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Abstract. The structure of component groups of Néron models has been investigated on
several occasions. Here we admit non-separably closed residue fields and are interested in
the subgroup of rational points or, in other terms, in the subgroup of geometrically con-
nected components of a Néron model. We consider Néron models of abelian varieties and
of algebraic tori and give detailed computations in the case of Jacobians of curves.

Introduction

LetAK be an abelian variety over a discrete valuation fieldK. LetA be the
Néron model ofAK over the ring of integersOK of K andAk its special
fibre over the residue fieldk of OK . Denote byA0 andA0

k the corresponding
identity components. Then we have an exact sequence

0 → A0
k → Ak → φA → 0,

whereφA is a finite étale group scheme overk. The latter is called thegroup
of components ofA. The group of rational pointsφA(k) counts the number
of connected components of the special fibreAk which are geometrically
connected. In this paper we are interested in “computing” this group and the
image ofAK(K) → φA(k). The starting point of this work is an e-mail of E.
Schaefer to the second author. He convinced us of the interest in computing
φA(k). Actually, the order of the groupφA(Fp) is involved in the conjecture
of Birch and Swinnerton-Dyer for abelian varieties overQ. While a lot is
known aboutφA(k) whenk is separably closed, it is hard to find literature
dealing with the general case.

This paper is organized as follows. Section 1 deals with the case where
AK is the Jacobian of a curveXK overK. LetX be a regular model ofXK
overOK . Then a modified intersection matrix gives an explicit subgroup of
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φA(k) and the quotient can be controlled by some cohomology groups. The
main result of this section is Theorem 1.17 which determinesφA(k) when
k is finite.

In Section 2, we put together some classical results and general remarks
about the canonical mapAK(K) → φA(k).

In Sections 3 and 4, we assume thatK is complete. First we consider
algebraic toriTK with multiplicative reduction (soTK is not an abelian
variety in this section). LetT be the Néron model ofTK . We show in 3.2
thatφT (k) coincides withφTG(k), whereTG,K is the biggest split subtorus of
TK , and thatT (OK)/T

0(OK) → φT (k) is an isomorphism. IfTK does not
admit multiplicative reduction, the same constructions lead to subgroups of
finite index; cf. 3.3. Finally, we add some results on abelian varietiesAK
with semi-stable reduction, which are more or less known. When the toric
part ofAk is split, thenφA is constant; cf. 4.3. In general, using data coming
from the rigid uniformization ofAK , we are able to interpret the image of
AK(K) → φA(k); see 4.4.

Throughout this paper, we fix a separable closureks of k, and we denote
byG the absolute Galois group Gal(ks/k) of k.

1. Component groups of Jacobians

In this section, we fix a proper flat and regular curveX over OK whose
generic fibre is geometrically irreducible. Let us start with some notations.
In this sectionAK will always denote the Jacobian ofXK . Let 0i , i ∈ I ,
be the irreducible components of the special fibreXk. Denote byZI the
freeZ-module generated by the0i ’s. It can be identified canonically with
the group of Weil divisors onX with support inXk. We denote bydi the
multiplicity of 0i in Xk, ei its geometric multiplicity (see [2], Def. 9.1.3),
and letri = [k(0i)∩ ks : k]. The integerri is also the number of irreducible
components of(0i)ks . For two divisorsV1, V2 onX, such that at least one
of them, sayV1, is vertical (i.e. contained inXk), we denote byV1 · V2 their
intersection numberdegk OX(V2)|V1. When it is necessary to refer to the
ground fieldk, we denote this number by〈V1, V2〉k.

Now let us define two homomorphisms ofZ-modules which are essential
for the computing ofφA(k). First,α : ZI → ZI is defined by

α(V ) =
∑
i

r−1
i e−1

i 〈V, 0i〉k0i

for anyV ∈ ZI (see Lemma 1.4 which shows thatα really takes values in
ZI ). Defineβ : ZI → Z by β(0i) = ridiei . Note thatα can be defined
more canonically as a mapZI → (ZI )′ using a suitable (not necessarily
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symmetric) bilinear form. But for our purpose, this does not seem to be
useful.

LetOsh
K denote a strict henselization ofOK . The residue field ofOsh

K isks .
The base changeX × SpecOsh

K → SpecOsh
K gives rise to a regular surface

with special fibreXks . Let I be a set indexing the irreducible components
of Xks . We can define similarlyα : ZI → ZI andβ : ZI → Z. The Galois
groupG acts onZI via its action onXks . Moreover, it is not hard to check
that the action ofG commutes withα andβ. Note that sinceφA is étale over
k, φA(ks) = φA(k

alg).

Theorem 1.1 (Raynaud).LetX be a proper flat and regular curve over
OK , with geometrically irreducible generic fibre. Assume further that either
k is perfect orX has an étale quasi-section. LetA be the Néron model of the
Jacobian ofXK . Then there exists a canonical exact sequence ofG-modules

0 → Im α → Kerβ → φA(k
s) → 0. (1)

Proof. The existence and exactness of the complex as abstract groups are
proved in [2], Theorem 9.6.1. Let us just explain quickly why the map
Kerβ → φA(k

s) commutes with the natural action ofG on both sides. To
do this, let us go back to the construction of the map Kerβ → φA(k

s) as
done in [2], Lemma 9.5.9.

