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ARTICLE INFO

1. lntroduction

The BGI( equation [1] is a seminal simplified model of the
nonlinear Boltzmann equation of gas dynamics. While keeping
physical and mathematical properties of the Boltzmann equation
(conservation laws, H-theorem, equilibrium states, etc.) it is often
used for numerical purposes. Nevertheless solutions of the BCK

equation are very different from those of the Boltzmann equation
far from equilibrium. In the Navier-Stokes limit things are much
different and a modified version of this"model - the Ellipsoidal
Statistical Model [2] - allows to recover the correct transport
coeffi cients (Prandtl number).

The Boltzmann equation can be easily extended to the case

of inert gas mixtures but things are more difficult for BGK type
models. For example, momentum and energy conservations stand
only for the whole set of particles. Besides phenomena such as

difiusion (Fick law) or thermal diffusion (Soret law) must be
considered in the hydrodynamic limit. The Boltzmann equation(s)
for gas mixtures has been widely studied byJapanese researchers
(see for example [3-6]). Their results feature essential differences
with the usual monatomic Boltzmann equation. Its theoretical
aspects such as existence theorems [7-91 or study of a binary

* Corresponding author.
E-mail addresses: Stephane.Brull@math.u-bordeaux.l.fr (S. Brull),

vincent,pâvân@polytech,univ-mrs.fr (V. Pavan), jacques.schneider@univ-tln.fr

[. Schneider).

0997-7546/$ - see front matter @ 2012 Elsevier Masson SAS. All rights reserved'
doi: 10.1016/j.euromechfl u.201 1..12.003

ABSTRACT

The aim ofthis article is to construct a BGK operator for gas mixtures starting from the true Navier-Stokes

equations. That is the ones with transport coefficients given by the hydrodynamic limit of the Boltzmann

equation(s). Here the same hydrodynamic limit is obtained by introducing relaxation coefficients on

certain moments of the distribution functions. Next the whole model is set by using entropy minimization
under moment constraints as in Brull and Schneider (2008, 2009) 123,241.|n our case the BGK operator
allows to recover the exact Fick and Newton laws and satisfy the classical properties of the Boltzmann
equations for inert gas mixtures' 

@ 2012 Elsevier Masson sAS. Alr rights reserved.

mixture close to a local equilibrium [10] confirm the specificiry of
multi-component gases.

Coming back to modeling there exists a great variety of BGK

models which traces back to the work of Gross and I(rook [1 1l to
the most recent model by I(osuge [12]. A flrst idea was to mimic
the monatomic simplified models in the case of multi-species

[11,13-151. In the case of Maxwellian molecules, models were
designed to give the right transfers of momentum and energies
far from equilibrium I14,15]. Then Garzo et al. [16] extended the
previous approximations for any kind of molecular interaction.
In this vein, Kosuge [12] has designed a model that is able to
approximate all transfers of moments up to the order two plus

the "heat transfers". But no real mathematical considerations such

as nonnegativness of the distribution functions or entropy decay
were addressed. This was finally done by Andries et al. [17]. This
model has later been widely used in the context of reactive gas

mixtures (see e.g [18] and references therein). Besides a new
property was stated by Garzo et al. [16]: the indifferentiability
"principle". When all molecules are of same mass and cross

sections are equal then the whole set ofequations must reduce to
a single one when adding all distribution functions. This property
is also satisfied by the model of Andries et al. [171.

Let us remark that while numerical results are quite good
for some models or mathematical (and physical) properties are

satisfied for others it is quite surprising that none of them has

attempted to reach the right hydrodynamic limit. That is to obtain
the right transport coefficients as (for example) the Ellipsoidal
Statistical Model [2] does in the case of monatomic molecule. In
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general all the authors rather study the hydrodynamic limit of their
model and eventually compared it with the right one [191.

Our approach goes the other way. We consider the Navier-
Stokes equation with transport coefficients either computed with
the hydrodynamic limit of the Boltzmann equation or given by
some experiments. Then the aim of the paper is to construct a BGK

model that allows to recover those coefficients - in the present
case the Fick law, Our main result is in Theorem 2 where we
prove that our operator enjoys that property in addition to the
classical properties of the Boltzmann equations. Remark that the
Fick relaxation operator is notjust an abstract model since the Fick
matrix coefficients can be obtained using algorithms by Ern and
Giovangigli [20]. The paper is organized as follows. In Section 2

we firstly recall Boltzmann equations for gas mixtures and
relevant macroscopic quantities. Secondly we introduce spaces

and notations that will used in the sequel. Finally we define
a class of operators (so-catled properly defined) basing on the
properties of the Boltzmann collision operators (Section 2.4). ln
Section 3 we recall in a concise and clear way the link between
the thermodynamic of irreversible processes (see for example [21])
and the hydrodynamic limit of the Boltzmann equation. The
computation and properties of the transport coefficients obtained
from the Boltzmann equations are given in Section 3.2. Such

computations easily extend to the case of properly defined
operators. Section 4 is devoted to the construction of our
operator. We consider linear perturbations or fluctuations around
thermodynamical equilibrium. Those are classical assumptions of
the thermodynamic ofirreversible processes [21] and ofstatistical
physics [221. This is also the basis of the "theory" of relaxation
coefficients introduced by fwo of the authors .23,241. Our model
is constructed in fwo step. Firstly we compute those coefficients
and related moments of the distribution functions basing only on
the Fick matrix (Proposition 1). Then the whole Fick relaxation
model is set by using a principte of entropy minimization under
moment constraints (Theorem 1). Its definition is given in 3.

The simplicity of this model relies on its construction which
requires only to diagonalize a modified Fick matrix. ln Section 5
we prove that this operator is properly defined (Proposition 2). As

a consequence the derivation of its hydrodynamic limit as well as

the properties of the transport coefficients just follow the steps
that were given-for the Boltzmann equation itself (Section 3.2).
In particular this BGK model gives at the hydrodynamic limit the
exact Fick laws (Section 5.2). We finally prove in Section 5.3 a result
concerning the indifferentiability property and the correct Fick law
(Proposition 4).

2. The Boltzmann equaüon and other general kineüc equation We denote by M := {Ur, . . . , up).At last for any list of non
for gas mixtures negative functions f 

'= f, 
, . . . , fr) we define the entropy function

2.1. The Boltzmann operator for inert gas mixture

Let us consider a gas mixture with p components. The distri-
bution function f;(t,x, u) (or for short fi, i e [1, pl with f ::
G , . . . ,/r) I ota given species i evolves according to the Boltzmann
equation:

k=p

vie[1,p1, â,-[+v.V",:fO,fu,frl ::Q(f,0, (1)
k=1

where

erifft,,fi) = .f,,* 61*;;,c (ri,)
*,fr (w)"fi (v)) qr(ar.V, llVll) llvll dwdar.

Here Q11 is the Boltzmann collision operator between molecules of
species i and k and oik: oki is the differential cross section which

depends on the interaction potential belween species i and k. Fi-
nally V : w - v is the relative velocity. The post collisional veloc-
ities are given by

vî;:v -2 \u ((v-w).ar)a;,n' mi*mt "

wîi : w +z )' ((v - w) .ar) ar."' tTli * l?1r

Those equations satisfy the conservation ofmomentum and energy
at a microscopic level

miv+ mkw - mivii * m1w[,

m; llvll2 + mr llwll2 : m; llv[ll'+ ru llv[,11'z.

