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Symmetry in CSPs

Variants of symmetry
» Variables are « interchangeable »
» Values are « interchangeable »
» Symmetry of pairs « variable-value »

Symmetry consequences

» Enumeration (search) tree contains several equivalent
sub-trees

» If one of such sub-trees does not contain a solution, the
equivalent sub-trees does not contain it neither!

> If we do not recognise equivalent sub-trees, useless search
will be performed

3/47 4/47



Symmetry of variables : an example Symmetry of values : 3-colouring example

Xo A solution Mapping
Xy =1 — @
Xo=2@ [ J
------------ “Xp =nn —
horizontal 2 _ ? ¢ -
symmetry X5 = 3 Another solution
X1 = 10
Xo =2
. X3 = 2
E X5 X4 =1 [
. X5 =3
ro2
1S E
==
O >
> n
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Symmetry of variables : 4-queens example Symmetry of variables : 4-queens example
Partial assignment
Xq Xo X3 X4 xi =1
X1 Xo X3 X4 . .
11 Q Symmetric assignement
1 Q X1 = 4
2
2 Q -m- --
3
3 Q
4
4 Q

horizontal symmetry
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Symmetry : formal definition

For a CSP (X, D, C), with
> X set of variables {xq,...,xn}
» D set of domaines {Dy,, ..., Dy,}
> Let D be the union of domains D = |J,.x Dx (set of values)

A symmetry of P

Is a permutation of the set X x D which preserves the set of
solutions of P

Particular cases
» Variables symmetry o(x, v) = (¢/(x), v)
> Values symmetry o(x, v) = (x,o'(v))
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Symmetry elimination (decreasing)

» Reformulate the model
» Example : variables which take sets as values (packing)
» Add constraints to the model

> At least one of symmetric solutions (assignments) should
satisfy them

» Eliminating the symmetry during the search

> Recognise and ignore dynamically the symmetric sub-trees
during the search
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Variables-values symmetry : 4-queens example
X1 Xo X3 Xa

111|234
2|5|6|7]|8 12345678 910111213141516
At At At At At A At A At A A
319 |10|11]12) 4 234567 8 910111213141516
4(13|14|15]|16
Identité
X1 Xo X3 Xy
11131 9|5 | 1
ol14110] 6 | 2 12345678 910111213141516
At At At At A A A A A A A
315|117 | 3 139 5 114106 215117 316128 4
411612 8 | 4
Rotation 90°
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Symmetry elimination : example |
Xo
XD We fix the colors of vertices
which belong to a clique

X5

11/47



Symmetry elimination : example |

X1 Xe y X3 X4

Lignes directrices

Problems modelling
Frequency assignment
Car sequencing
Sports scheduling
Timetabling
« Job-shop »

Cutting

We eliminate the horizontal
symmetry by adding the
constraint x; <2

We eliminate the vertical
symmetry by adding the
constraint xo < x3

12/47

14/47

Elimination of several symmetries : a danger

Xy Xo X3 @ Xa Xy Xo X3 Xs
1 Q 1 Q

2l Q 2 Q
3 Q 31 Q

4 Q 4 Q

By adding x> < x3, we eliminate

this solution

But there are only 2 solutions'!

Lignes directrices

Problems modelling
Frequency assignment

By adding x; < 2, we eliminate
this solution
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Frequency assignment : problem definition
» There are 5 transmitters and 7 possible transmission
frequencies.

» We need to assign frequencies to transmitters so that
parasites between nearby transmitters are avoided.

> All assigned frequencies should be different
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Frequency assignment : additional constraints
» There are low frequencies or VHF (1,2,3) and high
frequencies or UHF (4,5,6,7).
» Exactly 2 low frequencies and 3 high frequencies should be
assigned.

» Additional variables : S; = 0 if low and 1 if high.
» Additional constraints :
> element(S;,{0,0,0,1,1,1,1}, F), Vi.

> gcc({Si}vi,{0,1},2,3,2,3).

