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Abstract

The aim of this paper is to construct upwind residual distribution schemes for the time accurate solution of hy-
perbolic conservation laws. To do so, we evaluate a space-time fluctuation based on a space-time approximation of the
solution and develop new residual distribution schemes which are extensions of classical steady upwind residual dis-
tribution schemes. This method has been applied to the solution of scalar advection equation and to the solution of the
compressible Euler equations both in two space dimensions. The first version of the scheme is shown to be, at least in its
first order version, unconditionally energy stable and possibly conditionally monotonicity preserving. Using an idea of
Csik et al. [Space-time residual distribution schemes for hyperbolic conservation laws, 15th AIAA Computational
Fluid Dynamics Conference, Anahein, CA, USA, ATAA 2001-2617, June 2001], we modify the formulation to end up
with a scheme that is unconditionally energy stable and unconditionally monotonicity preserving. Several numerical
examples are shown to demonstrate the stability and accuracy of the method.
© 2003 Elsevier Science B.V. All rights reserved.
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1. Introduction

This paper is devoted to the construction of a class of stable, accurate and compact methods for the
solution of unsteady compressible flows on triangular unstructured meshes.

In the past decades, many numerical schemes have been devoted to the simulation of unsteady com-
pressible flows with possibly discontinuities within the flow. In most cases, this is done with methods that
are extensions of the so-called high order upwind schemes (see [20,21] for a review), even on unstructured
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meshes [18]. There are at least two important exceptions to this, the finite element type schemes obtained
with the stream-line diffusion method [25,29], and the discontinuous Galerkin schemes [10].

The schemes constructed following the upwind high order philosophy are, for unstructured meshes, most
of the time quite disappointing because they suffer from excessive numerical diffusion. To overcome this
problem, one has tried to adapt ideas arising from the ENO/WENO philosophy [22,23]. Examples of such
attempts are [1,19,23]. If these extensions have some success, the price to pay is very high: the coding is
rather complex, and more disturbing, these schemes do not have a compact stencil, so parallel imple-
mentation becomes difficult. Lastly the analysis of the accuracy of the solution is rather unclear, or at the
least difficult to carry out.

In order to tackle these two problems — compactness of the stencil, effective accuracy of the solution — at
least two classes of methods have emerged in recent years, the discontinuous Galerkin schemes (DG), and
the residual distribution schemes (RD) or fluctuation splitting schemes. Though different in spirit, they have
a common core at least in their “unstabilized” versions, the residual property. This property that we discuss
below in the framework of RD schemes allows us to show the formal accuracy of the scheme on a very
general mesh. The DG schemes use a discontinuous polynomial representation of the unknowns which is a
generalization of what is done in finite volume schemes. The solution is updated via the evaluation of fluxes,
and the stabilization mechanism is obtained by very similar techniques to those in classical finite volumes.
The net effect of this is to lose the residual property.

On the contrary, the RD schemes use a pointwise representation of the solution, as in finite difference
schemes. The unknowns are updated by evaluation of the amount of the residual sent to the vertices, and the
stabilization mechanism can be similar to artificial viscosity, as in the SUPG finite element method [26] or the
stream-line diffusion method [29], or inspired by the nonlinear techniques of the so-called high resolution
schemes [21,27]. One can also take into account the genuinely multidimensional structure of the problem [37].

In this paper, we consider schemes of the RD class, borrowing ideas from the upwind high order phi-
losophy, as well as ideas coming from the stream-line diffusion one. Our goal is to propose a systematic
construction of robust and high order schemes, on general meshes. This problem has received a lot of
interest recently: one may quote the pioneering work of Roe and their coworkers [15,36,37], and also more
recently in [2,3,14,38], but only for steady problems. Here we consider unsteady problems. The present
paper contains, with much more details and analysis, the early draft that has been presented in the second
AMIF conference, October 2000 [5]. Independently, other schemes for unsteady systems have also been
recently considered [9,12,17,24] but these schemes are either a priory more computationally demanding or
are not monotonicity preserving in general.

The paper is organized as follows. First, we recall some basic facts about upwind residual distribution
schemes. Then we construct, for scalar problems, a class of upwind, monotonicity preserving and second
order schemes. Several numerical examples are considered to show the effectiveness of our approach. Then,
we extend this method, following the ideas of Abgrall and Mezine [6], first to symmetrizable systems, then
to the Euler equations. The main drawback of this method is that we are constraint to a CFL like condition
to preserve the monotonicity property of the scheme (not for stability purposes). Following an idea of Csik
et al. [12], we then construct an unconditionally stable, monotonicity preserving, second order accurate
scheme for unsteady flow problems and show several numerical examples to illustrate our technique. Some
conclusions end the paper.

2. Review of residual distribution schemes
2.1. Scalar conservation law

Let us consider the two-dimensional conservation law
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du

at—l—divf(u):O inQ2x(0,7), QCR? (2.1)

or in quasi-linear form

ou -
e + (A (u),Vu) =0, (2.2)
where T(u) = 0f /0u is the advection speed. Let 7, be a triangulation of the domain Q. The set of triangles
,,,, s~ The vertices of a triangle T are M;,, M;,, M;,, or iy, iy, i3. When

there is no ambiguity #;, i, i3 are replaced by 1, 2, 3. The discretization techniques use [P; finite element
meshes, i.e., triangular meshes with a piecewise linear solution representation u" = Y u;A";, where A/ is
the linear shape function associated with node i. We also denote by |7 the surface of the triangle 7, and
more generally, by |4| the surface of the subset 4 C R*.

We define the fluctuation or the cell residual over a triangle 7 as the integral over this element of the
spatial differential operator

=4
o7 :/divfhdx =|T| % - Vu". (2.3)
T

=4
Since Vu' is constant, A is a cell-averaged advection speed. If we take

- 1 -
p :m/T 7 (") dx, (2.4)

it makes an exact equivalence between the conservative form and the quasi-linear form of the cell residual,
and allows us to work with the quasi-linear expression while maintaining local conservation. Expression
(2.4) is called a conservative Roe-linearization. We obtain the fluctuation

="k, (2.5)

M;eT

=4
where k; = % 4 -n! is called the inflow parameter, n! is the scaled inward normal of the edge opposite to
node i (see Fig. 1).

~

=

T
n;

Fig. 1. Triangle with scaled inward normals.
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Fig. 2. The dual cell is obtained by joining the midpoints of the edges starting from M; and the centroids of the triangles containing M;
as a vertex.

The residual distribution method consists of distributing fractions of the cell residual @’ to the vertices
of the element. One denotes by @/ the fraction of the cell residual sent to node i. For consistency and
conservation one has

d ol =a' (2.6)
M;eT
A residual distribution scheme reads
At
W= - > @ (2.7)
|C" | T.M;eT

where C; is the median dual cell around M; (see Fig. 2).

Since u" is continuous across edges, it can be shown [4] that, under the assumption of the standard Lax—
Wendroff theorem, the limit solution is a solution of (2.1) in the linear and nonlinear case. This allows a lot
of flexibility in the construction of schemes because we are not any more constrained by the geometry of the
mesh. A few design principles are needed. They are: (i) upwinding, (ii) linearity preservation and (iii)
monotonicity.

(i) The upwinding property (U). No fraction of the element residual is sent to upstream nodes

@' =0 when k <0. (2.8)

(1) Second order accuracy at steady state: the linear preserving condition (LP). A way to get second
order accuracy at steady state is to require that the residual @] evaluated for the piecewise linear in-
terpolation u" of any smooth solution of (2.1) satisfies

o/ (u") = O(1), (2.9)

see [2] for a proof. If ®/®" remains bounded when ®" — 0 we get second order accuracy. This
follows first from the accuracy properties of the piecewise linear interpolation and second from the fact
that the problem is steady. Using these two remarks, it is easy to see that the cell residual satisfies
®" = O(h*), so it implies (2.9).

(ii1) The monotonicity condition (P). The scheme does not create local extrema or, if the residual sent at
node i can be written as

J

we impose ¢;; > 0. The scheme is L* stable under a CFL condition.
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2.2. Examples of schemes for scalar problems

Several schemes satisfying some or all of these design principles have been developed both in 2D and
3D. For a complete review see [33]. Some of the most popular schemes are given in Table 1: the N-
scheme is a linear monotone (P) first order upwind scheme; the LDA scheme is a second order (LP)
linear upwind scheme; the PSI scheme is a nonlinear second order (LP) and monotone (P) upwind
scheme.