2.2. Macroscopic quantities for the mixture

We denote withni , pi ,ui ,Ei ,8i and Ii the macroscopic quantities
representing respectively the number density, density, average
velocity, energy per unit volume, energy per particle and finally
temperature of a given specie i. They are defined by the following
relations:

n'= [ 1,dr,
Jm:

r'= ]o'flu'll'
gi - 11arvi :

pp
, = »r*, p:»pu,

k:1 k=1

^p
ne + | llull2: E: )-Ek,t4

' k=t

pi :mini, n,ui = 
loruf,du,

+ ni€i,

*, [ il,, -,,ir2 c.a,,
2ni J*t ll' 

s ll rrsÿ'

where k6 is the Boltzmann constant. In the same way macroscopic
quantities for the mixture are defined by

p

pu = f okut,
k:, 

Q)
3I - lkeT.

Given a mixture of p species with macroscopic values ni, u, T an
important list of functions are the Maxwellians of equilibrium
reading as:

vie [1,p] . "14.i-- 'i / m'tu-u)2\

<zrt rr /^,rt 
*e (.'- 

'zktr /

2.3. Other considerations

Using the above notations we note as n 2 (M) the set of
measurable functions ÿ = (ÿr, , ÿr) such that:

i=p I

llvll'? := )- / ÿ?u,. +æ.
Éi Jn'

This space is equipped using its natural dot product:

(3)

H (r) := )] / ,,n ln (fi) -f,) dv.

-io Jo'

(ÿ, a): El, ÿi$i,l,Li du.
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ln the sequel we often use the dot product notation. This notation is
valid both for list ofp scalar functions and forp tensorial functions.
For instance if ÿ, O are two lists of p (symmetrical) tensorial
functions ÿi,ôi,i e [1,pI, then the dot product notation (ÿ,0)
should be understood as

5{r(rlt,ô):: ) I thi@ô1hlidv,
;-r J Rr

where I denotes the usual tensorial product. Note also the
following convention: assume that V is a list of p vectors and T a
list of p square matrices. Then a notation like sV, crT (where o is
a scalar) means that the scalar a is distributed on each line of the
list of vectors or matrix. Besides if B is a vector, then a notation
like p . V means that we distribute the dot product by B on each
line of the vector V. The same way, if 7 is a square matrix, then a

notation like y : T means that we distribute the (total) dot product
(between matrix) by 7 on each line of the line of T. Finally, if s is
a tensor and S a list ofp tensors, then a notation like s I S means
that we distribute the tensor product by s on the left on each line
of the list S.

The natural set of collisional invariants K of 1L2 (M) is spanned
by the following list of functions:

CI ()ffi (,i)ff?)(:::)
This space is of dimdnsion p * 4 and the above list of functions is
noted {', I € [1,p * 4]. Contrarily to the case of monatomic gas

there exists a "complementary" space C of moments of degree 1

in velocity which is not conserved. This space will be of particular
interest in the sequel. Our purpose is now to exhibit a basis ofC.

Definition 1. Let Ci be the vector with ith component is ÿ - u and
others are Oline. Denote by.P16 the orthogonal projection on K and

"t the identity operator. Then we define C as the space generated
by the vectors (J - P«) (Ç) , i e [1, pl.

We have the following lemma

Lemma l. Thefamily (J - Px) (Ci),, e ll,pliscomposedof p-1
independent "vectors" and as a consequence the dimension of C is

3(p-1).
We postpone the proof of this lemma in Appendix.

2.4. The Boltzmann collision operator as,model for other kinetic
operators

In this section we want to define a class of operators that
is based on the properties the Boltzmann collision operators.
This framework is well suited to derive in a classical way the
hydrodynamic limit. Moreover the corresponding Navier-Stokes
equations enjoy many natural properties. So let us denote with
a :: (R,,..., "nr)-any apprôximation of Q - (o,,....or).
Then we will assume that.n satisfy the following a list properties:

1. Collisional invariants
i=D I

vf,fzo,vd, )- / Riî)ôidv=oe0eK. (4)
É Jo'

2. H-theorem: for any list of nonnegative functions f : (n,

. '.,fr) there holds

i=p I
)'r,Ri(Drn(fi)dv<0. (s)
É Jr.t

3. Equilibrium states: the equality holds in the above equation if
and only if f is at thermodynamic equilibrium i.e there exists

macroscopicvalues n1, .,., flp,u, T such that

Vie[1,p], fi="Lti.
In such a case we denote f : M. Moreover M is the only set of
functions such that

fii (0 = 0, (6)

4. Linearized operator: let I :: (f r, . . . , Je) be the linearized
operator of fl then it must hold

Ker (l) : K, (7)

l. is contrnuous, inv ertible and self adj oint neganve on Ka. 18 ;

Those last properties are derived from those of the linearized
Boltzmann operator l25l "tB ,: (Jr,,, ..., tr.p) operating on

t : (sl, . . . , sp) € n-2 (M) and defined by

!a.i(g) =

In particular we should add to the above properties that J must
be a Fredholm operator but we omit it for the sake of simplicity.
In practice BGK operators satisfuing all other properties satisfy this
one as well. In the next section those seemingly abstract properties
will be shown to be very physical!

DefÏnition 2. Any kinetic operator satisfying all above properties
(4)-(8) is said to be properly defined.

3. The Naüer-Stokes equations for mixtures and the Boltz-
mann expansion

The Navier-Stokes system for a mixture of p components reads

Vi e [1,p|, ôrn'+V.(n'u1J1):9,
âr(pu) -f V . (P+ pu I u *.nu) : 0,

ârE + V . (Eu + Plul + Ju [ul *Jq) : 0,

*,(Dei(g' "r'(.ig1) + al,@n. u;)) . (e)

(10)

(11)

(12)

where J;, JIu and Jq are respectively the mass, momentum and
heat fluxes. Such fluxes have been observed experimentally
since a long time. From a phenomenological point of view they
depend on the gradients ofdensity, velocity and temperature. The
thermodynamic of irreversible processes allows to define them
properly but is not able in itself to predict transport coefficients.
One ofthe challenge ofthe kinetic theory consists in approximating
them. We are going to recall the two approaches for the sake of
consistency though we are more concerned with the second one.

3. 1. Thermodynamics of irrev ersible processes

The classical reference concerning the thermodynamics of
irreversibility processes (TIP) for gas mixtures is the book of De

Groot and Mazur [211. In this book fluxes are expressed (in a

slightly different form) as

r,: Ë,," (#) * ,,.o (+)

r = f ao (#) * ,,,o (+) (13)

lfu : LnuD (u) ,

where pr.1 is the chemical potential of the species i in the mixture
and D (u) the traceless part of the deformation tensor. In a mixture



of ideal gases the chemical potential by species is given by the
relation (up to some additional constant):

_ 
+ :r, (rn rn,r _ ;," (iF)) (14)

Moreover if one assumes that the Casimir-Onsager relations are
satisfied for kinetic coefficients then the following matrix:

f Lii

L:: Ilqi
Lo

( 15)

must be symmetrical non positive.l Moreover global mass conser-
vation equation reads

i=p i:P

Irl,:0 =) Vj e t1,Pl, f m;4:0,
i:1 i:1

(16)

As a consequence the rank of the matrix ll is at most p - 1. More-
over using the above equation and the symmetry of the matrix L
(15) then we can only infer that there are p (p + 1) /2 + 1 un-
knowns to search.