Let P be the open subfunctor of PicX/OK
corresponding to line bundles

of total degree 0, then the Néron modelA is a quotient ofP ([2], Theorem
9.5.4). Since our assertion concerns only the special fibre and since the for-
mation of Néron models commutes with étale base change, we can replace
OK by a henselization and thus assume thatOK is henselian. ThenOsh

K is
Galois overOK with groupG. Let S = SpecOsh

K , Y = X × S, and let
ZI be identified withD, group of Weil divisors ofY with support inXks .
Denote by1j, j ∈ I the irreducible components ofXks . Consider the ho-
momorphismρ : Pic(Y ) → D defined byρ(L) = ∑

j e
−1
j (degks L|1j )1j .

Thenρ−1(Kerβ) = P(S), andρ is a homomorphism ofG-modules. Since
S is strictly henselian, it turns out thatρ|P(S) induces an isomorphism
P(S)/P 0(S) ' Kerβ/Im α, and the canonical map

P(S)/P 0(S) → A(S)/A0(S) = φA(k
s)

is also an isomorphism. The composition of these two isomorphisms gives
rise to the above exact sequence. Now it is clear that all the maps we con-
sidered are compatible with the natural actions ofG. ut
Corollary 1.2. If ri = 1 (i.e.0i is geometrically irreducible) for alli, then
φA is a constant algebraic group (or equivalently,φA(k) = φA(k

s)).

Proof. Actually, in this caseG acts trivially on Kerβ. ut



278 S. Bosch, Q. Liu

Example 1.3.It is known that for modular curvesX0(N) overQp, the multi-
plicitiesri are equal to 1 (at least whenN is square-free).Thus the component
group of the JacobianJ0(N) is constant.

Now we want to take the long exact sequence of Galois cohomology of
(1). For this purpose, we need some informations on the action ofG onZI .
Let us first state a technical lemma.

Lemma 1.4. Let Y be a proper regular scheme (of arbitrary dimension)
over a discrete valuation ringOK . LetOK ′ be a finite étale Galois extension
of OK , with residue fieldk′ at some maximal ideal ofOK ′ . Let 0 be an
irreducible component of the special fibreYk. Then for any irreducible com-
ponent0′ of0k′ , and for any curveC (i.e. closed subscheme of dimension 1)
contained inY , we have

〈0,C〉k = [k′ ∩ k(0) : k]〈0′, p∗C〉k′
wherep is the canonical projectionYOK′ → Y . Moreover, ifY has dimen-
sion2, then the geometric multiplicitye of 0 divides〈0′, p∗C〉k′ .
Proof. We considerYOK′ as a regular scheme overOK . Let r = [k′ ∩ k(0) :
k]. Thenp∗0 = 0k′ hasr irreducible components. SinceYOK′ → Y is
Galois, andp∗0 is invariant by Gal(K ′/K), for any irreducible compo-
nent0′′ of 0k′ we have〈0′, p∗C〉k′ = 〈0′′, p∗C〉k′ . Thusr〈0′, p∗C〉k′ =
〈p∗0, p∗C〉k′ = 〈0,C〉k. The last equality holds becauseOK ′ is étale over
OK . This proves the first part of the lemma. This part can also be proved
using the projection formula forp. For the second part, we notice that0′ has
the same geometric multiplicity as0 sincek′/k is separable. Thuse divides
〈0′, p∗C〉k′ = degk′ OYO

K′ (p
∗C)|0′ according to [2], Cor. 9.1.8.ut

Before going back to groups of components, let us derive the following
consequence.

Corollary 1.5. LetY be a regular, proper scheme over a discrete valuation
ring OK . Let0i , i ∈ I , be the irreducible components of the special fibreYk.
Denote bydi the multiplicity of0i in Yk and setri = [ks ∩ k(0i) : k]. Then
for any closed pointP of the generic fibreYK , the degree[K(P ) : K] is
divisible bygcd{ridi | i ∈ I }. Furthermore, ifdimY = 2, then[K(P ) : K]
is divisible bygcd{ridiei | i ∈ I }, whereei is the geometric multiplicity
of 0i .

Proof. LetC := {P } be the Zariski closure of{P } in Y . Then we know that

[K(P ) : K] = 〈Yk, C〉k =
∑
i∈I
di〈0i, C〉k (2)
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Let k′/k be a field extension that containsk(0i)∩ ks for all i ∈ I , and such
that there is an étale Galois extensionOK ′/OK whose localization at some
maximal ideal hask′ as residue field. According to Lemma 1.4, this implies
thatri divides〈0i, C〉k, and so doesriei if dim Y = 2. Thus the corollary is
proved. ut
Remark 1.6.This corollary confirms a prediction of Colliot-Thélène and
Saito ([6], Remarque 3.2 (a)). Actually, letI3 = gcd{ridi | i ∈ I }, and let
I2 be the g.c.d of[K(P ) : K], whereP varies over the closed points ofYK
(see [6], Théorème 3.1). Then Corollary 1.5 is just the divisibility relation
I3 | I2. We understood that in a forthcoming preprint, they will prove that
I1 = I2 = I3 for p-adic fields (whereI1 is some integer related to Brauer
groups, see [6] loc. cit.). We think that Corollary 1.5 should still hold if one
replacesri by [kalg ∩ k(0i) : k] = riei .

Corollary 1.7. LetX be a connected, proper, flat and regular curve over
OK . Letg be the genus of the generic fibreXK and letδ′ = gcd{ridiei | i ∈
I }. Thenδ′ | 2g − 2.

Proof. LetωX/OK
be the relative dualizing sheaf ofX. Then

2g − 2 = 〈Xk, ωX/OK
〉k =

∑
i

di〈0i, ωX/OK
〉k.

