ⊗ ωC)
GP .

(3) For any invertible sheaf L on C and any i > 1, we have Exti(F ,L) = 0.

Proof. (1) As ωC is invertible, we have Ext1(F ,OC) ≃ Ext1(F ⊗ ωC , ωC) ([Har71,
Prop. III.6.7]). Then apply Serre’s duality theorem ([Har71, Theorem III.7.6]).

(2) Apply (1) and Proposition 2.6.
(3) We have Exti(F ,L) ≃ Exti(F ⊗L∨ ⊗ ωC , ωC). So it is enough to show that

Exti(F , ωC) = 0 for all coherent sheaves F and for all i > 1.
For all q ≫ 0 (depending only on C) and all i > 0, we have

Exti(OC(−q), ωC) ≃ Exti(OC , ωC(q)) = Hi(C,ωC(q)) = 0.

Consider the contravariant δ-function (T i)i≥0 where T i = H1−i(C, .)∨ if i = 0, 1
and T i ≡ 0 if i ≥ 2. We can proceed exactly as for the proof of Serre’s duality
([Har71, Theorem III.7.6]) to show that the δ-functor (Exti(., ωC))i≥0 coincides

with (T i)i≥0. Therefore Exti(F , ωC) = 0 if i > 1. □

Proof of Theorem 4.15. We compute the dimension of Ext1(ΩC ,OC)
G by compar-

ing it with the dimension of Ext1(ωC ,OC)
G. Let I ⊂ OC be the ideal defining the

reduced subvariety S ⊂ C. By Lemma 4.16, we have an exact sequence.

0 → ΩC,tor → ΩC → IωC → 0.

By [DM69, Lemma 1.4], Ext0(ΩC ,OC) = 0. Moreover ΩC,tor has finite sup-

port, hence Ext0(ΩC,tor,OC) = 0. Thus, taking the Exti(·,OC)-groups we obtain
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Ext0(IωC ,OC) = 0 and the exact sequence

(4.19) 0 → Ext1(IωC ,OC) → Ext1(ΩC ,OC) → Ext1(ΩC,tor,OC) → 0.

Similarly, taking Exti(.,OC) in the exact sequence 0 → IωC → ωC → ωC |S → 0
we get the exact sequence

(4.20) 0 → Ext1(ωC |S ,OC) → Ext1(ωC ,OC) → Ext1(IωC ,OC) → 0.

Combining Exact sequences (4.19) and (4.20), and taking G-invariants (which is
exact as |G| ∈ k∗), we get the exact sequence

0 → Ext1(ωC |S ,OC)
G → Ext1(ωC ,OC)

G → Ext1(ΩC ,OC)
G →

→ Ext1(ΩC,tor,OC)
G → 0.

It follows that

(4.21) dimExt1(ΩC ,OC)
G = dimExt1(ωC ,OC)

G − dimExt1(ωC |S ,OC)
G

+ dimExt1(ΩC,tor,OC)
G.

By Lemma 4.17(1) and Theorem 4.13, we have

dimExt1(ωC ,OC)
G = dim

(
H0(C,ω⊗2

C )∨
)G

= 3(pa(D)− 1) + #B + 2#S2.

For each P ∈ S, by Lemma 4.17(2), we have

dimExt1(ωC |S ,OC)
G =

∑
P∈S

|GP |
|G|

dim(ω⊗2
C |P )GP = #S.

Similarly, the third term of (4.21) is

dimExt1(ΩC,tor,OC)
G =

∑
P∈S

|GP |
|G|

dim((ΩC,tor)P ⊗ ωC)
GP

is exactly the number #S3 of G-orbits G.P of smoothable nodal points P by
Lemma 4.16 (4) (Note that (ΩC,tor)P ⊗ ωC has dimension 1.)

Plugging these observations into (4.21), we obtain the desired formula (4.16) for
dimExt1(ΩC ,OC)

G. □

Remark 4.18. If S = S3, that is, if (C,G) is smoothable, then (4.16) becomes a
formula similar to the smooth case:

dimExt1(ΩC ,OC)
G = 3(pa(D)− 1) + #B + 2#S2.

4.5. Relations between H1(C,C) and H0(C,ωC). Let the notation be as in Set-
up 4.1. In this subsection, we assume that the base field k = C. If C is smooth,
then the Hodge decomposition gives the desired relation between H1(C,C) and
H0(C,ωC), as G-modules:

(4.22) H1(C,C) ≃ H0(C,ωC)⊕H1(C,OC) ≃ H0(C,ωC)⊕H0(C,ωC)
∨.

We explore relations between H1(C,C) and H0(C,ωC) when C has at most nodal
singularities. There are two G-equivariant short exact sequences of sheaves of C-
vector spaces:

(4.23) 0 → CC → ν∗CC̃ → ⊕P∈SSP → 0

and

(4.24) 0 → ν∗ωC̃ → ωC → ⊕P∈SωC |P → 0
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where S is the set of singular points of C.