Using the phenomenological point of view such fluxes are
preferentially expressed as gradient of density, temperature and
velocity. They read

J:p

.;,: f o;;vn; *Dirvr,
j:1
j:p

;n:fonivn1-DqqYT,

where D,i and D;1, Dq; and Doo respectively denote the Fick,
Soret, Duffour and Fourier coefficients. Those coefficients may be

This subsection is devoted to the derivation of the transport
coefficient from the Chapman-Enskog theory. Let us point out
that this computation has already been done by Chapman and
Cowling in [26] in the case of binary gas mixture. We propose here a
classical and modern formulation of such a computation. Consider
the rescaled equation

Vf e [1,p] , A,ff +v'Vxtq€ - ( 18)

1 Following precisely the TIP such a matrix must be actually symmetrical non
negotive. This difference is simply due to the definition of the entropy. We should
have defined H as

t:F I
H(f) :: -k3 ) I 0iln(/i) -f)dv3i Je'

to perfectly match the thermodynamical approach. The choice we have made for
the entropy is however the most usual for mathematical reasons as it enables

to consider the minimization of a convex functions rather than maximization of
concave functions.

S. Brull et al. / Europeanloumal ol Mechanics BlFluids 33 (2012)74'86

(17)

together with an expansion of f in e

f,' :fro +ef,l+..., vie [1,p].
As usual one compares the different orders in e of the above
equations and find thanks to (6) that

Vie[1,p] ,fio:i(i,
where the macroscopic parameters ni, u and I depend on space and
time. Then settingll - ,ltigi and using the zeroth order of equa-

tions ( 18) the fîrst order correction g = (8,, . . ., Sp) is solution of
the following equation.

Lemma 2. The first order correction g sofisfes the equation:

{s(s) :Ëut' (r - Prc) (c;) . v (#)
j:1

(19)

Liq ol
Lqq ol
0 tru-l

*.a:D(il) +B t (+)
where I refers to the identity operator on \-2 (M) and 9s is the
orthogonal projection on K. Js :: (Jr.,. . . . , tr.p) is the linearized
Boltzmann collision operator defined in (9). The list of tensors .4, B
belong to Ka (up to their scalar product with a constant liÿ of rcnsor)
and read on their ith line:

f r -1
(A)i : mi 

ltv - 
u) I (ÿ - u) - lllv - ull' nl,

11 ^ s 'l

, 

(B)i = (v - u) 
li*,rn - 

u)" - lktT )
whileD (u) is the clossical Reynolds tensor:

1- 1
D (u) : 

1lv*u 
-f (Vru)'J - 5 

(V, .u) l.

measured from experiment while kinetic coefficients cannot be
obtained directly. The drawback of this formulation is the lost of The proof of this lemma is left to Appendix.
symmetry - Casimir-Onsager relations - of the phenomenological
coefficients. Remark however that for mixture of ideal gases"the Remark r. (19) is easily obtained generalizing an idea of Lever-

one to one correspondence between those coefficientr"inJ tn. more ([27]). This may be as well extended to other context such

marrix L is straightforward. we are going to see thai wiiiiù iil i: tl::" of polyatomic gas mixtures with chemical reactions and

different fluxes in term of the kinetiJcoefficients ( 1àJ ir tÀ. 
"rnori clarifies, the computation and expressions obtained for example in

natural choice not only for the TIP but also to tint< ttrâm *itÀ tn. the book of Giovangigli [20]'
kinetic theory. Thanks to properties (7) and (8) the Eq. (19) has one unique

solution in g e KI. This leads to the Navier-stokes systems

3.2. LinkbewveentheBoltzmannequationandthethermodynamics in a setting that can be compared with the thermodynamics of
of irreversible processes irreversible processes approach. More precisely we obtain

Lemma 3.

Lig = kr1 lt;'t<t - "Prc) 
(Ç)1, (x - pK) (q)),

tlol : LqlI = (!;'(B) , (J - .rd (Ç)),

rüutigI:l{;' (a),A),

Lont=\"c11(D,B).

This concise formalism outlines the importance on one hand of
the space C. On the other hand the symmetry and non positiveness
of the linearized operator lt' (8) are necessary conditions to
obtain the Onsager-Casimir properties (15).

Remark 2. It is interesting to note that the kinetic coefficients 11;

areknownassoonasweknowthevectors(J - P«) (C;) ,j e tt,fl
implying that Fick coefficients form a family with p - 1 degrees of
freedom.

Remarl« 3. Any kinetic model which is properly defined (see
Definition 2) has all required properties to derive at the
hydrodynamic limit the Navier-Stokes equations with transport

(20)

(21)

(22)

(23)

i 8", vr,r:),
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coefficients given by (20)-(23) (replacing Ja with J). All those
properties are âctually required except the H-theorem.

4. Definition ofa Fick-relaxation operator

4.1. The idea of the relaxation: linkwith the BGK operator

The main idea to construct our model is to reproduce
connections between thermodynamic forces (and associated
kinetic repeal coefficients) and the ldnetic theory in a simple way.
We have seen that every linear small perturbations or fluctuations
around local thermodynamic equilibrium state are moments of
the perturbation (ttz1g1, ...,MpCp) around the local Maxwellian
states. Beside transport coefficients are only connected to the
properties ofthe linear interaction operator. Those coefficients can
be interpreted as functions of relaxaüon rates associated to ad-
hoc moments of the perturbation following the idea of two of the
authors 123,241.1f one thinks of constructing BGI( models that give
the right hydrodynamic limit one may try to generalize the scheme
of those articles. In the present work we restrict our approach to
obtain the the Fick anil Newton lows. Let us consider an operator of
the form

fi(f):u(c-0. (24)

Since diffusion coefficients depend on moments in C of the
perturbation we mây consider (unknown) vectors in w. e C and
set \

vectors defined by

.âc*,: àw"ffi. r :7,...,p - 1

form an orthonormal basis of C while

wp:I ,l|h:+Ëw,,ffi.*.

We now write

Ji=(g,c,y:fr,;"(#),

Proof. Since L* is symmetric it may be diagonalized. It has exactly
one vanishing eigenvalue thanks to Lemmâ 4. Finally we can
always permute indexes so that d$ = 0. Consider the vector zzr

whose components are Jfr/ tfi.Then a direct computation shows
that:

(r.o)-:
llcrll llc;ll

kaP: .- )-L,,m,:0
llcillJpker fr ' '

the last equality being obtained thanks to ( 1 6). Besides, the vector
o is normalized for the usual vector norm. As a consequence,
when diagonalizing the matrix L* in a orthonormal basis the
normalized eigenvector associated to d; = 0 is necessary equal

to to. Then we have Wps : +Jpr/J7. At last since llCrll :
.M /^m a direct computation shows that the vector w, has

mi (v - u) /.rfpÇfi on its ith line and thus belongs to K.
Next since W'l is orthogonal and the family Ci/ llCill , i e [1, pl

is orthonormal for the n 
2 (M) dot product, then the family wr, s e

[1, pl is also orthonormal.
Finallyeveryvectorns, s e [1, p - 1] isa linearcombination of

the Cy, i e [1, p] and orthogonal to w, so that it belongs to C. Thus
this set ofvectors is an orthonormal basis ofC. tr

Now we can set our main result which relies the eigenvalues of
the matrix L* to the relaxation coefficients.

