Reduction and lifting of finite covers of curves

Qing Liu^∗

November 14, 2003

1 Introduction

This note is based on a talk given in September 2003 at Chuo University during the COE Workshop “Cryptography and related mathematics”. It is a non exhaustive survey on the reduction and lifting of finite covers of curves.

Let us fix a discrete valuation field K (e.g. K = Q_p or F_p ((x))), with valuation ν and residue field k. Let X_K be a smooth (i.e. non-singular) projective variety over K. There is a process of “reduction” which gives rise to a (not necessarily smooth) projective variety X_k over k. If f_K : X_K → Y_K is a finite morphism of smooth projective varieties, one can as well construct a finite morphism f_k : X_k → Y_k which is a “reduction” of f_K .

The inverse process is called the lifting: a projective variety Z over k is “lifted” to a (smooth projective) variety X_K over K if Z is isomorphic to a reduction X_k of X_K . One defines similarly liftings of finite morphisms Z → W of projective varieties over k to K.

Some motivations

• Starting with X_K , the reduction gives a variety defined over a smaller field (e.g. finite field), thus “simpler” to study.

• To understand the arithmetic properties of varieties defined over a global field, one needs to understand the reduction of the variety at all finite places. The construction of L-functions is a typical example.

• If f_K : X_K → Y_K is a finite cover, and if Y_K has known nice reduction and if f_K has nice properties, one expects to find nice properties for the reductions of X_K .

∗I would like to thank the organizers of the workshop to give me the opportunity to give a talk, and Sylvain Maugeais, Michel Matignon for helpful discussions.

• Lifting a variety Z defined over a field of positive characteristic to a variety defined over a field of characteristic 0 allows to benefit from results known in characteristic 0 and transcendental methods. The same idea applies for the lifting of singular varieties to smooth varieties.

• Applications to the fundamental group of curves in positive characteristics;

applications to the compactification of moduli spaces; study of the field of moduli of Galois covers ...

Convention. All varieties we consider over K are supposed to be smooth, projective and geometrically connected. Curves over the residue field k are not necessarily smooth, but assumed to be geometrically connected.

2 Reduction

Denote by R := {a ∈ K|ν(a) ≥ 0} the valuation ring of K (e.g. Z_p, F_p [[x]]), and p = char(k) the characteristic of the residue field k of R (k = F_p in the above examples). In this section, it is not necessary to suppose R complete.

2.1 Basic properties

Let us start by the definition of reduction. To give a projective variety X_K is to give some homogeneous polynomials F_1, ..., F_m ∈ K[T_0, ..., T_n] with coefficients in K. Different sets of polynomials can define the same variety.

Definition 2.1 A model X of X_K over R is a projective scheme over R (defined by homogeneous polynomials G_1, ..., G_r ∈ R[S_0, ..., S_m]) such that the projective variety over K associated to the G_i’s (considered as polynomials with coefficients in K) is isomorphic to X_K . We require furthermore the technical condition that X is a “flat” scheme over R. This condition is satisfied if for instance X is integral (e.g. the ideal generated by the G_i’s is a prime ideal).

Definition 2.2 Let G_i be the canonical image of G_i in k[S_0, ..., S_m] (obtained by reducing the coefficients modulo the maximal ideal of R). Then the G_i’s define a projective variety over k denoted by X_k. It is called a reduction of X_K . It depends on the choice of a model X. This is a projective variety over k. The flatness hypothesis on X insures that X_k has the same dimension as X_K .

Remark 2.3 If X_K is an arbitrary algebraic variety (= separated scheme of finite type) over K, one can define a model of X_K over R as a flat scheme X over R, with generic fiber isomorphic to X_K and such that X_k is non-empty. In particular, a projective variety X_K may have non-projective models. However we are only concerned with projective ones here.

Remark 2.4 Any variety X_K , except if dim X_K = 0, has infinitely many models and infinitely many reductions. Therefore, we would like to find a “canonical model” when it is possible.

• If X_K is a smooth projective curve of genus g ≥ 1, then X_K has a so called minimal regular model which is unique ([28], §9.3.3). The reduction defined by the minimal regular model is in general nasty: it may be reducible (i.e. have several irreducible components) and not reduced^1. See Example 2.6 below.

• For abelian varieties over K, there are canonical smooth models (Néron models), but they are not projective in general. See [5].

• In higher dimension, there are no canonical regular models in general. If a certain type of singularities are allowed, there exists a minimal model for surfaces over K (cf. Mori’s program on minimal models).

Definition 2.5 We say that X_K has good reduction if there exists a model X such that X_k is (projective and) smooth. Note that X_k is then unique if X_K is a curve or an abelian variety. If there exists a finite extension K^′/K such that the curve X_K′ := X_K × SpecK^′ has good reduction, we will say that X_K has potentially good reduction.

Example 2.6 Suppose that p = char(k) ≠ 3. Let X_K be the elliptic curve defined by y^2z = x^3 + az^3 with 1 ≤ ν(a) ≤ 5. The same equation defines a plane model P of X_K over R whose reduction is a singular curve:

y^2z = x^3.

One can show that actually X_K can not have good reduction. It is done by looking at the minimal regular model X of X_K which would be smooth over R if X_K had good reduction. If ν(a) = 1, then X = P and X_k is singular. The type of X_k is respectively IV, I^∗_0, IV^∗, II^∗ if ν(a) = 2, 3, 4, 5. See for instance [55] for the explanation of these (Kodaira) symbols. Type I^∗_0 means that X_k is union of five projective lines over k as follows:

the horizontal component is not reduced and has multiplicity 2 (i.e. the uniformizing element of R vanishes with order 2 at Γ_0). This reduction is rather complicated. However, if we enlarge the base field K to K^′ = K[α] by including a 6-th root α of a, then

(y/α^3)^2z = (x/α^2)^3 + z^3

defines a model of X_K′ with good reduction. Hence X_K has potentially good reduction.

1The mathematical terminology is unfortunately poor in this context: we reduce a variety and we can get something which is still reducible and not reduced...

2.2 Finite covers and stable reduction

In Example 2.6 above, we see that the reduction is better understood if we allow extensions of K. We can ask whether every curve has potentially good reduction. The answer is definitely no (see Example 2.8). The general situation is described by the stable reduction theorem below.

A (geometrically connected) projective curve C over a field k is said to be semi-stable if over k̄ it is reduced and has only ordinary double points (nodes) as singularities. It is stable if furthermore C¯_k is connected, with arithmetical genus p_a(C) ≥ 2, and if any irreducible component of C¯_k isomorphic to P^1 meets the other components in at least 3 points.