Note that a Godunov’s theorem states that linear schemes (i.c., schemes for which the distribution does
not depend on the solution itself) cannot be (LP) and (P) at the same time. One can get both properties only
if some nonlinearity is introduced into the scheme. An example is the PSI scheme below.

One denotes k" = max(0, %;), k&, = min(0, k;).

The residual at node i for the N-scheme must satisfy the conservation relation (2.6), so we must have

S ku=> ku, (2.11)
M;eT M;eT
and one gets for u:
u=NY_ku (2.12)
M;eT

with

N = (%k,) 71.

The PSI scheme of Struijs [37] can be obtained as a combination of the first order monotone N-scheme
and the second order non-monotone LDA scheme, where / € R is chosen to make the scheme monotone (P)
and second order accurate at steady state (LP). It is shown in [2] that if we take / = max(¢(r1), @(r2), @(r3))
where

¢!_,DA

)
o

ri =

ox) = {;5/(1 - ieﬁs);f 0 (2.13)

the scheme satisfies the above properties.

A recent development is the proposal of modified schemes resulting from first order schemes like the N-
scheme, see [6] and then [7]. The problem is formulated as follows on a general N-vertex simplex: from a low
order monotone scheme {®;}, construct a high order scheme {®;} such that

. B .
2., ¥, =>,® =&, conservation,

D0, >0, monotonicity.
Table 1
Residual distribution schemes
Scheme Residual at node i Type U P LP
N O =k (u; —u) Linear Vv
LDA OPA = kNPT Linear NG v
PSI O = 1) + (1 — 1y@PA Nonlinear Vv v
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We get second order accuracy under the following conditions:

o = 0(d),

o= o), at steady state for smooth solutions.

The two conditions are important; in particular they impose second order accuracy constraints on the flux
approximation f"(u").

Introducing
P, . D
ﬁj = 71, ﬂj = 7]7
P P

these conditions can be reformulated as constraints on the weights with which the residuals are distributed
to the nodes

Z;v:l B = Zjv:l p =1, conservation,
BB, =0, monotonicity,
ﬁ ' is bounded, high-order accuracy if ®” is small enough.

Our procedure is to impose these constraints on a mapping, which takes a set of weights { §;} corresponding
to a monotone scheme (which may only be first order accurate) to a set of weights {f,} corresponding to a
scheme that is both monotone and of maximum accuracy. In reformulating, we allow for an arbitrary number
N of degrees of freedom per simplex. The mapping from the N-vector {§;} to the N-vector { B .} cannot be
linear, because of the Godunov theorem, but there are many such nonlinear mappings. They are the truly
multidimensional analogues of limiter functions [21] and we expect their thorough investigation to take
considerable time.

Here, we simply offer two examples for the case N = 3, presenting the vectors f = (f, f,, f;) and
ﬁ (ﬁ1 , ﬁz, /33) as the barycentric coordinates of a point in space with respect to an equilateral triangle. To
ensure boundedness, we insist that, for all j, 0 < ,[)’ < 1, so that the point f8 lies within the triangle, or on its
boundary. A weaker condition, constraining the point f to a finite neighborhood of the triangle, seems
possible but has not yet been explored.

If the monotone weights are all positive, then f3 already lies within the triangle, and it is natural to take
simply f = p. If p lies outside the triangle, one possibility is simply to project § onto the boundary of the
triangle. For example, we may take

. ﬁ+
b=

In Fig. 3 this is shown geometrically on the left. The mapping from f to ﬁ is always a translation toward
one of the vertices. R
An alternative is to take § as the point on the boundary of the triangle that is closest to f. The following
logic accomplishes that: .
1. If By, B,, B5 are positive, define §; = f;.
2. Else
(a) If B, is negative, define B,=p5+3 ﬂl and f8; = f; —i—%ﬂl.
(i) IF B3 <0, py=f, =0, fy = 1.
(i) If g3 <0, ﬁ1 Bs=0,p,=1 R
(iii) Ifﬁ2 >0 and f; >0, B, =0,p, = B, and f; = f;.
(b) If B, is negative, consider (a) with the transformation of indices and change the indices according
therules1 — 2,2 — 1,3 — 3.

(2.14)
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x1=0 x2=0 x1=0 x2=0
) i I 9
! C& 1 47 0 x3=0

\\)

3

Limiting by eqn(2.14) Limiting by orthogonal projection

Fig. 3. Geometrical illustration of the two limiters.

(c) If B, is negative, consider (a) with the transformation of indices and change the indices according
therules1 —3,2—2,3—1
Since ﬁ ' is homogeneous of degree 1 in x;, this can be coded without division. In Fig. 3 this map is shown
geometrically on the right. Extension to N > 4 is straightforward for both maps.

2.3. Compressible Euler equations
Let us consider the compressible Euler equations in the domain Q C R?,

%Vmwy(W):o in Q% (0,7), (2.15)

or in quasi-linear form

ow ow ow .

—+A(W)—+B(W)a—:() in Qx(0,7), (2.16)
Y

where A(W),B(W) are the Jacobians of the fluxes. The flux # = (F, G) and the conserved variables are
given by

W = (p,pu,pv,E)", F(W) = (pu, p’ + p, puv,u(E +p))",

T (2.17)
G(W) = (pv, puv, pv* + p,v(E + p))

where p is the density, u and v are the components of the velocity, € is the internal energy, and
E = pe+1p(u* 4 v*) is the total energy. The equation of state is the perfect gas law

p=@G—Dpe=(y— 1)<E—%p(u2+v2)>,

where y is the ratio of specific heats (y = 1.4).

The construction of the residual distribution schemes is based on the quasi-linear form of the conser-
vation law. For reasons of conservation, a particular conservative linearization is needed to generalize (2.3)
and (2.4). Then the nonlinear system (2.15) is locally approximated by the linear system

ow  _ow oW

44— +BZ =0 2.18

o TPy T (2.18)
where 4 and B are the Jacobians of the fluxes evaluated at some average state W. The conservative line-
arization is obtained by a multidimensional extension of Roe’s linearization [13,16]. Introducing Roe’s
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parameter vector Z = ,/p(1,u,v,H), where H is the total enthalpy, one denotes that W = W(Z) and
F = F(Z) are quadratic in Z,
1 1
W(Z) = 3 D(Z2)z, F(Z)= 5%(2)2, (2.19)
where D(Z) and #(Z) are matrices that depend linearly on Z. Assuming that Z has a linear variation on 7,
we get for the cell residual

=" KW, (2.20)

M;eT
where K; = 1 (An} + Bn}) with

S OF o G, o L+t
A_aW(Z)v B_aW(Z)v Z= 3 ’

the vector W, being defined as W, = D(Z)Z,.

Remark 1. (4,B) = #(Z)D~'(Z) are the Jacobians of the fluxes evaluated at some average state W. It can
be shown that the matrices K; are diagonalizable with real eigenvalues. We set K; = L;A;R; where L;
contains the left eigenvectors and R; the right eigenvectors, and A; is the diagonal matrix containing the
eigenvalues.

The positive and negative parts of K; are denoted K;" and K, and are defined by
Kl+ - L[A?Rh K; = Li/l'»_Rl'7 (221)

where A and A contains the positive and the negative eigenvalues of K.
The design principles for systems residual distribution schemes are similar to those defined in the pre-
vious section for scalar conservation laws, i.e.,
(1) The upwinding property (U). The scheme is upwind if the following condition is true: if all the eigen-
values of K; are negative, then @ = 0.
(1) Second order accuracy at steady state: the linear preserving condition (LP). This condition is the
same as for a scalar conservation law (see [2]). A condition is to require that the residual @ satisfies
the property

o[ (W' = 0(n’) (2.22)

for any smooth solution of (2.15), where W" =1D(Z")-Z" and Z" is the piecewise linear inter-
polation of this solution. Note that in (2.22) what is really important is not this particular set of
variables, but the fact, as shown in [2], that the interpolation of the variables or the flux is second
order accurate.