Proposition 7. Assume that R.(f) 6ee (25)) is properly defined
(Definition 2). DeJine dl and w,(r € tI, pl) as in Lemma 5. Then

setting

)'r:-dl-l , Àp=0 (2s)

the BGK model allows to recover at the hydrodynamic limit the Fick
laws,

Moreover if .c.-the lineartzed operator of R - is such that "(.'1 (B)

e Ct, then mass fluxes read

1,=ÿrrr(+)

Proof. In this proof we start from the conclusion and show that it
is valid if and only if we take df and wr(r e [1, p]) as relaxation
coefficients and related moments.

Since .R(f) (25) is properly defined we have thanks to (19)

r (s) : Ërr(1- Prc) (c;) 'v (#)
j:t

(30)

ksLij
j:p

»j:r

(27)

(28)

, 
Ë,(, Gi - r)wri = -Àr 

Ë l.,n*, , (2s)

for a set of relaxation coefficients (À')'. The choice of a basis
(wr)r:r,...,p-r C and relaxation coefficients (Àr).:r,...,p-r is crucial
to recover the Fick law at the hydrodynamic limit. u is eventually
a free parameter that can be fitted to obtain the true viscosity
coefficient. The model is designed in wvo steps.

1. We firstly compute the relaxation coefficients À, and corre-
sponding moments w, by considering the property of the Fick
coefficients matdx ty (20) (property 1),

2. Secondly G is obtained by minimizing the entropy under the
constraints (25) and the conservation laws (4) (Theorem 1).

4.2. Computation of the relanaüon coeJficients and moments

Before we set the main result it is important to examine the
properties of the Fick coefficients matrix ([i;) obtained from the
linearization of the true Boltzmann operator. We recall in this first
lemma a property of (l;;).

Lemma 4. The matrix (Lfii; obtained in (20) has a rank p - 7.

We posrpone the proof of this lemma to Appendix. Then we
have the following result.

Lemma 5. The symmetric non positive matrix LI defrned by

r;,=ffi=krLrm,ffi
vi,je[1,p1 (26) *.À:D(u)+B t(+)

always diagonalizes in an orthonormal basis:

L*:wTD*w.
IJp to some permutation in W and D* the corresponding eigenvalues
(di), are nonnullfor r : ',, ...,p - l while dl = 0.Moreover the

pj

p

(31 )
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where the coefficients L,j are defined in Eq. (20). Here the hydrodynamicparametersassociatedtothefunctionl.Letusconsider
coefficients LiqQl) corresponding to the operator I vanish since the setoffunctions
we have assumed that l-1 (B) € Ca. Then consider the first order
expansion of relaxation equations (25)

(J (g), w,) = -À, (g, w.) , r e [1, p]. (32)

Using Lemma 5 and (30) the right hand sides of those equations g e I( (f) <+
read

(g,wr) : É#*
"-r llLs ll

=,.Effi""(+) , r:7,"',p' (33)

Next the left hand sides can be computed thanks to (30)

(r (g).*,, : 
Ëkt'ffi 

(c;, c,)v (+)
: k;'Ëw,iltcil" (+), t : 1,...,p- 1

j:1

since ((r - .eO (9) , *,) : (c;, *,) for all w, e C. As concerns
the case r - p it is obvious that

-l- ÿ{r rsr. m;c;}:0./^1, T /-/\ ''' r Jt
ÿlr^Bt j "

To summarize (32) reads

u;, 
Ëwa 

rc;r " (+) = -^,É ffi ,, 
" (#)

r : 1, ,,.,p.
But those equations must be valid for all values of (Vp;/I) so that
we have

p

W,j--),, f w"r1, Vr=1,...,p-1, j=1,...,p
§-'l

where lit is defined in Eq. (26). We can also complete this set of
equations with

p

o:Iw*tii, j:"t,...,p i
thanks to ( 16) and the symmetry of Ll,. Multiplying both side of the
above equations with Ws.and summing overj we obtain

p

ôrt : -Àr L*"4,*r, Yr : 1,...,p - 1, t = 7,...,p
sJ:1

p

o: I wesL:jwej, vt: 1,...,p
sJ:1

which amounts to diagonalize L*. Hence since the choice of the
basis (wr), is the unique way to obtain those last equations and
we have proved the proposition. û

4.j. Definition of Fick-relaxation operator

Before proving Theorem 1, we begin with some preparatory
lemmas

L"emma 6. Define f os o lisf of non negative snd non null functrons
with suitable integration properties. We denote with nt, ui, T the

g > 0a.e, VI € [1, p + 4l,

E[, olu-r'tdv=o'
vre[1,p-11, Q4)

Ëf,",''(&-('-ï)') dv=o'

where we have used the notations of Proposition 1. We denote
respectively with U : (u1, . .., up)r,U = (ur, ..., up)r the mean
velocities of I and g and with N and A the diagonal matrix with
diagonal terms are respectively (Jpr, ..., 

"Fr> 
and ()'1,. .. ,Àr).

Thenwe have

u -u =N-rr,ÿr (, - 1r) wN (Û-u). (3s)
\u/'/

Proof. We postpone the proof of this simple calculation to Ap-
pendix. D

Remark that the conservation of energy implies

P r , 
=f]n,rrr,+Ë1p,(r,_u),àr^' Jo,l' - ul2gidu 

Ei z Ei z

3
- 1nkeT. (36)

Here ?i stands for the temperature of 91. This leads us to the
definition of a "mean" temperature ît for the functions (g);.

-L1 I
'-=àù*'/o,@-uù2sidu'

Lemma 7. Using the same nototions as in Lemma 6, for any value of
ÿ > [râXr ]'r/2the temperature definedas

r'=r -# llr'(,-;.) ÿyN @- r)ll' (37)

is positive.

Proof. We have to find a lower bound of the right-hand side of
Eq. (37). Remark now that

ll*,(,-+^)ÿvNF-0ll'

=ry*(,-ï)'lln(u-u)l'z
/ minÀ.\' p

= (, - , ) lN G- u)12 < f a(ui- u)2,

where we have used the orthogonality of the matrix lzV for the first
inequality and the assumption on u for the last one. Now the proof
of the lemma easily follows from the equality

-!-rt - 3

I /-, ,^'(' - u)zfidu = lnk'r

::Dnikpri*f)r,r,'-rf . tr (38)
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Theorem 7. Let f and T* be deJined as aboÿe. Then for any value of
u : maxr )'r, K + A and there exists o unique solution G to the
minimization problem

5. On the Fick-relaxation operator and the transport coeffi-
cients

In this section we firstly prove that the Fick-relaxation operator
is properly defined. Then we propose a mathematically well-posed
derivation of the linearized operator. From those results we easily
deduce the transport coefficients obtained at the hydrodynamic
limit of our modified kinetic equations (Theorem 2 Section 5.2).
ln particular the exact Fick law is recovered. Finally Section 5.3 is
devoted to a discussion about the indifferentiability property. More
precisely we show that if there exists any BGK operator satisfying
this property and giving the right Fick law then our model also
satisfy the indifferentiability principle (Proposition 4).