Theorem 2.7 (Deligne-Mumford, [13]) Let X_K be a (geometrically connected) projective smooth curve over K. Then there exists a finite separable extension K^′/K such that X_K′ has semi-stable reduction (resp. stable reduction if g(X_K ) ≥ 2).

Alternative proofs of this very important theorem were given later by Artin- Winters [3], Bosch-Lütkebohmert [6], van der Put [44], and T. Saito [51]. Note that if g(X_K ) ≥ 2, then X_K′ has semi-stable reduction if and only if X_K′ has stable reduction.

Example 2.8 If g(X_K ) = 0, then X_K has good reduction isomorphic to P^1 (after a quadratic extension if necessary). If X_K is an elliptic curve, after an extension of degree dividing 24, it has either good reduction (if ν(j(X_K )) ≥ 0) which is again an elliptic curve, or the reduction of the minimal regular model is semi-stable and equal to the union of n = −ν(j(X_K )) projective lines.

Remark 2.9 Suppose that K is strictly henselian (e.g. complete with separably closed residue field k) and, g(X_K ) ≥ 2 or X_K (K) ≠ ∅. Then there exists an extension L/K such that X_L has semi-stable reduction and which is contained in any extension K^′/K realizing semi-stable reduction for X_K . This extension is Galois. If g(X_K ) = 0 (hence X_K ≃ P^1_K by our hypothesis), then L = K. If X_K is an elliptic curve, then L/K is at most quadratic when ν(j(X_K )) < 0. When ν(j(X_K )) ≥ 0, let E be the good reduction of X_L, extended to k̄. Then Gal(L/K) is isomorphic to a subgroup of Aut_k(E). In the remainder case where g(X_K ) ≥ 2, we denote by C the stable reduction of X_L extended to k̄, then Gal(L/K) is isomorphic to a subgroup of Aut_k(C). A similar result for abelian variety is proved in [14], 5.15, and the case of curves can be deduced from the case of abelian varieties [29], Prop. 4.

Remark 2.10 Let f_K : X_K → Y_K be a finite morphism of smooth projective curves. After enlarging K if necessary, f_K induces a finite morphism of semistable reductions f_k : X_k → Y_k. If f_K is Galois of group G, then we can choose respective semi-stable models X, Y of X_K , Y_K in such a way that X → Y is also Galois of group G. Note that X_k/G → Y_k is in general not an isomorphism. It is purely inseparable on each irreducible component of X_k/G.

If g(Y_K ) ≥ 2, then f_K induces a (not necessarily finite) morphism between the stable reductions of X_K and Y_K ([30], Cor. 4.7).

2.11 Tame covers. The above remark says that if a semi-stable reduction of X_K is known, then in some sense one can recover a semi-stable reduction of Y_K . The converse is much harder. Let f_K : X_K → Y_K be a Galois cover with Galois group G. Suppose that a semi-stable reduction of Y_K is known (e.g. if Y_K = P^1_K ), we can ask whether a semi-stable reduction of X_K can be computed. If |G| is prime to p (including the case p = 0), the problem is rather well understood.

Theorem 2.12 (Grothendieck) Let X_K → Y_K be an étale Galois cover of order prime to p. If Y_K has good reduction, then X_K has potentially good reduction.

The proof is easy: let Y be a smooth model of Y_K . Let X be the integral closure of Y in the function field K(X_K ). By Abhyankar’s lemma (here the hypothesis |G| prime to p is used), after (tamely ramified) finite extension of R, X_k is reduced. Since X_k → Y_k is generically étale (again because |G| is prime to p), X → Y is ramified at finitely many closed points. By purity of ramification locus (Y is regular of dimension 2), X → Y is étale. In particular X is smooth. Following the same principle, one has (the first part of) the next theorem.

Theorem 2.13 (Saïdi, [47], 4.3) Let X_K → Y_K be an étale cyclic cover of order prime to p. Let Y be a semi-stable model of Y_K . After (tamely ramified) finite extension of R, the integral closure X of Y in K(X_K ) is semi-stable and X_k → Y_k is étale outside the singular locus of Y_k. Moreover, the ramification over the singular locus is described explicitly in terms of currents on the intersection graph of Y_k.

Theorem 2.14 (Liu-Lorenzini, [30], 2.3) Let f_K : X_K → Y_K be a (not necessarily étale) Galois cover of order prime to p. Let us suppose that Y_K has semistable reduction and that the branch locus B_K of f_K is contained in Y_K (K) (this can be done after finite separable extension of K). Let Y be a semi-stable model of Y_K such that the Zariski closure B of B_K in Y is contained in the smooth locus of Y and étale over R (this is alway true after blowing up Y if necessary). Then after (tamely ramified) finite extension of R, the integral closure X of Y in K(X_K ) is semi-stable, and X → Y is étale outside B ∪ (Y_k )_{sing}.

As an easy consequence of the study of the tame fundamental group ([20], Theorem 2.3.2) or directly by [30] 2.1(b), we have a generalization of 2.12:

Proposition 2.15 (Fulton, [16], 3.3, 3.4) Let X_K → Y_K be a Galois cover of order prime to p. Suppose that Y_K has good reduction and there exists a smooth model Y of Y_K such that B is étale over R, then X_K has potentially good reduction.

Remark 2.16 Conversely, if X_K has good reduction and if g(X_K ) ≥ 1, then there exists a smooth model Y of Y_K such that B is étale over R ([46], 2.3.4 or [30], 3.5(a)). When B_K ⊂ Y_K (K), the condition B being étale over R means that the points of B_K specialize to pairwise distinct points of Y_k.

Corollary 2.17 Let C → P^1_F be a Galois cover of degree d, defined over a number field F , and ramified only above 0, 1, ∞. Then C has potentially good reduction at every finite place of K prime to d.

2.18 Wild covers. When p | |G|, the situation is completely different and is much more complicated. Even the very simple case of hyperelliptic curves with p = 2 is not known in general except when g(X_K ) = 2 ([29], Théorème 1). We notice that the branch locus no longer determines the stable reduction of X_K . Next is an analog of 2.15.

Theorem 2.19 (Raynaud, [45], Théorème 1’) Let X_K → Y_K be a Galois cover of order a power of p. Suppose that Y_K has a smooth model Y such that the Zariski closure B of the branch locus B_K in Y is étale over R (B might be empty), and that X_K → Y_K is tamely ramified (i.e. the inertia groups at points of X_K are of order prime to char(K)). Then the Jacobian of X_K has potentially good reduction.