(ii1) The monotonicity condition. One wants to avoid non-physical oscillations. The formulation of this
intuitive condition is difficult: however see [2] and Sections 2.4 and 4.2.4 below for details.

2.4. Examples of schemes for systems

The system N-scheme. We set

&) =" KINK; (W — W), (2.23)

J
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where N = (Z} Kj—)fl. It is shown in [2] that the matrix product KN always has a meaning, so the
scheme is well defined. In [3], it is shown that for a symmetrizable system the N scheme is linearly
dissipative. In the present case, if the linearization is carried out in the entropy variables V = Vy (ps),
one has

1

S ®Y) =2 (VL Kii) + 2V (0, 4, 1) (2:24)
M;eT 2 M;eT

with 2V (W, Va, V3) a positive quadratic form.

The system LDA scheme. The system LDA scheme is defined by
PrPA = —K'NO'. (2.25)

Like the N-scheme, the system LDA scheme is always well defined. For symmetrizable systems no dissi-
pation property is known.

The system N-modified scheme. The generalization of the scalar PSI scheme is not obvious. We recall the
extension constructed in [2] because we use the same type of idea here.

Consider a direction 7 = (m,, m,), and the matrix Kﬁ =md + myB. Since this matrix is diagonalizable
in R, we may consider ¢;,, j = 1,4, and r;, j = 1,4, its left and right eigenvectors. Next we consider the
fluctuations ¢} = ¢; - @,, i.e., we decompose @; onto the basis {r;},

4
— E J
@1 = Q;r;.
i=1

It is clear that

3
Ej' P = Z(pl/?
i=1

so we may apply the procedure defined in equations (2.14), or the limiter defined by orthogonal projection.
This produces a set of fluctuations {(¢/)*}, and we define the limited scheme by

4

o = (o).

Jj=1

In [6], it is shown that this scheme is LP. It is also shown that if one starts from the system N-scheme, then
this scheme has a L™ type stability property. This property has been demonstrated on several test cases,
ranging from subsonic to hypersonic cases.

In all the numerical examples presented here, we have chosen 7 = . Other experiments have been
done with different choices. The quality of the results is the same. The only motivation for # = % is that
this choice makes the scheme rotationally invariant, and is probably more natural.

3. Petrov—Galerkin formulation of residual distribution approach

The residual distribution schemes can be viewed as a particular class of Petrov—Galerkin finite element
schemes. Denoting by w; the Petrov—Galerkin weighting function associated tonodei: w; = A", +o! on T,
one can choose o such that the spatial discretization of the Petrov-Galerkin formulation is the same as the
residual distribution approach. Starting from the finite element spatial discretization of (2.2) with constant
advection speed one has
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/w, de+ Y /w,-<7,vuh>dx=o. (3.1)
Tety, T

Tery,

Since (i , Vu") is constant on T and equal to @’ /|T| one obtains

¢T
> /w, dx+T; /w, T = 0. (3.2)
™ er

Using the definition of w; in the second integral in equation (3.2) leads to

> /w, de+ Y <;+a)<p7_o (3.3)

T M;eT

Putting o = @] /®" — 1/3, the spatial discretization of the Petrov-Galerkin formulation is the same as
that of the residual distribution approach. The previous equation becomes

S S S e =, (3.4)

Ter, M;eT T M;eT

where (m]) is the consistent mass matrix defined by m/, = J; wi/";dx. This expression is the consistent
formulation of the residual distribution scheme

o/ /d" +1/6 &]/dT —1/12 @]/D" —1/12
T |T| T T T T T T
(m,.j)zT ®T/BT —1/12 dL/BT+1/6  @L/dT —1/12]. (3.5)
o7 /0" —1/12 &I /" —1/12 @ /dT +1/6

Remark 2. The first order N-scheme cannot be obtained from a Petrov-Galerkin approach since @/ /®” are
unbounded for vanishing cell residuals.

Remark 3. Starting from (3.4) we can derive a certain number of schemes, extensions of standard residual
distribution schemes that have the property @/ /®" bounded (see [17]).

If we want to recover (2.7) we must replace the consistent mass matrix by an inconsistent mass matrix.
This matrix is obtained by lumping its element of each row to the diagonal, and replace @] /®" by 1/3
(equidistribution of the fluctuation) giving the inconsistent Galerkin lumped mass matrix (1/3)Id. This leads
to the following inconsistent formulation:

|c,-|%+ > ol =0 (3.6)

T M;eT

An explicit Euler scheme for the time derivative leads to (2.7).

For steady computations an accurate discretization of the time derivative is not required, so that (3.6) is
a good alternative in place of (3.4) which requires the solution of a system of nonlinear algebraic equations.
With this approximation only first order accuracy can be achieved for unsteady problems even if we use
second or third accurate schemes for time derivative. So the consistent formulation (3.4) is needed to reach
high order accuracy. One of the aims of this paper is to show how to construct consistent mass matrices
without losing stability properties of the schemes for steady state. The development of monotone high
accurate schemes using (3.4) has been considered by Ferrante [17] with a flux corrected transport formu-
lation. He showed that positivity is lost with this formulation (the mass matrix is not guaranteed to be a
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L-matrix), and to recover monotonicity he used the flux corrected transport to damp the spurious oscil-
lations. This approach works reasonably well, but it is not a natural extension of (2.7). We lose the aspects
of the residual distribution methods like: (i) upwinding, (ii) linearity preservation and (iii) compactness of
the stencil (due to the FCT limiting).

The aim of this paper is to show how one can recover properties (i), (ii) and (iii).

4. Residual distribution schemes for unsteady scalar advection equations

We showed, in the previous section, that the residual distribution scheme (2.7) is not suitable for
computing unsteady problems due to the inconsistent treatment of the mass matrix. Schemes with a
consistent mass matrix have been considered by Caraeni, Csik et al., Ferrante, Hubbard [9,12,17,24], etc.
Here we present and illustrate another solution for reaching high order accuracy for unsteady scalar ad-
vection, and in the final section, we extend it to the compressible Euler equations.

4.1. Principles

Let us consider Eq. (2.1) with constant advection speed

2—2‘+<7,W> —=0in Qx (0,7).

The idea is to see in (2.1) a steady problem in R; x R, x R,, where £ is an iteration parameter. We first
need to define the cell residual. For steady problems the cell residual over a triangle 7' is defined as the
integral over this element of the operator div with the piecewise linear approximation of u on 7. Here we
solve the unsteady problem like a steady problem, so we define the cell residual as the integral of the
differential operator 0, + div with a space-time approximation of u on T X [t,,#,.1]. To do this we need a
second order approximation of u to get second order accuracy in time and space, which implies
®" = O(A#,1?). The most natural choice is

t_tn

h n+1 b1 — 1,
_ Iyt — ¢ 4.1
W x,0) = ) 4 ), @)

where " and u"! are respectively the piecewise linear approximation of u at time #, and ¢,,;. Hence we
define the residual ¢ by

fnt1 ou’
o’ :/ / —+ (4, V") dxdt. (4.2)
tn T at
After calculations, we get
T At
or = 11 @ =) + 5 k() (4.3)
3 M;eT 2 M;eT

with the same definition of k;. We denote by &;, and @;,,; the residuals sent to the nodes (M;,¢,) and
(Ma tn+l )

The residual (4.2) is the fluctuation computed over the prism K = T X [t,,,.1] (see Fig. 4). Our approach
is a space—time interpretation of the classical residual distribution methods with the linear in time and in
space approximation of the solution (4.1). We need to distribute this fluctuation to the vertices of the prism
K: upwinding in time, i.e., a causality principle, leads us to distribute the time—space residual to the nodes
located at time #,.;, so one has &;, = 0.
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k
K T tn+l

Fig. 4. The prism K defined by the triangle 7'

The residual distribution scheme reads

VM, € 15, Z D; i1 =0, (4.4)

T.M;eT

where @; . is the residual sent to node M; at time ¢, ;. From now on we replace @, ,,; by @; since there is no
possible confusion. The residuals are assumed to fulfill the conservation relation

> & =0, (4.5)

M;eT

where @ is given by (4.3).