Proposition 4.19. We have[
H1(C,C)

]
−
[
H0(C,ωC)

]
=
[
H1(C̃,C)

]
−
[
H0(C̃, ωC̃)

]
=
[
H1(C̃,OC̃)

]
Proof. By (4.23), we have

(4.25)
[
H0(C,C)

]
−
[
H1(C,C)

]
+
[
H2(C,C)

]
=
[
H0(C̃,C)

]
−
[
H1(C̃,C)

]
+
[
H2(C̃,C)

]
−

[⊕
P∈S

SP

]
By (4.24), we obtain

(4.26)
[
H0(C,ωC)

]
−
[
H1(C,ωC)

]
=
[
H0(C̃, ωC̃)

]
−
[
H1(C̃, ωC̃)

]
+

[⊕
P∈S

ωC |P

]
By Serre duality and Corollary 4.3,[

H2(C,C)
]
=
[
H2(C̃,C)

]
,
[
H0(C,C)

]
=
[
H1(C,ωC)

]
,[

H0(C̃,C)
]
=
[
H1(C̃, ωC̃)

]
,

[⊕
P∈S

SP

]
=

[⊕
P∈S

ωC |P

]
(4.27)

Combining (4.25), (4.26), and (4.27), we obtain the desired equalities[
H1(C,C)

]
−
[
H0(C,ωC)

]
=
[
H1(C̃,C)

]
−
[
H0(C̃, ωC̃)

]
=
[
H1(C̃,OC̃)

]
.

□

Corollary 4.20. If the components of C are all rational, then H1(C,C) = H0(C,ωC)
as G-modules.

Remark 4.21. For each i ≥ 0, we have Hi(C,C) ≃ Hi(C,C)∨ as G-modules, that
is, Hi(C,C) is a self-dual G-representation. This is due to the fact that G acts on
Hi(C,Z), and Hi(C,C) = Hi(C,Z)⊗Z C, and real G-representations are self-dual
([CR62, Theorem 31.21 and Definition 43.7] and [FH91, Section 3.5]).

4.6. The induced action on the dual graph of a nodal G-curve. Resume the
notation from Set-up 4.1. Let C be a connected nodal curve over k, andG ⊆ Aut(C)
a finite subgroup of automorphisms. One can define its dual graph Γ = (V,E):

(1) Each irreducible component Ci of C corresponds to a vertex, denoted by
⟨Ci⟩.

(2) Each node P of C corresponds to an open edge, denoted by ⟨P ⟩, connecting
the vertices Ci and Cj such that P ∈ Ci ∩ Cj .

We view Γ as a cell complex with the S as the set of the 0-cells, and {Ci | 1 ≤ i ≤ n}
as the set of 1-cells. The cellular chain complex of Γ reads

C•(Γ) : 0 → C1(Γ) → C0(Γ) → 0
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with C1(Γ) = ⊕PZ⟨P ⟩ and C0(Γ) = ⊕iZ⟨Ci⟩. Note that there is an induced action
of Aut(C) on Γ and C•(Γ). For a node P ∈ C, the stabilizer G⟨P ⟩ of the edge ⟨P ⟩
is the same as the stabilizer GP of the point P , and for g ∈ GP , we have

g(⟨P ⟩) =

{
⟨P ⟩, if GP preserves the local branches of C ∋ P

−⟨P ⟩, if GP interchanges the local branches of C ∋ P

Here, as usual in algebraic topology, −⟨P ⟩ can be understood as the path traversing
in the opposite direction of P . This action does not make Γ into a G-CW complex
in the strict sense, because the points of the edges (or 1-cell) can have different
stabilizers. Nevertheless, by the additivity of the Euler characteristic, we have an
equality in the Grothendieck group Rk(G):

(4.28) [C0(Γ)⊗Z k]− [C1(Γ)⊗Z k] = [H0(Γ, k)]− [H1(Γ, k)].

Lemma 4.22. Let ν : C̃ → C be the normalization. Then there are identifications
of G-representations:

(4.29) C0(Γ)⊗Z k ≃ H1(C̃, ωC̃), C1(Γ)⊗Z k ≃
⊕
P∈S

ωC |P

Proof. Let {[Cij ] | 1 ≤ j ≤ l} be a system of representatives of the G-orbits in
the set of components {[Ci] | 1 ≤ i ≤ n}. Then we have isomorphisms of G-
representations

H1(C̃, ωC̃) =
⊕
i

H1(C̃i, ωC̃i
) ≃

⊕
1≤j≤l

IndGG[Cij
]
1G[Cij

]
≃ C0(Γ)⊗Z k.