Remark 2.20 One can not weaken the hypothesis on Y_K to, for instance, Jacobian of Y_K having potentially good reduction. Actually, it is easy to construct cyclic (of any order d) étale covers X → Y such that Y_k is the union of two ordinary elliptic curves meeting each other at one point, and such that X_k is the union of two elliptic curves meeting each other at d points. See [45], Remark at page 189.

Remark 2.21 In [31], Matignon describes an effective algorithm to finding the stable reduction of p-cyclic covers X_K → P^1_K whose branch locus satisfies the conditions of 2.19. An earlier tentative algorithm without condition on the branch locus was proposed by Coleman [9], §6. Stable reduction of quotients of Fermat curves (they are wild Galois covers of P^1 ramified at {0, 1, ∞}) are explicitly computed in [11] with interesting arithmetic applications [11], [12].

Let us finish this section by indicating some other recent works on the stable reduction of Galois covers X_K → Y_K in the wild case: [46] with extra assumption on G and the absolute ramification index of K; [7], [8], [57] when Y_K = P^1_K with special configuration of the branch locus and p divides exactly |G|; [24], [48] for p-cyclic covers.

3 Lifting projective varieties

From now on, and unless expressly mentioned, we will suppose that R is a complete discrete valuation ring. A uniformizing element of R will be denoted by π. Recall that K = Frac(R) and k is the residue field.

Let Z be a projective variety over k. We want to lift Z to a smooth projective variety X_K over K, i.e. to find a projective scheme X over R with smooth generic fiber and such that X_k ≃ Z. When such a X exits, we will say for short that Z can be lifted to K.

One can try to lift naively Z in the following manner: write Z as a closed subscheme of some projective space P^n_k defined by homogeneous polynomials F̄_1(T_0, ..., T_n), ..., F̄_m(T_0, ..., T_n), lift the F̄_i’s to homogeneous polynomials F_1, ..., F_m with coefficients in R such that deg F_i = deg F̄_i, and take X = Proj R[T_0, ..., T_n]/(F_1, ..., F_m). Sometimes this scheme is a good candidate for lifting Z.

Proposition 3.1 Let Z be a complete intersection in a projective space P^n_k , then Z can be lifted to K. (The field K needs not be complete in this proposition.)

Proof. Keep the above notation. By hypothesis, Z is defined by m homogeneous polynomials in n + 1 variables, where m = n − dim Z. It is easy to see that the scheme X defined as above is then flat over R. It remains to show that we can choose the liftings F_i so that X_K is smooth.

We can suppose m > 0. Let d_i = deg F_i. Consider P := P^{r1}_K × ... × P^{rm}_K , where r_i = dim_K H^0(P^n_K , O(d_i)) is the dimension of the K-vector space of the homogeneous polynomials of degree d_i. To any rational point x ∈ P (K) one can associate obviously m homogeneous polynomials H_1, ..., H_m and a projective subvariety φ(x) := V_+(H_1, ..., H_m) of P^n_K . In the same manner we can define naturally a projective scheme C = C(n, d_1, ..., d_m) ⊂ P^n × P over P such that for any rational point x ∈ P (K), C_x = φ(x). The generic fiber of C → P is a smooth variety of dimension n − m over K(P ) (use Bertini’s theorem). Thus there exists a dense open subset U of P such that C ×_P U → U is smooth. (Using Jacobian criterion and resultants, one can actually show that the set of x ∈ P such that C_x is smooth of dimension n − m is open in P .)

Let us go back to our F^′_i s. Write F_i = ∑ ν a_{iν} T^ν with a_{iν} ∈ R. The a^′_{iν} s (when ν varies) correspond to a rational point of P^{ri}_K . Since K is infinite, U(K) contains a point of the form (a_{iν} + πb_{iν} )_{i,ν} , with b_{iν} ∈ R. This point defines a smooth lifting of Z over K.

Remark 3.2 Note that in general (when Z is not complete intersection), the naive lifting X may not be flat over R. In fact, X_K may have smaller dimension than X_k ≃ Z.

Theorem 3.3 (Grothendieck, [SGA1], III.7.3) Let Z be a smooth projective variety over k. If H^2(Z, Ω^∨_{Z/k} ) = H^2(Z, O_Z ) = 0,

then Z can be lifted to K.

More precisely, the vanishing of the first cohomology group insures that Z is the special fiber of some projective formal scheme X over R. The vanishing of the second one implies that X is algebraizable.

Note that when Z is smooth, the lifting problem is trivial if R has equal characteristics, as we can take X = Z ×_{Spec k} Spec R.

Corollary 3.4 Any projective smooth curve over k can be lifted to K.

Actually it is enough to suppose K henselian in this corollary.

Proposition 3.5 Let Z be a geometrically reduced and locally complete intersection curve over k (e.g. if Z is semi-stable). Then Z can be lifted to a smooth curve over K.

Proof: Use formal patching (Lemma 5.6(a)) or show that Ext^2(Ω_{Z/k} , O_Z ) = 0 and use theory of deformations of locally complete intersections ([27] or the more accessible [56], 4.4).

Remark 3.6 There exists a curve Z over k with no lifting to any discrete valuation field K with residue field k. Let Z be a projective curve over k containing Spec k[u, v]/(uv, v^2) as an affine open subscheme. Suppose that there exists a flat projective scheme X over R such that X_K is integral and that X_k ≃ Z. Let us show that this leads to a contradiction.

By flatness, X is integral. There exists an affine open subscheme U of X with special fiber isomorphic to Spec k[u, v]/(uv, v^2). Denote by x_0 the point u = v = 0. Then U is smooth at all points of U_k \ {x_0}. Let V → U be the normalization of U. Then V_k → U_k is an isomorphism outside x_0. Since V is normal, hence (S_2), V_k is (S_1). Therefore V_k is reduced. The map V_k → U_k then factorizes into a finite birational map V_k → (U_k)_{red} ≃ A^1_k (which is then an isomorphism) followed by the closed immersion (U_k)_{red} → U_k. Since V is smooth at x_0, Ô_{V,x0} ≃ R[[t]] for any t ∈ O_{V,x0} which reduces to a parameter of V_k at x_0. We then deduce immediately that Ô_{U,x0} → Ô_{V,x0} is surjective, and hence an isomorphism. This is impossible, because U_k is not smooth (even not reduced).

Remark 3.7 There exists a projective smooth surface over k with no lifting to characteristic 0 (Mumford).

Remark 3.8 (Abelian varieties) Let Z be an abelian variety over k and suppose that p = char(k) > 0. We can ask whether Z can be lifted to an abelian variety over K of characteristic 0. The answer is that it is always possible after possibly a finite extension of K. See [40] for a survey on this subject. Note that the canonical lifting of abelian varieties (Serre-Tate) gained interest in cryptography recently.

