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Introduction Overview

Cuntz-Krieger systems
Classic results

Let ¢ be a graph, k-graph, or groupoid, and C*(¥) the
universal C*-algebra defined from it.

Uniqueness Theorems: Under what circumstances is a
x-homomorphism ¢ : C*(¢) — B(H) injective?
Classical theorems addressing this question assume either

(a) the existence of intertwining “gauge actions" on the
algebras, or

(b) an aperiodicity condition on ¥ itself.

Theorem (Brown-Nagy-R-Sims-Williams)

There is a canonical subalgebra .# c C*(¥) such that a
x-homomorphism ¢ : C*(¢) — B(H) is injective iff ¢| 4 is
injective.
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Introduction Overview
Cuntz-Krieger systems

Classic results

Let E be a graph. Denote by E" the set of paths in E of
length n (E° is the set of vertices) and E* = UE".

A (nondegenerate*) Cuntz-Krieger E-system on H is a family
{Tx, A € E*} of partial isometries in B(H) satisfying

(i) Ty,,v e E?, are *nonzero mutually orthogonal projections,

(i) Thy =TTy forall A, p € E* s.t. S(X) = r(p),

(i) TYT, = T forall A € E,

(iv) Forve E®, neN, Y {T\Tx|, A€ E", r(\)=v} =T,
(Assuming E is row-finite with no sources.)

Exercise: C*{T\} =span{T,T;|s(\) = s(v)}
Denote C*(E) = C*{t\}, where {4} is a universal C-K system.
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Introduction Overview
Cuntz-Krieger systems

Classic results

e Coburn’s Theorem (‘67): oLv@f

77)- C*(Tx) = On
e Cuntz (77): @ Cuntz algebras

(n loops)

CHT =T

e Cuntz-Krieger (‘80): Uniqueness theorem for Cuntz-Krieger

algebras 0x.
Vo
° ¢:C(E) — M3(C)
A cycle: °2.3
* y E \ tv,. = Eji
e v
1,2 V3 te,/ N £j
€31
L is not injective.
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Introduction Overview
Cuntz-Krieger systems

Classic results

Cuntz-Krieger Uniqueness Theorem:
(Kumijian-Pask-Raeburn-Fowler, et. al. (‘90’s))

If every cycle in E has an entry (L), and ¢ is nondegenerate
then ¢ is injective.

Theorem Szymanski (2001), Nagy-R (2010):
Condition (L) can be replaced with a condition on the spectrum
of ¢(t\) where the \ are the cycles without entry.

Cycles without entry reveal lack of aperiodicity in the infinite
path space of the graph. Let us now expand our view to higher
rank graphs.
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Definition
k-graphs Example

Aperiodicity

Let k € NT. We regard N¥ as a category with a single object, 0,
and with composition of morphisms given by addition.

A k-graph is a countable category A along with a “degree”
functor d : A — N¥ satisfying the unique factorization property:

For all A € A, and m, n € NX, if d(\) = m + n then there are
unique p € d~'{m} and v € d~'{n} such that A = pv.

Remarks:
» Think of elements of degree ¢; as edges of color i.
» It d(a) = ¢€;, d(B) = ¢ and s(a) = r(f), there there are
unique o, 8" with d(o/) = ¢jand d(B) = ¢; s.t. af = /.
» These “commuting squares” determine all factorization
rules of the k-graph.

» C*(N) is defined by associating to each A € A a partial
isometry t,, in accordance with the Cuntz-Krieger relations.
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Example

k-graphs

A
7 N
1\ s\

<
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hy
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Definition
Example
Aperiodicity

Commutation rules:

epar = €erap
Bogr = Brb
apfy = arfy
9b9r = 9r9p
hvgr = grhp

The

evlr
/Bbhr
fbfr

gbhr
hbhr



Definition
k-graphs Example

Aperiodicity

Aperiodicity — defined via the infinite path space A*°
A>° = {degree-preserving covariant functors Qx — A}

k =1 picture & e e e x(1,3) = e1e2

mm e ———— ¢ —— - = d(e1ez):2

k=zpowre | g X((y(z)),_?,,(g))”—a
o)

A path x € A* is eventually periodic if there are o« # 5 in A and
y € A*° such that x = ay = By; otherwise x is aperiodic.
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Definition
k-graphs Example

Aperiodicity

A is aperiodic if every vertex is the range of an aperiodic path.

e Unigueness theorems of Raeburn-Sims-Yeend and
Kumijian-Pask assume aperiodicity of the k-graph.