5.1. R.(f) is aproperly defined operator.

Proposiüon2. The Fick-relaxation operqtor is a properÿ defined.
More precisely it satislies properties (4)-(8). Moreover the corre-
sponding linearized operator "t is self adjoint and negative on Kr cnd
irs kernel is K.

Proof. The first part of the proof is let in appendix C since it
is quite usual. The explicit expression of the linearized operator
allows to finish the proof. Its computation is given in the following
lemma. tr

Lemma 8. The linearized operator "C of the Fick-relaxation operator
reads

.t=v(P«*Ro.Pc-J),
where I is the identity operator on n-2 (M). 9s and 9c denote
respectively the orthogonal projection on K cnd C. Finally R is the
linear operator delined on C by the formula:

Vr e [1, p - 11,

Its pseudo inverse i-1 reads:

1

vg e Kr, t-' (g: - («n - Jc)-1 o sç * @c - D) G) é2)
v

where ls denotes the restriction on Ç of the identiy operator.

Proof. Let M be a thermodynamic equilibrium. Then l(g) is
defined as usual by the formula \-2 (M)

ii(g): Rl(M(1* eg)) -.ri(M) vi € u, pl,

for any function g in n 2 (M). Remark that thanks to Proposition 2

R.i(M) :0. Next for all g there exists ee(g) such that for all e < es

the problem

G = min{H(h) s.t. h € K(M (l + eg))}

admits a solution. Indeed the set of realizable constraints K (M) is

open [281. Let us write this solution in the following form

G : ArgtninseKîJt(g).

This solution reads

vi e [1,pt, r, : ffi;rr,*, (-g*#) tnol

where we have used the notations of Lemmas 6 snd7.

Proof. Roughly speaking the existence (and unicity) of such
a minimizer is a generalization of the complex problem of
minimization of the entropy under moment constraints (see

[28,291). For example we can follow the approach of Junk [28]
which consists in examining the set

a,=+*) ,

If this set is open then the minimization problem has a unique
solution as soon as l( ($ t' A.Here this set is clearly open since all
exponential functions must have a negative factor (or14) in front
of monomials of order two.

Finally it is possible in this particular case to exhibit the solution
itself G using Lagrange multipliers. Hence l( (f) * g. D

Definition 3. We deline the Fick-relaxation operator n (f) by the
relation ,

R(f) = ÿ (c -l), (41)

where u > maxr )', /2 and

G = min{HG), s.t.s € I( (f)}.

Remark 4. The set of constraints

vre [1.p-1], î / .,,., (r,-(',-&)l) dv:o
ijJn, \ \ v/ /

rogether wirh Eq. (qt) is equivalent to Eq. (25). Thus if .R (f) is
properly defined it is clear that its hydrodynamic limit gives the
Fick laws thanks to Proposition 1.

4.4. Prqcticalutilizationofthemodel ;

For the sake of clarity we precise in this subsection how to
compute the model presented in this paper. Let us assume that
the matrix of the Fick coefficients D;; is measured as a function
of densities (n')i and temperature T. In the framework of a simple
explicit Euler scheme one has to compute at each time step

o the eigenelements of the matrix I-*.

rt; lffi
'i: woutld'

o the velocities (ui)i using the relation (35).
. the temperature T* through formula (38).

Finally the relaxation coefficient ÿ must be chosen with the
constraint u > maxrLrf2. If the true viscosity satisfies the
condition

nklr2
lL<L' - maxÀ,

r

(3e)

{r,r,,,rr, f/ *, (*Ë,'", o! +î p, *,,,)

R(w,):(,-ï)*,

J ti*
,.lvli <+o

Gi,utt+.g): *, ('Ë, ar G,s) rl *lU,«., g),,,,)

where the pseudo-Lagrange multipliers (ar(e , g))r , (8,@, g)), are
solutions of the perturbated problem. We may compute exactly
those coefficients from the form (40) given in Theorem 1 and
find out that they are infinitely differentiable with respect to each
variables for e < eo. Thus they can be expanded in <:

ar : a? +.o/G) * o(e2) v,,

§, : Fl + ep:@) + o(<2) Yr.then set v : nklT2 /t-r (see Remark 5).
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to the Maxwellian distribution 1. Densi§fluxes:WehavedirectlyThe zeroth order corresponds
thanks to property (6). That is

oP = -&i - ,, 
u' oor*r: nLr, ol*o =' kaT '2kBT

Gi,lao+.g)

- O,(,

1,=frrr(#)

r,=?#Ë#;"(i), rru:

r-'(n) = -u-14 and J-l (B) : -u-18 € cr
1 50 that Proposition 1 applies. Hence

2ksT

ûl:o Ylt'i,p+3,p+4, Bl=o vr,
where pci is defined in ( 14). Thus Gi,u(r+.e) can be expanded in <

r, = Ë,," (#), vi € 11,pl

meaningthatliq : lqi = 0foralli e t1,pl(l-1 isself-adjoint).
2. Viscosity: A direct computation gives

rflror : lr-'(a),A) : *,^, A) : nkÉr'r 
Br.

3. Fourier coefficient:

rfir = (r-l 1r), B) = 1 fs, sl
ÿ

us IR : Sklft 'o "..-qq 2v ,Dr*rrrrr. 
tr

Remarlr5. let p - Luu be the true viscosity of the mixture (see
Eq.(22)). Then ifthe condition

nk?T2
11 I ----!-' - maxÀ,

is satisleO one can recover the true viscosity by setting u :
nkf;r21p..

Here the density fluxes are deduced from our "natural"
construction (Proposition 1 ). That is using the concept ofrelaxation
rates associated to ad-hoc moments of the distribution functions.
To recast the hydrodynamic limit in the spirit of Section 3.2 we may
check the following results.

Proposition 3. The linearized operator J sotisjies

v(i,j) € |1,pl2,

It;'t-'(J - p«) (ci) , (r - ,r«) (c;)) : rr. ê7)

Proof. First let us note that:
K:P

vi e [1,p|, C1: llClllL*{u*u.
&:1

It is then very easy to compute (J - P«) (Ci) which reads:

k=p_1

(x - .?x) (ci) : llcill L w{u*r.

Applying now the operator J-1 we have

!-t (t -Pr<) (ci) = - llcill*î'5*u.
Ei ^k

As a consequence the left hand side of(47) reads:

k,t=!_-t .t

-k,' 1c,1 llcill I i*ir*ï (wp,wtt .

Since the basis (w1) is orthonormal this sum simplifies in the above
equation:

k:p_l r

-ktr llcill llc,ll I *ii*n
K:P

= k;l llcill llcilll wrdiwki
t:1

*. 
[Ï"le >o! +îB]<sr,,,,] * o(ô) . (43)

So that

p+4 p-7

ri(s) = D"i<slO!+»BJG) ür,i -s.
l:r r:1

(44)

Now remark that the set of constraints (34) depends linearly on
the moments of the function M(1 + eg) so that the perturbations
at order 1 in e of the Lagrange multipliers dl@, Pl@) are also
linear. We can compute them exactly by inserting the expression
(43) in the constraints (34) with f : M(1 * e g). Hence considering
the equalities at order one in e we have

p+4

I (o*, o|t"|e> = (g, ô*) vk e [1, p + 4l,
l=1 \

P-1 / 1\

)-t*,, w,» p:@) = (t - a )(g,*,) vs e [1. p-11.
-r=t \ 'v /

Here the first line corresponds exactly to ttie projection ofg on K
through the expression éq of ti@). The second line amounts to
project on the basis (wr), of C and multiply each coordinates with
a factor (t - Y).