Remark 3.9 (Embedding into regular surfaces) Let Z be a connected projective curve over k algebraically closed. One can ask whether Z is the special fiber of a regular relative curve X over R. There are two obvious necessary conditions. The first one is local: dim T_{Z,z} ≤ 2 for the tangent space at any point z ∈ Z. It implies that Z is locally a divisor in a regular curve over R. The second one is global and related to the intersection theory on Z. When char(k) = 0, G. Winters [60] proved that these conditions are sufficient to embed Z into a regular curve over R. The general case is open.

4 Lifting Galois covers

4.1 Smooth case

Let f_k : X_k → Y_k be a Galois cover of projective smooth curves over k, with Galois group G. Suppose R complet, k perfect, char(k) = p > 0, and char(K) = 0 (otherwise lifting problem is trivial). A lifting of f_k will be by definition a Galois cover X → Y of smooth curves over R with group G and which special fiber is the given cover f_k. Several surveys are available in the literature on this topic ([32], [41]...).

Theorem 4.1 (Grothendieck, [SGA1], I.8.3) If f_k : X_k → Y_k is étale, then there exists a lifting X → Y to R. The lifting is unique if Y is fixed.

More generally (Grothendieck): if f_k : X_k → Y_k is tamely ramified (i.e. the inertia groups at all x ∈ X_k are of order prime to p), then there exists a lifting to R. This lifting is unique if we fix a lifting of Y_k and a lifting of the branch locus of f_k. If no condition on the ramification is required, there exists a “birational lifting”:

Theorem 4.2 (Garuti, [17]) There exists a Galois cover f^′_k : X^′_k → Y_k of group G such that X^′_k has only cuspidal singularities, with normalization equal to X_k, and such that, after finite extension of K, f^′_k lifts to a Galois cover X^′_K → Y_K of smooth curves over K: X^{′ G}−−−−→ Y

X_k^{normalization} −−−−−−−−→ X^′_k^G−−−−→ Y_k Remark 4.3 In general, one can not expect to lift every Galois cover from characteristic p > 0 to characteristic 0. A simple reason is that for a given genus g ≥ 2, a curve X_k of genus g in characteristic p may have a bigger automorphism group G than in characteristic 0, hence X_k → X_k/G can not be lifted to characteristic 0. Nakajima [38] proved that abelian subgroups of the automorphism group of a smooth projective curve of genus g ≥ 2 have the same bound in any characteristic (= 4g + 4). However, there are abelian covers with no lifting to characteristic 0 (see e.g. [18], 5.3 with G = (Z/pZ)^2, p > 2). So the bound on the order of G is not the real obstruction to the lifting problem. As showed in [4], [18], the obstruction is of local nature on X_k (deformation of finite groups of automorphisms of power series). Pagot ([43], or [34]) proves that the lifting problem always has a solution if G = (Z/2Z)^2.

4.4 Cyclic covers. Now we consider cyclic covers X_k → Y_k with group G, and suppose that k is algebraically closed.

Theorem 4.5 (Sekiguchi-Oort-Suwa, [53]) If p divides exactly |G|, then f_k : X_k → Y_k can be lifted to a Galois cover over W (k)[ξ_p], where ξ_p is a primitive p-th root of unit.

Green and Matignon established a local-global principle and, using an explicit form in degree p^2 of Sekiguchi-Suwa’s theory on deformation of Artin- Schreier-Witt covers to Kummer covers [54], they proved:

Theorem 4.6 (Green-Matignon, [18]) If p^e, e = 1, 2, divides exactly |G|, then X_k → Y_k can be lifted to a Galois cover over W (k)[ξ_pe ].

Conjecture 4.7 (Oort, [42], 4A_?) Any cyclic cover of smooth projective curves over a field k (not necessarily algebraically closed) has a lifting to characteristic 0. Here “lifting to characteristic 0” means there exists an integral domain A of characteristic 0, a homomorphism A → k, and a Galois cover X → Y of smooth proper curves over A which induces the Galois cover X_k → Y_k by the base change Spec k → Spec A. This implies that there exists a discrete valuation ring R^′ with residue field k^′, finite extension of k, such that X_k′ → Y_k′ lifts to R^′. When k is algebraically closed, a more optimistic version of this conjecture can be found in [33], p. 94, with A = W (k)[ξ_pe ] if |G| = p^er, (p, r) = 1.

Remark 4.8 (Minimal extensions) Let X_k → Y_k be a ramified cyclic cover of degree d divisible by p. It would be interesting to find the minimal extensions R_m of W (k) (for the inclusion relation) such that X_k → Y_k can be lifted to R_m. Let us consider the simplest situation where p divides exactly d. By [53], R_m = W (k) if p = 2. Using the structure of the versal deformation ring R_σ of (Spec k[[T ]], G) given in [4], 4.2.8, we have :

• If p > 2 and if the Hasse conductor m at every ramification point equals to 1, then R_m is the sub-extension W (k)[ξ_p + ξ^{−1}_p ] of W (k)[ξ_p] of index 2. In particular, R_m = W (k) if p = 3 (op. cit. top of page 217).

• If p = 5 and one of the conductors is equal to 2, then R_m = W (k)[ξ_p].

If p > 3, it is known that R_m ≠ W (k) ([10], Proposition 5; [39], Corollary, page 94). Coleman states ([10], Remark 2, page 247) that [R_m : W (k)] ≥ (p − 1)/2. This has an interesting arithmetic application (loc.cit.):

Let K be a discrete valuation field of mixed characteristics (0, p), let X_K → Y_K be a ramified p-cyclic cover. If Y_K has good reduction (e.g. Y_K = P^1_K) and if the absolute ramification index of K is < (p − 1)/2, then X_K has bad reduction. Note that it is easy to construct plenty of p-cyclic covers of P^1_K for any field K (see [52]). Suppose now that the conductor of X_k → Y_k at some point is equal to 2. Using [19], III.3.1, one can show easily the following:

• If p ≢ 1 mod 3, then R_m = W (k)[ξ_p];

• If p ≡ 1 mod 3 and R_m is a minimal extension contained in W (k)[ξ_p], then R_m = W (k)[ξ_p];

• If p ≡ 1 mod 3 and R_m is not contained in W (k)[ξ_p], then [R_m : W (k)] is a multiple of 2(p − 1)/3. However, we have no example of lifting with such a R_m.