4.1.1. Design principles
(1) The upwinding property. No fraction of the element residual is sent to nodes for time ¢ = ¢,. Eq. (4.4)
means that all the residual of K is sent to time #,,1.
(i1) The linear preserving condition (LP). The LP property is the same as for the steady case: if the so-
lution is smooth then

D, = O, AP).

(1) No spurious oscillations in the solution.
4.2. Extension of classical schemes

We discuss a space-time N-scheme and LDA scheme that reduces to the classical N-scheme and LDA
scheme for steady state applications. This space-time schemes allow us to construct space-time blending
and modified schemes.

4.2.1. The N-scheme
We set
At At

(M?Jrl _ uln) + Ek;r (u;l+1 _ ’il'nJrl) + 7k1+ (u:1 _ ’il’n)7

_17

oY
! 3

where %" and #""!' are computed to have the conservation relation (4.5). One gets
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~n __ —n ~n+1 - n+l
=ND kjup, @ =N ku
M;eT M;eT
with the same definition of N (see Section 2.4). The residual at node i becomes

o = |3l|(u;’+l — ) +% S [k (=t ) 4 Nk (=) . (4.6)

M;eT

The schemes reads, for all M; € 1,

3 {53 3 e () )] | <o 7

T.M;eT M;eT

Remark 4.

1. For steady computations, we recover the standard N-scheme.

2. One of the reasons for splitting space and time like equation (4.6) is that the conservation relation is met
and positivity can be shown, see below. Another constraint comes from the fact the scheme (4.7) is im-
plicit in time: the linear system has to be solvable. This last point was a motivation for the present split-
ting: we also tried many combinations, but none were leading to solvable systems except the choice (4.6).

The scheme (4.7) is an implicit scheme, which can be written as 4U""' = BU” where U"*! and U" are re-
spectively the vectors of unknowns at time ¢,,; and ¢,. The entries of the matrices 4 and B are given by

_ \TI _ At -
Ai= Y (3 7k+ , A,.jfr(z 77k+Nk (4.8)

T.M;eT (M, M;)eT
\T| At . AV
Bii - TMZET (T — 7]{1 5 Bij == . Z Ek Nk (49)
Mi (M, M;)eT

and we have the following lemma:
Lemma 1. The matrix A is non-singular and is a L-matrix, i.e., A; > 0 Vi and A;; <0 for j # i.

Proof. One has 4; > 0 and 4;; <0 since N <0 = k*Nk > 0, hence 4 is a L-matrix.
To prove that 4 is non-singular we show that 4 is a dlagonally strictly dominant matrix, i.e.,

Vi |di] > Z |4yl

A
We have
|T| At . At
=S wl= 3 (Fege) -5 5 Few
#M; T.M;eT M#M; T,(M;,M;)€T
_ | | At —+ At + — |T| + At +
_T;T<3+2kl TMETMZ 5 ki NK; > 3+ k 5k
M; ; M, €T T.M;eT

T

T.M;eT

This shows that 4 is diagonally strictly dominant. This achieves the proof. [
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We remark that B;; > 0 for j # i, and under the condition Az < 3(|T|/k;") one has B; > 0. The mono-
tonicity property of the scheme is described in the following:

Proposition 4.1. The extension of the N-scheme defined by (4.7) is monotone under the CFL like condition

min ——. (4.10)

Remark 5.

(1) This result states that the scheme is monotonicity preserving, at least under a CFL like condition.
This is a statement of stability in the L* norm. This is not a statement on the L? stability, in other words, we
are not saying that this implicit scheme is only stable under condition (4.10). To anticipate a bit the results
of this paper, we show in Appendix A in a more complex case for which the scalar one is a very particular
example, that this scheme is unconditionally stable in L.

(2) Condition (4.10) seems to be a severe limit on the allowed time step but computations with CFL great
than one have shown that monotonicity is preserved. A close look at the proof indicates that this condition
is certainly not optimal. In Section 6, using an idea of Csik et al. [12], we show how to avoid this severe
constraint.

Proof. The scheme can be written as AU""! = BU" with 4 a non-singular L-matrix, and B a matrix with
positive elements. It is shown in [30] that if A is a regular L-matrix the following assertions are
equivalent:
(i) A7 is positive,
(i) there exists a diagonal positive matrix D such that D~'AD is diagonally strictly dominant.
We apply this results with D = Id so it implies that 4! is positive. B has positive elements, thus the
matrix 47'B is positive.
Step 1: Suppose there exists a € R such that «” > a for all M; € t;,. One wants to show u"*! > a for all

M € Ty
One has
T At
3 <|3| (W =)+ 5 > kN (" = - u])> =0,
M;eT M#M;

Z (E'uf“ +% Z k" Nikc; (uj’“ —u}’“)) :M.e

M;eT M;#M;

3
|T| At .\, At PN
:E: i B 4 _E ) T
<<3 2k[ ul+2 KR /M,eT

M;eT M#M;

At N |T|
+5 > KNk, a) > ) 5 (4.11)

M#M; M;eT

because the matrix B is positive. The inequalities (4.11) imply that

5 ( T~y 4 S kot (7 — ) () _a))) >0,

M;eT J#
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which can be rewritten as
AW —a) = 0.

The matrix 4~' is positive so one has u"* >0, i.e., u'! > a for all M; € 1.
Step 2: Suppose that there exists a € R such that u'<a for all M; € ;. One wants to show u"*! < a for all
M; € 1,. We do the same thing as before. This achleves the proof. [

4.2.2. The LDA scheme

This scheme directly follows from the consistent formulation (3.4) with Crank—Nicholson discretization
for the time derivative, using the standard LDA scheme. Consider expression (3.4) with the standard LDA
scheme

> S S (kN =0,

TMeT M;eT T.M;eT

where «" = 3 u;(t).4";. If we consider Crank—Nicholson discretization of time derivative one obtains

S S () 5 3 (- KM@+ 97) =0

T.M;eT M;eT T M;eT (4 12)
Z Z T(,n+l _ n _"_1 Z k+N Zk n+1_|_ =0 .
my; (U] uj > uj) | =0,
T.M;eT M;eT T .M;eT
After lengthy calculations, expression (4.12) can be written as
> @A =0
T.M;eT [
with @P* defined by
LDA _ | | + 1 n+1 o |T| + _L n+l _ n
! ( kN+6>( )+ 15— kN -5 M;[(uj )
A
k+NZk( "+1+u) (4.13)

M;eT

As for the extension of the N-scheme, we write the LDA scheme as AU""! = BU”. The matrices 4 and B
have no apparent properties.

Remark 6. We recover the LDA scheme of Ferrante [17].

4.2.3. The PSI scheme
The extension of the PSI scheme is straightforward. It is a result of a combination of the first order
monotone N-scheme (4.7) and the second order non-monotone LDA scheme (4.13)

&' = 1Y + (1 — 1o, (4.14)

where / = max(¢(r1), ¢(r2), ¢(r3)) with

ri =

PpHPA (x) = x/(1-x) ifx<0,
oY’ =0 else.
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We have experimentally noticed that the blending parameter, proposed for steady state by Deconinck
and van der Weide, defined by

_ o7
Yer |9}

works very well, even though it does not satisfy the positivity requirements (we have found numerical
counter-examples).

In fact, the only case we are aware of such a scheme which is proved to be positive is for steady
problems where one can recover the PSI scheme of Struijs. In the case of unsteady problems, the use of
a genuine multidimensional space time scheme such as the one introduced by Csik et al. [12] would
certainly not produce a provable positive scheme, even though they show it works very well on many
cases. The reason is that there might be three target configurations (the space-time element is a prism),
and we only have one free parameter (the blending parameter). Positivity is translated into three in-
equalities as in [2], so too many constraints to satisfy. The only case in which one parameter would
probably be enough is when the faces of the time-space element introduced in [12] are characteristic.
This is exceptional.

We need to solve a system of nonlinear equations. This is done by Newton’s method. One can write the
PSI scheme as F(U"!) = 0,

F: R™ — R™
U (F(U))y

! (4.15)

where F(U) =7, ., @' The kth step of Newton’s method is
UMt = UF = J(UNF(UY),
where J (U*) = 0F /oU evaluated at point U*.