Finally the expression (42) is readily seen to be the pseudo
inverse l-1 of t. t

5.2. Hy drodynamic limit

Here we want to compute the hydrodynamic limit at order 1 of
the system ofequations

Vi e [1,p], A,ff+v.V*4' : 1n(tT.

Theorem2. Define R(f) by the Eq. (45) and sef u > maxrÀ,
where (),r), are defined in Lemma 5. Then the hydrodynamic limit
of é5) (see definition (24)) Sives at the order 1 the Navier-Stokes
system of equations ( 1 0)-( 1 2 ) with fluxes given by

(45)

(46)
nk?T2" D(u).

v

Here (Ly)i1 is the matrix of Fick coefiicienrs (20) computed with the
line arize d Boltzmann op er ator.

Proof. The proof is easily deduced from the fact that .n(0 is
properly defined according to Proposition 2 (see Remark 3). Hence
all kinetic coefficients can be computed since we know the exact
form of l-1 (42).
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(recall that dl : -1 / )'y, k e U, p - 1 I and di : 0). That is

k:ÿ_1

-rc,' ltc,1 ll., il 
"Ë' *{r**n: ttc, tt ll 

ci ll k;, ri : ri1

which ends the proof. tr

5.3. About the indffirentiability property

Following the articles by Garzo et al. [ 161 and Andries et al. [17 |

the indifferentiability properry may be stated as follows. When
all particle masses and differential cross sections are equal in the
mixture - which define the so-called indifferentiable molecules -
the BGI( operator for the mixture must reduce to a single one for
the sum ofall distribution functions:

[vi,i e 1r, pl2 ,mi: *t, oij: o] =+ f n, t0 = " (Er)
This "factorization" properry is an algebraic one which holds when
the dilute Boltzmann operator is chosen to model the particles
collisions. More precisely there is:

[vi,; e 1t, pl2 ,mi - m, oi1 : of
i=p / i=p \

=»a(D:e(Il,)i=r \ i:r /
Note however that shch a factorization properfy holds because of
the bi-linearity of the dilute Boltzmann operator. But it has no
par-ticular reason to hold when the Boltzmann operator features
a cubic dependency with f which happens for instance when one
considers dense situations (see for example [30]).

Consider now the following quite general form of a BGK

operator for gas mixtures which we denote with .R

vie{1,...,p1, fri$)=ni(éi-fù. (48)

Here the values of the relaxation frequencies û; may be different.
We first set some quite reasonable assumptions on the above
model.

1. The constraints àefining the mean velocities of (ôi) as functions
of the mean velocities of (fi)1 are "linear" in the following sense.

There existX and T e Rp x Rp which do notdepend on u such
that

Or in short

U-u=x-1N-rTN G-U) (4s)

(here we have kept the notations of Lemma 6 and Theorem 1).

2. In the indifferentiability situation the relation ui = u holds for
all i.

Let us remark that up to our knowledge the linearity of the
constraints on the basis (Ci)1 is the rule for all the BGK operators we
have found. This is for example the case of [ 171. Those constraints
are quite natural regarding to the way the true diffusion (Fick)
coefficients are obtained (see (20)). Otherwise if those constraints
are not linear they must be ofinteger degree for the sake ofGalilean
invariance.

The second assumption is required in most cases because the
indifferentiability is obtained thanks to an "additivity" property.
That is

Ë*, f,ôi(u - u) ,, : Ë ,u 
l*,r,<, - u) du.

I o,tô,
i

when all masses and cross seçlions are equal. For example such
assumption is necessarywhen G1 is not a linear function of its mean
velocity ui.

We are now going to draw some conclusion about the
compatibility of the indifferentiability property and the Fick law
for such a model.

Lemma 9. Let fr. be a properly defined operator of the form (48) sot-
isfying the above assumptions. Then when all molecules are indifferen-
tiable the restriction to C ofthe linearized BGK operator is proportionsl
to miruts identity.

Proof. The property (7) implies that the restriction of the
linearized operator on the space spanned by (Ci)i actually reduces
to the space C. Thus generalizing the calculations we have-done in
Sectioni.l and using Assumptio-n 1 this restriction reads G - ,o)
where F is a linear operator depending on I (see Assumption 1).

Here "ls is as usual the restriction on C of the identity operator.
To be consistent with tLe symmetry of the linearized Boltzmann
operator Jhe operator R has to be symmetric on C while the
operator R - Jc must be non positive and symmetric because of
the property (8). Consequently R can be diagonalized in a proper
orthogonalbasisx,, r e {1,...,p - 1} suchthat

Vr e {1,...,p- 1}, fr1x,; :(1*q,)x,, ar> O.

And we can write (49) in the same form as (35)

U- u = N*1xÏ (r -A)xN (Ù- u).

Here the matrix Xr denotes the passage from the basis (Ci)i to the
new basis (xr, . . . , xp-r, D miCi) and the matrixA is diagonalwith
an = dr, r e {1,...,p - 1} andoro - 0.

When all molecules are indifferentiable and under Assumption
2 ui - u forany i e {1,...,p}. As a consequence the relation
(49) must be valid for each values of ur meaning that for any r €

{1,..., Pl,ur: l.ConsequentlYR = 0. D

Remark6. The above lemma is valid without any assumption
on the entropy decay meaning that it is also valid for BCK
operator where functions (G;) are not positive everywhere (see for
example [16]). Moreover the conclusion of the lemma implies that
all frequencies ür reduces to a single one i.

Next we prove the following alternative.

Proposition 4. Two situqtions are possible.

. Either there exists at least one properly deJined BGK operator of the

form (48) sat;*fuing the above assumpüons,the indifferentiability
property and giving the Fick law at the hydrodynamic limit. ln
that case the Fick relaxstion operator R (Definition 3) sortsJies

the indffirentiabiliry as well. Moreover when sll molecules are
indifferentiable ii : v, Yi.

o Or there are no properly defined BGK operator satisfying the indif-
ferentiability property and Fick law together Assumprions 1 and 2.

Proof. Consider a properly defined BGK operator satisfuing As-

sumptions 1 and 2. tts associated Fick coefficients lf; are given
by (20) replacing Js with Jg (see Remark 3). Thus according to
Lemma 9 and the above remark when all molecules are indifferen-
tiable

tfo: -#(tr - .r*) (cr) , (r - .trK) (ci)), , > o. (50)

If the model satisfies the Fick law as well we have Q#)ij : Gi)ij
where the second matrix is defined either by (20) or by

1

Liin : --!= ({n - rol-' (J - PN) (ci) , (J - .PK) (cj)),-I):ü(ô-0
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where we have used (42) and (47). The comparison between this
equation and (50) imposes firstly that R : 0. Coming_back to
Eq. (35) this means that U : U whatever are the values ofU. Hence

using the definition of Gi (40) the Fick-relaxation model satisfies

the indifferentiability property. But according to Lemma 9, in the
situation of indifferentiability tx is given by a formula analogous to
(50)leadingtoû:u.