Theorem Nagy-R (2010), Nagy-Brown-R (2013)
A x-homomorphism ¢ : C*(A) — A is injective iff it is injective
on the subalgebra .# := C*(t,t; | Vy € A>* ay = 67},
Example:
fo Commutation rules:
epyr = €rap abfr = O[rfb
fofr = ffy, eper = erep

S Letting o = epag, § = erag, we
~ < have ay = §v for all v € A*°.
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Basics
k-graph groupoids

Groupoids Results

A groupoid is a small category G in which every element has
an inverse. A topological groupoid is one in which multiplication
and inversion are continuous. It is éfale if the range and source
are local homeomorphisms.

e C*(G) is defined to be a completion of C.(G).

e C;(G) is the image of C*(G) under the direct sum of the left
regular representations.

e GO = {gg~"| g € G}, the unit space of G.

e lso(G) :={g e G|r(g) =s(9)}, the isotropy subgroupoid of G.

Theorem (Brown-Nagy-R-Sims-Williams, 2014)
Let G be a locally compact, amenable, Hausdorff, étale
groupoid. If ¢ : C*(G) — Ais a C*-homomorphism, then the
following are equivalent.

() ¢ isinjective.

(i) ¢ is injective on C*((Iso(G))°).
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Basics
k-graph groupoids

Groupoids Results

Groupoid of a k-graph
To a k-graph A, we associate the groupoid

Gn =A{(ay,d,By) |y € A*, a,B €\, d =dh(B) — dr(a)}

s(x,d,y)=y=r(y.d,z) (x,d,y)"'= (y,—d.x)
(x,d,y)(y.d,w) = (x,d+d,w)

e The cylinder sets Z(a, 8) = {(ay, d, By)} form a basis for a
locally compact, amenable, Hausdorff, étale topology.

e The map £,t5 — xz(a,5) implements an iso C*(A) = C*(Gn),
which restricts to C*(t,t5 | ¥y € A* ay = By} = C*(Iso(Ga)°).
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Basics
k-graph groupoids

Groupoids Results

Properties of the subalgebra
(Renault, ‘80) A masa C*-subalgebra B C A is Cartan if

() 3 a faithful conditional expectation A — 1,
(i) The normalizer of B in A generates 4, and
(iii) B contains an approximate unit of A.

Extension properties for pure states on masa B C A:

(UEP) Every pure state extends uniquely to A.

A Cartan subalgebra with the UEP is a Kumjian C*-diagonal.
(AEP) Densely many pure states extend uniquely.

Thm (Nagy-R, 2011) When G is a directed graph, M C C*(G)
is Cartan and satisfies AEP; i.e, it is a pseudo-diagonal.
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Basics
k-graph groupoids

Groupoids Results

Thm (BNRSW, 2015) Let G be a Hausdorff, étale groupoid. Let

M = C*(Iso(G)°).

(a) If (Iso(G))° is closed and amenable, then the restriction
map f — fliso(g)> extends to a faithful conditional
expectation E : C*(G) — M.

(b) If (Iso(G))° is not closed, then there is no conditional
expectation onto the subalgebra.

(c) If (Iso(G))° is abelian and either (i) it is also closed, or (ii)
there exists a continuous 1-cocycle ¢ : G — H (countable
discrete abelian group) s.t. Vx € GO ¢ is injective, then
M, is masa.

Cor (BNRSW, 2015; Yang, 2014)

M is always a masa in C*(A\), A a k-graph.
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Groupoids

Basics
k-graph groupoids

Results

Example of 2-graph C*-algebras with (Iso(G))° not closed, and
hence M not Cartan (no cond. exp.).

The element

(ef(ebef)oo7 (1 )

Sarah Reznikoff

Commutation rules:

Epar = €rap
Bbgr = Brob
9v9r = 9r9p
hvgr = 9rhp
apfr = arfy

The faithful subalgebra

evDr
Bbhr
9vhr
hphy
fof.

—1), ep(epe;)™) € Iso(G)° \ Iso(G)°.

=éerbp
= Brhy,
= hrgbv
— h.hy

= ff,




Basics
k-graph groupoids

Groupoids Results

Abstract Uniqueness Theorem (Brown-Nagy-R)
Let Abe a C*-algebra and M Cc A a C*-subalgebra. Suppose
there is a set S of pure states on M satisfying

(i) each ¢ € S extends uniquely to a state ¥ on A, and

(i) the direct sum @,csmy, of the GNS representations
associated to the extensions to A of elements in Sis
faithful on A.

Then a x-homomorphism ¢ : A — B is injective iff ®|y; is
injective.

Our proof of the main theorem applies the AUT to the set S of
pure states of C;(Iso(G)°) that factor through some C;(G/;) with
GY =1s0(G)S (where GY = Iso(G) N r='(u)).
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Basics
k-graph groupoids

Groupoids Results

Thank you!

A somewhat arbitrary bibliography follows.
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