4.9 Deformation theory. Lifting a Galois cover X_k → Y_k of group G is equivalent to lifting the curve X_k endowed with the action of G. Instead of looking for the lifting of (X_k, G) for each individual couple X_k and G, Bertin and Mézard [4] consider the space of all possible liftings of (X_k, G). They give a global-local principle ([4], 3.3.4 and 3.3.5) which is more precise then that of Green-Matignon. They also study the structure of the versal deformation ring of (Spec k[[T ]], G) when G is p-cyclic (op. cit., 4.2.8). The study of such deformation rings is extended to semi-stable curves (Maugeais, [36]) and to finite group schemes (instead of constant groups G) in Wewers [59].

4.10 Lifting torsors. Let G be a finite flat group scheme over R. Let X_k → Y_k be a G_k-torsor over Y_k. Andreatta and Gasbarri [2] solve the lifting problem of X_k → Y_k to a G-torsor X → Y , where Y is some smooth projective curve lifting Y_k. Note that X_k is not smooth (even not reduced) if G_k is not étale. When R is ramified enough, they prove (op. cit., Theorem 6.1) that the lifting is possible for a class of finite group schemes {G_{λ,n}} of order p^n. This class contains the finite group schemes of order p.

4.2 Case of semi-stable curves over k

Let f_K : X_K → Y_K be a Galois cover of smooth projective curves over K. Since X_K does not have necessarily good reduction, to understand what happens to the reductions of f_K , it is natural to consider finite (Galois) cover of semi-stable curves over k.

Note that in the singular case, the lifting to equal characteristics R is not at all trivial contrarily to the case of smooth curves.

Lemma 4.11 Let f : X → Y be a finite morphism of semi-stable curves over R with smooth generic fibers. Let y ∈ Y_k be a singular point and let x ∈ f^{−1}(y). Then x is singular in X_k. Suppose that x is rational. (a) Write Ô_{Xk ,x} ≃ k[[s, t]]/(st), Ô_{Yk ,y} ≃ k[[u, v]]/(uv) with u ∈ sÔ_{Xk ,x}, then (u) = s^nÔ_{Xk ,x}, (v) = t^nÔ_{Xk ,x} for some n ≥ 1.

(b) Assume that X → Y is Galois of group G, generically étale on X_k, and suppose that the inertia group I_x has order prime to p. Then I_x is cyclic of order n, and σ(u) = ξ_nu, σ(v) = ξ^{−1}_n v for a generator σ of I_x and a primitive n-th root ξ_n of unit.

Proof: (a) The fact that x is singular is contained in the proof of [45], Prop. 5. The second condition comes from the fact that X \{x} → Y \{y} is finite free of some degree n in a neighborhood of x (because Y \ {y} is regular of dimension 2 in a neighborhood of y).

(b) The special fiber of Spec Ô_{X,x} has two smooth irreducible components Γ_1, Γ_2. Since y is singular, I_x leaves each Γ_i stable and it is also the inertia group of Γ_1 → Γ_1/I_x at x, hence I_x is cyclic. To prove the second condition, one can replace X → X/G by X → X/I_x as X/I_x → X/G is étale in a neighborhood of the image of x in X/I_x. By [30], 3.6, X → Y is étale cyclic in a neighborhood of x except at x. Then Part (b) is contained in [47], 5.7.

4.12 Suppose that k is separably closed. Let us start again with tamely ramified covers. Recall that a finite morphism f_k : X_k → Y_k of semi-stable curves is a tame admissible cover if the following conditions are satisfied.

(1) Let X^′_k and Y^′_k be the respective normalizations of X_k, Y_k. The morphism X^′_k → Y^′_k induced by f_k is tamely ramified.

(2) Let y ∈ Y_k be a singular point. Then every x ∈ f^{−1}_k (y) is singular. We furthermore require that the conclusion of Lemma 4.11(a) holds.

Note that the integer n in 4.11(a) will be prime to char(k) by the first condition. On the other hand, we can see that above the smooth part of Y_k, f_k is locally free of constant degree. Over an arbitrary field k, f_k is tame admissible if f_ksep is tame admissible.

A cover X_k → Y_k is called a tame admissible Galois cover of group G if G acts on X_k, freely on a dense open subset, such that X_k → Y_k can be identified with the quotient map X_k → X_k/G, is a tame admissible cover, and satisfies the conclusion of 4.11(b) above singular points. A tame admissible Galois cover is also called Kummerian cover ([50], 2.1). The action of G is then said to be balanced in [1], 2.1.3.

Remark 4.13 Note that the usual definition of tame admissible (Galois) covers requires that f_k maps the singular points of X_k to singular points of Y_k. This means exactly that the singular points of X_k are isolated in the ramification locus of X → Y , or equivalently, that the Zariski closure in X of the ramification locus of X_K → Y_K is contained in the smooth part of X → Spec R. This is natural when we study finite covers of marked semi-stable curves. But this condition is not necessary for the lifting purpose (see 5.4). Our definition is more natural in this context because every finite (Galois) cover of semi-stable curves as in 4.11 induces a tame admissible (Galois) cover if char(k) is zero or bigger than the degree of X_K → Y_K .

The next theorem is well-known and is due to various authors (see references in [58] and [50], 3.7):

Theorem 4.14 Let k be separably closed. Let f_k : X_k → Y_k be a tame admissible (Galois) cover (of group G). Then f_k can be lifted to a (Galois) cover X_K → Y_K of smooth projective curves (of group G) over K.

See also Proposition 5.4. Note that the same statement holds for tame admissible covers over an arbitrary field k ([58], 3.1.2). Theorem 4.14 is useful for the study of Hurwitz moduli schemes (see e.g. [23], [37], [1]).

4.15 On the wild ramification side, there are some recent works on the pcyclic case using ideas of Raynaud. Suppose k algebraically closed. Let X_K → Y_K be a p-cyclic cover with group G and suppose that X_K has a semi-stable model X over R endowed with an action of G. Let Y = X/G and let f : X → Y be the canonical morphism. Then X_k → Y_k is a finite morphism generically flat of degree p. Let Γ be an irreducible component of Y_k , then either f^{−1}(Γ) → Γ is generically étale, or f^{−1}(Γ) is irreducible and purely inseparable over Γ. In fact, some open dense subset U of f^{−1}(Γ) comes with a structure of torsor under a group scheme G_Γ of order p (hence isomorphic to Z/pZ, α_p or μ_p over k) over f(U). The structure of these torsors induce some numerical data on the intersection graph of X_k satisfying some compatibility conditions ([24], [26], [48], §2.2). Such a graph is called an admissible Hurwitz graph.

Theorem 4.16 ([48], [26]) Conversely, let X_k → Y_k be a finite surjective morphism of semi-stable curves over k, generically flat of degree p, endowed with a structure of admissible Hurwitz graph. If char(K) = 0, then after finite extension of K, X_k → Y_k can be lifted to a p-cyclic cover of smooth projective curves X_K → Y_K .