The last assertion is selfevident. B

When all molecules are indifferentiable we do not know exactly
if the kinetic coefficients obtained by the linearized Boltzmann
operator can match those obtained by a BCI( operator satisfying the
indifferentiability property. But in reality we do not care because
the correctness of the linearized BGK operator is much more
important. If the two requirements contradict we prefer to sacriff
indifferentiability.

In concrete situations masses and cross sections are always dif-
ferent. Therefore the indifferentiability principle is only a continu-
ity principle. That is why we prefer to conserve the correctness
of the hydrodynamic coefficients which are more physically per-
tinent.

6. Conclusion and perspectives

In this paper we have introduced a new relaxation operator
for gas mixtures. Our construction features two ideas. The
first one is that we have constructed it within the framework
of moments relaxations that were introduced in {23,241 as a

new way to understand the ellipsoidal model for monospecies
systems. Here we have also taken into account the relaxation on
velocities species which is necessary to obtain mass diffusion,
thus shedding in light the space of vectors of moments of order
one orthogonal to the space of collisional invariants. The second
characteristic ofthis work is that we have focused the construction
of this relaxation operator so that its associated linear mass and
momentum transports coefficients exactly match those obtained
by the Chapman-Enskog expansion applied to the Boltzmann
operator. While it is classical to have such concerns to recover the
right Newton viscosity and Fourier coefficient when constructing
BGK models in the case of a single specie, it is not the usual track
which is followeà when considering gas mixtures as we pointed
it in introduction. Interestingly our relaxation operator also enjoy
important properties of the Boltzmann collision terms (H theorem
for instance) which are not always satisfied when pure linear
models are at stake. Besides we have ppinted out the remarkable
link existing between the eigenvalues of Fick coefficient matrix
and the rate of relaxation for the vanishing moments associated
to functions of degree one in velocity. Up to our knowledge such
a perspective has never been expressed so clearly. Finally a key
aspect of the Fick relaxation operator we have defined lies in
the very simplicity of its computation which only requires the
diagonalization of the Fick matrix! lt seems to us that this could
be an important thing for future users if any. Unfortunately when
writing these lines, we are not still able to propose a relaxation
operator that could be able to match in the linear regime all the
transport coefficients. It seems to us that obtaining simultaneously
the conect Fick, Newton and Fourier coefficients could be possible
by generalizing for gas mixture the approach described in [23].
More difficult however seems the possibility to get at the same
time the correct (so called "cross") kinetic coefficients (l1o)1 (15),
(21). In our model (as it is also the model of [17]) such cross
kinetic coefficients are zero and give incorrect Soret and Dufour
coefficients (except for Maxwellian molecules). This might be a
problem for situations featuring non negligible thermodiffusion
for instance. Finally the approach we have described in this paper
requires the knowledge of the kinetic coefficients. Unfortunately

such a knowledge is not obvious at all but combining both the
numerical algorithm to compute them given in [20] and the
experimental work of l(estin et al. [31] will be of precious help
when actually computing the Fick relaxation operator.
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Appendix

A.1. hoof of Lemma 1

Proof. A direct computation shows that the lth component of
(J - P«) (C) is

/ nim, \
[(J - .P«) (Ci)L : I ô, - ""'' I (v-u).\ p/
Now assume that for k € [1 , p] there holds

I", (, -.PK) (ci) = 0

,iln, *o.u,n, on the k first line of this equation we get that:

i=k t fim,\
(vt € t1, kl) )- (a, - 'L 

tt't 
)oi :0.

Ei\ p /
To know if this linear system on the o; has the unique trivial
solurion or not (and then to know if the family (J - .PK) (Ci) , i €
[ 1, kl is independent or not), one has to discuss the determinant of
the k by k matrix M defined as:

(vi,I € [r. kl2) nz,, = (4,, -n
Elementary algebraic calculations show that the determinant of
such a matrix may be computed as

with

':[ï 
;: 

;]

de,M : ([Tf) ,.,,,

Lxi =pj'

[ ., 
::: 

i]

Consider first the case where k <
definition of N, it holds that

p

(vj e {l:k}), ir,: 4,,..
i=l PJ

Therefore it comes that
p

-xt.Pt

p. Let x e Ker(N). Hence by

(s 1)

(vj e {1; k}), (s2)



Now assume by contradiction that x * 0. In that case for example
xt * 0.Accordingto (52), forany i e {1, k},xi * 0.So(51) implies

that »l:1x; I 0. From (52) it holds thatx; - ffxr. Hence

Dk

ÿxr:ÿ&r, -L4
=' ,1 Pt Pr
J-t )-t

and it follows that

&

lo1: o.

Therefore for anyj € {k + 1 ; nl, pj = 0 and we get a contradiction.
Then it follows that N is invertible.

Next consider the case where k - p. Let x : (h, . . ., pp) * 0.
In that case

k

p,L:1 p,.
Pi ;;-

Then x I 0 and x €, KerN. So N is non invertible. û

A.2. Proof of Lemma 2

Proof. Here we follow the path of Levermore [27]. The first
problem consists in.computing (ôt * v' V") Wil for i e [1, pl.
Now let write "l{i as:

Vi e [1, p],
//-u, u2 \ u t?l;v2\

hti : ExP (trIF - ^,2w )+ * ^,'- zw ) '

Then introducing the natural basis ofK, Ok,X e [1, p + 4] there
holds:

Vi e [1, pl,

(ôt *v'%) (ril:

where

[(ôr *v .Y*)ayl$!ai,
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k=p+4

br :: I lô,qrltk,
k:1

where S denote the symmetrical matrix such that S4 = lO', Qr).
Let us consider now

/ _,, k mru2 \vke [1,p1, "u: (# -É) i

k:p+4

bz:: | [(v. v*) cvr]dr.
k:1

ur(v - u).VrT

mi(v-u)8(v-u)

= (r - *, (-Ë'tv %tt*»o-) .

t (s) =(r - P«) ('Ë"r. w r,*) du) .

The Eq. (55) gives that vl € 11, p + ql,l1r, O'l : - (ar, 4r). So

using the explicitexpression ofthe orthogonal projection on K (56)
we have necessary that: PK (br) : -P« (bù. Now remark that
the vector b1 belongs to K (this is because ô1o1 does not depends
on v) so that b1 = 9«(bù - -Ps(bz). Finally we get that
bt * bz - bz - P« (bz), that is

1a=p+4

f «a, + v' v*) (or) 0&

(57)

Using this equality with the relation (53) enables us to write the
Eq. ( 19) at order 0 in the form

Now we need to establish the detailed expression of the right-
hand side of (58). Since o1 does not depend on the variable

v, then II=T*4[(u.v*)orldt e K. By consequence, in the
argument of (J - .?K) (') the (v' V') (or) can be replaced by

[(v - u) . Vxl (ok). Finally, a direct computation of the latter shows
that for any k e [ 1, p|

(v - u) ' V* (cvr)

: (v - ,, [o (#) - ,o tv*!r-[ tul + ,uu'ffi] rsol

as well as

(58)

k:p+4

»
k:1

(s3) (v - u) . % (or*,) : qff%U, - u' (v:-:)r' %r

(v - u) .v* (or*r) : g=#e - uv (v:9r' vxr

, (v-u).V*u,
(v - u) .V* (rrnr) = t--,iï:

and finally

ksT2
ux uy

ap+l : iî' ap+z: 
@,

1

uz
ap# = lî,

dp+4:

The zeroth order of(45) gives after integration the Euler equations

Vle[1,p+41, ((a, + r. v,) (ri) q!) dv : o. (54)

(v - u) .% (oo*o) : (v - u) . *:.' 2kt7z

Now multiplying the former terms by the functions @t, summing
over k and gathering the terms in v- (i),those in [V*ulr and the

others we get that the ith line of f[]f (v - u) . V* (or) {i is given

as the sum of the following terms:

" 
(#) . (v - u) , rv*utr :

mi(v-u)2(v-u; - /1\
2k, t. 