Using the bilinearity of the intersection forms and the same method as in
the proof of Corollary 1.5, we see thatriei divides〈0i, ωX/OK

〉k. Thusδ′
divides 2g − 2. ut
Remark 1.8.It is known thatd | g − 1 (apply the adjunction formula to
1
d
Xk). It should be noticed that, to the contrary,δ′ does not divideg − 1 in

general.

Now let us return to the Galois action. Consider the natural injective map
λ : ZI → ZI which sends0 to 0ks .

Proposition 1.9. LetX be a proper flat and regular curve overOK with
geometrically connected generic fibre. Then we have(ZI )G = ZI . Letd =
gcd{di | i ∈ I } andV0 := 1

d
Xk. Then we have the following commutative

diagram of complexes:

0 −−−→ V0Z −−−→ ZI
α−−−→ ZI

β−−−→ Z∥∥∥ λ

x λ

x ∥∥∥
0 −−−→ V0Z −−−→ ZI

α−−−→ ZI
β−−−→ Z
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Proof. The only non-trivial point is to check thatα ◦λ = λ ◦α. LetV ∈ ZI

be considered as a Weil divisor onX. Thenα(V ) = ∑
i r

−1
i e−1

i 〈V, 0i〉k0i .
Denote by0i,j the irreducible components ofXks lying over 0i . Then
λ(α(V )) = ∑

i,j r
−1
i e−1

i 〈V, 0i〉k0i,j . By Lemma 1.4,

λ(α(V )) =
∑
i,j

e−1
i 〈Vks , 0i,j 〉ks0i,j .

(As in the proof of Corollary 1.5, one can reduce to a finite Galois extension
before applying Lemma 1.4). Thusλ(α(V )) = α(Vks ). ut
Corollary 1.10. We have a canonical exact sequence of groups

0 → Im α → Kerβ → φA(k) → H 1(G, Im α) → H 1(G,Kerβ) (3)

Proof. It is clear that(Kerβ)G = Kerβ. Let us show that(Im α)G = Im α.
Consider the exact sequence

0 → V0Z → ZI → Im α → 0, (4)

and take the long exact sequence of cohomology. It is enough to see that
H 1(G, V0Z) = 0. This follows immediately from the facts thatG acts
trivially on V0Z, G is profinite and thatV0Z has no torsion. Now we get
the corollary just by taking Galois cohomology of the exact sequence (1) of
Theorem 1.1. ut

In next lemma we give some information on the last two terms of the
exact sequence (3).

Lemma 1.11. In the situation of 1.9, letd ′ = gcd{ridi | i ∈ I }, δ =
gcd{diei | i ∈ I } and letδ′ = gcd{ridiei | i ∈ I }. Then:

(i) There is an isomorphismH 1(G,Kerβ) ' δZ/δ′Z;
(ii) The groupH 1(G, Im α) is killed byd ′/d.

Proof. Let us first show thatH 1(G,ZI ) = 0. Let Ji denote the set of
irreducible components of(0i)ks . ThenZI = ⊕i∈IZJi asG-modules. Let
H ⊆ G be the stabilizer of some component0i,0 ofXks . Then[G : H ] = ri
andZJi = IndGH(0i,0Z). It follows from Shapiro’s lemma (see [5], III.6.2
and III.5.9) thatH 1(G,ZJi ) ' H 1(H, 0i,0Z) = 0.

(i) We have the exact sequence 0→ Kerβ → ZI → δZ → 0. Taking
Galois cohomology we get

0 → Imβ = δ′Z → δZ → H 1(G,Kerβ) → H 1(G,ZI ) = 0.



Rational points of the group of components of a Néron model 281

(ii) Using the exact sequence (4) we get an exact sequence

0 → H 1(G, Im α) → H 2(G, V0Z) → H 2(G,ZI ). (5)

Let a ∈ H 1(G, Im α). It is enough to show thatdiri/d kills a for all i ∈ I .
LetH ⊆ G be as above. ThenZJi = 0i,0Z ⊕ (⊕j 6=00i,jZ) asH -modules.
We have a commutative diagram

H2(G, V0Z) H2(G, V0Z)
ResGH−−−−→ H2(H, V0Z) H2(H, V0Z)y y y yq

H2(G,ZI )
p−−−−→ H2(G,ZJi )

ResGH−−−−→ H2(H,ZJi )
p−−−−→ H2(H, 0i,0Z)

where ResGH are restrictions, thep’s come from projections of Galois mod-
ules, and the vertical arrows are induced byV0Z → ZI → ZJi → 0i,0Z.The
cokernel of the injective homomorphismV0Z → 0i,0Z is dZ/diZ, thus one
sees easily that ker(q) is killed by di/d. In particular(di/d)ResGH(a) = 0.
Finally [G : H ] = ri implies thatri(di/d)a = 0. ut
Corollary 1.12. In the situation of 1.11, assume thatd ′ = d. Then

Kerβ/Im α → φA(k)

is an isomorphism. In particular, this isomorphism holds ifXK(K) is not
empty.

Proof. The first assertion follows from the exact sequence (3) and previous
lemma. Assume thatXK(K) 6= ∅. It is enough to show thatd = d ′ = 1.
LetP ∈ XK(K), and letC be its Zariski closure inX. Then the equality (2)
implies that there existsi ∈ I such thatdi〈0i, C〉k = 1. Thusdi = 1 = d.
Using the same argument as in the proof of Corollary 1.5, we getri = 1, so
d ′ = 1. ut
Remark 1.13.The group Kerβ/Im α can be determined by means of ele-
mentary divisors of the matrix(e−1

i r
−1
i 〈0i, 0j 〉k)i,j∈I as in [2], Corollary

9.6.3.