When Y_k has genus 0, then such an admissible Hurwitz graph exists (after modifying X_k and Y_k if necessary). By establishing this property, Maugeais was able to show:

Theorem 4.17 (Maugeais, [35], 5.4, 5.6) Let X_k be a semi-stable curve over k endowed with a faithful action of G ≃ Z/pZ. Suppose that p_a(X_k/G) = 0. Then after a finite extension of R, the pair (X_k, G) can be lifted to (X, G) over R with X_K smooth.

This theorem is first proved in equal characteristic case, and the mixed characteristics case is obtained with Theorem 4.5.

Corollary 4.18 (Maugeais, [35]) Let X_k be a stable curve over k. Then X_k is the stable reduction of some smooth hyperelliptic curve over (a finite extension of) K if and only if there exists an involution τ on X_k such that X_k/⟨τ⟩ has arithmetical genus 0 and, either char(k) = 2, or char(k) ≠ 2 and X_k → X_k/⟨τ⟩ is tame admissible.

4.19 Let X_k → Y_k be a generically étale Galois cover such that for all x ∈ X_k, the inertia group I_x is cyclic and has order not divisible by p^3. Then, under some mild conditions on the inertia groups of singular points of X_k, the cover X_k → Y_k can be lifted to a Galois cover after finite extension of K (Henrio, [25], 3.7).

5 Lifting finite covers of curves

Let R be a complete discrete valuation ring with residue field k. Let f_k : X_k → Y_k be a finite, surjective morphism of projective curves over k. We ask whether f_k can be lifted to finite morphism f : X → Y of projective curves over R with smooth generic fibers. We do not consider Galois actions in this section.

Proposition 5.1 (Inseparable morphisms) Let f_k : X_k → Y_k be a finite inseparable morphism of projective smooth curves over k, with g(X_k) ≥ 2.

(a) The morphism X_k → Y_k can not be lifted to a Galois cover over K.

(b) If X_k → Y_k is purely inseparable, then every lifting of f_k is purely inseparable. In particular, f_k can not be lifted to characteristic 0.

(c) There are inseparable X_k → Y_k which can be lifted to separable X_K → Y_K .

Proof: (a) comes from the injectivity of Aut_K (X_K ) → Aut_k(X_k) ([13], 1.11, or [28], 10.3.38). (b) We have g(X_K ) = g(X_k) = g(Y_k) = g(Y_K ). So any lifting f_K is purely inseparable. (c) Let E_K be an elliptic curve with good reduction at p, let X_K → E_K be a double cover such that X_K has good reduction (we can take X_K of genus 2). After enlarging K, we can suppose that E_K contains a p-torsion point P ∈ E_K (K) which specializes to 0 in the reduction of E_K . Let E_K → Y_K := E_K /H be the quotient by the subgroup H of E_K (K) generated by P . Then X_K → Y_K is separable, and its reduction X_k → Y_k factorizes through E_k → Y_k, and is therefore inseparable.

From now on, we will only consider generically étale morphisms.

Proposition 5.2 Let f_k : X_k → Y_k be a finite, surjective, and generically étale morphism of projective curves over k. Let Y → Spec R be a lifting of Y_k (when it exists, see 3.5).

(a) If X_k → Y_k is flat locally complete intersection (e.g. if X_k and Y_k are normal), then X_k → Y_k can be lifted to X → Y .

(b) If Y_k is smooth, and if Ô_{Xk ,x} can be lifted to a flat local complete R-algebra for all closed x ∈ X_k (e.g. if X_k is smooth), then f_k can be lifted to X → Y .

Proof: (a) Let A be an R-algebra (will be equal to Ô_{Y,y}). It is easy to see that a finite flat complete intersection over A ⊗ k lifts to a finite flat complete intersection over A with smooth generic fiber (see e.g. proof of 3.1). One applies 5.6(b) to conclude. See also [SGA1], III.5.6 when X_k and Y_k are smooth. It should be possible to prove (a) using deformation theory as in 3.5.

(b) Let x ∈ X_k and y = f_k(x). Let Ô_x be a lifting of Ô_{Xk ,x} to R. Since Y is smooth, Ô_{Yk ,y} → Ô_{Xk ,x} can be lifted to some Ô_{Y,y} → Ô_x which is necessarily finite because it is finite when tensored by k, and Ô_x is complete. As in (a), we can now use 5.6(b).

5.3 Suppose now that X_k and Y_k are semi-stable. Then X_k → Y_k is in general not flat nor l.c.i at singular points of X_k. So Proposition 5.2 can not be applied to lift f_k. Let us call a finite surjective generically étale morphism X_k → Y_k admissible if every point x ∈ X_k lying over a singular point y ∈ X_k is also singular and if the conclusion of 4.11(a) is satisfied.

Proposition 5.4 Suppose k is algebraically closed. Let f_k : X_k → Y_k be a finite surjective generically étale morphism of semi-stable curves over k. Then f_k can be lifted to X → Y if and only if it is admissible.

Proof: The “only if” part is just 4.11(a). Suppose that X_k → Y_k is admissible. For every singular y ∈ Y_k, let e_y be an integer multiple of the ramification index n_x (this is the integer n of 4.11(a)) of X_k → Y_k at x, for all x ∈ f^{−1}_k (y). Let Y → Spec R be a lifting of Y_k such that for every singular y ∈ Y_k, Ô_{Y,y} ≃ R[[U, V ]]/(UV − b), ν(b) = e_y. Such a lifting always exists (see e.g. [25], 2.6).

By Lemma 5.6(b) below, it is enough to show that f̂_x : Ô_{Yk ,y} → Ô_{Xk ,x} can be lifted to Ô_{Y,y} → Ô_x over R for all x ∈ X_k and y = f_k(x). If y is smooth, then f̂_x can be lifted as we saw in the proof of 5.2(b). So suppose that y is singular. Let us identify f̂_x with ρ : k[[u, v]]/(uv) → k[[s, t]]/(st), let n = n_x and write ρ(u) = s^n(1 + sP̄ (s)), ρ(v) = t^n(1 + tQ̄(t))

where P ∈ R[[S]], Q ∈ R[[T ]], and ¯ means reduction modulo π. This is possible by changing s, t if necessary, because k is algebraically closed.

Let Ô_x := R[[S, T ]]/(ST − a) where a ∈ R is such that c := ba^{−n} ∈ R^∗ and c = 1. Let G(T ) ∈ R[[T ]] be such that

1 + T G(T ) = (1 + T Q(T ))^{−1}.