Let {Pj | 1 ≤ j ≤ s} be a system of representatives of the G-orbits in S. Then we
have isomorphisms of G-representations⊕

P∈S

ωC |P ≃
m⊕
j=1

IndGGPj
ωC |Pj

≃ C1(Γ)⊗Z k

□

We may interpret the difference between [H0(C,ωC)] and [H0(C̃, ωC̃)] using the
action of G on the dual graph Γ of C.

Corollary 4.23. Let C be a connected nodal curve and G ⊆ Aut(C) a finite sub-

group. Let ν : C̃ → C be the normalization. Then we have the following equality in
Rk(G):

[H0(C,ωC)] = [H0(C̃, ωC̃)] + [1G]− χG(Γ, k)

where χG(Γ, k) := [H0(Γ, k)]− [H1(Γ, k)] ∈ Rk(G).

Proof. Taking the long exact sequence of cohomology groups associated to the short
exact sequence (4.7) and noting that [H1(C,ωC)] = [1G], we get

[H0(C,ωC)] = [H0(C̃, ωC̃)] + [1G]− [H1(C̃, ωC̃)] + [ωC |S ].

By (4.28) and (4.29) we have [H1(C̃, ωC̃)] − [ωC |S ] = χG(Γ, k). This proves the
corollary. □
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5. G-module structure on the singular cohomology of G-CW
complexes

Theorem 5.1. Let X be an n-dimensional compact complex space, and G ⊆
Aut(X) a finite subgroup of automorphisms. Let Y = X/G be the quotient space
and π : X → Y the quotient map. For each subgroup H ⊆ G, denote

XH := {x ∈ X | Gx conjugate to H} and YH := π(XH).

Let H1, . . . ,Hs be a system of representatives of conjugacy classes of subgroups in
G. Then the following equality holds in RQ(G):

(5.1)
∑

0≤i≤2n

(−1)i[Hi(X,Q)] =
∑

1≤j≤s

χ(YHj
)IndGHj

[1Hj
].

where for a complex space Z, χ(Z) denotes its topological Euler characteristic; if
YHj

= ∅, we set χ(YHj
) = 0.

Proof. As in the proof of [CL18, Theorem 2.3], there is a finite G-equivariant tri-
angulation T of X. In particular, for each simplex ∆ ∈ T and for all x ∈ ∆0, we
have

Gx = G∆0 = G{∆},

where ∆0 denotes the relative interior of ∆. Then, XHj is a union of relatively
open simplices of the triangulation T for each 1 ≤ j ≤ s.

For each 0 ≤ i ≤ 2n, let Ti ⊆ T be the set of i-dimensional simplices, and

Ci(T ) =
⊕
∆∈Ti

Q[∆]

the i-th cellular chain group. Then, by the G-equivariance of T , there is an induced
action of G on Ci(T ) for each i, such that Ci(T ) → Ci−1(T ) is G-equivariant. It
follows that there is an equality in RQ(G):

(5.2)
∑

0≤i≤2n

(−1)i[Hi(X,Q)] =
∑

0≤i≤2n

(−1)i[Ci(T )].

For each orbit of a simplex ∆ ∈ T , we obtain on the right-hand side of (5.2) a

direct summand IndGHj
[1Hj ], where Hj ⊆ G is the subgroup conjugate to G{∆}.

Summing over all the orbits of G in T , we obtain the desired equality (5.1):∑
0≤i≤2n

(−1)i[Ci(T )] =
∑

1≤j≤s

χ(YHj )Ind
G
Hj

[1Hj ].

□

Corollary 5.2. Let C =
⋃

1≤i≤n Ci be a compact nodal curve over C, and G ⊆
Aut(C) a finite subgroup of automorphisms. Let π : C → D := C/G be the quotient
map. Let S be the singular locus of C. Set T := {P ∈ C \ S | GP ⊋ Ii for Ci ∋ P}
and A := S ∪ T . Write D =

⋃
1≤j≤mDj as the union of irreducible components.

Then we have

(5.3)

2∑
i=0

(−1)i[Hi(C,Q)] =

m∑
j=1

χ(Dj \ π(A))IndGIi [1Ii ] +
∑
P∈A′

IndGGP
[1GP

] ,

where A′ denotes a set of representatives of the G-orbits in A.
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The following corollary is a direct generalization of [Bro87, Proposition 2], which
deals with the case when C is a connected smooth curve.

Corollary 5.3. Let the notation be as in Corollary 5.2. Suppose that Ii is trivial
for each component Ci. Then

2∑
i=0

(−1)i[Hi(C,Q)] =

m∑
j=1

χ(Dj \ π(A)) [Q[G]] +
∑
P∈A′

IndGGP
[1GP

] .

In particular, if C is smooth and connected, then

[H1(X,Q)] = (2g(D)− 2 + #π(A))[Q[G]] +
∑
P∈A′

IndGGP
[1GP

]
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