Remark 1.14.Let XK be an elliptic curve overK. Let X be its minimal
regular model overOK . Then one can apply Corollary 1.12 and the previous
remark to computeφA(k). But in some situations it is faster to directly
determineφA(k) as a subset ofφA using the interpretation ofφA(k) given in
the introduction (that is,φA(k) consists of those components ofAk which are
geometrically connected). Note that the Néron modelA ofXK is the smooth
locusX′ of X. Indeed, the canonical morphismX′ → A is an isomorphism
after the (faithfully flat and étale) base change to the strict henselization of
OK ([2], I.5.1), soX′ → A is already an isomorphism.
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Example 1.15.Assume thatk is perfect and char(k) 6= 2. Let a, b ∈ OK

be invertible and such that the classã ∈ k is not a square. Letn ≥ 1 be an
integer. Consider the elliptic curveXK given by the equation

y2 = (x2 − bπ2n)(x + a)

whereπ is a uniformizing element ofOK . Then the minimal regular model
of XK overOK consists of a projective line01 overk, followed by a chain
of n− 1 projective lines overk(

√
ã), and ends with the conic02n given by

the equationv2 = (u2 − b̃)ã. SoXks is a 2n-gone. ThusφA(ks) = Z/2nZ,
φA(k) = Z/2Z.

Remark 1.16.As D. Lorenzini pointed out to us, the order of Kerβ/Im α is
easy to compute. LetM = (e−1

i r
−1
i 〈0i, 0j 〉k)i,j∈I , and letM∗ = (m∗

ij )i,j be
its adjoint. Then for alli, j , one has

ord(Kerβ/Im α) = |m∗
ij |(ej rjdjdi)−1dδ′,

whereδ′ = gcd{rieidi | i ∈ I }.
Proof. Let tD = (d1d

−1, . . . , dnd
−1), tD′′ = (e1r1d1δ

′−1
, . . . , enrndnδ

′−1
).

Then one checks easily thatD is a generator of Ker(M : ZI → ZI ) and
thatD′′ is a generator of Ker(tM : ZI → ZI ). Using a similar method as in
[10], prop. 1.1, in conjunction with the relationsM ·M∗ = 0, tM · tM∗ = 0,
we find thatM∗ = γD · tD′′ for some integerγ . Since the g.c.d of the
entries ofD · tD′′ is 1, |γ | is the greatest common divisor of all entries of
M∗ and thus equals ord(Kerβ/Im α) (see [10], 1.5). Finally the equality
|γ | = |m∗

ij |(diej rjdj/dδ′)−1 comes fromM∗ = γD · tD′′. ut
Theorem 1.17. Let X be a proper flat and regular curve overOK with
geometrically irreducible generic fibreXK . Let d = gcd{di | i ∈ I } and
d ′ = gcd{ridi | i ∈ I }. Assume thatGal(ks/k) is procyclic (i.e. any finite
Galois extensionk′/k is cyclic) and thatk is perfect. LetA be the Néron
model of the Jacobian ofXK . Then we have an exact sequence

0 → Kerβ/Im α → φA(k) → (qdZ)/d ′Z → 0

with q = 1 if d ′ | g − 1 andq = 2 otherwise.

Remark 1.18.The hypothesis Gal(ks/k) procyclic in Theorem 1.17 is not
optimal. As one can see in the proof below, it is enough to assume that the
Galois closure overk of ∪ik(0i) ∩ ks is a cyclic extension ofk. We do not
know whether the theorem is true without this condition. Note however that
Corollary 1.12 provides some evidence for a positive response.
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The remainder of the section is devoted to the proof of Theorem 1.17. Let
k′/k be a finite Galois extension containingks∩k(0i) for all i ∈ I . Then the
components ofXk′ are geometrically irreducible. Thus the exact sequences
(1) and (3) can be determined overk′ (Corollary 1.2). For simplicity,in the
rest of the proof, we denote byG the groupGal(k′/k). SinceG is cyclic,
we can determine explicitly each group of this exact sequence. Let us recall
some notations and results of [13], VIII, §4. Fix a generatorσ of G. Let
m = |G|,N = ∑

0≤j≤m−1 σ
j andD = σ −1. Recall that for anyG-module

M we have the isomorphisms

H 1(G,M) ' NM/DM, H 2(G,M) ' MG/NM

Moreover, if 0 → M ′ → M → M ′′ → 0 is an exact sequence ofG-
modules, then the transition homomorphisms

δ1 : NM ′′/DM ′′ → M ′G/NM ′, δ0 : M ′′G → NM
′/DM ′

are given by

δ1([x]) = [Ny], δ0([x]) = [Dy] (6)

if y ∈ M is in the preimage ofx ∈ M ′′.