4.2.4. The N-modified scheme
The N-modified scheme is described in [6]. We set

M = ¥ 1, (4.16)

¥, is computed to get second order accuracy and positivity exactly as for the modified scheme of Section 2.2
where the space residuals are replaced by the space—time residuals (4.6). The difference is that the evaluation
of the limiter is implicit: since the sum of the s is the space-time residual @ over the prism T X [t,,1,11]
and since the terms ¥; are computed so that qSﬁVM is proportional to @ while we keep the monotonicity
property, the two time layers ¢, and ¢#,,, are necessarily coupled. The nonlinear equations are solved as in
the previous section, using a Newton algorithm.

4.3. Numerical results

4.3.1. The rotating cosine hill

The rotating cosine hill is a classical test case for numerical schemes of the two-dimensional linear
unsteady advection equation. The test consists in the transport of a cosine shape by a circular advection
field centered at the origin

%+(ZV@:Oin}LHx}Lm (4.17)
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where 4 = (y, —x)". The initial solution is (1 + cos(4my/ (x + 0.5)> +32))/2 if r = y/(x + 0.5)* + 32 < + and
0 elsewhere. The solution is set to zero at the inflow boundaries, at each time step.

The computation was made on an unstructured grid of 8079 nodes and 15836 elements. The time step
was taken to satisfy condition (4.10):

2 v
At = 3CFLm1n,« e (4.18)

with CFL =0.9. The results, using the schemes described in the previous section and the MUSCL scheme
(with minmod limiter and Runge—Kutta integration in time) after one revolution are compared in Fig. 5. We
provide the cross-section at y = 0 in Fig. 7. The N-scheme is clearly the most diffusive (see also Table 2),
streamwise and crosswise diffusion being considerable. The LDA scheme keeps the height of the peak much
better but the monotonicity is not preserved. The PSI and N-modified schemes give similar results but the
N-modified scheme is the less diffusive with a peak value of 0.802. This results are much better than those
obtained by the MUSCL scheme.

4.3.2. The rotating cylinder
This test case differs from the previous only for the initial profile

1 for r < 0.25,
ulx,y) = {0 else (4.19)

where r = 4/ (x + 0.5)2 + y?, which is not continuous, contrary to the previous case. The computation was
made on the same grid with a CFL of 0.9, the results after one revolution being displayed in Fig. 6. The
solutions exhibit the same properties as the rotating cosine hill. Cross-sections of the solutions after one
revolution are provided in Fig. 8. The PSI scheme and N-modified scheme give similar results. These results
are better than MUSCL scheme. The LDA scheme exhibits spurious oscillations, as expected.

In both cases, the limited N-scheme and the blended-PSI behave the same. However, the modified N-
scheme CPU cost is about half that of the blended scheme, because one has no need to evaluate the LDA
scheme.

4.4. Conclusions for the scalar problems

We have considered two different techniques for increasing the accuracy of unsteady problems, the PSI-
blending and the N-modified schemes. The results are roughly speaking similar, with a slight advantage for
the N-modified scheme, in terms of accuracy and efficiency. It is possible to extend the PSI-blending
technique to systems, following [2]. This has been done elsewhere and we do not report our results here.
This technique works quite well but in some cases, for example the interaction of a vortex and a shock ( see
Section 5.3.4) or the ramp problem (see Section 5.3.3), the results are disappointing: there are some slight
oscillations across the shocks.

For these reasons we have abandoned this technique, and we do not consider it anymore.

5. Residual distribution schemes for the unsteady Euler equations
Consider the system of Euler equations
ow .
E—i_ le%(W) = O,

where W and Z are given by (2.17). The system is closed by the perfect gas law.
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Exact solution N

MUSCL LDA

PSI N-modified

Fig. 5. Solutions for the rotating cosine hill after one revolution.

The construction of the residual distribution schemes, described in the previous section, is based on the
quasi-linear form of the convection equations (as for steady schemes) and a space-time approximation of
the unknowns. So extension to the unsteady Euler equations needs to use: (i) a second order approximation
of W and & in order to get second order accuracy; (ii) a conservative linearization.
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O

Exact solution N

MUSCL LDA

PSI N-modified

Fig. 6. Solutions for the rotating cylinder after one revolution.
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Table 2

Min and Max solution values for the rotating cosine hill test case
Scheme Min Max
N 0 0.217
MUSCL 0 0.313
LDA -0.03 0.983
PSI 0 0.756
N-modified 0 0.802

5.1. The cell residual

The cell residual over a triangle T is given by

tnt1 aWh
:/ /(—+div/’”’>dxdt,
0 T ot

where W" and #" are respectively the space-time approximation of the solution and the fluxes. This ap-
proximation is obtained using Roe’s parameter vector Z. We set

t—t t —t

h n n+1 n

W= At A "
t—t 1, —t

agh __ n =n+l n+l1 agih
YA va

where W* = W (Z*) and ° = Z (Z*) and Z* being the piecewise linear approximation of Z at time s (¢, or
t,+1). One has

tngl aWh Inyl
o' =1 +1 with I} = / /—dxdt 12:/ /dlvfhdxdt

For I; we have

Inyl n+1\7n+1 __ n\zn
11:/ a—ded_/D(Z )22 D2y
ty T

Moreover,

|T\ Zl+Zz Ly + 23\ Z) + Z3 LH+Z23\ 1+ 23
D(Z)Zdx = ATHBNATE
(£)zdv == 2 7 2 2
|

+
2
=15 2 Dbz)z +7| ZD@ZI:%' ZW+'§MZTVV

M;eT M;eT M;eT

because D(Z)Z is quadratic in Z. I; becomes

|T| n+1 1~ n+1 1 n 1~n
Z W W =3 )|

M;eT
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Now we compute 7,

Inyl
12:/ /div%dxdt:%/diV.%"HeriV.%”dx
T T

At At At~ R(Z"") 0] R(Z") - n]
== | 7" dx vz 7/%2;« dx-VZ' == A SRR A A N/
2/T()v+2T()V2Mz€:T2 j > Y
Setting
1 _
nt+l _ n+1 n+1 T
K _2<,@(z )DL (27, j>
and .
K =3 <9?(Z”)D’1(Z”), nf>,
the cell residual is given by
&7 — |T| Z Wn+1 + 1 Wn+1 _ an _i_lﬁ/n ZKn+l Wn+l +Kn Wn (5 1)
37720 '
M;eT M;eT

where W' = D(Z")Z! and W' = D(Z"")z1+1,

This expressmn is smnlar to (4.3), but a difficulty appears with the presence of terms K]”+1 which are
computed at time ¢,,; (due to the nonlinearity of the Euler equations). Therefore system residual distri-
bution schemes for unsteady computations are intrinsically implicit in time. This is solved thanks to a
Newton method.

5.2. System residual distribution schemes
In this section we give the generalization of the unsteady scalar schemes described in Section 4.2.

5.2.1. The system N-scheme
For a scalar advection equation one has

|—§' (™ —u) + gk* (=) +

1 1 2 1 1
where u" and u"

T 1~ 1 1~ At + At (=
qbf\/ | ||:(3Wn+l_~__n/[n+l> _ (_Wn+_mn>:| +— Kn+l (Wn+l I/V;;l)_i__[{’n (VVln_VVn*)

oY = V(). (5.2)

+1 are computed to have the conservation relation (4.5). We set

4 2 3702 2 2
(5.3)
If W' and W" are computed to make the scheme conservative, one gets
W* = NrH»l Z Kn+1 Wn+l VV”* — Nn ZK;‘f Vﬂf/jn (54)

M;eT M;eT

1 n =\~ n n+1-\—1
with N" = (ZM/GTKj )" and N"*' = (ZM,GTKj+1 )

Remark 7. The matrices N"K} and N "“KJ’F“ always exist (see [2]), so the system N-scheme is well defined.