Put ρ(U) = S^n(1 + SP (S) + T G(T )) and ρ(V ) = cT^n(1 + SP (S) + T G(T ))^{−1}. Then ρ(U)ρ(V ) = b, ρ(U) = ρ(u), ρ(V ) = ρ(v). because

t^n(1 + sP̄ (s) + tḠ(t))^{−1} = t^n(1 + tḠ(t))^{−1} = t^n(1 + tQ̄(t)).

Therefore we found a lifting of ρ to Ô_{Y,y} → Ô_x.

5.5 Formal patching. To attack the lifting problem, there are mainly two approaches: one is the (global) infinitesimal deformation theory as in [SGA1], III.5, [27], [56]; the second is the local formal patching method (including rigid analytic method).

Lemma 5.6 (Formal patching) Let R be a complete noetherian local ring with residue field k. Let f_k : X_k → Y_k be a finite surjective and generically étale morphism of projective curves.

(a) Suppose that Y_k is geometrically reduced. So there exists a dense open subset V of Y_k, smooth over k. Suppose moreover that for all y ∈ Y_k \ V , there exists a complete noetherian R-algebra Ô_y, flat over R, such that Ô_y ⊗_R k ≃ Ô_{Yk ,y}. Then there exists a projective curve Y → Spec R lifting Y_k such that Ô_{Y,y} ≃ Ô_y for all y ∈ Y_k \ V .

(b) Let Y → Spec R be a lifting of Y_k. Let V be a dense open subset of Y_k such that U := f^{−1}_k (V ) → V is étale. Suppose that for any x ∈ X_k \ U, there exists a finite Ô_{Y,y}-algebra Ô_x (where y = f_k(x)) which lifts the finite Ô_{Yk ,y}-algebra Ô_{Xk ,x}. Then there exists a unique lifting X → Y over R such that Ô_{X,x} ≃ Ô_x for all x ∈ X_k \ U.

Proof: The lemma follows easily from the formal patching method (Ferrand- Raynaud [15], Harbater [21], [22]). Let us however give some details here.

(a) We will use [35], 4.7. Let V → Spec R be a smooth formal scheme lifting V ([SGA1], III.6.3). Let y ∈ Y_k \ V , let ξ be a generic point of

Spec (Ô_y ⊗_R k) = Spec (Ô_{Yk ,y})

(it corresponds to an “analytic branch” of Y_k at y) and let η be its canonical image in Y_k . Since V is formally smooth, the canonical homomorphism O_{V,η} → (Ô_{Yk ,y})^^_ξ = (Ô_y)^^_ξ ⊗ k lifts to a homomorphism O_{V,η} → (Ô_y)^^_ξ . In other words, we lift the canonical morphism Spec (Ô_y)^^_ξ ⊗ k → V to Spec (Ô_y)^^_ξ → V. Now one can apply [35], 4.7 to conclude.

(b) A proof can be found in [49], Proposition 1.6, see also [25], 2.8 and an equivariant version in [35], 4.7. Let Y be the completion of Y along Y_k, let V be the open formal subscheme of Y with underlying space equal to V . The generic étaleness implies the uniqueness of the lifting U → V of U → V , and allows to “patch” U and the Spec Ô_x’s along the generic points of Spec Ô_{Xk ,x}.

References

[1] D. Abramovich, A. Corti, A. Vistoli, Twisted bundles and admissible covers, preprint (2001) http://arxiv.org/math.AG/0106211.

[2] F. Andreatta, C. Gasbarri, Torsors under some group schemes of order p^n, preprint (2003).

[3] M. Artin, G. Winters, Degenerate fibres and stable reduction of curves, Topology 10 (1971), 373–383.

[4] J. Bertin, A. Mézard, Déformations formelles des revêtements sauvagement ramifiés de courbes algébriques, Invent. Math. 141 (2000), 195–238.

[5] S. Bosch, W. Lütkebohmert, and M. Raynaud, Néron Models, Ergebnisse der Math., 3. Folge, 21, Springer-Verlag 1990.

[6] S. Bosch, W. Lütkebohmert, Stable reduction and uniformization of abelian varieties, I, Math. Ann. 270 (1985), 349–379.

[7] I. Bouw, R. Pries, Rigidity, Reduction, and Ramification, Math. Ann. 326 (2003), 803–824.

[8] I. Bouw, S. Wewers: Stable reduction of modular curves, preprint (2002),

http://arxiv.org/math.AG/0210363.

[9] R. Coleman, Computing stable reductions, in Séminaire de Théorie des Nombres de Paris 1985-1986, Prog. in Math., 71, Birkäuser, 1–18.

[10] R. Coleman, Torsion points on curves, Galois representations and arithmetic algebraic geometry (Kyoto, 1985/Tokyo, 1986), editor Y. Ihara, Adv. Stud. Pure Math., 12, North-Holland, Amsterdam, (1987), 235–247.

[11] R. Coleman, W. McCallum, Stable reduction of Fermat curves and Jacobi sum Hecke characters, J. Reine Angew. Math. 385 (1988), 41-101.

[12] P. Colmez, Périodes des variétés abéliennes à multiplication complexe, Ann.

of Math. 138 (1993), 625–683.

[13] P. Deligne, D. Mumford, The irreducibility of the space of curves of given genus, Publ. Math. IHES, 36 (1969), 75–109.

[14] M. Deschamps, Réduction semi-stable, in Séminaire sur les pinceaux de courbes de genre au moins deux, Astérisque 86 (1981), 1–34.

[15] D. Ferrand, M. Raynaud, Fibres formelles d’un anneau local noethérien, Ann. Sci. École Norm. Sup. 3 (1970), 295–311.

[16] W. Fulton, Hurwitz schemes and irreducibility of moduli of algebraic curves, Ann. of Math. 90 (1969), 542–575.

[17] M. Garuti, Prolongement de revêtements galoisiens en géométrie rigide, Compositio Math. 104 (1996), 305–331.

[18] B. Green, M. Matignon, Liftings of Galois covers of smooth curves, Compositio Math. 113 (1998), 237–272.

[19] B. Green, M. Matignon, Order p automorphisms of the open disc of a p-adic field, J. Amer. Math. Soc. 12 (1999), 269–303.

[20] A. Grothendieck, J.P. Murre, The tame fundamental groups of a formal neighbourhood of a divisor with normal crossings on a scheme, Lecture Notes in Math. 208, Springer-Verlag (1971).

[21] D. Harbater, Galois coverings of the arithmetic line, in Number Theory: New York, 1984-1985, Lecture Notes in Math. 1240, Springer-Verlag (1987), 165–195.