Lemma 1.19. Recall thatV0 = 1
d
Xk. The following properties hold :

(i) The mapH 1(G, Im α) → md
d ′ V0Z/mV0Z defined by[α(V )] 7→ [N(V )]

is an isomorphism.
(ii) LetU ∈ ZI , thenDU ∈ NKerβ. The isomorphismH 1(G,Kerβ) '

dZ/d ′Z (Lemma 1.11 (i)) is induced by the map[DU ] 7→ [β(U)].
Proof. (i) Let Ji denote the set of irreducible components of(0i)k′ . In the
exact sequence (5), we haveH 2(G, V0Z) = V0Z/mV0Z,

H 2(G,ZI ) = ⊕i∈IH 2(G,ZJi ) = ⊕i∈I0iZ/mr−1
i 0iZ,

and the homomorphismH 2(G, V0Z) → H 2(G,ZI ) sends [V0] to
([did−10i])i . Then it is not hard to check (i) using the definition ofδ1.
(ii) Direct computation. ut
Proof of Theorem 1.17.Let us first describe the mapψ : H 1(G, Im α) →
H 1(G,Kerβ) in the exact sequence (3). One should notice that while these
groups are isomorphic by the previous lemma,ψ is not an isomorphism
in general. LetL : DZI → ZI be a section ofD : ZI → DZI . Let
α(V ) ∈ N Im α. SinceH 1(G,ZI ) = 0, one hasα(V ) ∈ DZI , and thus
α(V ) = D(L◦α(V )). Hence using Lemma 1.19 (ii), we see thatψ is given
by the formula

ψ([α(V )]) = [β(L ◦ α(V ))] ∈ H 1(G,Kerβ) ' dZ/d ′Z.
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Fix for eachi ∈ I an irreducible component0i,0 of (0i)k′ , and put
0i,j := σ j (0i,0). LetV1 := ∑

i
ridi
d ′ 0i,0. SinceN(V1) = md

d ′ V0, Lemma 1.19
(i) implies thatH 1(G, Im α) = [α(V1)]dZ/d ′Z. Putn := β(L◦α(V1)) ∈ Z.
Then kerψ is generated byq[α(V1)], whereq is the smallest positive integer
such thatd ′ | qn. Using Corollary 1.7, we see that to prove the theorem, it
is enough to show thatn ≡ g − 1 modd ′.

Now let us construct a section ofD : ZI → DZI . Since the set

{0i,0,D0i,j | i ∈ I, 0 ≤ j ≤ ri − 2}

forms a basis ofZI , we have a well-definedZ-linear mapL′ : ZI → ZI

given byL′(0i,0) = 0,L′(D0i,j ) = 0i,j for anyi ∈ I and 0≤ j ≤ ri − 2.
By construction it is clear thatL := L′|

DZI
is a section ofD : ZI → DZI .

ReplacingD0i,j by0i,j+1 − 0i,j , we see thatL′(0i,j ) = ∑
0≤l≤j−10i,l for

anyi ∈ I and 0≤ j ≤ ri − 1.
Let us compute the integern. Applying the definitions ofα andL, we

get

n =
∑

i∈I,0≤j≤ri−1

e−1
i (V1 · 0i,j )β ◦ L′(0i,j )

=
∑
i,j

jdi(V1 · 0i,j ) =
∑
i

di(V1 · Ui),
(7)

whereUi := ∑
0≤j≤ri−1 j0i,j . ConsiderWi := ∑

0≤j≤m−1 j0i,j . Since

0i,j = 0i,j ′ if j ≡ j ′ modulori , we have (puta = mr−1
i )

Wi =
∑

0≤l≤a−1

∑
0≤h≤ri−1

(lri + h)0i,h = a(a − 1)

2
ri0i + aUi.

SinceN(V1) = md
d ′ V0 ∈ V0Q, we see thatV1 · 0i = m−1(N(V1) · 0i) = 0.

So replacing in the equality (7) the divisorUi by rim−1Wi , and thenV1 by
its definition, we get

n =
∑
i,l∈I

ridirldl

md ′
∑

1≤j≤m−1

j (0i,j · 0l,0).

On the other hand,0i,j · 0l,0 = σm−j (0i,j ) · σm−j (0l,0) = 0i,0 · 0l,m−j . So

n =
∑
i,l∈I

ridirldl

md ′
∑

1≤j≤m−1

(m− j)(0i,0 · 0l,j ).
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Adding these two equalities leads to

2n =
∑
i,l∈I

ridirldl

d ′ (mr−1
i 0i − 0i,0) · 0l,0

=
(∑
l∈I

mrldl

d ′ Xks · 0l,0
)

− d ′V 2
1 = −d ′V 2

1 .

Let OK ′/OK be as in the proof of Corollary 1.5, and letp : XOK′ → X be
the projection. Using the adjunction formula, we see thatV 2

1 is congruent to
〈V1, p

∗ωX/OK
〉k′ mod 2. By Lemma 1.4 and the bilinearity of the intersection

forms we have

〈V1, p
∗ωX/OK

〉k′ =
∑
i∈I

di

d ′ 〈0i, ωX/OK
〉k = 1

d ′ 〈Xk, ωX/OK
〉k = 2g − 2

d ′ .

Thusn is congruent tog−1 modulod ′. This achieves the proof of Theorem
1.17. ut

Example 1.20.Assume char(k) 6= 2. Letg ≥ 1, letXK be the hyperelliptic
curve defined by an equationy2 = a0

∏
1≤i≤g+1(x−ai)2+π , whereai ∈ OK

are such that their images̃ai ∈ k are pairwise distinct and̃a0 is not a
square. Finallyπ is a uniformizing element ofOK . LetX be the minimal
regular model ofXK over OK . ThenXk is integral withg + 1 ordinary
double points. Overk′ = k[√ã0],Xk′ splits into two components isomorphic
to P1

k′ intersecting transversally atg + 1 points. Thusd = 1, d ′ = 2.
Using Theorems 1.1, 1.17 (see Remark 1.18) and Remark 1.13, we see that
φA(k

s) = Z/(g + 1)Z, andφA(k) = 0 or Z/2Z depending ong is even or
odd.