In Appendix A, we show that this system is unconditionally energy stable.
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5.2.2. The system LDA scheme
We set

n+1 1 n+l1 1 n+1
OO = (— (K 'N) +81d> o] + (— (K/'N) —ﬁld) > @ — (KN)" @,

J i

M;#M;
where
T_|T| 1 n+1 1~n+1 1 n 1Nn
2 _TK§W1 ) 3R
and
A ~ ~
@S _ ?t Kj}_1+1 W/-”+1 +an VV/-n.
Jjer ‘ ‘

Remark 7 also applies to the LDA scheme.

5.2.3. The system N-modified scheme
The idea is similar to than the one developed in [6]. We present here a summary of these results, and we
refer to the above reference for a detailed presentation.
For the sake of simplicity, let us explain our procedure on the linearized d x d system
ow ow ow
—+A—+B—=0
o TPy T
where we assume A4 and B symmetric.
Since for any («, ) the matrix a4 + BB is symmetric, there exists a complete set of eigenvectors {r;},_, .
Following [6], we introduce the simple waves

Ua<x7 t) = (t - l‘o)(OﬁX + ﬁy)raa
where r, is any eigenvector in {r;},_, , and 4, is the associated eigenvalue. We first notice that any function

t—1, tiy1 — 1
W(x,t) = ——W""(x) +
(1) = ) 4 2
where W" and W"*! are linear in x, is a sum of 3 x d x 2 simple waves plus possibly a constant. This number
of waves comes from the fact that a triangle has three vertices, so there are three basis functions, any vector
W x A ;(x) can be decomposed into the sum of d orthogonal vectors, and we have to do so at times ¢, and
t,+1. More precisely, W" (resp. W) can be written as

W(x),

3 3

n n 1 n

W"(x) = E 1 WA (x) = constant+m g 1 W, x),
= J=

where 7’; is the inward normal opposite to the jth vertex of 7. Then, taking = (o, p j)T, we decompose
W on an eigenvector basis of o;4 + f,B denoted by {r; },_, , and we recognize that
(t =t )W 1) (W, )1

is precisely a simple wave.
In summary, any function piecewise linear in time and space can be decomposed into the sum of 3 x d
simple waves
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t—t,, . o1 — 1, ., t—t, fos1 — ¢
Ua(x7f)=(T(“ +1x+[f“y)+L(ocx+ﬁy))r{,:(— o

n+1 n n
- g () + () )
Then, following once more [6], it is possible to show that the N-scheme (5.2) is monotone on any simple
wave, that is the residual CD?V sent to the node i can be written, for a simple wave, as a linear combination of
terms like

S ) (o oyt ana 32 () (o5 - 01) &)
J=1,

=13

with cf.‘j >0 and k = 1,d and ¢; is the value of ¢ at the jth vertex of T.
Using the above, we introduce the modified N-scheme as follow. We take a direction («, 3), consider the
eigenvectors of a4 + 1B, write the residual as

d
oY = Zq)frk, o = (9], 1)
k=1

and modify the scalar residual {¢/},_, , as in Section 4.2.4. We notice that 3 | ¥ = (®,r,).

Following [6], and using relations (5.5), it is possible to show that the modified N-scheme is stable.

In the case of a symmetrizable system, we proceed along the same lines. The only modification is that the
scalar products between a state variable W or a residual @) with an eigenvector 7, are replaced by the inner
product between W (resp. @) and the left eigenvector ¢ associated to the right eigenvector 7. In fact, it is
known that if 4 is the symmetrization matrix, Ayr; = ¢, so if we make the change of variable V' = 4o W, we
come back to the symmetric case.

In the previous description, the choice of the direction («, f§) is arbitrary. Different choices will produce
different results and different schemes. However, all our numerical experiments for steady and unsteady
problems lead to the conclusion that the quality of the results is independent of the direction (o, ). By
quality, we mean the non-oscillatory properties of the schemes, and the mesh resolution of the different
features of the solution. In all the numerical experiments we present in this paper for fluid problems, we
have chosen the vector (o, ) to be the local flow velocity vector, for symmetry reasons mainly.

5.3. Numerical results
In this section we present results on some classical test cases.

5.3.1. A two-dimensional Riemann problem
The initial data are chosen in order to represent a “2D Sod tube” in the domain [—1,1] x [—1,1]:

{p =0.1 if xxy <0, 1 otherwise, (5.6)

p=0.1 if xxy <0, I otherwise,

and the velocity (u, v) was set to zero. The solution is computed at time ¢ = 0.2 on a structured triangulation
where Ax = Ay = 0.01 and the CFL number has been set to 0.9.

The isolines of the density and pressure are shown in Figs. 9 and 10 for the N-scheme and the
N-modified scheme. See Fig. 11.

5.3.2. A Mach 3 wind tunnel with a forward facing step

This test case has been extensively studied by Woodward and Collela [11], and is widely present in the
literature. The setup of the problem is the following: a right-going Mach 3 uniform flow enters a wind
tunnel of 1 unit width and 3 units long. The step is 0.2 units high and is located 0.6 units from the left-hand
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Fig. 9. 2D Riemann problem computed by the N-scheme at time ¢ = 0.2: density (left) and pressure (right).

Fig. 10. 2D Riemann problem computed by the N-modified scheme at time ¢ = 0.2: density (left) and pressure (right).

end of the tunnel. The problem is initialized by a uniform, right going Mach 3 flow. Reflective boundary
conditions are applied along the walls of the tunnel, and inflow and outflow boundary conditions are
applied at the entrance and the exit of the tunnel. The results at time r = 4 with the N-scheme and the N-
modified scheme are shown. The simulation was done at CFL = 0.9.

The corner of the step is a singularity. It is well known that if no special treatment is done, an entropy
production is observed in the vicinity of the step corner, and it alters the quality of the second reflected
shock. This is not physical because we have a strong expansion wave, so no entropy should be created.
However, unlike in [11], we do not modify our scheme near the corner, because we are only interested in its
stability properties.

An unstructured mesh has been considered, which contains 10,868 nodes and 21,281 triangles, refined
near the corner. A portion of the mesh is shown in Fig. 16.

The quality of the slip line coming out of the triple point is noticeable, as well as the resolution of the
shocks, in particular at the exit section of the tunnel. The maximum shock width is no larger than two cells.



42 R. Abgrall, M. Mezine | Journal of Computational Physics 188 (2003) 16-55

0 014 028 042

Fig. 11. Part of the unstructured grid.

Between the first order and the second order results, the quality of the fan (at the corner) has dramatically
been improved: the reflected shock is now correctly set, the weak compression shock after the fan appears,
and interacts with the first reflected shock, see the slip line coming out of the interaction between the re-
flected shock and the weak compression shock.

5.3.3. Reflection of a shock on a wedge

This problem was studied by Quirk [35]. A planar shock initially enters from the left in a quiescent fluid
and is reflected from a 45° ramp. Its Mach number is M, = 5.5 and is defined with respect to the flow values
in the quiescent fluid where the density is set to 1.4 and the pressure to 1. Reflective boundary conditions
are applied along the ramp and the bottom and the upper of the problem domain. Inflow and outflow
boundary conditions are applied at the entrance and the exit of the domain. For this combination of Mach
number and ramp angle, a double Mach reflection is expected. The interest of this test case is that, ac-
cording to [8], the angle 0 = 45° and M, = 5.5 is nearly at the transition between a double Mach reflection
and a regular reflection. If the scheme were too diffusive, we would get a regular reflection instead of a
double Mach reflection. Hence this is a good test of accuracy.

The density for the N-modified scheme is displayed in Fig. 12. The CFL number has been set to 0.9. The
resolution of the different structures is quite clean, despite the poor resolution of the mesh.

5.3.4. Shock—vortex interaction problem

This test case describes the interaction between a stationary shock and a vortex. It was first presented by
Pao and Salas [34], and was studied by Meadows et al. [32] with a TVD scheme and by Jiang and Shu [28].
The computational domain is taken to be [0,2] x [0, 1]. A stationary Mach 1.1 shock is set at x = 0.5 and
normal to the x-axis. Its left state is (p,u,v,p) = (1,./7,0,1). A small vortex is superposed to the flow left of
the shock and centered at (x¢,y.) = (0.5,0.25). The vortex is described as a perturbation to the velocity
(u,v), temperature T = p/p and entropy S = In(p/p’) of the mean flow and denoted by tilde values

ii = ere” =) sin 0, (5.7)

= —ee” ") cos ), (5.8)

i
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Fig. 12. Reflection of a planar shock from a ramp. Density 20 contour lines from 1.18 to 20.12.