(o)}
N
N

>
>
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Frequency assignment : model

» Variables : F; — frequency assigned to transmitter /.
» Domains : Dr, = {1,...,7}, Vi.
» Constraints :
> | Fi—Fi|>dj
ouFi—F>djVvF—F <—djV(ij);
» all-different(Fy,...,Fs).

Lignes directrices

Problems modelling
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Car sequencing : definition

Production Requirements:
Model A ModelB  Model C Model D

o w T~
Options (v = required. X =not): [ﬁ o fo—o-
Sunroof 4 v v b4
Radio cassette v X v v
Aur-conditioning v % X v
Anfi-rust treatment X v v v
Power brakes v X v X
) Total:
Number of cars required: 30 30 20 40 120
— -
B C A A B C D B D C
SN e | N AN
-’@@‘&ﬁ@’@@&@@@'—b—o—&,
R
AR AR AR R
Work area for
Work area for sunroof radio cassette
Capacity Constraint: 3/5 Capacity Constraint: 2/3

Source : Alan M. Frisch

20/47

Car sequencing : constraints

» The demand for each vehicle type should be satisfied :
gee ({Xidve, {1, ..., m}t, {di}vi, {ditvi) -
» Link between variables X and O :
element (O, {ajlvi, Xk), VK,j.
> Sequence constraints :

k+q;
ZOk/jSPj, Vi, 1<k<T-qg+1.
K'—k
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Car sequencing : model

» Data :
» noptions, m vehicle types.
» d; vehicles of type i should be produced, 1 < i < m,
T=3%",d.
> a; = 1if type i requires option j, otherwise a; = 0,
1<i<mi1<j<n
» For each subsequence of g; vehicles, option j can be
installed on at most p;, 1 <j < n.
» Variables :
» X, — number of vehicle type in position k in the sequence,
1<k<T.
> Oy = 1 if the vehicle in position k requires option j,
otherwise O =0,1< k< T,1<j<n.
» Domains :
» Dy, ={1,...,m}, Vk.
» Do, ={0,1}, VK, .
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Global sequencing constraint

The last two constrains can be replaces by the global
sequencing constraint (source : Puget et Regin) :

gSC(X17 s 7XH7V7 q7p)

This constraints requires that in each sub-sequence of X of size
g the total number of taken values in V should be at most p.

For our problem :

gsc ({Xk}vm {i}a,‘j=17qjapj> , 1<j<n
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Sports scheduling : variables
» For each cell, 2 variables represent the playing teams :

ThwetTs,, pell,... . glwell,....n—1].

D(Th,) =D(T3,) ={0,....n—1}, Th, <T&, vp,w.
» For each cell, one variable represents the match :

Mow, pe(l,....,5,well,...,n—1].

D(Mpw) = {1,.... Y Mpy, =n-Th, + T2, Vo, w.

Week1 [Week2 |Week3 |Week4 [Week> |Week6 |Week7

Period | MIl11 Ml12 M13 M14 ML15 Ml6 M17
Period 2 M21 M22 M23 M24 M25 M26 M27
Period 3 M31 M32 M33 M34 M35 M36 M37

Period4 | M4l M42 M43 M44 M45 M46 M47
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Sports scheduling : definition

» nteams, n — 1 weeks, g periods.

» Each pair of teams plays exactly one time.

» Each team plays one match per week.

» Each team plays at most two times in each period.

Week1 | Week2 [Week3 [Weekd | Week5 [Week6 | Week?7
Pertod1 | Owsl 0vs2 4vs7 3vs6 3vs7T 1vsSs 2vsd
Period2 | 2vs3 Lvs7 Ovs3 Svs7 lvs4 0vs6 Svs6
Period3 | 4vs5 3vss 1vs6 Ovs4 2vs6 2vs7 Ovs7
Period4 | 6vs7 4vs6 2vs S 1vs2 0vss 3vsd 1vs3