2. The homomorphismAK(K) → φA(k)

In this section,AK is an abelian variety overK. LetA be the Néron model
ofAK overOK . We would like to discuss some relationships betweenA(K)

andφA(k). By the properties of Néron models,A(OK) = AK(K). The
specialization map gives rise to a homomorphism of groupsAK(K) →
Ak(k). The second group maps canonically toφA(k). In general, the map
Ak(k) → φA(k) is not surjective. The reason is thatφA(k) counts the number
of geometrically connected components ofAk, while the image ofAk(k) in
φA(k) (which is isomorphic toAk(k)/A0

k(k)) parameterizes the components
with rational points. Each geometrically connected component is a torsor
underA0

k. But such a torsor may be non-trivial (that is, without rational
point).
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Lemma 2.1. LetAK be an abelian variety overK.
(i) If K is henselian (e.g. complete), thenAK(K) → Ak(k) is surjective.
(ii) If k is finite, or ifA0

k is an extension of a unipotent group by a split torus
with k perfect, thenAk(k) → φA(k) is surjective.

Proof. (i) SinceK is henselian andA is smooth, the mapA(OK) → Ak(k)

is surjective (see for instance [2], Prop. 2.3.5).
(ii) Let k′/k be a finite Galois extension ofk such thatAk(k′) → φA(k

′) is
surjective (such an extension exists becauseφA is finite). Then it is enough
to show thatH 1(Gal(k′/k), A0

k(k
′)) = 0. The casek finite is a theorem of

Lang ([9], Theorem 2). The remaining case is Hilbert’s 90th Theorem (see
[13], Chap. X, §1) with induction on the dimension ofA0

k. ut

3. Algebraic tori

In this section we consider an algebraic torusTK overK, its Néron modelT
over the ring of integersOK ofK, and the associated component groupφT .
As the formation of Néron models is compatible with passing fromK to its
completion by [2], 10.1.3,φT remains unchanged under this process, and
we will assume in the following thatOK andK arecomplete. Writing Osh

K

for a strict henselization ofOK andKsh for the field of fractions ofOsh
K , we

know then that the extensionKsh/K is Galois. The attached Galois group
G is canonically identified with the one ofks/k, the residue extension of
Ksh/K.

Let us first assume thatTK has multiplicative reduction, so that the iden-
tity componentT 0

k of the special fibreTk is a torus. ThenTK splits over
Ksh, and we can view the group of charactersX of TK as aG-module. It is
well-known that in this case we have an isomorphism ofG-modules

φT ' Hom(X,Z);
see for example [14], 1.1. So we can identify the submodule ofG-invariants
Hom(X,Z)G with the group ofk-rational points ofφT . In particular, ifTK
is split overK, the action ofG on X is trivial, andφT is isomorphic to
the constant groupZd with d = dimTK . Moreover,TK(K) −→ φT (k) is
surjective in this case, as is seen from the construction [2], 10.1.5.

Lemma 3.1. LetXG be the biggestZ-free quotient ofX which is fixed by
G. Then the projectionX −→ XG gives rise to an isomorphism

Hom(XG,Z) −→ Hom(X,Z)G.

Proof. The epimorphismX −→ XG induces injections

Hom(XG,Z) ↪→ Hom(X,Z)G ↪→ Hom(X,Z),
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and we have to show that the left injection is, in fact, a bijection. To do this,
consider aG-morphismf : X −→ Z which is fixed byG. Thenf factors
through aG-morphismX/W −→ Z whereW ⊂ X is the submodule
generated by all elements of typex−σ(x)with x ∈ X andσ ∈ G. AsXG is
obtained fromX/W by dividing out its torsion part and asZ is torsion-free,
we see thatf must factor throughXG. Hence, the map Hom(XG,Z) ↪→
Hom(X,Z)G is bijective, as claimed.ut

Now letTG,K be the torus with group of charactersXG. The projection
X −→ XG definesTG,K as the biggest subtorus ofTK which is split overK,
and we can identify the associated morphism Hom(XG,Z) −→ Hom(X,Z)
with the corresponding morphism of component groupsφTG −→ φT . There-
by we can conclude from 3.1:

Proposition 3.2. Let TK be a torus with multiplicative reduction, and let
TG,K be the biggest subtorus which is split overK. Assume thatK is com-
plete. Then the injectionTG,K ↪→ TK and the associated morphism of Néron
modelsTG −→ T induce a monomorphism of component groupsφTG ↪→ φT
and an isomorphismφTG(k) ' φT (k) between groups ofk-rational points.

Furthermore, the canonical mapTK(K) −→ φT (k) is surjective, as the
same is true for the split torusTG,K .

What can be said if, in the situation of 3.2,TK does not have multiplicative
reduction? In this case we can still view the group of charactersX of TK as
a Galois module under the absolute Galois group ofK. Similarly as above,
we can use the inertia groupI and look at the biggest subtorusTI,K ⊂ TK
which splits over the maximal unramified extensionKsh of K. We get an
exact sequence of tori

0 −→ TI,K −→ TK −→ T̃K −→ 0

with a torusT̃K such thatT̃K ⊗K K
sh does not admit a subgroup of typeGm.

The Néron model̃T of T̃K is quasi-compact by [2], 10.2.1, and, hence, the
component groupφT̃ must be finite.