5 _ 2 20(1-172)
7 ,%’ (5.9)
4oy

§=0, (5.10)

where T = r/r. and r = \/ (x —x.)> + (v — ».)°. Here e indicates the strength of the vortex, o controls the
decay rate of the vortex, and r. is the critical radius for which the vortex has the maximum strength. We
choose the same values as in [28], i.e., e = 0.3, 7. = 0.05 and o = 0.204. The above defined vortex is a steady
solution to the 2D Euler equation. The upper and lower boundary are set to be reflective. We use a uniform
grid of 251 x 100, a zoom of which is shown on Fig. 13. The pressure isolines for the N-modified scheme at
three different times are displayed in Fig. 14. The CFL number has been set to 0.9.

Fig. 13. Zoom of the mesh for the vortex simulation.



44 R. Abgrall, M. Mezine | Journal of Computational Physics 188 (2003) 16-55

Fig. 14. Shock vortex interaction. Pressure. N-modified scheme: 30 contours lines from 0.84 to 1.4. Top left: t = 0; top right: £ = 0.2,
bottom: ¢ = 0.4.

6. Toward an unconditionally monotone and LP scheme

In this section we elaborate on an unconditionally monotone and LP scheme, starting from the idea
developed in [38], for scalar advection equation and give numerical results for the Euler equations. First we
construct an unconditionally monotone scheme, and by limiting contributions we obtain an uncondi-
tionally monotone and LP scheme.

Let us consider the scalar advection equation

%HT,vu):o in Q x [0, 7. (6.1)

The N-scheme reads

o =TI

At
V=S =) 5 Y NG (= — ). (6.2)

J
M;eT

It is an upwind scheme in the prismatic element K: no contribution is sent to the past node located at
time ¢, (upwinding in time).

We have shown that the N-scheme is a monotone scheme under a CFL-like condition. If we write the N-
scheme as 4u"*! = Bu", we have shown that A~! has positive elements and B has the same property under a
certain condition. In [38], the authors construct space-time residual distribution schemes using a space—time
mesh containing three level of nodes and two layers of elements in the temporal direction. The reason is that
two layers of elements appear to be the minimum necessary to allow for a scheme to be unconditionally
monotone. The space-time elements are tetrahedrons, which induces some complexity in the scheme.

Here we start from the same remark: we use prismatic elements for simplicity and the techniques de-
veloped above. We consider three levels of nodes with temporal coordinates ¢,, #,,, and ¢,.1, « € [0, 1]. This
delimits two layers of space-time elements. Considering a triangle 7, one notes K| and K, the prisms de-
limited by T contained in the first and the second layer, with thickness At} = ¢,., —t, and Aty = t,.1 — t,1,
(see Fig. 15).

6.1. Description of an unconditionally monotone scheme
Starting from the space-time N-scheme (4.6), which was made on a single layer of elements, we refor-

mulate it on two layers of elements to allow us an unconditionally stable time marching procedure while
maintaining monotonicity both in space and time.
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Fig. 15. Space-time grid for the unconditionally monotone and stable scheme.
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Fig. 16. Part of the unstructured grid for the Mach 3 problem computed with the unconditionally stable scheme.

We denote by @;,,, D, and @;,,; the residual sent to nodes (M;, t,), (M;, t,+,) and (M, t,+1). In the first
layer, the past does not depend on the future, that is to say @~! = 0. We set

K |T| —+a Atl + - n+o n+o n n
@i,QMZ?(u;"—uf)—&—TZkiNkj w T A uwy — ).
M;eT

(6.3)
In the second layer we do not impose the upwind property, i.e., <I>f,§ 1+ 7 0. We set

_ + — n-+o. n—+o.
e — k; Nkj u —u

; : (6.4)
2 M;eT ’

45
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- m (ur&l _ ur]+m) + Aztz Z k+Nk ( n+1 u;t+1>7 (6.5)

in+l = i i
3 M;eT

Finally the scheme reads

Z qslm—o and Y «plm_o. (6.6)

J(i.n+a)e K,(in+1)e

We explain now in detail the contribution to each node.
e For the node(M;, t,.,) one has

T At
(pmﬂt + @l 2= u (u:.”“ ) _’_71 Z k+Nk ( no u;eroc + uln o u;’)
3 M;eT
At
5 kN ( nha ) (6.7)

M;eT

¢fé+1+¢fﬁ+a=%(u”” )+%<1 +i—2) >k Nk; ( ”*“—uj*“) +A2t1 S kN (uf—uj).

M;eT M;eT

Assembling the contributions of all the elements one obtains Au"t* = Bu" with

B 7| An (0 ALY, _ An (1 ALY L
A,-,-—Z<3+2 1+A k; A,-,-_T(Z U LELE (6.9)

T,M;eT (M, M))eT
|T| At] + Atl +
B; = T; (T—Tk,. . By= Y SEkNK (6.10)
er T,(M;,M;)eT

The matrix B has positive entries if A¢; satisfies condition (4.10). The inverse of 4 always exists and has
positive entries for all choices of the time steps Az, At,.
e For the node (M;, t,,1), assembling contributions of all elements gives Au""! = Bu"** with

— |T| Atz + _ AtZ + —
A = T;T <3+2k1. c A=Y ki NK; (6.11)
M T,(M; M;)eT
Bi= ) |T|k+ B; =0 (6.12)
[/ 3 lj - . .
T.M;eT

The matrices B and 4~! always have positive elements for all choices of time step At,.

The time-step for the first layer (A¢) is limited by a CFL-like condition, as we have seen in the previous
section for the space-time N-scheme. However, since we do not impose an upwinding condition in time for
the second layer, an arbitrary time-step Af, can be chosen. Then the global time-step At = Aty + At, is not
contrained by any CFL like condition. We have constructed a scheme with unconditionally stable implicit
time stepping which maintains full monotonicity.
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6.2. An unconditionally monotone and LP scheme

K
in+oo

Limiting contributions in the prism K; and K, gives a monotone and LP scheme. From residuals ¢

@fj ., and ebfﬁ .1 we construct modified residuals @f,‘,jx, @fﬁia and @fgil in the same way as before (see
Section 4.2.4).
e In the prism K, we construct ®+\*  such that
D P =N, (6.13)
M;eT
o1, = O(h,AP). (6.14)
e In the prism K;, we construct @}, and &;.}, such that
S [of + o] =0, (6.15)
M;eT
P, = O(h') + O(AP), (6.16)
ot = () + O(AP) (6.17)
in+1 . .

Then the solution is advanced from time ¢, to time ¢,.; by the following procedures:

(1) From ¢, to t,,,. Compute the state at time ¢,,, by solving

3 («pfjﬂ)r ~0. (6.18)

T.M;eT

This is nothing more than the previous scheme of Section 4.2.4 applied between times ¢, and ¢,,,. We get
predicted states Z/**, j=1,...,n,.
(2) Then we evaluate Z;*', j=1,...,n, by solving

) (‘l’fiia)r+ > (‘Pfiil)r=0- (6.19)

T.M;eT T.M;eT

In Egs. (6.18) and (6.19), the superscript 7T refers to residuals evaluated for the triangle 7. They are
solved by Newton iterations.

With this construction the resulting scheme is second order accurate both in time and space, and un-
conditionally monotone.

In the system case, we extend the scalar schemes to system schemes in a similar fashion, for
both prisms K; and K,, as in Sections 5.2.1 and 5.2.3. For example, the residual (6.3) is replaced by
(5.3) and (5.4). Similar things are done for the relations (6.4) and (6.5) with obvious modifications. See
Fig. 20.

6.3. A numerical example: the Mach 3 wind tunnel with a forward facing step

We use the same mesh as before (see Section 5.3.2), which is refined near the corner, with a fixed ratio
Aty /At equal to 10. Isolines of density, Mach number and entropy at time ¢ = 4 are shown. The density,
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Mach number and entropy deviation are shown in Fig. 21. The results look very similar to those shown in
Figs. 17-19. Hence, the same quality of results can be obtained with an improved efficiency. This is very
interesting in the case of very non-uniform grids as here.