\1/'

2keT

Using (53)we they can be rewritten as

*=p+4

vl e [1, p + 41, I («r, +v. vx) @r)Qk,dr) : o.
Ir=1

The orthogonal projection .P«(b) on K of any vector ü
(w (v) dv) reads

Thanks to the symmetry of (v - u) I (v - u) we have

[V*u]r :

mi(v-u)8(v-u)

mi(v - u) @ (v- u)

ET,

k=p+4 f l=p+4 I

E LE 
(s-',)H(D'o',l|ror'

kaT

(ss)

e I-2

(56)

kaT

.PK (b) = : ([v*ul'1v*u) :
2kaT
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The proof is easily completed by computing the orthogonal
projection on K of the vectors having respectively

(lv.ul'+ v.u) :

mi(v-u)8(v-u)

mi(v-u)2(v-u)

then using the expression of the li; from the Chapman-Enskog
expansion one sees readily that

j:p

D fliL,,i = o
j=1

meaningthatthematrixLll', (,,i) e t1,pl2 hasnotafull rank. t

A.5. hoof of Lemma 6

Proof. The first set of constraints amounts to impose the conser-
vation of densities for each species and the global conservation of
momentum and energy. Let us now perform the computation of
velocities (u,)i. The set of constraints related to the velocities are
firstly those involving moments (wr)r=1,...,p-1 and secondly those

expressing conseruation of momentum (moments Oi=p+1'p+2'p+3).
Remark that the later can be written as

i:p f

à /-, 
wP'i (8i -li) dv : o

thanks to the definition of w, (28). Then the whole set of con-
straints on the moments (w.), reads

-L7r
H*o,t ,u J situ - u)du

:(",-^'\S*,.' r: \'- ; )k*'tlc,ll J fit-u)au

.=* Ërr#(u;-u) = (, - i)p *,h(r/-u),
r = 7,...,p

p

<==+ I w,iJq(u; - u) =

r = 1,...,p.
This system of equations can be written

/ 1\ -ÿyN (q-u) : I r- -a I wN (u-u)
\u/

which gives (35). D

A.6. Proof of Proposition 2

hoperty 3: Equilibrium states
.R(f) : 0 if only if f = G. But then 1* = Iiand ui : uiso

llU - ull = llu - Ull. Bjt from (35) such an equality norm can

onlyoccurifU = U = U(this isbecauseÀ, > 0,r e [1,p- 1l)
which ends the proof since all the functionfr are now Maxwellians
at the same temperature and velocity.

Property 2: H theorem
The convexiry of the function x -+ x ln x - x implies

2ka

2ksT

" (+)
on their ith line. tr

A.3. Proof of Lemma 3

Proof. The equation which is satisfied by the perturbation (list o0
function g reads for any i e [1, pl as:

(ôr * v .ÿ*) (tti (1 + €Ci))

1: )e,(ur (t * <Br) ,.... Jtp (t + egr)) ,

where C1 is the contribution on the ith line of the collision operator
(Boltzminn or BGI( one). Multiplying such an equation by dl,
integrating over lR3, summing on i and taldng into account that the
perturbation g is in Ka gives us:

VI e [1, p+41,
a,lô', m\ * v* (v s dr, M) + eÇ (v I ôr, g) : o

which is exactly the Euler equation which are perturbated by the
flux terms (v O 0r.S) that need to be clarified.

First let us remark that (u A ôt , C\ : 0 so we can replace v by

v - u when computing (v e ô', s).
To have the diffusion term associated to the density n1, we

mustconsideratethelistof function(v-u)0r= Cr, I e [1,p|
and we get directly the following expression J1 : (Cr, g) :
((l - .Pr«) C1, g): the fact that we can replace Cr by (J - .P1ç) C1 is

the bracket is due to the fact that g € K1
Following the same idea, the diffusion of momentum is

obtained when @j : niv. Since g e Ka this may be replaced by
mi (v - u) so finally we get that JIu : (4, g). To get heat diffusion,
we need to consider @f : ]m,v2. This gives us an energy diffusive
flux given as (8, g). t

A.4. Proof of Lemma 4

Proof. Note by L,; the jth column of the matrix Lii, (i,i) e l1,kl2
and assume ttrat ;j]f ajL, j :0. Then there is

i=k j:k

ffaicv;Lx:o
when the matrix lij comes from a Chapman-Enskog expansion this
means:

i:k j=k

I I",", (r-' (r - P«) (c) , (x - Pd (c;)) : o.
i=1 j:1

As the operator J-1 is negative on Kr this impties

i=k

I", (, - "nd (ci) : o.

i=1

Now using the Lemma 1, for any k < p, this implies that Vi €
[ 1, kl , rvi : 0. For k - p, one can find from Lemma 1 a set of real

§i, i e i1l, pl which are not all zero such that:

j=p

I P,<t -.PK) (ci) = o

Ë i,., -.fi)rn"fi dv < H(9 - sto.
É Jr.'

(60)

(,- ï) f*,n'*1,t -u1,

On one side we have

H(G) : ÿ n, /tn r, - 1 t, (',"U". )) - ,.? \ 2 \ mi //
On the other side let us consider the classical problem of finding
the entropy minimizer of functions having the same moments asf,
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for a given i. This function reads
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ni / ^,(u_ui)2\n: 1ro*|ry 
*e 

\--'zk'F:/
and it is easily seen that

Pr
H(D>)-llln(rt)-/-i

?,l=I "

- ÿ n, (nn, 
-11n 

(zot'r'1\ - ,.? \ 2 \ mi //
Moreover using (36)and (37), it comes that -n T* 

= - f, 
ni Ii. So

the function x -> lnx being concave and non decreasing, it holds
that

3 **1ÿnilnîi<0.H(g)-H(0<-1ntn, ,?

Properÿ 7: Conservation laws
Thanks to the definition of G through a minimization problem

with qualified constraints (34) the implication e is obvious. The

converse may be obtained from the H-theorem. Assume that there
holds:

Vf s.r.Vi,f > 0,

where @ is given. Then consider the particular f given as "fi -
exp(di) * Qi = ln(f;). Then from the characterization of the
equilibrium states we get that:

fni, u, I s.t. Vi e [1, pl , fi = ,]vli = exP (di)

so that finally @ e K.
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