Source : Jean-Charles Régin
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Sports scheduling : constraints
> all—different({MpW}1Spgn/271gwgn_1) ;
> all-different({T},, Tay} 1<p<ns2), W€ [1,....0];
> gCC({T[)’W, Tgw}1§w§n—15 {k7 27 2}0§k§n—1)1 p e [1 P g .
» implicit constraints ;
» symmetry (very important) : elimination of permutations.
Week 1 | Week2 |Week3 |[Week4 [Week5S |Week6 |Week7 |Dummy
Period1 | Ovsl 0vs2 4vs7 Jvsé 3vs7 Lvss 2vs4 S5vsé
Period2 | 2vs3 1vs7 Ovs3 S5vs7 1vs4d 0vs6 Svs6 2vs4
Period3 | 4vs3 3vsS lvso 0vs4 2vso6 2vs7 0vs7 lvs3
Period4 | 6vs7 4vs 6 2vs 5 lvs2 0OvsS5 3vs4 1vs3 0vs7
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Sports scheduling : results

Using Constraint Programming, we can find a scheduling for 40
teams in 6 hours — real-life size !

Today, scheduling for Major League Baseball
(US) with hundrends of constraints is
produced by Operations Research (MIP, CP,
heUI’iStiCS) Source : Michael A. Trick

MAJOR LEAGUE BASEBALL
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Timetabling : definition

> 4 employees, 7-days week.

» 3 periods of work each day :
day (D, difficulty 1.0), evening (E, 0.8), night (N, 0.5).

» In each period, exactly one employee should be present =
each day 3 employees work, and one has a day-off.

» The total difficulty should not exceed > 3.0.

Mon Tue Wed Thu Fri Sat Sun

M. Green | J
M. Blue | S
M. Red | N

M. Brown | —

Source : Gilles Pesant
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Timetabling : modeling

» Variables : Jobj, 1 <i<4,1<j<7,
Chargej, 1 <i<4,1<j<7.
» Domains : Djop; = {D,E,N, —}, Vi, .
» Constraints :
> all-different(Job,), V).
»> element(Charge;, {1.0,0.8,0.5,0}, Joby), Vi, j.
> 217:1 Charge;; > 3.0, Vi.

Mon Tue Wed Thu Fri Sat Sun

M.Green D|-|D|—-|D|—-|D
M.Blue| — |[N| N |N|N|N|N
M.Red| N |D| - | D|E|D|—
M.Brown| E|E|E | E|—-|E|E
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Timetabling : series length

> Additional constraint : the length of a series should be inside
an interval.

» Modeling :
stretch(Job;,{2,1,1,1},{4,4,4,7}).

Sat  Sun

Mon Tue Wed Thu Fr

M.Green| D | D| — | N
M.Blue | N | N
M.Red | — | —

M. Brown | E | E

D
E

O Zm
zZ
Z

m O 2
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Finite automaton for our problem
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Timetabling : constraint Pattern

» Additional constraint :
» No period change without a day-off.
» Forward rotation :D... E... N... D...
» Modelling : pattern(Job;., A), Vi.
These constraints are satisfied if every sequence (« word »)
(Jobj, . .., Jobj7) is satisfied by a finite automaton A.

Mon Tue Wed Thu

Fri
Dl — | E|E
N

Sun

M. Green
M. Blue E
M. Red N

M. Brown | — | —

Zmo
Oozmg
Ol Zm

N | —

OZzm

Timetabling : a real-life solution

s M TFSSMTWTFSSMTWTFESSMTWTFE
----DDNN--D----D-DD-DD=--- - - -
DDDDE---DDDD-DDDDDE-=--DDDD =D
DD - - == - - - DDD - - - - - -~ - - - D

1DDD-DD-=-DD=---DDDD=-DD=-=-DD=-+--0D
--DDD-DD-DDD=- - - - - DD-DDD-DDD -
55 --EEE - - - - - - EEE--EEE----E~--§&

, -DDDD-DDDD-DD--DDDD-DDD-DDD -

510723 DDD--D--DDD--DDDD--D--DDD-=--0D

511104 - RRERRR--RRRRR----EE-EE--EFEGE -

34108 - DDDD-DDDD - - - - - ERERRDD--D- - -

11866 - D-DDDEE--D----D-DDDEE-D- - - -

35022 - RRRRRDD - - - - - - - - - - D-DDD-DDD -
EEE-DDEE - - - - - EEEE-D-EE--E - -E
DD-DDD--D----DDD-DDD--D----0D
-E-DD-DDE - - - - - - E-DD-DDE - - - - -