[22] D. Harbater, Patching and Galois theory, in ”Galois Groups and Fundamental Groups” (L. Schneps, ed.), 313–424, MSRI Publications series, 41, Cambridge University Press, 2003.

[23] J. Harris, D. Mumford, On the Kodaira dimension of the moduli space of curves, With an appendix by William Fulton. Invent. Math. 67 (1982), 23-88.

[24] Y. Henrio, Arbre de Hurwitz et automorphismes d’ordre p des disques et des couronnes p-adiques formels, Ph.D thesis, Université Bordeaux 1 (1999).

[25] Y. Henrio, Relèvement galoisien des revêtements de courbes nodales, Manuscripta Math. 106 (2001), 131–150.

[26] Y. Henrio, Arbre de Hurwitz et courbes de Mumford sur un corps p-adique, preprint.

[27] L. Illusie, Complexe cotangent et déformations, I, II, Lecture Notes in Math.

239, 283 Springer-Verlag, 1971, 1972.

[28] Q. Liu, Algebraic geometry and arithmetic curves, Oxford Grad. Texts in Math., 6, Oxford Univ. Press, 2002.

[29] Q. Liu, Courbes stables de genre 2 et leur schéma de modules, Math. Ann., 295 (1993), 201–222.

[30] Q. Liu, D. Lorenzini, Models of curves and finite covers, Compos. Math.

118 (1999), 61–102.

[31] M. Matignon, Vers un algorithme pour la réduction stable des revêtements p-cycliques de la droite projective sur un corps p-adique, Math. Ann. 325 (2003), 323–354.

[32] M. Matignon, Autour d’une conjecture de F. Oort sur le relèvement de revêtements galoisiens de courbes, (2003).

http://www.math.u-bordeaux.fr/^∼matignon/preprints.html

[33] M. Matignon, p-groupes abéliens de type (p, ..., p) et disques ouverts padiques, Manuscripta Math. 99 (1999), 93–109.

[34] M. Matignon, Lifting (Z/2Z)^2-actions,

http://www.math.u-bordeaux.fr/^∼matignon/preprints.html

[35] S. Maugeais, Relèvement des revêtements p-cycliques des courbes rationnelles semi-stables, Math. Ann. 327 (2003), 365-393.

[36] S. Maugeais, Déformations équivariantes des courbes stables, I, II preprints (2003). Part I: http://arxiv.org/math.AG/0310137.

[37] S. Mochizuki, The geometry of the compactification of the Hurwitz scheme, Publ. Res. Inst. Math. Sci., Kyoto University, 31 (1995), 355–441.

[38] S. Nakajima, On abelian automorphism groups of algebraic curves, J. London Math. Soc. 36 (1987), 23–32.

[39] S. Nakajima, Action of an automorphism of order p on cohomology groups of an algebraic curve, J. Pure and Applied Alg., 42 (1986), 85–94.

[40] F. Oort, Lifting algebraic curves, abelian varieties, and their endomorphisms to characteristic zero, Algebraic geometry, Bowdoin, 1985 (Brunswick, Maine, 1985), 165–195, Proc. Sympos. Pure Math., 46, Part 2, Amer. Math. Soc., Providence, RI, 1987.

[41] F. Oort, Lifting an automorphism of a curve to characteristic zero, talk at the University of Pennsylvania, (2003).

http://www.math.uu.nl/people/oort/

[42] F. Oort, Some questions in algebraic geometry, manuscript (1995).

http://www.math.uu.nl/people/oort/

[43] G. Pagot, Relèvement en caractéristique zéro d’actions de groupes abéliens de type (p, ..., p), Ph.D thesis, Université Bordeaux 1, 2002.

[44] M. van der Put, Stable reductions of algebraic curves, Nederl. Akad. Wetensch. Indag. Math. 46 (1984), 461–478.

[45] M. Raynaud, p-groupes et réduction semi-stable des courbes, The Grothendieck Festschrift, vol. III (P. Cartier and al, eds), Birkhäuser, Prog. in Math. 88 (1990), 179-197.

[46] M. Raynaud, Spécialisation des revêtements en caractéristique p > 0, Ann.

Sci. École Norm. Sup. 32 (1999), 87–126.

[47] M. Saïdi, Revêtements abéliens, courants sur les graphes et réduction semistable des courbes, Manuscripta Math. 89 (1996), 245–265.

[48] M. Saïdi, Galois covers of degree p: semi-stable reduction and Galois action, preprint (2001), http://arxiv.org/math.AG/0106249.

[49] M. Saïdi, Wild ramification and a vanishing cycles formula, preprint (2001),

http://arxiv.org/math.AG/0106248, to appear in J. Algebra.

[50] M. Saïdi, Revêtements modérés et groupe fondamental de graphe de groupes, Compositio Math. 107 (1997), 319–338.

[51] T. Saito, Vanishing cycles and geometry of curves over a discrete valuation ring, Amer. J. Math. 109 (1987), 1043–1085.

[52] D. Saltman, Generic Galois Extension and Problems in Field Theory, Adv.

in Math. 43 (1982), 250–283.

[53] T. Sekiguchi, F. Oort, N. Suwa, N. On the deformation of Artin-Schreier to Kummer, Ann. Sci. École Norm. Sup. 22 (1989), 345–375.

[54] T. Sekiguchi, N. Suwa, N. A note on extensions of algebraic and formal groups. IV. Kummer-Artin-Schreier-Witt theory of degree p^2, Tohoku Math. J. 53 (2001), 203-240.

[55] J. Silverman, The Arithmetic of Elliptic Curves, Grad. Texts in Math., 106, Springer-Verlag, 1986.

[56] A. Vistoli, The deformation theory of local complete intersections, expository notes (1997), http://arxiv.org/math.AG/9703008.

[57] S. Wewers, Three point covers with bad reduction, J. Amer. Math. Soc. 16 (2003), 991–1032.

[58] S. Wewers, Deformation of tame admissible covers of curves, in Aspects of Galois theory (Gainesville, FL, 1996), 239–282, London Math. Soc. Lecture Note Ser., 256, Cambridge Univ. Press, Cambridge, 1999.

[59] S. Wewers, Formal deformation of curves with group scheme action, to appear in Ann. Inst. Fourier.

http://arxiv.org/math.AG/0212145.

[60] G. Winters, On the existence of certain families of curves, Amer. J. Math.

96 (1974), 215–228.

Qing Liu CNRS, Laboratoire A2X Université de Bordeaux I 351, cours de la Libération 33405 Talence, FRANCE Qing.Liu@math.u-bordeaux.fr