We view now Néron models as sheaves with respect to the étale (or
smooth) topology onOK . Then the above exact sequence of tori induces a
sequence of Néron models

0 −→ TI −→ T −→ T̃ −→ 0

which is exact by [4], 4.2. Furthermore, using the right exactness of the
formation of component groups, see [4], 4.10, in conjunction with the facts
thatTI,K has multiplicative reduction and, hence, that the component group
φTI cannot have torsion, we get an exact sequence of component groups

0 −→ φTI −→ φT −→ φT̃ −→ 0.
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Restriction tok-rational points preserves the exactness,

0 −→ φTI (k) −→ φT (k) −→ φT̃ (k) −→ 0,

asH 1(G′,Zd) = Hom(G′,Zd) = 0 for any finite groupG′ acting trivially
on Zd . Now, taking into account thatTI,K has multiplicative reduction and
thatφT̃ (k) is finite, we can conclude from 3.2:

Corollary 3.3. Let TK be an algebraic torus, letTG,K be the biggest sub-
torus which is split overK, and letT̃K be defined as above. Assume thatK

is complete. Then the canonical sequence

0 −→ φTG(k) −→ φT (k) −→ φT̃ (k) −→ 0,

is exact withφTG(k) being free andφT̃ (k) finite.
In particular, the image ofTG,K(K) is of finite index inφT (k), and the

same is true for the image ofTK(K).

4. Abelian varieties with semi-stable reduction

LetAK be an abelian variety over the base fieldK, which is assumed to be
complete. We will viewAK as a rigidK-group and use its uniformization in
the sense of rigid geometry; cf. [12] and [4], Sect. 1. SoAK can be expressed
as a quotientEK/MK of rigid K-groups with the following properties:

(i) EK is a semi-abelian variety sitting in a short exact sequence

0 −→ TK −→ EK −→ BK −→ 0,

whereTK is an algebraic torus andBK an abelian variety with potentially
good reduction.

(ii) MK is a lattice inEK of maximal rank; i. e., a closed analytic subgroup
ofEK which, after finite separable extension ofK, becomes isomorphic
to the constant groupZd with d = dimTK .

LetA be the Néron model ofAK andA0 its identity component. Recall
thatAK is said to havesemi-stable reductionif the special fibreA0

k of A0 is
semi-abelian. Furthermore, let us talk about asplit semi-stable reduction if
the toric part ofA0

k is split overk. The property of semi-stable reduction is
reflected on the uniformization ofAK in the following way:

Proposition 4.1. The abelian varietyAK has semi-stable (resp. split semi-
stable) reduction overK if and only if the following hold:

(i) The torusTK splits over a finite unramified extension ofK (resp. over
K).

(ii) The abelian varietyBK has good reduction overK.
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If the above conditions are satisfied withTK being split overK, the same is
true for the latticeMK ⊂ EK ; i. e.,MK is then isomorphic to the constant
K-groupZd , whered = dimTK .

Proof. As any abelian variety with semi-stable reduction acquires split semi-
stable reduction over a finite unramified extension ofK, we need only to
consider the case of split semi-stable reduction. So assume thatAK has split
semi-stable reduction. Then we have an exact sequence

0 −→ Tk −→ A0
k −→ Bk −→ 0,

whereTk is a split torus andBk an abelian variety overk. Let A be the
formal completion ofA alongAk andA0 its identity component. Using the
infinitesimal lifting property of tori, see [8], exp. IX, 3.6, and working in
terms of formal Néron models in the sense of [3], we see thatTk lifts to a split
formal subgroup torusT ⊂ A0 such that the quotientB = A0/T is a formal
abelian scheme liftingBk. The theory of uniformizations, as explained for
example in [1], Sect. 1, says now that the exact sequence

0 −→ T −→ A0 −→ B −→ 0,

coincides with the one obtained from

0 −→ TK −→ EK −→ BK −→ 0

by passing to identity components of associated formal Néron models. As
the group of characters ofTK coincides with the one ofT , we see thatTK
is a split torus. Furthermore,B is algebraizable with generic fibreBK and,
thus,BK has good reduction overK.

Let us show that in this situationMK will be constant. Indeed, writing
Ks for a separable closure ofK, we choose free generators of the group of
characters ofTK and look at the associated “valuation”

ν : EK(Ks) −−−→ |Ks |d − log−−−→ Rd,

whered = dimTK . One knows thatMK being a lattice (of maximal rank)
in EK means thatMK is of dimension zero and thatMK(K

s) is mapped
bijectively underν onto a lattice (of maximal rank) inRd .

Now let us look at the action of the absolute Galois groupGK :=
Gal(Ks/K) of K onMK(K

s) and show thatMK is constant. AsK is com-
plete, the action ofGK is trivial on |Ks |. Hence, it respects the mapν.
Thereforeν can only be injective if the action ofGK onMK(K

s) is trivial.
However, then all points ofMK must be rational, andMK is constant.

The converse, that conditions (i) and (ii) imply semi-stable reduction for
AK , follows from [4], 5.1. ut
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Let us consider now an abelian varietyAK with semi-abelian reduction
and with uniformization given by the exact sequence

0 −→ MK −→ EK −→ AK −→ 0.

Then, by 4.1,MK becomes constant over an unramified extension ofK, and
the associated sequence of formal Néron models

0 −→ M −→ E −→ A −→ 0

is exact due to [4], 4.4. As the component groupφM is torsion-free, and as
the formation of component groups is right-exact, see [4], 4.10, the induced
sequence

0 −→ φM −→ φE −→ φA −→ 0 (*)

is exact, so thatφA may be identified with the quotientφE/φM . Thus, if
we view the objects of the latter sequence as Galois modules underG =
Gal(Ksh/K) and apply Galois cohomology, we see:

Lemma 4.2. As before, letAK be an abelian variety with semi-stable re-
duction. Then the uniformization ofAK , in particular, the above sequence
(∗), gives rise to an exact sequence

0 −→ φM(k) −→ φE(k) −→ φA(k) −→ H 1(G,MK) −→ . . .