s -DD---DD---=-D~-- - - - - DD--DDD -
5 DD -DD=-=--==-=- -~ DDD=-DD=-=--=-~-~- - = D
s DD-DDD- - - - - - - DDD-DDD-------0D
5--TT=--TT--T-=7TT - - - - --TTT-
511865 - - - - - - TT-TTTT------ - - - RRERRRT
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« Job-shop »
Job-shop
Workshop Workshop
entrance exit

\ /

(M = ™

» Operations of each job form a chain :
O1—-0p— - — Oin,--

» Jobs follow their own sequences on machines.

Shop scheduling

Shop scheduling models problems where jobs consist of
operations which require specific machines (ressources).

l

Application examples

» Assembly workshops.
» Conveyor belt production.
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« Job-shop » scheduling : definition

> njobs, each job J; consists of a chain of n; operations
) C)Ln;)-

(On, ...

» m available machines.

» Each operation O; has duration p; and should be executed
on machine a; € {1,..., m}.

» Aim : find a scheduling of length not exceeding T such that,
on each machine, operations do not overlap.

Machine 3

Machine 2

Machine 1

38/47

A

Osq | O3 || Oz |
Wl
O | | O | Oss3
011 | | 022 | 032
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« Job-shop » scheduling : modeling Job-shop : example

» Variables : S; — stating time of execution of operation Oy,
IS i=m 1 SJS In th D hi d labeled
. . n the company « Doeverything », some products are labele
» — D
Domains : Ds, [0, T = pyl, Vi, J. befor being packaged, while for others the label is placed on the

> Constraints : packaging. How long does it take to prepare the following

> precedence : Sj + p; < Sjjyq, Vi, 1 <j<ni—1;

batches ?
> non-overlapping :
disjunctive({S,-j}a”.:k7 {Pij}a,-,:k), 1<k<m lot ‘ A B C D E F
r packaging duration 10 16 14 4 8 4
Machine 3 Os1 | O3 | O3 | Iabehng_ duration _ 12_ 10_ 12_ 0O 6 8
packaging before labeling? | oui oui oui no no
Machine 2 021 012 033 Source : Frangois Vanderbeck
Machine 1_| Oy O3z 022 R
40/47 41/47
Lignes directrices Cutting problem : definition

One needs to cut a rectangular piece (wooden, steel,...) in small
pieces.

Rotations are not allowed.
Problems modelling

Wy
H| Initial piece | — H
A C I K
B G

Cutting =
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Cutting problem : modelling

» Variables : X;, Y; — x and y coordinates of the lower left
corner of piece i.

» Domains : Dy, = [0, W — wj], Dy, = [0, H — hj], Vi.
» Constraints for each pair (i, j) of pieces :

Xitw <X V. XizXi+w V

i is on the left of j or iis on the right of j or
Yi+hi<Y; V YizYi+h
iis below j or iis above j

» Constraints are very « loose » and local !
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Cutting and placement problems : an application

Tuekseit Chargement

A B] [
= g;n T .
e i :
i 1ddi
- 173 ldwdﬁ F

Source : www.terciel.eu
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Cutting problem : redundant constraints

> We need a « global point of view » on our problem.
» We add some more constraints :

» cumulative({Xi}tvi, {Wi}lvi, {hi}vi, H);

» cumulat ive({ Y,'}v,', {h,‘}v,‘, {W,'}V,', W)

» These constraints are redundant but useful !
> Results (Source : Pedro Barahona) -

J B D
G
H A C Without cumulative : 24 seconds.
| " E With cumulative : 40 milliseconds.
F
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Fundamentals of « efficient » modelling

» Try to use more global constraints and less local constraints
(there is Global Constraint Catalog on the Internet).

» Determine and eliminate all symmetries you can.
» Use redundant constraints (but useful).
» Try different models.

» Try different heuristics for instantiation of variables and
values.
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