7. Comments on the efficiency

In the two schemes we have developed, second order results can be obtained via a nonlinear Newton
procedure. If first order results are sought, the scheme is also implicit with a linear implicit phase. How
many iterations are needed to reach convergence or a satisfactory level of iterative residual? Here, what we
call the iterative residual is, in the scalar case, the maximum of the absolute values of the sum of residuals
sent at node M;. In other words, we are converged if for all M;,

S

T M;eT

<e€

for the conditionally monotone scheme and

§ Ki
¢i,r1+oc

T .M;eT

<e Z <ny<,§+“—|—¢I>i,n—|—lK2 <e

T M;eT

)

for the unconditionally monotone scheme. The threshold is € = 107!° for the first order scheme and
€ = 107* for the second order ones. The reason for these choices is that the first order scheme is energy

_" -3

/

Fig. 17. Forward-facing step problem. Density iso-lines: 30 equally spaced contour lines from 0.09 to 6.23. Top: N scheme; bottom:
N-modified scheme.
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Fig. 18. Forward-facing step problem. Mach number iso-lines: 25 equally spaced contour lines from 0.02 to 3.82. Top: N scheme;
bottom: N-modified scheme.

—
T~
e e
P —

-

—

Fig. 19. Forward-facing step problem. Entropy production near the step corner: 17 equally spaced contour lines from 0.63 to 1.5.
Top: N scheme; bottom: N-modified scheme.
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Fig. 20. Forward-facing step problem. Top: density iso-lines: 30 equally spaced contour lines from 0.09 to 6.23. Bottom: Mach number
iso-lines: 25 equally spaced contour lines from 0.02 to 3.82. This has been computed with the unconditionally stable N-modified
scheme.

Fig. 21. Forward-facing step problem. Entropy production near the step corner: 17 equally spaced contour lines from 0.63 to 1.5. This
has been computed with the unconditionally stable N-modified scheme.

stable so machine zero can be reached, while as usual for residual distribution scheme, we do not know how
to reach machine zero for high order residual distribution schemes.

In all our experiments, we needed three to four Newton iterations to reached the prescribed level of
iterative convergence.
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8. Concluding remarks

We have developed a family of schemes for unsteady flow problems, which have the following
characteristics. First they are adapted to unstructured triangular type meshes. The degrees of freedom
are located at the vertices of the mesh. They use the most compact stencil for second order accuracy,
namely the closest neighbors of a vertex. They are second order accurate in the sense that if the flow is
smooth enough, the truncation error is O(h?), so that the error is formally second order even on ir-
regular meshes. They are upwind, non-oscillatory and parameter free. Lastly, it is possible to make them
unconditionally stable without losing their basic properties (monotonicity, upwind and second order
accurate).

Our future work will follow two paths. First, how is it possible to introduce viscous terms without
loosing the accuracy? A simple splitting is not sufficient, we refer to the work of Lerat and Corre [31].
Second, how is it possible to increase the accuracy of theses scheme? A possibility may be to follow the
ideas of [7]: a fourth order scheme for steady scalar problems is introduced which has all the desired
properties.

Appendix A. Energy stability of the narrow scheme

This appendix contains the energy stability proof, without any restriction on the time step of the narrow
scheme for the symmetrizable system

Z ax 0, (x,1)eRxR", (A1)

where W € R” denotes the vector of conserved variables and the matrices 4; are assumed to be constant.
Hence, we assume that there exists a symmetric positive definie matrix 4, such that via the change of
variables W = 4,V , the system is

S G
AOE+;A,-$_07 (A2)

1

where 4, and the matrices 4, = 4,4, are symmetric. The energy norm is defined by

ZZ\TIZ

M;eT

In the following the notation ~ over a matrix will mean that this matrix is symmetric.
The Narrow scheme reads

T

Z u (VVirH»l _ Wn Z K+NK (Wn+1 VVirH»l + VV,-” _ VVln) —0. (A3)
T MeT 3 M;eT )

In symmetrization variables one has

Z <|§| oV — v _,_% Z IN([*NI?/.’(VJ”“ — g v — V[n)) -0 (A.4)

T.M;eT M;eT
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We first multiply this equation by V™! + V" to obtain

Z m<ZO(V[n+1 _ V;n)7 Vl_n+1 + V >+% Z Z <IZ;LNI?; (V;n+1 _ V[”Jrl + an _ V[”)’ Vin+1 + V,n>

M;eT T.M;eT M;eT

=0. (A.5)

Summing over the nodes of the mesh we get

Z (Z @<ZO(V;’+1 _ Vin)7 V;n+l + K”> % Z <K+NK (Vn+1 Vn+1

Tery, \ M;eT M;eT M;eT
/AN V>> —0. (A.6)
Using the fact that A, is symmetric, one has
(Ao (vt = v v ) = GV ) e (oW ) = (Ao, 1) = (Al 1)
= (Aol V) = (Ao )

The second term of (A.6) can be written as

> (Z (RINKS (vt =t ey =) e+ V>)

MieT \ MjeT
— © - n+1 n n+1 n © - n+1 n n+1 n
-3 (Z<1¢zv1<j (vt ) vt ey = S (RANRG (57 4 07), vt +Vi>>
M;eT M;eT M;eT
+ Z ( Z <E;|—NE/—(V}71+1 + an)a an+l + V1n> 4 <Ei+(r/;n+l + V;n)’ V;n-%—l 4 I/;n>> .
M;eT \ M;#M,;

In Eq. (A.6) we can add the term — 3, S (Ki(V Y+ V), V! 1) because this term is equal to
zero since the geometry surrounding a vertex is closed.

Z Z <l~<i(V,-n+1 ), v 4 V1n> _ Z Z <]~<i(Vin+1 ), v 4 Vi">

Ter, MieT M€, TMEeT

_ Z << Z ><Vin+1+Vin)’Vin+l+Vin> —=0.

Miety, Mie
Eq. (A.6) becomes

ZZ (A Vin+1’Vin+l>_<;4'o v n) AIZZ< |K| I/in)’l/in+l+Vi”>

Ter, M;eT Ter, M;eT

+> <1~<i+N1~<]f (Vj"“ + Vj) v+ V>> =0. (A7)

M;eT
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Moreover one has

Z Z <Izi+N1’zjf(V}n+] + an)’ Vin+1 + V1n> — Z <I/jn+] + V;ZI?;NI??(VIWFI + V[n)>

MieT ier MieT MeT
- Z <K NK* +V;ﬂ)7V}n+l+V}n>'
M;eT M;eT

Eq. (A.7) becomes

Z Z ( A V[”+1’ V;n+l> _ (201/;1, Vln>) _i_% Z Z <%<|If€l_|(Vin+l + Vin)a Vl_n+l + V1n>

Ter, MieT Ter, MieT

o 1/~  ~
+> 5 <K,.+NK;(V],”*1 + Vj"), vl V,.”> +3 <K?N1<.+(Vj”+1 + Vj"), R V,.">> =0. (AS8)
M; GT
Next, rewrite
K NK; + K, NK;
in the following form:
K/NK; + K;NK; = KNK; + K/ NK; + K NK,

which leads to

~ At ~  ~
E E (A Vin+17Vin+l>_<A0Vin, in>)_ ( <K,NK/(V/ —f—V/n),Vanrl +Vn>
Ter, Mel 2 Ter, MieT )
1/~ 1
+_<K_+(Vn+l + Vn)7 Vn+1 4 Vn> _ - <K+NK+<VVI+1 4 Vn) Vn 1 + Vn>
2 i i i i i 2 £ J t
i eT
1 ~ 1 ~
+§< _K:(I/,n+1 + V;il)7 V,n+1 + V,n> +§ <K;NK (Vn+1 + Vn) Vn 1+ V;n>> =0 (A 9)
Myer

Finally one obtains

SO T (Govre vy = (v 1)) 32 Q004 1)+ QL0 1 4) + QL (.15, 15)) =0,

Ter, M;eT Ter,

(A.10)

In [4], it is shown that QF, O] and Q! are positive quadratic forms: the system N scheme is energy
stable.
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