If AK has split semi-stable reduction,MK is constant and, hence,
H 1(G,MK) is trivial.

To justify the latter statement, note thatH 1(G,MK) equals the group
of all continuous homomorphismsG −→ MK if the action ofG onMK

is trivial; cf. [13], Chap. VII, §3, and Chap. X, §3. However, asMK is
torsion-free, all such homomorphisms must be trivial.

It follows from 4.2 that the quotientφE(k)/φM(k) may be viewed as a
subgroup of the group ofk-rational points ofφA, and it coincides withφA(k)
in the case of split semi-stable reduction.

Let TK be the toric andBK the abelian part ofEK . Then we have an
exact sequence

0 −→ TK −→ EK −→ BK −→ 0

of algebraicK-groups and, associated to it, a sequence of Néron models

0 −→ T −→ E −→ B −→ 0.

In terms of sheaves for the étale (or smooth) topology onOK , the latter is
exact due to [4], 4.2, asAK having semi-abelian reduction implies thatTK
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splits over an unramified extension ofK; use 4.1 and [4], 5.1. Similarly as
before, we get an exact sequence of component groups

0 −→ φT −→ φE −→ φB −→ 0,

whereφB is trivial, sinceBK has good reduction. Thus, the morphismT −→
E induces an isomorphismφT −→ φE and, using the above exact sequence
(∗), we can viewφA = φE/φM as a quotientφT /φM , although the morphism
M −→ E might not factor throughT .

Proposition 4.3. Let AK be an abelian variety with split semi-stable re-
duction; i. e., we assume that the identity componentA0

k of the special fibre
of the Néron modelA of AK is extension of an abelian variety by a split
algebraic torus. Then:

(i) The component groupφA is constant (also valid ifK is not necessarily
complete).

(ii) The canonical mapAK(K) −→ φA(k) is surjective.

Proof. It follows from 4.1 thatMK is constant and thatTK is split. Thus,
the k-groupsφT andφM are constant, and so is their quotientφA. If K is
not complete, we may pass to the completion ofK without changing the
reduction ofAK and its type. This establishes assertion (i). Furthermore,
assertion (ii) is due to the fact that the mapTK(K) −→ φA(k) is surjective,
asTK is a split torus. ut

If the semi-stable reduction ofAK is not split, the component groupφA
is not necessarily constant, as can be seen from Example 1.15. Furthermore,
the quotientφT (k)/φM(k) will, in general, be a proper subgroup ofφA(k);
its index is controlled by the cohomology groupH 1(G,MK). To make this
subgroup more explicit, letX be the group of characters of the toric partTK of
EK . As is explained in [1], Sect. 3 or [4], Sect. 5, we can evaluate characters
ofX on the latticeMK , thereby obtaining a “bilinear map”MK×X −→ PK
taking values in the Poincaré bundlePK onBK × B ′

K , the product ofBK
with its dual. In fact, if the abelian partBK of EK is trivial, this pairing
is just the evaluation of characters on the latticeMK . Using the canonical
valuationPK(Ksh) −→ Z, we get a non-degenerate pairingMK×X −→ Z

of Galois modules with respect to the extensionKsh/K and from it an
injection i : MK ↪→ Hom(X,Z) into the linear dual ofX. Now, as aG-
module, we can identifyMK with the component groupφM . Furthermore,
Hom(X,Z) can be viewed as the component group ofTK , and it follows
from the discussion in [4], 5.2, that under this identification the inclusion
mapi corresponds to the canonical mapφM −→ φT as considered above.
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In particular, we have a canonical commutative diagram ofG-modules

0 −−−→ φM −−−→ φT −−−→ φA −−−→ 0y y ∥∥∥
0 −−−→ MK −−−→ Hom(X,Z) −−−→ φA −−−→ 0

with exact rows and vertical isomorphisms. Restricting toG-invariants we
get from 3.1:

Proposition 4.4. LetAK be an abelian variety with semi-stable reduction
and with uniformizationAK = EK/MK . LetX be the group of characters
of the toric part ofEK . Then6 = Hom(XG,Z)/MG

K is a subgroup of
φA(k), contained in the image ofAK(K) −→ φA(k), such that the quotient
φA(k)/6 is mapped injectively intoH 1(G,MK). Furthermore,6 coincides
with φA(k) if AK has split semi-stable reduction.

If the abelian variety does not admit semi-stable reduction, we still have
maps

φTG −→ φTI −→ φT −→ φE −→ φA,

whereTG,K stands for the maximal subtorus ofTK which is split overK
and, likewise,TI,K for the maximal subtorus ofTK which splits overKsh.
The image inφA of each of these groups gives rise to a subgroup ofφA, and
we thereby get a filtration ofφA. Up to the termφTG , this filtration was dealt
with in [4], Sect. 5; it goes back to Lorenzini [11]. Subsequent factors of
the filtration are controlled by suitable first cohomology groups or by the
component group ofBK ; cf. [4], 5.5. So, to make general statements about
k-rational points seems to be a little bit out of reach. However, the groups
φTG andφTI are accessible, and this leads to the understanding of rational
components in the semi-stable reduction case.
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